Chwong III. KY THUAT THIET KE THUAT TOAN

“It is not the strongest of the species that survives, nor the most
intelligent that survives. It is the one that is the most adaptable
to change”

Charles Darwin

Chwong nay gi¢i thiéu mot sd ki thudt quan trong trong viéc ti€p cin bai toan va tim
thuat toan. Cac lép thuat toan sé dwgc thdo luan trong chwong nay la: Vét can
(exhaustive search), Chia dé tri (divide and conquer), Quy hoach déng (dynamic

programming) va Tham lam (greedy).

Cac bai toan trén thyc thé c6 mudn hinh mudn vé, khong thé dwa ra mot cach thiec
chung dé tim giai thuit cho moi bai toian. Cdc phwong phap nay ciing chi 1a nhirng
“chién lwoc” kinh dién.

Khac v&i nhirng thuét toan cu thé ma ching ta da biét nhw QuickSort, tim kiém nhi
phan,..., cic van dé trong chwong nay khong thé hoc theo ki€u “thudc va cai dat”, cling
nhw khong thé tim thiy cac thuit todn nay trong bit c thw vién l4p trinh nao. Chiing
ta chi c6 thé khao sat mot vai bai toan cu thé va hoc cach nghi, cich tiép cin vin dg,

cach thiét ké giai thut. Ttr d6 rén luyén k§ ning linh hoat khi giai cac bai todn thuc té.



N\ = - A A
Bai 1. Liet ke
C6 mot s6 bai toan trén thwec té yéu ciu chi rd: trong mot tip cac doi twong cho trudce c6 bao
nhiéu déi twong thod man nhirng diéu kién nhit dinh va dé 1a nhirng d6i twong nao. Bai toan
nay goi la bai todn liét ké hay bai todn duyét.
Néu ta biéu dién cac d6i twong can tim duéi dang mot cdu hinh cac bién s& thi dé giai bai toan
liét ké, can phai xac dinh dwgc mot thudt todn dé c6 thé theo do 1an lwot xay dung dwoc tit ca
cac ciu hinh dang quan tdm. C6 nhiéu phwong phép liét ké, nhwng ching can phai dap &ng
dwoc hai yéu cau duwéi day:
® Khéng dwoc 1dp lai mdt cAu hinh
® Khong dwoc bo s6t mot cadu hinh
Truwéc kKhi néi vé cac thuit toan liét ké, chiing ta gi¢i thiéu mot sé khai niém co ban:

N\ = Yl - A ?

1.1. Vai khai niém co’ ban
1.1.1. Thi¥ tw tir dién

Nhéc lai rang quan hé thi tw toan phan “nhoé hon hoic bang” ky hiéu “<” trén mot tap hop S,
la quan hé hai ng6i thod mén bon tinh chat:

Véivab,c€eS

® Tinh pho bién (Universality): Hodclaa < b ,hodch < q;

Tinh phan xa (Reflexivity): a < a

® Tinh phan d6i xtrng (Antisymmetry) : Néua < bva b < a thibatbudca = b

® Tinh bic ciu (Transitivity): Néucéa < bvab < cthia <c.

Cac quan hé >, >, < ¢4 thé ty suy ra tir quan hé < nay.

Trén cac day hitu han, nguoi ta cling xac dinh mét quan hé thi tu:
Xét a;_, va b; , la hai day do dai n, trén cac phan tr ctia a va b da c6 quan hé thi tw toan
phan “<”.Khidé a; , < b;_, néunhu:
® Hodc hai diy gibngnhau: a; = b;,Vi: 1 <i<n
® Hodc ton tai mot s6 nguyén dwong k < ndéa, < byvaa; = b, Vi:1<i<k
Thr tw d6 goi la thit tw tir dién (lexicographic order) trén cac day dé dai n.
Khi hai ddy a va b c6 s6 phan tir khac nhau, ngudi ta cling xac dinh dwoc thir tw tir dién. Bang
cach thém vao cudi ddy a hodc diy b nhirng phan tir dic biét goi 1a € d€ do dai ctia a va b bang
nhau, va coi nhirng phan tlr € nay nho6 hon tit ca cac phan tir khic, ta lai dwa vé xac dinh thir
tuw tir dién cta hai diy cung do dai.

Vi du:

(1I2)3I4) < (5'6)
(a,b,c) < (a,b,c,d)



"calculator” < "computer”

Thit tw tir dién cling 1a mo6t quan hé thi tw toan phan trén cac day.

1.1.2. Chinh hep, t6 hop, hoan vi.

Cho S 1a mot tip hiru han gdbm n phin tr va k 1a mot s6 tw nhién. Goi X 1a tp cac s6 nguyén
dwongtir 1téik: X ={1,2,...,k}

QO Chinh hop lap

Mot anh xa f: X — S cho twong (rng mdi phan tir i € X mot va chi mot phan tir £ (i) € S, duoc
goi la mot chinh hop lap chdp k cia S

Do X 1a tip hitu han (k phan t&) nén 4nh xa f c6 thé xac dinh qua bang cac gia tri
(f(D), f(2), ..., f(k)), vi vay ta c6 thé dong nhét f v6i ddy gia tri (£ (1), f(2), ..., f(k)) va coi
day gia tri nay cling la mét chinh hop ldp chap k ctaa S.

ViduS ={A,B,C,D,E,F}. M6t anh xa f cho bai:

[ 1
fA|E|C|E

N
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twong tng vai tap anh (E, C, E) la mot chinh hop ldp cta S

S6 chinh hop ldp chap k cta tip n phan ti 1a n®

U Chinh hop khong lap
Mobi don 4nh f: X — S dwoc goi la mot chinh hgp khong lap chap k cta S. N6i cach khac, mot
chinh hop khong 13p 1a mét chinh hop 1ap c6 cac phan tir khac nhau d6i mot.

Vi du mot chinh hgp khéng ldp chap 3 (4,C,E) cuatap S = {4,B,C,D,E,F}

{ i [1]2]3
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S chinh hop khdng lap chap k cua tap n phan t 1a P, = o

U Hoan vi

Khi k = nmbisonganh f: X — S dugc goila mot hoan vi cia S. N6i cAch khac mot hodn vi ciia
S 1a mot chinh hop khong ldp chdp n cta S.

Vidu: (4,D,C,E,B,F)lamothoanvicaaS = {A,B,C,D,E,F}

[ i [1]2]3]4]5]6
[fo|a|D|c|E|B|F




S6 hodn vi cua tip n phantirla B, = B, = n!

Q Té hop

Moi tap con gdm k phan ti ctia S dwoc goi 1a mot t6 hop chap k cta S.

Liy mot t6 hop chap k cta S, xét tit ca k! hoan vi clia né, mdi hoan vi sé 1a mot chinh hop
khong 13p chap k ctia S. Didu d6 tire 12 khi liét ké tat ca cac chinh hop khong 13p chap k thi moi

t6 hop chip k sé dwoc tinh k! lan. Nhw vy néu xét vé mat sé lvong:

R e w oas (MY _ nPk . n!
S6 t0 hop chap k cda tip n phan t 1a (k) = a0 = R
Ta c6 céng thirc khai trién nhi thirc:

n
n
n _— k ,n—k
x+a)" = kio (k)x a

Vi vay so (Z) con dwgc goi la hé sé nhj thirc (binomial coefficient) thit k, bacn

1.2. Phwong phap sinh

Phwong phap sinh c6 thé 4p dung dé giai bai toan liét ké néu nhw hai diéu kién sau thod min:

® (6 thé xac dinh dwoc mot thi tw trén tip cac ciu hinh t6 hop can liét ké. Tir d6 c6 thé
biét dwoc cAu hinh dau tién va ciu hinh cuéi cung theo thir tw do.

® Xaiydung dwoc thuit toan tir mot ciu hinh chwa phai cdu hinh cudi, sinh ra dwgc cdu hinh
K€ tiép no.

1.2.1. M6 hinh sinh

Phwong phap sinh c6 thé viét bing mé hinh chung:

«Xay dung cdu hinh diu tién»;
repeat

«Dua ra cu hinh dang cé»;

«Tt cdu hinh dang c6 sinh ra cdu hinh ké tiép néu conx;
until «hét cdu hinh»;

1.2.2. Liét ké cac day nhi phan d¢ dai n

Mot ddy nhi phan d6 dai n la mot day x;_, trong dé x; € {0,1},Vi:1 <i < n.

C6 thé nhan thiy rang mot diy nhi phan x; ,, 1a biéu dién nhi phan clia mot gia tri nguyén
v(x) nao do (0 < v(x) < 2™). S8 cac ddy nhi phan do dai n bang 2%, thi tw tir dién trén cac
day nhi phan dd dai n twong dwong v&i quan hé thir tw trén cac gia tri s6 ma chung biéu dién.
Vi vdy, liét ké cac ddy nhi phén theo thi tw tir dién nghia la phai chi ra lan lwot cac day nhi

phan biéu dién cic s6 nguyén theo tht tw 0,1, ..., 2" — 1.

Vidu véin = 3, c6 8 day nhi phan do6 dai 3 dwoc liét ké:



X

000

001 | 010 | 011 | 100 | 101

110

111

[
|Lv)

Theo thi tw liét k&, ddy dau tién 1a 00 ... 0 va ddy cudi cing la 11 ... 1. Néu ta c6 moét day

s6 2 c6 nh&) vao diy hién tai.

Dwa vao tinh chat cua phép cong hai s6 nhi phan, cdu hinh ké tiép c6 thé sinh tir cAu hinh hién
tai bang cach: xét tir cudi day 1én dau day (xét tir hang don vi 1én), tim s6 0 gdp dau tién...

® Né&u thiy thi thay s6 0 d6 bang s6 1 va dit tit ca cic phén ti phia sau vi tri d6 bang 0.

n

nhi phan d9 dai n, ta c6 thé sinh ra diy nhi phan ké tiép bang cach céng thém 1 (theo co

10101111

+1

10110000

n

® Néu khong thay thi thi toan day la s6 1, diy la cdu hinh cudi cung.

Input

SO nguyén dwong n.
Output

Cac day nhi phan do dai n.

BINARYSTRINGS_GEN.PAS v Thuét toan sinh liét ké cac ddy nhi phan

{$MODE OBJFPC}

Sample Input

Sample Output

3

000
001
010
011
100
101
110
111

program BinaryStringEnumeration;

var
x: AnsiString;
n, i: Integer;
begin
ReadLn(n) ;
SetLength(x, n);

FillChar(x[1], n, '0'"); //Cdu hinhban ddux=00.0

repeat
Writeln(x) ;
//Tim s6 0 ddu tién tir cudi ddy




i:=n;
while (i > 0) and (x[i] = 'l') do Dec(i);
if i > 0 then //Néutim thdy
begin
x[1] := '1'; //Thayx[i] bingsé 1
if i < n then //Ddtx[i+1.n]:=0
FillChar(x[i + 1], n - i, '0");
end
else
Break; //Khdng tim thdy s6 0 ndo trong ddy thi dimg
until False;
end.

1.2.3. Liét ké cac tap con c6 k phan twr

Ta sé 1ap chwong trinh liét ké cac tip con k phan tir cia tip S = {1,2, ..., n} theo thi¥ ty tir dién.

Vidu:n =5,k = 3,c6 10 tap con:
{1,2,3} {1,2,4} {1,2,5} {1, 3,4} {1,3,5}
{1, 4,5} {2,3,4} {2,3,5} {2,4,5} {3,4,5}

Bai toan liét ké cac tip con k phan t cia tip S = {1,2, ..., n} c6 thé quy vé bai toan liét ké cac
day k phan tlr x;_, trongdé 1 < x; < x, < --- < x3, < n. Néu sdp x&p cac diy nay theo thit tw
tir dién, ta nhin thiy:

Tap con dau tién (cdu hinh khéi tao) 1a {1,2, ..., k}.

Tap con cudi cung (cdu hinh kétthac)la{n —k+1,n—k + 2,...,n}.

Xét mot tap con {x; ,}trongdo1 < x; < x, < --- < xj, < n, ta c6 nhan xét rang gi¢i han trén
(gia tri 16m nhit c6 thé nhan) cta x; 1an, ctia x;,_; lan — 1, clia x,_, lan — 2... Tong quat: gidi
hantrénctax;lan —k + .

Con tat nhién, gi¢i han dwdi (gia tri nhoé nhit ¢6 thé nhan) cia x; lax;_; + 1.

Tt mét day x; , dai dién cho mot tAp con cla S, néu tit ca cac phin tir trong x déu da dat téi
gi¢i han trén thi x 1a cdu hinh cudi cung, néu khong thi ta phai sinh ra mét didy méi tang dan
thod man: ddy m&i vira du 16m hon day cii theo nghia khong c6 mot diy k phén ti nao chen
gitra chiing khi sdp thi tw tir dién.

Vidu: n =9,k = 6. C4u hinh dang c6 x = (1,2,@). Cac phan tlr x;_ da dat toi gidi
han trén, nén dé sinh c4u hinh méi ta khong thé sinh bang cach ting mdt phin ti trong
s6 cac phan tlr x; ¢ 1én dwoec, ta phai ting x, = 2 1én 1 don vi thanh x, = 3. Dwgc ciu
hinh mé&i x = (1,3,6,7,8,9). C4u hinh nay 1én hon ciu hinh trwéc nhwng chwa thod méan
tinh chat vira du I6n. Muén tim ciu hinh vira du 1én hon ciu hinh ¢, can c6 thém thao
tac: Thay cac gid tri x; ¢ bang cac gi¢i han dwdi cia ching. Tirc la:

X3 =%, +1=4

Xy =x3+1=5
X, +1=6
xs+1=7

Xg ¢

Xe *



Ta dwoc ciu hinh méi x = (1,3,4,5,6,7) 1a ciu hinh ké tiép. Tiép tuc véi cdu hinh nay, ta
lai nhan thay rang x, = 7 chwa dat gi¢i han trén, nhw vay chi cin ting x, 1én 1 12 dwoc
cdu hinh méi x = (1,3,4,5,6,8).
Thuét toan sinh day con ké tiép tir ddy dang c6 x;_ c6 thé xdy dwng nhw sau:
Tim tir cudi day 1én dau cho tdi khi gdp mot phin tk x; chwa dat gi¢i han trénn — k + i...
® Néu tim thiy:
B Tangx;1én1l
B Dit tit ca cAc phan tl x;,; ; bang gi¢i han dwdi cia ching
® Néu khong tim thiy tirc 1a moi phan tir da dat gi¢i han trén, diy 1a cdu hinh cuéi cung
Input
Hai s6 nguyén dwong n, k, (1 < k <n < 100)
Output

Cac tip con k phan t cua tip {1,2, ..., n}

Sample Input | Sample Output
53 {1, 2, 3}
{1, 2, 4}
{1, 2, 5}
4}
S}
S}

4}

5}
)
S}

SUBSETS_GEN.PAS v’ Thuit toan sinh liét ké cac tip con k phan ti

{$MODE OBJFEC}
program SubSetEnumeration;
const
max = 100;
var
x: array[l..max] of Integer;
n, k, i, j: Integer;
begin
ReadLn(n, k);
for i :=1 to k do x[i] := i; //Khditaox:=(1, 2, .., Kk)}

repeat
//In ra cdu hinh hién tgi
Write('{');
for i :=1 to k do
begin
Write(x[i]);
if i < k then Write(', ');
end;

WriteLn('}');



//Duyét tir cudi ddy Ién tim x[i] chwa dat gici han trénn - k +1i
i:=k;
while (i > 0) and (x[i] = n - k + i) do Dec(i);
if i > 0 then //Néutim thdy
begin
Inc(x[i]); //Tdngx[i]lén1
//Ditx[i + 1..k] bing gi¢i han duwdi ciia chiing
for j :=1+ 1 to k do x[j] :=x[] - 1] + 1;
end
else Break;
until False;
end.

1.2.4. Liét ké cac hoan vi

Ta sé 14p chwong trinh liét ké cadc hodn vi cia tip S = {1,2, ..., n} theo thir tw tir dién.

Viduvéin =3, cod 6hoan vi:
(1,2,3); (1,3,2); (2,1,3); (2,3,1); (3,1,2); (3,2,1)

Moi hodn vi cia tap S = {1,2, ...,n} c6 thé biéu dién dwdi dang mot mot day sé x; ,,. Theo thi
tuw tir dién, ta nhan thiy:

Hoan vi diu tién can liét ké: (1,2, ...,n)

Hoan vi cu6i cung can liétké: (n,n — 1, ...,1)

Bat dau tir hoan vi (1,2, ..., n), ta sé sinh ra cac hoan vi con lai theo quy tic: Hoan vi sé& sinh ra
phai la hoan vi vira di 1é6mn hon hoan vi hién tai theo nghia khong thé c6 mét hoan vi nao khac

chen giita ching khi sap thir tw.

Gia st hoan vi hién tai la x = (3,2,6,5,4,1), xét 4 phan t cudi cung, ta thiy ching dwoc
x€p gidm dan, diéu d6 c6 nghiala cho du ta c6 hodn vi 4 phian tir nay thé nao, ta cling dwoc
mot hoan vi bé hon hoan vi hién tai. Nhw vay ta phai xét dén x, = 2 va thay né bang mot
gia tri khac. Ta sé thay bang gia tri nao?, khong thé 1a 1 b&i néu vay sé dwoc hoan vi nhod
hon, khong thé 1a 3 vi d c6 x; = 3 roi (phan tt sau khong dwoc chon vao nhirng gia tri
ma phan t& trwée da chon). Con lai cac gia tri: 4, 5 va 6. Vi cdn mot hoan vi vira da 16n
hon hién tai nén ta chon x, := 4. Con cac gia tri x;_, sé 14y trong tap {2,6,5,1}. Ciing vi
tinh vira @0 1én nén ta s& tim biéu dién nhé nhat clia 4 s6 nay gan cho x5 ¢ thclax; ¢ =
(1,2,5,6). Vay hoan vi méi sé 1a (3,4,1,2,5,6).

Ta c6 nhén xét gi qua vi du nay: Poan cu6i ctia hoan vi hién tai x; ¢ dwoc xé€p giam dan, s6
x5 = 41a s6 nho nhat trong doan cudi giam dan thod man diéu kién 1é6n hon x, = 2. Néu dao
gia tri x5 va x, thi ta sé dwoc hoan vi (3,4,6,5,2,1), trong d6 doan cudi x3_ van dugc sap xép
giam dan. Khi d6 mudn biéu dién nhoé nhit cho cac gia tri trong doan cudi thi ta chi cin dao
nguoc doan cudi.

Trong truwedrng hop hoan vi hién tai la (2,1,3,4) thi hoan vi ké tiép sé 1a (2,1,4,3). Ta cling c6 thé
coi hoan vi (2,1,3,4) c¢6 doan cudi gidm dan, doan cudi nay chi gom 1 phan ti (4)

Thuat toan sinh hodn vi ké tiép tir hoan vi hién tai c6 thé xdy dung nhw sau:



Xac dinh doan cudi gidam dan dai nhat, tim chi s6 i ctia phin tr x; ding lién trudc doan cudi
dé. biéu nay déng nghia v&i viéc tim tir vi tri sat cubi day 1én diu, gap chi s6 i dau tién thda
man x; < Xj4q-
® Néu tim thiy chi s0 i nhw trén
B Trong doan cudi gidm dan, tim phan t& x; nhoé nhit vira dd 1é6m hon x;. Do doan cudi
giam dan, diéu nay thwc hién bang cach tim tir cudi diy 1én dau gip chi s6 k dau tién
thod mén x;, > x; (c6 thé dung tim kiém nhi phéan).
B Do gia tri x;va x;
B Lit nguwoc thir tw doan cudi gidam dan (x;,;_»), doan cudi tré thanh tang dan.
® Né&u khong tim thiy tirc 12 toan diy da sap gidm dan, diy 1a cAu hinh cudi cing
Input
S6 nguyén duwongn < 100
Output

Cac hoan vi cua day (1,2, ...,n)

Sample Input | Sample Output

3 (1, 2, 3)

(1, 3, 2)
1,3

(2, 3, 1)
1
2

r 2)
1)

PERMUTATIONS_GEN.PAS v Thuit toan sinh liét ké hoan vi

{$MODE OBJFEC}
program PermutationEnumeration;
const
max = 100;
var
x: array[l..max] of Integer;
n, i, k, 1, h: Integer;

//Thi tuc ddo gid tri hai tham bién x, y
procedure Swap(var x, y: Integer);

var
temp: Integer;
begin
temp := x; x (= y; y := temp;
end;
begin
ReadLn(n) ;
for i :=1 to n do x[i] := i;
repeat
//In cdu hinh hién tgi
Write('(');

for i :=1 ton do



begin
Write(x[i]);
if i < n then Write(', '");
end;
Writeln(')');
//Sinh cdu hinh ké tiép
//Tim il chi s6 ditng trwdc doan cudi gidm ddn
i:=n-1;
while (i > 0) and (x[i] > x[i + 1]) do Dec(i);
if i > 0 then //Néutim thdy
begin
//Tim tir cudi ddy phdn tib ddu tién (x[k]) I6n hon x[i]
k :=n;
while x[k] < x[i] do Dec(k);
//Pdo gid tri x[k] va x[i]
Swap (x[k], x[i]);
//Ldt ngwoc thit tw dogn cudi gidm dén, dogn cudi tré thanh ting ddn
l:=3i+4+1; h:=n;
while 1 < h do
begin
Swap (x[1], x[h]);
Inc(l);
Dec(h);
end;
end
else Break; //Cdddylagidm ddn, hét cdu hinh
until False;
end.

Nhwoc diém ctia phwong phap sinh la khéng thé sinh ra dwgc ciu hinh thit p néu nhw chwa
c6 cu hinh thir p — 1, diéu d6 lam phwong phap sinh it tinh pho dung trong nhirng thuit toan
duyét han ché. Hon thé nira, khong phai c4u hinh ban d4u lic nao ciing dé tim dwoc, khong
phai ki thuit sinh cdu hinh ké ti€p cho moi bai todn déu don gian (Sinh cac chinh hgp khong
13p chap k theo thit tw tir dién chang han). Ta sang mot chuyén muc sau néi dén mot phwong
phép liét ké c6 tinh ph6 dung cao hon, dé giai cac bai toan liét ké phirc tap hon d6 la: Thuat
toan quay lui (Back tracking).

1.3. Thuat toan quay lui

Thuat todn quay lui dung dé gidi bai toan liét ké cac cdu hinh. Thuit toan nay lam viéc theo
cach:

®  Moi ciu hinh dugc xy dung bang cach xay dung tirng phin tir

®  Modi phan tir duwgc chon bang cach thir tit ca cac kha ndng.

Gia st cAu hinh can liét ké c6 dang x; _,,, khi d6 thuit toan quay lui sé xét tit ca cac gia tri x;
c6 thé nhan, thir cho x; nhan 14n lwot cac gia tri d6. V&i moi gia tri thir gan cho x;, thuat toan
s& xét tat ca cac gia tri x, c6 thé nhan, lai thir cho x, nhan [an lwot cac gia tri d6. Véi moi gia
tri thir gan cho x, lai xét ti€p cac kha ning chon x5, ct tiép tuc nhw vay... Moi khi ta tim dwoc
day du mot ciu hinh thi liét ké ngay cau hinh do.

C6 thé mo ta thult todn quay lui theo cach quy nap: Thuat toan sé liét ké cac cidu hinh n



phan tr dang x; ,, bang cach thir cho x; nhan Ian lwot cc gia tri c6 thé. Véi moi gia tri thi

gan cho x4, thuit toan tiép tuc liét ké toan bo cac cdu hinh n — 1 phan tr x,_,,...

1.3.1. Mo hinh quay lui

//Thii tuc ndy thir cho x[i] nhdn lan lwot cdc gid tri ma né c6 thé nhdn
procedure Attempt(i);

begin
for «moi gia tri v cé thé gan cho x[il» do
begin
«Tht cho x[i] := w»;

if «x[i] 1a phén ti cudi cung trong céu hinh» then
«Théng bao ciu hinh tim duoc»
else
begin
«Ghi nhan viéc cho x[i] nhdn giad tri V (néu cin)»;
Attempt (i + 1); //Goidé quydéchon tiép x[i+1]
«N&u cin, bd ghi nhian viéc thit x[i] := V dé thi gid tri khac»;
end;
end;
end;

Thuit toan quay lui s& bit dau bang 1o goi Attempt(1).

Tén goi thuat todn quay lui 1a dwa trén co ché duyét cac cdu hinh: Mdi khi thtr chon mot gia
tri cho x;, thuit toan sé goi dé quy dé tim tiép x;,4, ... va c& nhw vy cho t&i khi tién trinh
duyét xét tim t&i phin ti cudi ciing ctia ciu hinh. Con sau khi da xét hét tit cd kha nang chon
x;, tién trinh sé lui lai thtr 4p dat mot gia tri khac cho x;_;.

1.3.2. Liét ké cac day nhi phan

Biéu dién day nhi phan d6 dai n dwdi dang day x; ,,. Ta sé liét ké cac ddy nay bang cach thi
dung cac gia tri {0,1} gan cho x;. V&i mdi gia tri thir gan cho x; lai thir cAc gid tri c6 thé gan cho
xl+1 aes

Sau day la chwong trinh liét ké cac day nhi phan véi quy dinh khudén dang Input/Output nhw
trong muc 1.2.2.

BINARYSTRINGS_BT.PAS v Thuit toan quay lui liét ké cac ddy nhi phan

{ SMODE OBJFPC}
program BinaryStringEnumeration;
var

X: AnsiString;

n: Integer;

procedure Attempt(i: Integer); //Thitcdc cdchchon x[i]

var
j: AnsiChar;
begin
for j := '0' to '1' do //Xétcdc gid trijcd thé gdn cho x[i]

begin //Véiméi gid tri dé
x[i] := 3; //Thirdatx[i]



if i = n then WriteLn(x) //Néui=nthiinkétqud
else Attempt (i + 1); //Néux[i] chwa phdi phdn tir cudi thi tim tiép x[i + 1]
end;
end;

begin

ReadLln(n) ;

SetLength(x, n);

Attempt (1) ; //Khdiddng thudt todn quay lui
end.

Vi du: Khin = 3, cac 1oi goi dé quy thwce hién thuit todn quay lui c6 thé vé nhw ciy trong Hinh

1-1.

1:=0 x1:=1
x2:=0 x2:=1 Xx2:=0 x2:=1
x3:=0 xs3:=1 x3:=0 x3:=1 x3:=0 ‘“x3:=1 x3:=0 “x3:=1

I on o £ ch oo o o

Hinh 1-1. Cay tim kiém quay lui trong bai toan liét ké day nhi phan

1.3.3. Liét ké cac tap con c6 k phan twr

Dé liét ké cac tip con k phin tr ctia tip S = {1,2, ..., n} ta cd thé dwa vé liét ké cac ciu hinh

X pp0dayl <x; <xy; < <xp <n.

Theo cac nhan xét @ muc 1.2.3, gia tri can dwdi va can trén cda x; la:
Xio1+1<x;<n—-k+i (1.1)

(Gia thiét rang c6 thém mot sb x, = 0 khi xét cong thirc (1.1) v&ii = 1)

Thuat todn quay lui sé& xét tit ca cac cach chon x; tir 1 (= xo + 1) dénn — k + 1, v&i moi gia

tri d6, xét tiép tit ca cac cach chon x, tir x; + 1 dén n — k + 2, ... c& nhw vay khi chon dwogc

dén x;, thi ta c6 mot ciu hinh can liét ké.

Duéi day 1a chwong trinh liét ké cac tip con k phan tir bang thuit toan quay lui véi khudn

dang Input/Output nhw quy dinh trong muc 1.2.3.

SUBSETS_BT.PAS v’ Thuit toan quay lui liét ké cac tip con k phan t&

{ SMODE OBJFPC}
program SubSetEnumeration;
const
max = 100;
var



x: array[0..max] of Integer;
n, k: Integer;

procedure PrintResult; //Inratdp con {x[1.k]}
var
i: Integer;
begin
Write('{'
for i :=
begin
Write(x[i]);
if i < k then Write(', '");
end;
WriteLn('}');
end;

):
1 to k do

procedure Attempt(i: Integer); //Thitcdc cdchchon gid tricho x[i]
var
j: Integer;
begin
for j :=x[1 -1] +1ton-k+1ido
begin
x[i] :=3;
if i = k then PrintResult
else Attempt(i + 1);
end;
end;

begin

ReadLn(n, k);

x[0] :=0;

Attempt (1) ; //Khdiddng thudt todn quay lui
end.

V@ co ban, cac chwong trinh cai dat thuit toan quay lui chi khac nhau & thu tuc Attempt. Vi
du & chwong trinh liét ké day nhi phéan, thu tuc nay sé thi chon cac gia tri 0 hodc 1 cho x;; con
& chwong trinh liét ké cac tap con k phan tt, thd tuc nay sé thir chon x; 1a mot trong cac gia
tri nguyén tir cin dwdi x;_; + 1 t&i cdn trén n — k + i. Qua d6 ta c6 thé thiy tinh pho dung
ctia thuat toan quay lui: mé hinh cai dit c6 thé thich hop cho nhiéu bai toan. & phwong phap
sinh tuin tw, v&i mai bai toan lai phai c6 mot thuat to4n sinh ciu hinh ké tiép, diéu d6 1am cho
viéc cai dat moi bai mot khac, bén canh do, khong phai thuat todn sinh ké ti€p nao ciing dé tim
ra va cai dat duoc.

1.3.4. Liét ké cac chinh ho’p khong lap chap k

Dé liét ké cac chinh hop khong 1ap chip k cha tip S = {1,2, ...,n} ta c6 thé dwa veé liét ké cac
ciu hinh x; 4, cac x; € S va khac nhau déi mot.

Thu tuc Attempt (i) - xét tit ca cac kha nang chon x; - sé thir hét cac gia tri tir 1 dén n chua
bi cac phan tir ding trwédrc x;_;_; chon. Mudn xem cac gia tri nao chwa dwgc chon ta st dung
ky thudt dung mang danh diu:



Khé&i tao mot mang Free[1 ...n] mang kiéu logic boolean. Ot day Free[j] cho biét gia tri j
c6 con tw do hay da bi chon roi. Ban d4u khéi tao tit ca cic phan tir mang Free[1 ...n] la
True c6 nghia la cac gia tri tir 1 dén n déu tu do.

Tai bwédc chon cac gia tri c6 thé cta x; ta chi xét nhirng gia tri j con tw do (Free[j] =
True).

Trwéc khi goi dé quy Attempt(i + 1) dé thi chon tiép x;,,: ta dat gia tri j vira gan cho x;
la “da bi chon” (Free(j] := False) dé cac thu tuc Attempt(i + 1), Attempt(i + 2)... goi
sau nay khong chon phai gia tri j dé nira.

Sau khi goi dé quy Attempt(i + 1): c6 nghia 1a sap téi ta sé thir gan mot gia tri khac cho
x; thi ta sé dat gia tri j vira thi cho x; thanh “tw do” (Free[j] := True), b&i khi x; dd nhan
mot gia tri khac roi thi cac phan tir dirng sau (x;,4_x) hoan toan cé thé nhan lai gia tri j
do.

Tat nhién ta chi cin lam thao tdc dang ddu/bé danh diu trong thi tuc Attempt(i) c6 i #
k, b&i khi i = k thi tiép theo chi c6 in két qua chir khéng can phai chon thém phéan ti nao

nira.

Input

Hai s6 nguyén dwongn, k (1 < k <n < 100).

Output

Cac chinh hop khong lap chap k cta tap {1,2, ..

,n}

Sample Input

Sample Output

32

(1, 2)
(1, 3)
(2, 1)
(2, 3)
(3, 1)
(3, 2)

ARRANGE_BT.PAS v Thuit toan quay lui liét ké cac chinh hop khéng lap

{$MODE OBJFPC}
program ArrangementEnumeration;
const
max = 100;
var
x: array[l..max] of Integer;
Free: array[l..max] of Boolean;
n, k: Integer;

procedure PrintResult; //Thitucin cdu hinh tim dwgc
var
i: Integer;
begin
Write(' ('

);
for i :=1 to k do




begin
Write(x[i]);
if i < k then Write(', ');
end;
Writeln(')');
end;

procedure Attempt(i: Integer); //Thitcdc cdchchon x[i]
var
j: Integer;
begin
for j :=1 to n do
if Free[j] then //Chixétnhitng gid trijcon tw do

begin
x[i] :=3J;
if i = k then PrintResult //Néudichon dwgc dénx[k] thi in két qud
else
begin
Free[j] := False; //Ddnhddu:jda bichon
Attempt (i + 1); //Attempt(i+1)sé chixétnhitng gid tri con tw do gdn cho x[i+1]
Free[j] := True; //B6ddnh ddu,sap tdisé thir mdt cdch chon khdc cia x[i]
end;
end;
end;
begin

Readln(n, k);

FillChar (Free[l], n, True);

Attempt (1) ; //Khdiddng thudt todn quay lui
end.

Khi k = n thi day 1a chwong trinh liét ké hoan vi.
1.3.5. Liét ké cac cach phan tich s6

Cho mot s6 nguyén dwong n, hdy tim tit ca cac cach phan tich s6 n thanh téng cta cac s6
nguyén dwong, cac cach phan tich la hoan vi ciia nhau chi tinh 1a 1 cach va chi dwoc liét ké
mot lan.

Ta sé dung thuat toan quay lui dé liét ké cac nghiém, moi nghiém twong (rng véi mot day x,
dé tranh sy trung lap khi liét ké cac cach phan tich, ta dwa thém rang budc: diy x phai c6 thi
tw Khong giam: x; < x, < -+

Thuat to4an quay lui dwoc cai dat bang tha tuc dé quy Attempt(i): thir cAc gia tri c6 thé nhan
clia x;, mbi khi thtr xong mot gid tri cho x;, thu tuc sé goi dé quy Attempt(i + 1) d€ thi cac gid
tri c6 thé cho x;,;. Trwdc mdi buéc thir cac gia tri cho x;, ta lwu trit m = Z}'-;ll x; 1a tong cua
tit ca cac phan tlr drng trude x;: x;_;_4 va thir danh gia mién gia tri ma x; c6 thé nhan.

RO rang gia tri nhd nhit ma x; ¢ thé nhan chinh la x;_; vi diy x c6 thir tw khéng giam (Gia st
rang c6 thém mot phin tir x, = 1, phan tir ny khong tham gia vao viéc liét ké ciu hinh ma

chi dung dé hop thirc hoa gia tri cAn dwédi cia x;)



Néu x; chwa phai la phén t cudi cuing, tirc 1a sé phai chon tiép it nhit mot phin tr x;,; = x;
nitra ma viéc chon thém x;,; khéng lam cho téng vwot qua n. Ta cé:
i1
n Zij +x; + X4
j=1 (1.2)
=m+x; + Xj4q
>m+ 2x;

Tirc 12 néu x; chwa phai phin tr cudéi cing (cin goi dé quy chon tiép x;) thi gia tri 1én nhat x;
c6 thé nhan la l%], con di nhién néu x; 1a phan ti cudi cing thi bat budc x; phai bingn — m.
Vay thi thu tuc Attempt (i) sé goi dé quy Attempt(i + 1) dé tim tiép khi ma gia tri x; dwoc
chon con cho phép chon thém mot phan tir khac 1én hon hoic bang n6 ma khong lam téng
vt qua n: x; < l%] Ngworc lai, thi tuc nay sé in két qua ngay néu x; mang gia tri ding
bang s6 thiéu hut ctia téng i — 1 phan tir d4u so v&in. Vi du don gidn khin = 10 thithr x; €
{6,7,8,9} 1a viéc lam v6 nghia vi nhw vay cling khéng ra nghiém ma ciing khong chon tiép x,
dwoc nira.
Véi gia tri khéi tao m := 0 va x, := 1, thuat toan quay lui sé dwoc khéi dong bang loi goi
Attempt(1) va hoat dong theo cach sau:
® Véimdigiatrijix;_; <j < l%J thir gan x; := j, cap nhatm = m + j, sau do6 goi dé quy

tim tiép, sau khi da thir xong cac gia tri c6 thé cho x;,,, bién m dwoc phuc héi lai nhw cii

m = m — j trwée khi thir gan mot gia tri khac cho x;.
® (Cudicung gan x; := n — mvainkét quara day x; ;.
Input
S6 nguyén dwongn < 100
Output

Cac cach phan tich sé n.



Sample Input | Sample Output
6 14141414141
= 141414142
1+1+143
1+1+2+2
141+4
14243

145

24242

2+4

343

=6

OV O Oy Oy O Oy O O) Y &Y OO
n

E  NUMBERPARTITION_BT.PAS v Liét ké cac cach phan tich s6

{SMODE OBJFPC}
program NumberPartitioning;
const
max = 100;
var
x: array[0..max] of Integer;
n, m: Integer;

procedure Init; //Khéitao
begin

m:=0;

x[0] :=1;
end;

procedure PrintResult(k: Integer); //Inkétqudraddyx[1.k]
var

i: Integer;
begin
Write(n, ' = ");
for i :=1 to k - 1 do Write(x[i], '+');
WriteLn(x[k]);
end;

procedure Attempt(i: Integer); //Thudttodn quay lui

var
j: Integer;
begin
for j := x[i - 1] to (n - m) div 2 do //Trwdng hep con chon tiép x[i+1]
begin
x[i] := j; //Thirdatx[i]
m :=m + j; //Cdpnhdtting m
Attempt (i + 1); //Chontiép
m :=m - j; //Phuchditing m
end;
x[i] :=n - m; //Néux[i]la phin tik cudi thi nd bdt budc phdi la n-m
PrintResult(i); //Inkétqud
end;
begin
ReadLn(n) ;

Init;



Attempt (1) ; //Khdidgng thudt todn quay lui
end.

Bay git ta xét tiép mét vi du kinh dién cua thuit todn quay lui...

1.3.6. Bai toan xép hau

Xét ban co tébng quat kich thwdc n X n. Mot quin hiu trén ban co cé thé an dwoc cic quan
kh4c nam tai cac 6 cung hang, cung cot hodc cung dudng chéo. Hay tim cac x€p n quin hau
trén ban c¢ sao cho khéng quin nao dn quan nao. Vi du mot cach xép véi n = 8 dwgce chi ra
trong Hinh 1-2.

Hinh 1-2. M6t cach xép 8 quin hiu 1én ban co 8 x 8

Néu danh s6 cac hang tir trén xuong dwdi theo thir tw tir 1 téi n, cac cot tlr trai qua phai theo
th tw tir 1 t&i n. Thi khi dit n quan hau 1én ban co, mdi hang phai c6 ding 1 quan hau (hau
an dwgc ngang), ta goi quan hau sé dat & hang 1 1a quan hau 1, quan hau & hang 2 1a quan hau
2...quan hiu & hang n 1a quin hiu n. Viy mot nghiém cda bai toan sé dwgc biét khi ta tim ra
dworc vi tri ¢t clia nhitng quan hau.

Dinh hwéng ban co theo 4 hwdng: Pong (Phai), Tay (Trai), Nam (Dwdi), Bic (Trén). Mot quan
hiu & 6 (x,y) (hang x, c6t y) sé khong ché.

® Toan bo hang x
® Toanbd coty
® Toan bd cac 6 (i,j) théa man ding thirc i + j = x + y. Nhitng 6 nay ndm trén mot dwong

chéo theo huwéng Pong Bac-Tay Nam (ta goi tat 1a dwomng chéo phu).

® Toan bd cac 6 (i,j) thdéa man dang thirci — j = x — y. Nhitng 6 ndy nam trén mot dwong
chéo Pong Nam-Tay Bac (ta goi tat 1a dwong chéo chinh)

Tt nhitng nhin xét do, ta cé y twdng danh sé cac dwong chéo trén ban co.

® Véimdihdngs6k:2 < k < 2n.TAtca cac 6 (i,j) trén ban co thdaman i + j = k ndm trén
mot dwong chéo phu chiso k

® V&imdihangs6l:1—n<[1<n-—1. T4t ca caco (i,j) trén ban c& théa mini—j =1

nam trén mot dwong chéo chinh chi sé 1.



Hinh 1-3. DPwdong chéo phu mang chi s6 10 va dwong chéo chinh mang chi s6 0

Chung ta sé st dung ba mang logic d€ danh diu:

Mang a; n.a; = True néu nhw cdt i con tw do, a; = False néu nhw cdt j da bi mot quan
hiu khong ché.

Mang b, ,n. by = True néu nhw duwong chéo phu thir k con tw do, by, = False néu nhw
dwong chéo phu thi k da bi mot quan hiu khong ché.

Mang ¢;_, n-1. ¢; = True néu nhw dwong chéo chinh thir [ con tw do, ¢; = False néu

nhw dwong chéo chinh thi [ da bi mot quan hdu khdng ché.

Ban dau ca 3 mang danh diu déu mang gia tri True. (Chwa c6 quin hiu nao trén ban co, cac

cot va dwong chéo déu tw do)

Thuat toan quay lui:

Xét tat ca cac cot, thir ddt quan hau 1 vao mdt cdt, véi mdi cach dat nhw vy, xét tat ca cac cach

dat quan hiu 2 khong bi quan hu 1 an, lai thir 1 cach dat va xét ti€p cac cach dat quan hau

3...M0di khi dit dwoc dén quin hu n, ta in ra cach x&p hau va dirng chwong trinh.

Khi chon vi tri cdt j cho quin hiu thi i, ta phai chon 6 (i, j) khong bi cdc quan hau dat

trudre do an, tirc la phai chon j théa mén: cot j con tw do: a; = True, dwdong chéo phu chi

s6 i + j con tw do: by, ; = True, duwong chéo chinh chisé i — j con tw do; ¢;_; = True.

Khi thir dat dwoc quin hiu vao 6 (i, j), néu d6 1a quan hau cudi cuing (i = n) thi ta c6 mot

nghiém. Néu khong:

B Trudéc khi goi dé quy tim cach dat quan hdu thi i + 1, ta danh dau cot va 2 dwong
chéo bi quan hau vira dat khong ché: a; = b;,; = ¢;_; == False dé cac lan goi dé quy
ti€p sau chon cach dat cac quan hiu ké tiép sé khong chon vao nhirng 6 bi quan hau

vira dat khong ché.



B Sau khi goi dé quy tim cach d3t quin hau thir i + 1, c6 nghia 1a sdp t¢i ta lai thir mot
cach dat khac cho quin hiu i, ta bo danh dau cot va 2 dwong chéo vira bi quan hau
vira thir dat khong ché a; = b, j = ¢;_; == True tic la cot va 2 duong chéo do lai
thanh tw do, b&i khi da dat quan hiu i sang vi tri khac roi thi trén cot j va 2 dwong
chéo d6 hoan toan cé thé dat mot quin hau khac

Hay xem lai trong cic chwong trinh liét ké chinh hop khéng ldp va hoan vi vé ky thuit danh
d4u. O day chi khéc véi liét ké hoan vi 13: liét ké hoan vi chi cAn mot mang danh diu xem gia
tri c6 tw do khong, con bai toan xé€p hiu thi cin phai ddnh diu ca 3 thanh phan: Cot, dwong
chéo phu, dwong chéo chinh. Trwong hop don gidn hon: Yéu ciu liét ké cac cach dat n quan
xe 1én ban c& n X n sao cho khong quan nao an quan nao chinh 1a bai toan liét ké hoan vi.
Input

S6 nguyén dwongn < 100

Output

Mot cach dat cac quan haulénbancon X n

Sample Input | Sample Output
8 (1, 1)
(2, 35)
(3, 8)
(4, 6)
(5, 3)
(6, 7)
(7, 2)
(8, 4)

NQUEENS_BT.PAS v’ Thuit todn quay lui giai bai toan xép hiu

{$MODE OBJFPC}
program NQueens;
const

max = 100;
var
Integer;
array[l..max] of Integer;
array[l..max] of Boolean;
array[2..2 * max] of Boolean;
: array[l - max..max - 1] of Boolean;
Found: Boolean;

Qo X B

procedure PrintResult; //Inkétqud mdikhitimranghiém

var
i: Integer;

begin
for i :=1 to n do Writeln('(', i, ', ', x[i], ") ');
Found := True;

end;



//Kiém tra 6 (i, j) con tw do hay dé bi mét qudn hdu khéng ché?
function IsFree(i, j: Integer): Boolean;
begin

Result := a[j] and b[i + j] and c[i - j];
end;

//Pdnh ddu / bé ddnh ddu mgt é (i, j)
procedure SetFree(i, j: Integer; Enabled: Boolean);
begin
a[j] := Enabled;
b[i + j] := Enabled;
c[i - j] := Enabled;
end;

procedure Attempt(i: Integer); //Thicdc cdch ddtqudn hduivao hangi
var
j: Integer;
begin
for j := 1 to n do //Xéttdtcd cdccot
if IsFree(i, j) then //Timvjtri ddtchuwa bi khdng ché
begin
x[i] := j; //Thikrddtvaod (i j)
if i = n then
begin
PrintResult; //Ddtdén con hdu n thiinra 1 nghiém
Exit;
end
else
begin
SetFree(i, j, False); //Bdnhddu
Attempt (i + 1); //Thircdccdch ddtqudn hdu thiri+1
if Found then Exit;
SetFree(i, j, True); //Bdddnhddu
end;
end;
end;

begin
ReadLn(n) ;
//Pdnh ddu tdt cd cdc cdt va dwdmg chéo la tw do
FillChar(a[l], n, True);
FillChar(b[2], 2 * n - 1, True);
FillChar(c[l - n], 2 * n - 1, True);
Found := False;
Attempt (1) ; //Khdiddng thudt todn quay lui
end.

Thuit todn dung mot bién Found lam co bdo xem da tim ra nghiém hay chwa, néu Found =

True, thuit toan quay lui sé ngwng ngay qua trinh tim kiém.

Mot sai lam dé mac phai 1a chi dit 1énh dirng thuat todn quay lui trong phép thir



if i = n then
begin
PrintResult;
Exit;
end;

Néu lam nhw viy 1énh Exit chi c6 tic dung trong thu tuc Attempt(n), mudn ngwng ca mot day
chuyén dé quy, cin phai thoat lién mét loat cac thu tuc dé quy: Attempt(n), Attempt(n —
1), ..., Attempt(1). Pat I1énh Exit vao sau loi goi dé quy chinh la dat 1énh Exit cho ca mot day
chuyén dé quy méi khi tim ra nghiém.

Mot s6 moi trieong 1ap trinh cé 1énh dirng ca chwong trinh (nhw & doan chwong trinh trén
ching ta c6 thé dung 1énh Halt thay cho 1énh Exit). Nhwng néu thuét toan quay lui chi 1a mét
phan trong chwong trinh, sau khi thwce hién thuét todn sé con phai lam nhiéu viéc khac nira,
khi d6 1énh ngung vo diéu kién ca chwong trinh ngay khi tim ra nghiém la khong dwoc phép.

Cai dit day Exit 1a mét cach lam chinh théng d€ ngwng diy chuyén dé quy.
1.4. Ky thuat nhanh can

C6 mot16p bai todn dat ra trong thuc té yéu ciu tim ra mdt nghiém thod man mét s6 diéu kién
nao do6, va nghiém d6 1a tét nhdt theo mot chi tiéu cu thé, do 1a 16p bai toan téi wu
(optimization). Nghién ctru loi gidi cac 16p bai toan t6i wu thudc vé linh viee quy hoach toan
hoc. Tuy nhién ciing cAn phai néi rang trong nhiéu trwong hop chiing ta chwa thé xay dung
mot thuit todn nao thuwce sy hitu hiéu d€ giai bai toan, ma cho t&i nay viéc tim nghiém cda
ching van phai dwa trén mo hinh liét ké toan bd cac ciu hinh c6 thé va danh gia, tim ra ciu
hinh t6t nhit. Viéc tim phwong an t6i wu theo cach nay con c6 tén goi la vét can (exhaustive
search). Chinh nh¢ ky thuit nay cing véi sw phat trién cia may tinh dién té ma nhiéu bai toan
khé da tim thiy loi giai.

Viéc liét ké ciu hinh c6 thé cai dit bang cadc phwong phap liét ké: Sinh tuin tw va tim kiém
quay lui. Dwéi diy ta sé tim hiéu k§ hon co ché cua thuit todn quay lui dé gidi thiéu mét
phwong phap han ché khong gian duyét.

Mb hinh thuat toan quay lui 1 tim kiém trén mot cay phan cip. Néu gia thiét rang moi nut
nhanh cia ciy chi c6 2 nit con thi cdy c6 d6 cao n sé c6 t&i 2™ nut 14, con s6 nay 1én hon rat
nhiéu lan so véi kich thwéc dir liéu dau vao n. Chinh vi vdy ma néu nhuw ta cé thao tac thira
trong viéc chon x; thi sé phai tra gia rit 16m vé chi phi thyc thi thuét toan bdi qua trinh tim
kiém long vong vd nghia trong cac bwéc chon ké tiép x;, 1, X4, ... Khi d6, mot van dé datra la
trong qua trinh liét ké 1o gidi ta can tdn dung nhirng théng tin da tim dwoc dé loai b6 sém
nhitng phwong dn chdc chdn khéng phdi t6i wu. Ky thuat d6 goi 1a kj thuat danh gia nhanh can

(Branch-and-bound) trong tién trinh quay lui.
1.4.1. M6 hinh ky thuit nhanh can

Dwa trén mo hinh thudt todn quay lui, ta xay dung mé hinh sau:



procedure Init;
begin

«Khoi tao mét cau hinh bat ky best»;
end;

//Thii tuc ndy thir chon cho x[i] tdt cd cdc gid tri né c6 thé nhdn
procedure Attempt(i: Integer);

begin
for «Moi gia tri v cé thé gan cho x[i]» do
begin
«Tht dat x[i] := v»;
if «Con hi vong tim ra céu hinh tét hon best» then
if «x[i] 1a phan t& cudi cling trong ciu hinh» then
«Cép nhit best»
else
begin
«Ghi nhén viéc thit x[i] := v néu cinx;
Attempt (i + 1); //Goidéquy, chon tiépx[i+1]
«B6 ghi nhan viéc di thi cho x[i] := v (néu cin)»;
end;
end;
end;
begin
Init;
Attempt (1) ;
«Théng bao ciu hinh tbi uwu best»;
end.

K§ thuit nhanh cin thém vao cho thuét toan quay lui kha nang danh gia theo tirng buwéc, néu
tai bwérc thiv i, gia tri thir gan cho x; khong c6 hi vong tim thay ciu hinh tot hon ciu hinh best
thi thir gia tri khac ngay ma khéng can phai goi dé quy tim tiép hay ghi nhin két qua nira.
Nghiém ctia bai toan sé dwoc lam t6t dan, bdi khi tim ra mot cidu hinh méi tot hon best, ta sé
cip nhat best bang cdu hinh méi vira tim dworc.

Dwéi day ta sé khao sat mot vai ky thuat danh gia nhanh cin qua cac bai toan cu thé.

1.4.2. Po6 thi con diy dua cwc dai

Bai toan tim d6 thi con diy du cuwc dai (Clique) 1a mdt bai toan co rat nhiéu rng dung trong
cac mang xa hoi, tin sinh hoc, mang truyén thong, nghién ctru ciu tric phan t... Ta cé thé
phat biéu bai todn mdt cach hinh thirc nhw sau: C6 n ngwdi va moi ngudri c6 quen biét mot sd
nguoi khac. Gid sir quan hé quen biét 1a quan hé hai chiéu, tirc 1a néu ngwoi i quen nguwdi j thi
nguwoi j cling quen nguwoi i va ngwoc lai. Van dé 1a hiay chon ra mét tip gom nhiéu ngudi nhit
trong sé n ngudi da cho dé hai ngwdi bat ky dwoc chon phai quen biét nhau.

Tuy da c6 rat nhiéu nghién ctru vé bai to4n Clique nhung ngwdi ta van chwa tim ra dugc thuat
toan vi do phirc tap da thirc. Ta sé& trinh bay mot cach gidi bai todn Clique bang thuat toan

quay lui két hop véi ki thuat nhanh cén.



U M6 hinh duyét

Cac quan hé quen nhau dwoc biéu dién béi ma tran A = {aij}nxn trong d6 a;; = True néu nhuw
nguoi i quen ngudi j va a;; = False néu nhw nguoi i khong quen ngwoi j. Theo gia thiét ctia
bai toan, ma tran A la ma tran déi xtrng: a;; = a;; (Vi, ).

RO rang v&i mot ngwdi bt ky thi ¢6 hai kha nang: ngwdi dé dwoc chon hodc nguwoi d6 khong
duoc chon. Vi vAy mot nghiém cta bai todn cé thé biéu dién béi day X = (x4, x5, ..., X,,) trong
dé x; = True néu nguoi thir i dwoc chon va x; = False néu nguoi thir i khong dwoc chon. Goi
k 1a s6 ngwoi dwgc chon twong Gng véi day X, tire 1a s6 vi tri x; = True.

Phwong an t6i wu dwgc lwu triv bdi mang best[1 ... n], vdi kbest 1a s6 ngwoi dwoce chon twong
rng v&i day best. D€ don gian, ta khéi tao mang best([1 ...n] boi gia tri False va kbest = 0,
sau d6 phwong an best va bién kbest sé dwoc thay bang nhitng phwong an t6t hon trong qua
trinh duyét. Trén thuc t&, phwong 4n best c6 thé khéi tao bang mot thuat toan gan dung.

Mb hinh duyét dwoc thiét ké nhw mé hinh liét ké cac day nhi phin bang thuit toan quay lui:
Thir hai gia tri True/False cho x;, véi mdi gia tri vira thi cho x; lai thir hai gia tri cia x,...
Goi degl[i] 1a s6 ngwdi quen ctia ngwdi i va count[i] 1a s6 ngwdi quen ciia ngwdi i ma da dwoc
chon. Gia tri deg[i] dwoc xac dinh ngay tir dau con gia tri count[i] sé dwoc cp nhat ngay lap
tirc moi khi ta thir quyét dinh chon hay khéng chon mot ngudi j quen véi i (j < i). Mang

deg[1...n] va count[1 ...n] dwoc str dung trong ham cin dé han ché bt khong gian duyét.

U Ham can

Thuat toan quay lui dwgc thwe hién dé quy thong qua thi tuc Attempt(i): Thir hai gia tri c6
thé gan cho x;. Day chuyén dé quy dwoc bt dau tir tha tuc Attempt(1) va khi tha tuc
Attempt (i) dwoc goi thi ta dang c6 mot phwong an chon trén tap nhirng nguoi tir 1 téii — 1
va s6 nguwoi dwoc chon trong tp nay la k.

Trong nhitng ngwoi tir i t&i n, chic chidn néu cé chon thém thi ta chi dwgc phép chon nhitng
nguoi j ma count[j] = k va deg[j] < kbest. Piéu nady khéng khé dé giai thich: count[j] < k
c6 nghia la nguwdi j khong quen véi it nhat mét ngwdi da chon; con deg[j] < kbest c6 nghia la
néu ngudi j dwoc chon, phwong 4an tim dwoc chic chic khong thé cé nhiéu hon kbest nguoi,
khong tét hon phwong an best hién cé.

Nhén xét trén la co s& d€ thiét 1ap ham can: Khi tha tuc Attempt (i) dwoc goi, ta loc ra nhirng
ngudi trong pham vi tir i t&in c6 count[.] = k vadeg[.] > kbest valap gia thuyét rang trong
treong hop tot nhat, tit ca nhirng ngudi nay sé dwgc chon thém. Gid thuyét nay cho phép ta
wéc lwgng cén trén cua s6 ngudi dwoc chon can cir vao day cac quyét dinh x[1...i — 1] da c6
truéc d6. Néu gia tri can trén nay van < kbest, c6 thé két ludn ngay ring diy quyét dinh
x[1...i — 1] khong thé din téi phwong 4n t6t hon phwong 4n best cho du ta c6 thir hét nhitng
kha nang c6 thé ctia x[i ... n]. Thu tuc Attempt (i) sé khong tién hanh thir gan gia tri cho x; nira

ma thoat ngay, day chuyén dé quy lui lai dé thay d6i day quyét dinh x[1 ...i — 1].



Ngoai ra, tht tuc Attempt (i) khong nhat thiét phai thi hai gia tri True/False gan cho x[i]. Néu
nhu countli] < k hodc degli] < kbest thi chi cin thir x[i] := False la dq, vi trong trueong hop
nay néu chon nguoi thir i sé bi xung dot véi nhirng quyét dinh chon trwéc hodc khéng con

tiém nang tim ra phwong an tot hon best.

O Cai dat

Ta sé cai dat bai toan Clique véi khuén dang Input/Output nhw sau:

Input

® Dong 1 chra s6 ngwoi n < 1000 va s6 quan hé quen biét m cach nhau it nhit mot dau
cach

® m dong tiép theo, mdi dong chira hai s6 nguyén i, j cAch nhau it nhat moét diu cach cho
biét vé mot quan hé: hai ngwoi i, j quen nhau

Output

Phwong 4an chon ra nhiéu nguwdi nhit dé hai ngwoi bat ky déu quen nhau.

Sample Input | Sample Output

6 10 Number of guests: 4
12 Guests to be invited: 2, 3, 4, 6,
13

23

24

26

34

36

45

46

56

CLIQUE_BB.PAS v/

{$MODE OBJFPC}

program Clique;

const
maxN = 1000;

var
a: array[l..maxN, 1..maxN] of Boolean;
deg, count: array[l..maxN] of Integer;
n: Integer;
x, best: array[l..maxN] of Boolean;
k, kbest: Integer;

procedure Enter; //Nhdp di liéu va xdy dung ma trdn quan hé A
var

m, i: Integer;

u, v: Integer;
begin



Readln(n, m);
FillChar(a, SizeOf(a), False);

for i ;=1 tomdo
begin
Readln(u, v);
afu, v] := True;
a[v, u] := True;
end;
end;

procedure Init; //Khéditao
var
u, v, temp: Integer;
i, j: Integer;
begin
//Trwéc hét tinh cdc deg[1..n]: deg[i] = S6 ngwoi quen nguwoi i
FillDWord(deg[1l], n, 0);
for u:=1 to n do

for v := 1+ u tondo
if a[u, v] then
begin
Inc(deg[u]); Inc(deg[v]);
end;

//Khéi tao x va best I hai phwong dn c6 s6 ngwdi dwoc chon bdng 0
FillChar(x[1], n, False); k := 0;
FillChar (best[l], n, False); kbest := 0;
//Pong bd mdng count|[1..n] véi phwong dn x
FillDWord(count[1l], n, 0);

end;

//U6c leong cdn trén ctia s6 nguoi cd thé chon dwoc dwa vio
function UpperBound(i: Integer): Integer;

var
j: Integer;

begin
Result := k;
for j :=1i ton do

if (deg[j] > kbest) and (count[j] >= k) then Inc(Result);
end;

procedure Attempt(i: Integer);
var
j: Integer;
begin
if UpperBound(i) <= kbest then Exit;
if i = n + 1 then
begin
best := x;
kbest := k;
Exit;
end;
if (count[i] >= k) and (deg[i] >= kbest) then
begin
x[1i] := True;
Inc(k);
for j :=1i+1 tondo



if a[i, j] then Inc(count[j]);
Attempt(i + 1);
x[i] := False;
Dec (k) ;
for j ;=1 +1 tondo
if a[i, j] then Dec(count[j]);
end;
Attempt(i + 1);
end;

procedure PrintResult;
var
i: Integer;
begin
WriteLn('Number of guests: ', kbest);
Write('Guests to be invited: ');
for i :=1 tondo
if best[i] then Write(i, ', '");
Writeln;
end;

begin
Enter;
Init;
Attempt (1) ;
PrintResult;
end.

1.4.3. Bai toan xép ba 16

Bai toan xép ba 16 (Knapsack): Cho n san phdm, san phadm thi i c6 trong lwong la w; va gia tri
1a v; (w;, v; € RY). Cho mdt bald c6 gidi han trong lwong 1a m, hay chon ra mot sé san pham
cho vao ba 16 sao cho tong trong lwgng ctia ching khong virot qua m va tong gia tri ctia chiing
1a 16m nhét c6 thé.

Knapsack la mét bai toan noi tiéng vé do khé: Hién chwa c6 mét 161 giai hiéu qua cho nghiém
tdi wu trong treong hop tdng quat. Nhitng cd ging dé giai quyét bai toan Knapsack da cho ra
ddoi nhiéu thuat toan gan dung, hodc nhitng thuat toan téi wu trong trudng hop dit biét (chang
han thuat todn quy hoach dong khi w,_,, va m la nhirng s6 nguyén twong d6i nhd).

Dwéi day ta sé xay dung thuit toan quay lui va ki thuat nhanh can dé giai bai todn Knapsack.

U M6 hinh duyét

C6 hai kha ning cho mdi san pham: chon hay khéng chon. Vi vdy mdt cach chon cac san pham
x&p vao ba 16 twong trng véi mot diy nhi phan do dai n. Ta c6 thé biéu dién nghiém cua bai
todn dwdi dang mot day X = (xq, x5, ..., x,,) trong d6 x; = True néu nhw san phim i c6 dwoc

chon. M6 hinh duyét sé dwoc thiét ké twong tw nhw mé hinh liét ké cac day nhi phan.



O Lap ham can bang cach “choi sai luat”
Gia st rang ta c6 thé 14y mot phan san phdm thay vi 14y toan bd sdn phdm, tirc 1a ¢6 thé chia
nhé mot sdn phdm va dinh gia moi phan chia theo trong lwong. Néu san phim i c6 gia tri v;

va trong lwgng w; thi khi 1y mot phan c6 trong lwong g < w;, phan nay sé c6 gia tri la Wi X v;.
i

Véi luat chon dwoc stra d6i nhw vy, ta c6 thé tién hanh mot thuit todn tham lam dé tim

phuwong 4n t6i wu: V&i moi sdn pham i, goi ti s6 gia tri/khdi lwong % la mdt dé ctia san pham
i

dé. Sap x&p cac sdn pham theo thir tw gidm din clia mat dd va danh s6 lai cic sdn phidm theo

thir tw da sap xép:

Vv

Wy Wy Wn
Bt dAu v&i mot ba 16 rong, xét 1an lwot cac san pham tir 1 téi n. Moi khi xét téi san pham i,
néu c6 thé thém toan bd san phdm i ma khong vwrot qua gidi han trong lwgng ctia ba 16 thi ta
sé chon toan bd sadn pham i, néu khong, ta sé 1dy mot phan cda sdn phdm i dé€ dat vira da gidi

han trong lwong ctia ba 16.

Vidu c6 5 san pham da dwoc sip xép giam dan theo mat do:

[ i |2 2 3 4 5
[ v |2 2 2 2 2
[ w |2 2 3 4 5

V&i gidi han trong lwong la 8, ta sé 14y nguyén san phdm 1, nguyén san phdm 2, nguyén
san phdm 3 va mot nira san phidm 4. Pwoc ding trong lwong 8 va gia tri 14y dwocla 2 +
2+2+1=7

RO rang phwong an chon cac san pham nhw vay 13 sai luit (phai l1dy nguyén san pham chi
khong dwoc 1dy mét phan), nhwng hdy thir xét lai thuit toan va gia tri lay dworc, ta c6 nhan xét:
Cho du phwong an chon ding luit cé tét nhw thé nao ching nira, tong gia tri cc san phim
dwogc chon khong thé tot hon két qua cia phép chon sai luit.

Nhén xét trén goi y cho ta viét mot ham UpperBound (k, m): wéc lwgng xem néu chon trong
cac san pham tir k t&¢i n véi gidi han trong lwgng m thi téng gia tri thu dwoc khong thé vuot

qué bao nhiéu?. Gia tri hAm UpperBound (k, m) dwoc tinh bang phép chon sai luat.



function UpperBound(k: Integer; m: Real): Real;

var
i: Integer;
q: Real;
begin
Result := 0;
for i := k to n do //Xétcdc sdn phdm tirk téin
begin
if w[i] < m then q := w[i] //Ldytodn bd sdn phdm
else q := m; //Ldy mdtphdn sdn phdm cho vira di gidi han trong lwgng
Result := Result + q / w[i] * v[il; //Cdp nhdttong gid tri
m :=m - q; //Cdp nhdtgidi han trong lwgng méi
if m = 0 then Break;
end;
end;

MOi khi chuan bi ra quyét dinh chon hay khéng chon san pham thtt k, thuat toan can dwa vao
tong gia tri cac sdn phdm di quyét dinh chon trwdc d6 va gia tri ham UpperBound dé wéc
lwgng cin trén cda téng gia tri ¢ thé thu dwgc. Néu thiy khdng con co may tim ra phwong an
tot hon phwong an dang dwgc ghi nhan, qua trinh quay lui sé thwc hién viéc “tianhdnh”: khong
thr chon trong cac san pham tir k t&i n ntra bdi néu mudn tim ra phwong an tét hon, cin phai

thay d6i cac quyét dinh chon trén cic san pham tir 1 téi k — 1.

O Panh gia twong quan giira cac phan tir ctia cdu hinh

V&i mdi sdn pham, ddi khi ta khong can phai thi hai kha nang: chon/khdng chon. Mot trong
nhitng cich lam la dwa vao nhitng quyét dinh trén cac sdn pham truéc dé dé xac dinh sém
nhitng sdn phadm chic chan khong dwoc chon.

Gia str trong s6 n sdn pham da cho c6 hai sdn phdm: san phdm A cé trong lwgng 1 va gia tri 4,
san phdm B c6 trong lwong 2 va gia tri 3. R0 rang khi sip x&p theo mat do gidm dan thi sn
phim A sé dirng trudrc sdn phdm B va san phdm A sé dwgc thi truedce, va khi dé néu san phadm
A d3 khong dwoc chon thi sau nay khong c6 1y do gi ta lai chon san phdm B.

Tong quat hon, ta sé 14p tirc dwa quyét dinh khong chon san phdm k néu trudc do ta da khong
chonsan phdmi (i < k) cOw; < wy vav; = vy.

Nhén xét nay cho ta thém mot tiéu chuin dé han ché khong gian duyét. Tiéu chuidn nay c6 thé
viét bang ham Selectable(j, k), (j < k): Cho biét c6 thé ndo chon san phim k trong diéu kién

ta da quyét dinh chon hay khong chon trén cic san pham tir 1 t6i j:



function Selectable(j, k: Integer): Boolean;
var

i: Integer;
begin

for i :=1 to j do

if not x[i] and (w[i] £ w[k]) and (v[i] 2 v[k]) //Sdnphdmikhéng dwocchonva i khdng toi hon"k
then Exit(False); //Kétludn q chdcchdn khéng duwoc chon

Result := True;

end;

Ham Selectable sé dwgc dung trong thd tuc quay lui, déng thoi tich hop vao ham
UpperBound dé c6 mdt danh gia cin chat hon.

U Cai dat

Ta sé cai dat bai toan xé€p ba 16 v&i khuon dang Input/Output nhw sau:

Input

® Dong 1 chtta s6 nguyén dwong m < 100 va sé thwc dwong m cach nhau mot du cach

® 1 .dong tiép theo, dong thir i ghi hai s6 thwc dwong w;, v; cach nhau mét diu cach.

Output
Phwong 4n chon cac san phdm cé tong trong lwong < m va tdng gia tri 1én nhit co thé.
Sample Input | Sample Output
5 14.0 Selected products:
9.0 12.0 - Product 3: Weight = 1.0; Value = 10.0
6.0 8.0 - Product 1: Weight = 9.0; Value = 12.0
1.0 10.0 - Product 5: Weight = 4.0; Value = 5.0
5.0 6.0 Total weight: 14.0
4.0 5.0 Total value : 27.0

KNAPSACK_BB.PAS v Bai toan xép balo

{$MODE OBJFPC}
program Knapsack;

const
maxN = 100;
type
TObj = record //Théng tin vé mjt sdn phdm

w, v: Real; //Trong lwong va gid tri
id: Integer; //Chisd

end;

var

obj: array[l..maxN] of TObj;

x, best: array[l..maxN] of boolean;

SumW, SumV: Real;

MaxV: Real;

n: Integer;

m: Real;

procedure Enter; //Nhdp di liéu



var
i: Integer;
begin
Readln(n, m);
for i :=1 to n do
with obj[i] do
begin
Readln (w, v);
id := i;
end;
end;

//Dinh nghia todn tik: sdn phdm x < sdn phdm y néu mét dé x > mdt dé y, todn tir ndy ding dé sdp xép
operator < (const x, y: TObj): Boolean;
begin
Result (= x.v / x.w> y.v/ y.w
end;

procedure Sort; //Thudttodn sdp xép kiéu chén, xép cdc sdn phdm gidm dén theo mdt do
var
i, j: Integer;

temp: TObj;
begin
for i := 2 ton do
begin

temp := obj[i]; j :=1i - 1;
while (j > 0) and (temp < obj[j]) do
begin
obj[j + 1] := obj[jl;
Dec(j)
end;
obj[j + 1] := temp;
end;
end;

procedure Init; //Khéitao

begin

SumW := 0; //Mdtbalérong

SumV := 0; //T6ng gid tri cdc phdn ti dwgc chon

MaxV := -1; //Téng gid tri thu dwoc trong phwong dn tdi wu best
end;

//Pdnh gid xem cd thé chon sdn phdm k hay khong khi da quyét dinh xong véi cdc sdn phdm 1..j
function Selectable(j, k: Integer): Boolean;
var

i: Integer;
begin

for i :=1 to j do

if not x[i] and
(obj[i].w <= obj[k].w) and (obj[i].v >= obj[k].v) then
Exit(False); //Sanphdm iddkhong dwoc chon va khdng toi hon k, chdc chdan khdng chon k

Result := True;

end;

//UGc lwong gid tri cdn trén clia phép chon
function UpperBound(k: Integer; m: Real): Real;



var
i: Integer;
q: Real;
begin
Result := 0;
for i :=k ton do
if Selectable(k - 1, i) then
begin
if obj[i].w <= m then q := obj[i].w //Ldy todn bg sin phdm i
else q := m; //Ldy mdtphdn sdn phdm i
Result := Result + q / obj[i].w * obj[i].v;
m:=m-g;
if m = 0 then Break;
end;
end;

procedure Attempt(i: Integer); //Thudttodn quay lui
begin
//Pdnh gid xem c6 nén thir tiép khdng, néu khdng cé hy vong tim ra nghiém tt hon best thi thodt ngay
if SumV + UpperBound(i, m - SumW) <= MaxV then
Exit;
if i = n + 1 then //Ddquyétdinhxong véin sin phdm va tim ra phwong dn x t6t hon best
begin //Cdp nhdt best, maxV va thodt ngay

best := x;
MaxV :=SumV,;
Exit;
end;
if (SumW + obj[i].w <= m) and Selectable(i - 1, i) then //Sdnphdmicd thé chon
begin
x[i] := True; //Thitchon sdn phdm i

SumW := SumW + obj[i].w; //Cdp nhdt téng trong lwgng dang cd trong ba I6
SumV := SumV + obj[i].v; //Cdp nhdt téng gid tri dang cd trong ba 16
Attempt(i + 1); //Thitsdn phdm ké'tiép
SumW := SumW - obj[i].w; //Sau khithit chon xong, bd sdn phdm i khéi ba 6
SumV := SumV - obj[i].v; //phuchoi SumW va SumV nhw khi chwa chon sdn phdm i
end;
x[i] := False; //Thi khong chon san phim i
Attempt (i + 1); //thiksdn phdm ké tiép
end;

procedure PrintResult; //Inkétqud
var

i: Integer;

TotalWeight: Real;
begin

WriteLn('Selected products: ');

TotalWeight := 0;

for i :=1 ton do

if best[i] then
with obj[i] do

begin
Write('- Product ', id, ': '");
Writeln('Weight = ', w:1:1, '; Value = ', v:1:1);

TotalWeight := TotalWeight + w;
end;



WriteLn('Total weight: ', TotalWeight:1:1);
Writeln('Total value : ', MaxV:1l:1);
end;

begin
Enter; //Nhdp dit liéu
Sort; //Sdp xép theo chiéu gidm ddn ctia mdt do
Init; //Khéitao
Attempt (1) ; //Khéiddng thudt todn quay lui
PrintResult; //Inkétqud

end.

1.4.4. Dy ABC

Cho trwéc mot s6 nguyén duwong n < 1000, hdy tim mot xau chi gom cac ky ty ‘A’, ‘B’, ‘C’ thoa

man 3 diéu kién:

® C6dddain.

® Hai doan con bit ky lién nhau déu khac nhau (doan con 1a mot day ky tw lién tiép cia
xau).

® (o itkyty ‘C’ nhat.

U Thuat toan 1: Uéc lwgng ham can

Ta sé& dung thuit toan quay lui dé liét ké cac diy n ky tw ma mdi phan ti cia diy dwoc chon
trong tip {4, B, C}. Gia str ciu hinh cin liét ké c6 dang x;_,, thi:

Néu day x; 5 thod mén 2 doan con bit ky lién nhau déu khac nhau, thi trong 4 ky tw lién tiép
bit ky bao gi¢ cling phai c6 it nhat mot ky tw ‘C’. Nhw vAy véi mot doan gom k ky tw lién tiép
cta day x;_, thisé ky ty ‘C’ trong doan d6 ludn > |k /4|

Sau khi thit chon x; € {4, B, C}, néu ta da c6 t; ky tw ‘C’ trong doan x;_;, thi cho du cac buéc
chon tiép sau lam t6t nhw thé nao chang nira, s6 ky tu ‘C’ phai chon thém khéng bao gi¢ it hon
l%] Tic 1a néu theo phwong dn chon x; nhw thé nay thi s6 ky tw ‘C’ trong day két qua (khi
chon dén x,, ) khong thé it hon ¢; + l%] Ta dung con s6 nay dé€ danh gia nhanh cin, néu né
nhiéu hon s8 ky tw ‘C’ trong ciu hinh t8t nhit dang cho téi thoi diém hién tai thi chic chan c6
lam tiép cling chi dwoc mét ciu hinh t6i té hon, ta bo qua ngay cach chon nay va thir phwong
an khac.

T6i da thir va thiy thuit todn nay hoat dong kha nhanh véin < 100, tuy nhién véi nhivng gia
trin = 200 thi vAn khong dd kién nhan dé doi ra két qua. Dwdi day 1a mot thuat toan khac tot
hon, di d6i véi né 1a mot chién lwge chon ham cdn kha hiéu qua, khi ma ta khé xac dinh ham

cAn that chit bang cong thirc twong minh.



O Thuat toan 2: Ly ngan nuéi dai

V&i mbi do dai m, ta goi f[m] 1a s6 ky tw ‘C’ trong xau c6 dd dai m thod man hai doan con bt
ky lién nhau phai khac nhau va c6 it Ky tw ‘C’ nhat. R6 rang f[0] = 0, ta sé lap trinh tinh cac
f[m] trong diéu kién cac f[0 ...m — 1] da biét.

Twong tw nhw thuét toan 1, gid s ciu hinh can tim c¢6 dang x; _,,, thi sau khi thi chon x;, néu
ta da co t; ky tw ‘C’ trong doan x,_;, thi cho du cic bwéc chon tiép sau lam tét nhw thé nao
ching nira, s6 ky tw ‘C’ phai chon thém khong bao gi¢ it hon f[m — i], tirc 1a néu chon tiép thi
s6 ky tw ‘C’ khong thé ithon t; + f[m — i]. Ta dung cin nay két hop v&i thuit todn quay lui dé
tim x4u t6i wu d6 dai m cling nhw dé tinh gia tri f[m]

Nhu vay ta phai thwc hién thuit toan n 1an véi cac d6 dai xau m € {1,2, ...,n}, tuy nhién lan
thwc hién sau sé st dung nhirng thong tin da c6 ctia Ian thwc hién truede dé€ lam mot ham cin

chét hon va thyc hién trong thoi gian chidp nhan dworc.
U Cai dat
Input

SO nguyén dwong n

Output
Xau ABC can tim
Sample Input | Sample Output
10 Analyzing...
£f[1] =0
£f[2] =0
£f[3] =0
f[4] =1
f[5] =1
f[6] =1
£f[7] =1
f[8] = 2
£[9] = 2
£[10] = 2
The best string of 10 letters is:
ABACABCBAB
Number of 'C' letters: 2

ABC_BB.PAS v Day ABC

{ $MODE OBJFPC}
program ABC STRING;

const
max = 1000;
modulus = 12345;
var

n, m, MinC, CountC: Integer;
Powers: array[0..max] of Integer;



f: array[0..max] of Integer;
x, Best: AnsiString;

procedure Init; //Véimgtdsdaim <=n, khéitao thudt todn quay lui

var
i: Integer;

begin
SetLength(x, m);
MinC := m;
CountC := 0;
Powers[0] := 1;
for i :=1 tomdo

Powers[i] := Powers[i - 1] * 3 mod modulus;

£[0] := 0;

end;

//DGi ky tw ¢ ra mot chir s6 trong hé cos6'3
function Code(c: Char): Integer;
begin

Result := Ord(c) - Ord('A');
end;

//Ham Same(i, ) cho biét xdu gom I ky tw két thiic tai x[i] c6 tring v&i xdu I ky tw lién trwedc né khdng ?
function Same(i, j, k: Integer): Boolean;
begin
while k <= i do
begin
if x[k] <> x[j] then
Exit (False);
Inc(k); Inc(j);
end;
Result := True;
end;

//Ham Check(i) cho biét x[i] c6 lam hdng tinh khdng Idp cia déy x[1.i] hay khdng. Thudt todn Rabin-Karp
function Check(i: Integer): Boolean;

var
j, k: Integer;
h: array[l..max] of Integer;
begin

h[i] := Code(x[i]);
for j :=1i -1 downto 1 do
begin
h[j] := (Powers[i - j] * Code(x[j]) + h[j + 1]) mod modulus;
if odd(i - j) then
begin
k:=1i- (i-3) div 2;
if (h[k] * (Powers[k - j] + 1) mod modulus = h[j])
and Same(i, j, k) then
Exit(False);
end;
end;
Result := True;
end;

//Giit lai két qud tdt hom vira tim dwoc
procedure UpdateSolution;



begin
MinC := CountC;
if m = n then
Best := x;
end;

//Thudt todn quay Iui
procedure Attempt(i: Integer); //Thitcdc gid tricd thé nhdn ciia X[i]
var

j: AnsiChar;
begin
for j := 'A' to 'C' do //Xéttdtcd cdc khd ning
begin

x[1i] := j; //Thiddtx[i]
if Check(i) then //néugid tridd vao khong lam hdng tinh khdng lip
begin
if j = 'C' then Inc(CountC); //Cdpnhdtsdky twC cho téibwdcnay
if CountC + f[m - i] < MinC then //Ddnh gid nhdnh cdn
if i = m then UpdateSolution //Cdp nhdt két qud néu da dén lwot thir cudi
else Attempt(i + 1); //Chuwa dénluwot thir cudi thi thi tiép
if j = 'C' then Dec(CountC); //Phuc hdisd ky tw C nhu cii
end;
end;
end;

procedure PrintResult;

begin
WriteLn('The best string of ', n, ' letters is:');
WriteLn(Best);
WriteLn('Number of ''C'' letters: ', MinC);

end;

begin
ReadLn(n) ;
Writeln('Analyzing...');
form :=1 ton do
begin
Init;
Attempt (1) ;
f[m] := MinC;
WriteLn('£[', m, '] ="', f[m]);
end;
Writeln;
PrintResult;
end.

1.4.5. Tom tat

Chung ta da khao sat ky thuit nhanh cin 4p dung trong thuit toan quay lui dé€ giai quyét mot

s6 bai todn toi wu. Ky thuit nay con c6 thé ap dung cho 16p cac bai todn duyét ndi chung dé

han ché bét khong gian tim kiém.

Khi cai dat thuit toan quay lui c6 danh gia nhanh cén, can cé:

® Mot ham cén t6t dé loai bd sém nhitng phwong an chic chin khong phai nghiém

® Mot thir tw duyét tot dé nhanh chong di téi nghiém téi wu



C6 mot sb treong hop ma khé cé thé tim ra mot thi tw duyét tot thi ta cé thé 4p dung mét thi
tw ngau nhién cta cac gia tri cho mdi buwdc thir va dung mot ham chin thoi gian dé€ chdp nhan
ngay phwong an tot nhat dang c6 sau mét khoang thoi gian nhit dinh va ngwng qua trinh thi
(vi du 1 gidy). M6t cach 1am khéc 1a ta sé chi duyét t&i mot do sdu nhat dinh, sau d6 mét thuat
toan tham lam sé dwoc 4p dung dé tim ra mot nghiém c6 thé khong phai toi wu nhung tot &

mic chidp nhin dwoc. Chién lwoc nay co tén goi “bé—duyét, to—tham”.

Bai tap 1-1.

Hay 14p chwong trinh nhip vao hai s6 n va k, liét ké cac chinh hop ldp chap k cua tip
{1,2,...,n}.

Bai tap 1-2.

Hay liét ké cac day nhi phan do dai n ma trong d6 cum chir s6 “01” xuit hién dung 2 lan.

Bai tap 1-3.

Nhip vao mdt danh sach n tén nguoi. Liét ké tit ca cac cach chon ra dung k nguoi trong s6 n
ngudi do.

Bai tap 1-4.

bé liét ké tit ca cac tp con cua tip {1,2, ..., n} ta c6 thé dung phwong phap liét ké tip con nhw
trén hoic dung phwong phép liét ké tit ca cac ddy nhi phan. Mdi s6 1 trong ddy nhi phan twong
rng v&i mot phan tr dwoc chon trong tap. Vi du véi tap {1,2,3,4} thi ddy nhi phin 1010 sé
twong ng véi tip con {1,3}. Hay lap chwong trinh in ra tit ca cac tip con cua tip {1,2, ..., n}
theo hai phwong phap.

Bai tap 1-5.

Can xép n ngwdoi mot ban tron, hai cach xép dwoc goi la khiac nhau néu ton tai hai nguoi ngoi
canh nhau & cach xép nay ma khong ngbi canh nhau trong cach xép kia. Hiy dém va liét ké tat
ca cac cach xép.

Bai tap 1-6.

Nguwoi ta c6 thé dung phwong phap sinh dé liét ké cac chinh hop khong ldp chap k. Tuy nhién
c6 mot cach khac 1a liét ké tit ca cac tip con k phan tir cla tip hop, sau dé in ra d k! hoan vi
cuia cac phin tlr trong moi tAp hop. Hay viét chwong trinh liét ké cac chinh hop khong 13p chéap
k cua tap {1,2, ..., n} theo ca hai cach.

Bai tap 1-7.

Liét ké tit ca cac hoan vi chit cai trong tir MISSISSIPPI theo thi tw tir dién.

Bai tap 1-8.

Cho hai s6 nguyén dwong [, n. Hay liét ké cac xau nhi phan d6 dai n c6 tinh chat, bat ky hai xau

con nao do6 dai ! lién nhau déu khac nhau.



Bai tap 1-9.

V&in =5,k =3 vé ciy tim kiém quay lui cia chwong trinh liét ké t6 hop chap k cua tip
{1,2,...,n}

Bai tap 1-10.

Cho tip S gbm n s6 nguyén, hay liét ké tit ca cac tip con k phin ti cta tip S thoa man: do
chénh léch vé gia tri gitra hai phan ti bt ky trong tap con d6 khéng vwot qua t (t cho truéec)
Bai tap 1-11.

Mot day x; ,, goila mét hodn vi hoan toan cta tip {1,2, ..., n} néu né la mot hodn vi thod man:
x; # 1,Vi: 1 < i < n. Hay viét chwong trinh liét ké tit cad cac hoan vi hoan toan cuia tip
{1,2,...,n}

Bai tap 1-12.

Lap trinh dém s6 cach xép n quan hiu 1én ban c& n X n sao cho khéng quan nao an quin nao.
Bai tap 1-13.

M3 di tuan: Cho ban co tong quat kich thwdc n x n va mot quan M3, hay chi ra mot hanh trinh
clia quan Ma xuit phat tir 6 dang dirng di qua tit ca cac 6 con lai ciia ban cd, mdi 6 ding 1 1an.
Bai tap 1-14.

Xét sor do giao thong gobm n nut giao thong danh sé tir 1 t&i n va m doan dwong ndi chiing, moi
doan dwong ndi 2 nut giao thong. Hay nhap dir liéu vé mang lwdi giao thong d6, nhap sé hiéu
hai nut giao thong s va t. Hiy in ra tit ca cac cach di tir s téi t ma moi cach di khdng dwoc qua
nut giao théng nao qua mot lan.

Bai tap 1-15.

Cho mot s6 nguyén dwong n < 10000, hay tim mdt hoan vi cta day (1,2, ...,2n) sao cho tdng
hai phéan ti lién tiép cua diy la s6 nguyén t6. Vi du véin = 5, ta c6 day (1,6,5,2,3,8,9,4,7,10)
Bai tap 1-16.

Mot ddy ddu ngodc hop 1€ 1a mot day cac ky tw “(” va “)” dwoc dinh nghia nhuw sau:

® Daiy rong la mot day d4u ngodc hop 1é do su 0
® Néu Ala day didu ngodc hop 1é dd sau k thi (A) l1a didy ddu ngoidc hop 1é do sdu k + 1
® Néu A va B 1a hai day d4u ngodc hop 1€ véi dd siu lan lwot 1a p va g thi AB 1a diy diu

ngoac hop lé do sau la max(p, q)
Do dai cia mot day ngodc la téng s6 ky tw “(” va “)”
Vi du: C6 5 day diu ngodc hop 1é do dai 8 va do sau 3:
(00N
((®0)
((0N0o
(e](e))



00

Bai toan dit ra la khi cho biét trwérc hai s6 nguyén dwongn, kval < k < n < 10000. Hay liét
ké cac day ngodc hop 1é c6 do dai la 2n va do siu 1a k. Trong tredng hop c6 nhiéu hon 100
day thi chi cAn dwa ra 100 day nhé nhat theo thir tw tir dién.

Bai tap 1-17.

C6 m ngwoi tho va n cong viéc (1 < m,n < 100), mdi tho c¢6 kha ning 1am mot s cong viéc
nao dé. Hay chon ra mét tp it nhat nhirng ngudi tho sao cho bit ky cong viéc nao trong s6

céng viéc da cho déu c6 ngwoi lam dwoc trong sé nhirng ngwoi da chon.



Bai 2. Chia dé tri va giai thuit dé quy
2.1. Chia dé tri

Ta n6i mot doi twong la dé quy néu né dwoc dinh nghia qua mét ddi twong khac cung dang

v&i chinh no.

Vi du: Dat hai chiéc gwong ciu déi dién nhau. Trong chiéc gwong thir nhit chira hinh chiéc
guwong thi hai. Chiéc gwong thit hai lai chira hinh chiéc gwong thir nhat nén tit nhién né
chita lai hinh anh ctia chinh né trong chiéc gwong tht nhét... O mot géc nhin hop 1y, ta c6
thé thdy mot day anh vo6 han cha ca hai chiéc guwong.
Mot vi du khac 1a néu ngwdi ta phat hinh trwce tiép phat thanh vién ngdi bén may vé tuyén
truyén hinh, trén man hinh ctia may nay lai ¢ chinh hinh dnh ctia phat thanh vién dé ngbi
bén may vé tuyén truyén hinh va ct nhw thé...
Trong toan hoc, ta cling hay gap cac dinh nghia dé quy:

e Giaithtractian (n!):Néun =0thin! = 1;néun > 0thin! = n(n —1)!

e Ky hiéu sd phan tir ciia mot tip hop hitu han S 13 |S|: Néu S = @ thi |S| = 0; Néu

S # @ thi tit c6 mot phan tlr x € S, khi d6 |S| = |S — {x}| + 1. P4y la phuwong

phap dinh nghia tip cic sd tw nhién.

Ta n6i mot bai todn P mang ban chit dé quy néu loi gidi cia mot bai toan P c6 thé dwgc thuc
hién bang loi gidi clia cac bai toan Py, P,, ..., P, c6 dang giong nhw P. M&i nghe thi ¢6 vé hoi la
nhuwng diém miu chot can lwu y 1a: Py, Py, ..., B, tuy c6 dang giéng nhu P, nhung theo mot
nghia nao do, ching phai “nhd” hon P, dé gidi hon P va viéc giai chiing khdng can dung dén P.
Chia dé tri (divide and conquer) 1a mét phwong phap thiét ké giai thuét cho cac bai todn mang
ban chat dé quy: D€ gidi mot bai toan 1én, ta phan ra né thanh nhirng bai toan con déng dang,
va c tién hanh phin ra cho t&i khi nhitng bai todn con di nho dé cé thé giai truc tiép. Sau dé
nhirng nghiém cia cac bai todn con nay sé dwoc phéi hop lai dé dwgc nghiém cta bai toan 16n
hon cho téi khi c6 dwge nghiém bai toan ban dau.
Khi ndo mot bai todn c6 thé tim dwoc thuit giai bang phwong phap chia dé tri?. C6 thé tim
thay cau tra 101 qua viéc giai dap cac cau hdi sau:
® (0 thé dinh nghia dwoc bai toan duwdi dang phoi hop cia nhirng bai toan cung loai nhwng
nho hon hay khong ? Khai niém “nhé hon” 1a thé nao ? (Xac dinh quy tac phan ra bai to4n)
® Truong hop dac biét nao ctia bai toan c6 thé coi la di nho dé co thé giai truc tiép dwoc?

(Xac dinh cac bai toan co sé)
2.2. Giai thuat dé quy
Cac giai thuit dé quy la hinh dnh tryc quan nhit ciia phwong phap chia dé tri. Trong cac ngon

ngtr 14p trinh ciu truc, cac giai thuat dé quy thudng dwoc cai dit bang cac chuwong trinh con

dé quy. Mot chwong trinh con dé quy gom hai phan:



® Phin neo (anchor): Phan nay dwoc thwe hién khi ma céng viéc qua don gian, c6 thé giai
truc tiép ch khong can phai nh dén mét bai todn con nao ca.

® Phin dé quy (recursion): Trong trwong hop bai toan chwa thé giai dwoc bang phin neo,
ta xac dinh nhirng bai toan con va goi dé quy giai nhirng bai toan con dé. Khi da cé o1 giai
(dap s6) ctia nhirng bai todn con roi thi phéi hop ching lai dé giai bai todn dang quan
tam.

Phin dé quy mo phdng qua trinh phan ra bai toan theo nguyén ly chia dé tri. Phin neo twong

rng v&i nhitng bai toan con du nhé cé thé gidi truc ti€p dwoc, n6 quyét dinh tinh hiru han

dirng cia loi giai.

Sau day la mot vai vi du veé giai thuat dé quy.

2.2.1. Tinh giai thiwra

DPinh nghia giai thira cia mot s6 tw nhién n, ky hiéu n!, 1a tich cda cac s6 nguyén dwong tir 1
toi n:

n

n!=1_[i=1><2><...><n

i=1
Hoan toan c6 thé st dung mot thuat todn 1dp dé tinh n!, tuy nhién néu ching ta thtr nghi mot
theo mét cach khac: Vi n! = n X (n — 1)! nén dé tinh n! (bai toan 16n) ta di tinh (n — 1)! (bai
toan con) roi lay két qua nhan véin.
Cach nghi nay cho ta mot dinh nghia quy nap ctia ham giai thira, bai toan tinh giai thira cla
mot s6 dwoc dwa vé bai toan tinh giai thira cia mét s6 khac nhé hon.

function Factorial (n: Integer): Integer; //Nhdnvdosd twnhiénnva trdvén!
begin

if n = 0 then Result := 1 //Phinneo

else Result := n * Factorial(n - 1); //Phdndéquy
end;

(' day, phin neo dinh nghia két qua ham tai n = 0, con phin dé quy (&ng véi n > 0) sé dinh
nghia két qua ham qua gia tri cia n va giai thira cian — 1.

Vi du: Dung ham nay dé tinh 3!

3 = 3 x 2!
\)
20 = 2 x 1!
l
1 =1 x 0

o =1



2.2.2. Doi cor sd
DE biéu dién mot gia tri s6 x € N trong hé nhi phan: x = X3X;_; ... X1 %, 2y can tim day cac
chit s6 nhi phan x,, x4, ..., x4 € {0,1} dé:
d
x =in2i =xg X 2%+ x50 X297+ x; X 24 x
i=0
C6 nhiéu thuat toan 13p dé tim bi€u dién nhi phan cla x, tuy nhién ching ta c6 thé st dung
phwong phap chia dé tri dé€ thiét ké mot giai thuat dé quy kha ngan gon.
Ta c6 nhan xét 1 x, (chit s6 hang don vi) chinh bang s6 du ctia phép chia x cho 2 (x mod 2)
va néu loai bé x, khéi biéu dién nhi phan cta x ta s& dwoc so:

XaXq—1 X1z = X div 2

Vay dé tim biéu dién nhi phan cta x (bai to4n 16n), ta c6 thé tim biéu dién nhi phan cta s8
x div 2 (bai to4dn nho) roi viét thém gia tri x mod 2 vao sau biéu dién d6. Ngoai ra khi x = 0
hay x = 1, bi€u dién nhi phan ctia x chinh 1a x nén c6 thé coi day la nhitng bai toan dd nhé cé
thé gidi truc ti€p dwoc. Toan bd thuit toan c6 thé viét bang mot thu tuc dé quy
Convert(x) nhu sau:

procedure Convert(x: Integer);
begin
if x 2 2 then Convert(x div 2);

Output ¢« x mod 2;
end;

2.2.3. Day so Fibonacci

Day s6 Fibonacci bat ngudn tir bai to4n ¢ vé viéc sinh san ctia cac cap tho. Bai todn dit ra nhw
sau:

® (Cac con tho khong bao gior chét

® Hai thang sau khi ra doi, m6i cap thd méi sé sinh ra mot cap thé con (mdt duc, mot cai)
® Khi da sinh con roi thi ctr mdi thang tiép theo chiing lai sinh dwoc mdt cip con méi

Gia st tir ddu thang 1 c6 mot cdp méi ra doi thi dén gitra thang thit n sé c6 bao nhiéu cap.

Vidu,n = 5, ta thay:

Gitra thang th 1: 1 cdp (ab) (cdp ban dau)

Gifra thang thit 2: 1 cip (ab) (cdp ban dau van chua dé)

Gitra thang th 3: 2 cdp (AB)(cd) (cdp ban dau dé ra thém 1 cip con)

Gitra thang th 4: 3 cip (AB)(cd)(ef) (cip ban dau tiép tuc dé)

Gitra thang thit 5: 5 cap (AB)(CD)(ef)(gh)(ik) (ca cap (AB) va (CD) cung dé)



Bay gio, ta xét t&i viéc tinh s6 cdp thd & thang thir n: f(n). Néu ta dang & thang n — 1 va tinh

s6 tho & thang n thi:

S6 thang t&i = SO hién ¢6 + S6 dwoc sinh ra trong thang téi

Mat khac, véi tat ca cac cap tho = 1 thang tudi thi sang thang sau, chung déu > 2 thang tudi va déu
s€ sinh. Ttc la:

Vay:

S0 dwoec sinh ra trong thang téi = SO thang trwdec

SO thang t&i = SO hién ¢6 + S6 thang trudc

f=fn-1D+f(n-2)

Vay c6 thé tinh dworc f(n) theo céng thirc sau:

1,néun<?2

f) :{f(n_1)+f(n—2),né’un> 2

function f(n: Integer): Integer; //Tinhsd cdp thd & thdng thitn
begin

if

n £ 2 then Result := 1 //Phdnneo

else Result := £(n - 1) + £(n - 2); //Phdndéquy

end;

2.3. Hiéu lwc cua chia dé tri va dé quy

Chia dé tri1a mot cach thirc ti€p can bai toan. C6 rat nhiéu bai toan quen thudc cé thé gidi bing

dé quy thay vi 1o giai 1ap nho cach tiép cin nay. Ngoai nhirng bai toan ké trén, c6 thé dwa ra

mot

s6 vi du khac:

Bai toan tim gid tri 1&n nhat trong mot diy s6: D€ tim gid tri 16n nhit cta day
(aq,ay, ..., ay), néu day chi c6 mét phan tk thi d6 chinh la gia tri I6n nhit, néu khong ta
tim gia tri 1én nhat cta day gom [n/2] phan tir dau va gia tri 1én nhit cta day gom [n/2]
phén tr cudi, sau d6 chon ra gia tri 1én nhit trong hai gia tri ndy. Phwong phap nay to ra
thich hgp khi cai dat thuit toan trén cdc may song song: Viéc tim gia tri 1én nhat trong
hai ntra day sé dwgc thuwe hién doc 1ap va dong thoi trén hai b xi Iy khac nhau, lam gidm
thoi gian thuc hién trén may. Twong tw nhw vy, thuét todn tim kiém tuin tw cling c6 thé
viét bang dé quy.

Thuat to4n tim kiém nhi phan ciing c6 thé viét bang dé quy: Dua viéc tim kiém mot gia
tri trén day da sap xép veé viéc tim kiém gi tri d6 trén mot diy con c6 do dai bang mot
ntra.

Thuat todn QuickSort di c6 mé hinh chuin viét biang dé quy, nhung khong chi c6
QuickSort, mot loat cac thuat todn sip x€p khac cling c6 thé cai dit bang dé quy, vi du
thuat toAn Merge Sort: D& sap x&€p mot day khoa, ta sé sap x&p riéng day cac phan tir mang

chi s8 1é va day cac phan tir mang chi s§ chan roi tron ching lai. Hay thuit toan Insertion



Sort: D& sap xép mot day khda, ta 1dy ra mot phan tir bat ky, sap xép cac phan tir con lai
va chén phan tir da 14y ra vao vi tri ddng cta no...
® DEliétké cac hoan vi cia ddy s6 (1,2, ..., n) ta ldy lan lwot tirng phan t& trong day ra ghép
v6i (n — 1)! hodn vi cla cic phin tir con lai.
Can phai nh4n manh rang phwong phap chia dé tri 1a mot cach tiép cin bai toan va tim 101 giai
dé quy, nhung nguyén ly nay con déng vai tro chu dao trong viéc thiét ké nhiéu thuit toan
Khac nita.
Ngoai ra, khong dwgc lam dung chia dé tri va dé quy. C6 nhirng treong hop 1o giai dé quy té
ra ngin gon va hiéu qua (vi du nhw mé hinh cai dit thuat toan QuickSort) nhung ciing c6
nhitng treong hop giai thuat dé quy khong nhanh hon hay don gian hon giai thuat lap (tinh
giai thtra); thdm chi con cé nhitng tredng hop ma lam dung dé quy sé lam phirc tap hdéa van
dé, kéo theo mot qua trinh tinh todn cong kénh nhw giai thuat tinh s6 Fibonacci & trén (c6 thé
chirng minh bang quy nap 12 sé phép cdng trong giai thuat dé quy dé tinh sé Fibonacci thit n
ding bang f(n) — 1 trong khi gii thuat lap chi cAn khéng qua n phép cdng).
Vi bai to4n giai bang phwong phép chia dé tri mang ban chit dé quy nén dé chirng minh tinh
ding dan va phan tich thoi gian thuc hién giai thuat, ngwoi ta thwong st dung cac cong cu quy
nap toan hoc. Néi riéng vé viéc phan tich thoi gian thwe hién giai thuit, con c6 mot cong cu rat
manbh la dinh ly Master cé n6i dung nhu sau.
Gia st rang ta c6 mot bai toan kich thuwdc n va mot thuat toan chia dé tri. Goi T (n) 1a thoi gian
thwc hién giai thuat d6. Néu thuat toadn phan ra bai toan 1én ra thanh a bai to4n con, mdi bai
toan con c6 kich thwéc n/b, sau dé giai doc 1ap a bai toan con va phoi hop nghiém lai thi thoi
gian thuc hién giai thuat sé la
T(n) = aT(n/b) + f(n)
(' day ta ky hiéu f(n) 1a thoi gian phan ra bai toan 16m, phéi hop nghiém cla cic bai toan
con...no6i chung la cac chi phi thoi gian khac ngoai viéc giai cac bai toan con.
Dinhly Master ndirdngnéua > 1vab > 1,(n/b cothéla|n/b| hay [n/b] khong quan trong),
khi dé:
® Néuf(n) = 0(n!°8 =€) véi hing s6 € > 0, thi T(n) = O(n'°8»4)
® Néuf(n) = 0(n'°8 ) thi T(n) = 0(n'°& *Ign)
® Néuf(n) = Q(n'°82*+€) yéihingsé € > 0 vaaf(n/b) < cf(n) véihingsé c < 1vavéi
moi gid trin dalén thiT(n) = @(f(n))
Tuy viéc chirng minh dinh 1y nay kha phirc tap nhwng chiing ta cin phai nhé dé 4p dung duoc

nhanh. Ta sé xét ti€p mot vai bai toan kinh dién ap dung phwong phap chia dé tri va dé quy
2.3.1. Tinh liy thira

Bai toan dat ra la cho hai s6 nguyén dwong x, n. Hay tinh gia tri x™.



U Thuat toan 1

Ta c6 thé tinh truc ti€p bang thuat todn 13p*: Viét mot ham Power(x, n) dé tinh x™

function Power(x, n: Integer): Integer;
var

i: Integer;
begin

Result := 1;

for i := 1 to n do Result := Result * x;
end;

Néu coi phép nhan (*) 1a phép toan tich cuc thi c6 thé thdy rang thuit toan tinh truc tiép nay
can n phép nhan. Viy thoi gian thwc hién giai thuatla 0(n).
U Thuat toan 2
Xét mot thuit toan chia dé tri dwa vao tinh chit sau ciia x™
= {1,né’un =0

xXx™ 1 nfun>0

function Power(x, n: Integer): Integer;

begin

if n = 0 then Result :=1

else Result := x * Power(x, n - 1);
end;

Bai toan tinh x™ dwoc dwa vé bai toan tinh x™ ! néu n > 0. Xét vé thoi gian thuc hién giai
thut, thuit toan can thyc hién tat ca n phép nhan (phép toan tich cwc) nén thoi gian thuc
hién cling 1a O(n).

Thuat toan nay khong c6 cai thién nao vé toc do, lai tdn bd nhé hon (bd nhé chiva tham s6

truyén cho chwong trinh con khi goi dé quy).

U Thuat toan 3

Ta xét mot thuat toan chia dé tri khac:

* Mt s6 cong cu lap trinh c6 cung cdp sdn ham mi. Nhw trong Free Pascal, ta c6 thé tinh x™ = Exp(Ln(x) * n) hay
st dung thw vién Math d€ dung cac ham Power (x, n) hodc IntPower(x,n). Tuy nhién cich 1am nay c6 han ché 1a
khong thé tity bién dwgc néu ching ta thuc hién tinh toan trén s6 16n, khi ma két qua x™ budc phai bidu dién bing

mang hodc xau ky tu...



1,néun=0
2 N 5
x" ={ (x™?)", néun > 0 van chén

(xl"/ZJ)z X x,néun >0vanlé

function Power(x, n: Integer): Integer;
begin
if n = 0 then Result :=1
else
begin
Result := Power(x, n div 2);
Result := Result * Result;
if n mod 2 = 1 then Result := Result * x;
end;
end;

Viéc tinh x™ dwoc quy v viéc tinh x1"/2! rdi dem két qua binh phwonglén (thém 1 phép nhan),
sau doé gitt nguyén két qua hoidc nhan thém két qua véi x tiy theo n chdn hay n 1é.

Néu goi T(n) la thoi gian thwe hién ham Power(x, n) thi ngoai 1énh goi dé quy, cac 1énh khac
trong ham Power(x, n) tuy c6 tong thoi gian thuc hién khéng phai 1a hang sé nhung bi chan (trén
va dudi) boi hang sb. Vay:

T(n) =T(In/2]) + 6(1)

Ap dung dinh ly Master, ta c6 T(n) = ©(Ign). Thuat toan tha ba té ra nhanh hon hai thuat toan
truéc. Vi du cu thé, dé tinh 212, ching ta chi mat 6 phép nhan so véi 12 phép nhan cua hai cach

tinh trudc.

2.3.2. Thap Ha Néi

U Bai toan

DAy 1a mot bai todn mang tinh chit mot tro choi, twong truyén rang tai ngdi dén Benares c6
ba cai coc kim cwong. Khi khai sinh ra thé gidi, thwong dé dit 64 cai dia bang vang chdng 1én
nhau theo thit tw gidm dan cia dwong kinh tinh tir dwéi 16n, dia to nhit dwoc dat trén mét
chiéc coc.

Hinh 2-1. Thap Ha Néi



Cac nha su lan lwot chuyén cac dia sang coc khac theo luit:

® Khi di chuyén mot dia, phai ddt né vao vi tri @ mét trong ba coc da cho

®  Moi lan chi c6 thé chuyén mdt dia va phai 1a dia & trén cling cta chdng dia

® Tai mot vi tri, dia nao méi chuyén dén sé phai dat 1én trén cing

® Dialén hon khong bao gio dwoc phép dat 1én trén dia nhé hon (hay néi cach khac: mot

dia chi dworc dat trén coc hoac dit trén mot dia Ién hon)
Ngay tin thé sé dén khi toan bo chong dia dwgc chuyén sang mét coc khéc.
Trong truweong hop c6 2 dia, cach 1am c6 thé mé ta nhw sau: Chuyén dia nho sang coc 3, dia 1é6n
sang coc 2 roi chuyén dia nhé tir coc 3 sang coc 2.
Nhitng ngwdi méi bit dau cé thé giai quyét bai toan mot cach dé dang khi sé dia 1a it, nhung
ho sé gap rat nhiéu kho6 khan khi s6 cac dia nhiéu hon. Tuy nhién, véi tw duy quy nap todn hoc
va moOt may tinh thi cong viéc tré nén kha dé dang:

O Thuit toan chia dé tri
Gia st chung ta c6 n dia.
Néun = 1 thi ta chuyén dia duy nhit do tir coc 1 sang coc 2 la xong.

Néu ta c6 phwong phap chuyén dwgcn — 1 dia tir coc 1 sang coc 2, thi tdng quat, cach chuyén
n — 1 diatw cocx sangcocy (1 < x,y < 3) cling twong tu.
Gia st rang ta c6 phwong phap chuyén duwgcn — 1 dia gitra hai coc bat ky. D& chuyén n dia tir
coc x sang coc y, ta goi coc con laila z(= 6 — x — y). Coi dia to nhitla ... coc, chuyénn — 1 dia
con lai tir coc x sang coc z, sau dé chuyén dia to nhit d6 sang coc y va cudi cung lai coi dia to
nhat dé la coc, chuyén n — 1 dia con lai dang & coc z sang coc y chong 1én dia to nhat.
Nhw viy dé chuyén n dia (bai toan 16n), ta quy vé hai phép chuyén n — 1 dia (bai toan nhd)
va mét phép chuyén 1 dia (bai todn co s&). Cach lam dé dwoc thé hién trong thu tuc dé quy
dwéi day:
procedure Move(n, x, y: Integer); //Thi tucchuyénn dia ti cocx sang cocy
begin
if n =1 then
Output « Chuyén 1 dia ti x sang y
else //Déchuyénn > 1 dia tir coc x sang coc y, ta chia lam 3 céng doan
begin
Move(n - 1, x, 6 - x - y); //Chuyénn-1dia tir coc x sang coc trung gian
Move (1, x, y); //Chuyéndia tonhdt tirx sangy
Move(n - 1, 6 - x -y, y); //Chuyénn-1dia tir coc trung gian sang cocy

end;
end;

Viéc chuyén n dia bay gi¢ tré nén rit don gian qua mét 1énh goi Move(n, 1,2)
C6 thé chirng minh s6 phép chuyén dia dé giai bai todn Thap Ha Noi véin diala 2™ — 1 bang

quy nap:



R6 rang 1a tinh chat nay ding véin = 1, béi ta cAn 21 — 1 = 1 phép chuyén dé thuc hién yéu
cau.

Véi n > 1; gid st (quy nap) rang dé chuyén n — 1 dia gitra hai coc ta can 2" ! — 1 phép
chuyén, khi d6 dé chuyén n dia tir coc x sang coc y, nhin vao giai thuat dé quy ta cé thé thay
rang trong treong hop nay né can (2" 1 — 1) + 1+ (2"1 — 1) = 2™ — 1 phép chuyén. Tinh
chit dwoc chirng minh ding véi n.

Vay thi cdng thirc nay sé dung v&i moi n.

2.3.3. Nhan da thirc

U Bai toan
Cho hai da thirc A(x) = X% a;x" va B(x) = X} bjx/. Bai toan dit ra 1a tim da thirc C(x) =
AGB() = T k.
Mot da thirc hoan toan xac dinh néu ta biét dwoc gia tri cic hé s6 cia né. Nhw trong bai toan
nay, cong viéc chinh la di tim cac gia tri c:

C, = 2 a;bj,Vk:0 <k <m-+n

i+j=k

O Phwong phap tinh tryc tiép
Pé tim da thire € (x) mot cach tryuc tiép, ¢d thé sir dung thuat toan sau:

for k := 0 tom + n do c[k] := 0; //Khitao cdc hésd da thitc C bing 0
//Xét moi cdip hé s afi], bj], cong don tich afi] * bfj] vao c[i +}]

for i := 0 tomdo
for j := 0 to n do
c[i + j] :=c[i + j] + a[i] * b[]];

Dé thdy rang thoi gian thuc hién giai thuat nhan da thirc tryc tiép 1a ©(mn). Dudi day ching
ta sé ti€p cin bai todn theo phwong phap chia dé tri va gi¢i thiéu mot thuat todn méi.

O Thuét toan chia dé tri
Pa thirc A(x) c6 bac m va da thirc B(x) c6 bic n. Néu mot trong hai da thirc nay c6 bac 0 thi
bai todn tré thanh nhan mot da thirc véi mot s6, c6 thé coi day 1a treong hop don gian va cé
thé tinh truc tiép dwoc. Néu hai da thirc ndy déu cé bac 16n hon 0, khéng giam tinh tong quat,
ta c6 thé coi bac cua hai da thirc ndy bang nhau vala s 1, b&i vi viéc ting bac ctia mot da thikc
va gan hé sd bac cao nhit ciia n6 bang 0 khong lam anh huwdng téi két qua tinh tich hai da
thirc.
Bay gio ta c6 hai da thirc A(x) va B(x) cung bacn = 2k — 1:

2k-1 2k-1

A(x) = Z a;x'; B(x) = Z b;x"
i=0

i=0



Xét da thirc A(x):

A(x) = agr-1x 2+ apx® + ap x4+ ag
= xK (g1 X7+t ag) + (@ x¥TH+  + ap) (2.1)
Ap(x) Ay

Vay néu chia diy hé s6 ctia A(x) lam hai nira bang nhau, nira nhirng hé sé cao twong &ng voi
mot da thirc Ay (x), va nlra nhitng hé s6 thip twong &ng véi mot da thirc A;(x). Thi A, (x) va

A;(x) 1an lwot 1a thwong va du clia phép chia da thirc A(x) cho x*:

A(x) = x4, (x) + 4,(x) (2.2)
Twong tw nhw vay ta c6 thé phan tich B(x) thanh:

B(x) = x*By,(x) + B, (x) (2.3)

Cac da thirc A (x), A;(x), By, (x) va B;(x) déu la da thirc bac k — 1. Xét tich A(x)B(x):

AXB @) = (x*A,(0) + 4,(0)) (x*By(x) + Bi(x))

= x2 (AR ()By(x)) + x* (AR () By (x) + A;(x) B (x)) + A;(x) By (x)
P(x) R(x) Q(x)

(2:4)

bé tinh A(x)B(x), ta quy vé viéc tim ba da thic P(x), Q(x), R(x). Viéc tinh P(x) ciing nhw
Q(x), déu can mot phép nhan da thirc bic k — 1. Sau khi tinh dwoc P(x) va Q(x) thi R(x) ciling
c6 thé tinh ma chi dung mdt phép nhén da thirc bic k — 1 theo cach:

Dung mdt phép nhan da thirc bac k — 1 dé tinh:
S(x) = (Ap(x) + 4,())(Br(x) + B/(x)) (2.5)
Sau dé tinh
R(x) = S(x) - P(x) — Q(x) (2.6)
Ban c6 thé kiém chirng ding thirc S(x) = P(x) + Q(x) + R(x) dé& suy ra tinh ding din cta
cong thirc tinh.
Xét cong thirc (2.4), néu goi T (n) 1a thoi gian thwce hién phép nhan hai da thirc bic n thi cé thé
nhan thdy rang ngoai thoi gian thuc hién ba phép nhan da thirc ké trén, cic phép toan khac
(tinh téng da thirc, nhin da thirc véi don thirc) o thoi gian thwe hién ©(n). Vay
T(n) =3T(|n/2]) + 6(n) (2.7)
Ap dung Error! Reference source not found., trvdmg hop 1, ta ¢6 T(n) = 0(n'823) ~
@(n1,585)

Diéu nay chi ra rang thuat toan chia dé tri to ra t6t hon thuit toan tinh truc tiép.



Q Cai dat

Chung ta sé cai dat thut todn nhan hai da thic A(x) = @, x™ + @y x™ 1+ -+ aq va
B(x) = b™x™ + b(y—1)x™ ! ...+ by v&i khudn dang nhép xudt dir liéu nhuw sau:

Input

® Dong 1 chira hai s6 tw nhién m, n 1an lwot la bic cua da thirc A(x) va da thirc B(x)

® Dong?2 chtam + 156 thuca,,, ay,_q, ., @ la cdc hé s6 ctia A(x)

® Dong 3 chitan + 1 s6 thwe by, b,,_4, ..., by 1a cac hé s6 cta B(x)

Output

Cac hé s0 cta da thirc C(x) tir hé s6 bac cao nhit dén hé s6 bic thip nhit

Sample Input | Sample Output
2.05.08.03.0fA4(x)=2x+1

1.0 B(x) =x*+2x+3

2.0 3.0 C(x) =2x3 +5x* +8x +3

=N
oo N

E  POLYNOMIALMULTIPLICATION_DC.PAS v' Nhan da thirc

{SMODE OBJFPC}
program PolynomialMultipication;
uses Math;
type
TPolynomial = array of Real; //Da thitc duwoc biéu dién bing mdng déng cdc hé so
var
a, b, c: TPolynomial;
m, n: Integer;

//Néu hai da thikc p, q khdc bdc, thém vai hang tir bdc cao nhdt cd hé s& 0 dé bdc ciia chiing bdng nhau
procedure Equalize(var p, q: TPolynomial);

var
lenP, lenQ, len: Integer;
begin
lenP := Length(p);
lenQ := Length(q);

len := Max(lenP, lenQ);
SetLength (p, len);
SetLength(q, len);
if lenP < len then //pbjtding bdc
FillChar(p[lenP], (len - lenP) * SizeOf (Real), 0); //Ditp[lenP..len-1]:=0
if lenQ < Length(q) then //qbitdng bdc
FillChar(q[lenQ], (len - lenQ) * SizeOf(Real), 0); //PdatqflenQ..len-1]:=0;
end;

procedure Enter; //Nhdp ditliéu
var
i: Integer;
begin
ReadLn(m, n);
SetlLength(a, m + 1);
SetlLength(b, n + 1);
for i := m downto 0 do Read(a[i]);



ReadLn;

for i := n downto 0 do Read(b[i]);

Equalize(a, b); //Lambdc cia hai da thitc bang nhau
end;

//Pa thitc p cé bdc len - 1 dwoc phdn ra lam hai da thitc pL, pH
procedure DivMod (const p: TPolynomial; out pL, pH: TPolynomial);
var
len, sublen: Integer;
begin
len := Length(p); //lenldsdhésd ciap
sublen := (len + 1) div 2; //Tinhsublen= Ceil(len/2)
pL := Copy(p, 0, sublen); //Buaphdn hésd thdp sang pL
pH := Copy(p, sublen, len - sublen); //Duwaphin hésdcaosang pH
Equalize (pL, pH); //Néulenlé pH cd thé cé bdc nhé hon pL - lam cho chiing ciing bdc
end;

//Dinh nghia todn tir gdn: gdn da thitc bang mot s6 thuc v
operator := (v: Real): TPolynomial;
begin

SetLength (Result, 1);

Result[0] := v;
end;

//Tinh tdng hai da thitc
operator +(const a, b: TPolynomial): TPolynomial;
var

i: Integer;
begin

SetLength (Result, Length(a));

for i := 0 to High(Result) do

Result[i] := a[i] + b[i];

end;

//Tinh hiéu hai da thirc
operator -(const a, b: TPolynomial): TPolynomial;
var

i: Integer;
begin

SetLength (Result, Length(a));

for i := 0 to High(Result) do

Result[i] := a[i] - b[i];

end;

//Tinh tich hai da thirc
operator *(const a, b: TPolynomial): TPolynomial;
var

aH, aL, bH, bL: TPolynomial;

P, Q, R: TPolynomial;

i, k: Integer;

begin
if High(a) = 0 then //Trwing hep co sé: Hai da thitc bdc 0
begin
Result := a[0] * b[0];
Exit;
end;

//Tdch méi da thirc thanh 2 da thitc



DivMod(a, aL, aH);
DivMod (b, bL, bH);
k := Length(aH);
P := aH * bH;
Q := alL * bL;
R := (aH + alL) * (bH + bL) - (aH * bH + aL * bL);
//P, Q, R déu cé bdc 2k - 2, Két qua c6 béc = 4k - 2
SetLength (Result, 4 * k - 1);
//Trwéc hét cong P * x/(2k) vao Result & Dién cdc hé s ctia P vio Result[2k..4k - 2]
for i := 0 to High(P) do
Result[i + 2 * k] := P[i];
//Tiép theo cdng Q vao Result & Pién cdc hé s ctia Q vao Result[0..2k - 2]
for i := 0 to High(Q) do
Result[i] := Q[i];
Result[2 * k - 1] := 0; //Conduynhdtmdthé sé cia Result chwa khdi tao, dét = 0
//Cudi cling cdng R *x"k vio Result
for i := 0 to High(R) do
Result[i + k] := Result[i + k] + R[i];
end;

procedure PrintResult;

var
i, d: Integer;

begin
//Loai b6 nhitng hang ti cao nhdt bang 0 tir da thitc két qud
d := High(c);
while (d > 0) and (c[d] = 0) do Dec(d);
Setlength(c, d + 1);
//In két qud
for i := High(c) downto 0 do Write(c[i]:1:1, ' ');
Writeln;

end;

begin
Enter;
c:=a*b;
PrintResult;
end.

Bai tap 2-1.

Khi phai lam viéc véi cac s6 1én vegt qua pham vi biéu dién clia cac ki€u dit liéu chuln, ngwoi
ta c6 thé biéu dién cic s6 1é6n bing mang cac chir s6: n = ngng_; ..y = Yo, n; 10!
(Vi: 0 < n; <9), va cai dit cac phép toan sd hoc trén s6 16n dé thwce hién cac phép toan nay
nhw véi cac ki€u dir liéu chuin. Thuit toan nhan hai s6 16n [26] c6 cach lam twong tw nhw
thuit toan nhin hai da thirc. Hay cai dat thuit toan nay dé nhan hai sé 16n.

Bai tap 2-2.

Cho mot bang 6 vudng kich thwéc 2% x 2% 6 vudng don vi, trén dé ta bé di mot 6. Hay tim cach
14t kin cac 6 con lai cia bang bang cAc manh ghép dang B sao cho khong c6 hai manh nao

chong nhau. Vidu véi k = 3



Bai tap 2-3.
Xét phép nhan hai ma tran A, va By, dé dwoc ma tran Cp,xp:

n

Cik:z“Uijk.(lsiﬁm,lskSp)
=1

Ma tran C c6 thé tinh truc ti€p bang thuat toan:

for i :=1 tomdo
for k :=1 to p do
begin
c[i, k] :=0;
for j :=1 to n do c[i, k] :=c[i, k] + a[i, j] * b[j, k];
end;
Thuat toén tinh tryc tiép co thoi gian thuc hién @ (mnp).
Xeét thuét toan chia dé tri: Thém nhitng hang 0 va cot 0 vao ma tran dé ba ma tran A, B, C déu c6
kich thudc 25 x 25. Chia mdi ma tran 1am 4 phan bang nhau, mdi phan 1a mot ma tran con kich
thugc 2571 x 2571

=[A(11) A(12). =[B(11) B(12). =[C(11) C(lz)
AR 4@2))’ g1y p22))’ cy  22)

khi d6 néu C = A x B thi:

cD = 4anpan 4 4a2)g)

c(12) = 4ADR(2) 4 4(12)R(2)

2D = 4D RAD) | 4(22)p21)

c(22) = 421 p@12) 4 4(22)g(22)
Dé tinh ma trin C theo cich nay, chung ta cAn 8 phép nhin ma trin con. Néu dit kich thwdéc
clia mdi ma tran la n = 25 thi thoi gian thwce hién giai thuat c6 thé biéu dién bang ham:

T(n) = 8T(n/2) + O(n?)

Ap dung dinh Iy Master, truong hop 1, ta c6 T(n) = ©(n?), khong cé gi t6t hon thuat toan tinh
truec tiép.
Tuy nhién cac ma trian con €V, ¢(12) ¢ 1) ¢(22) ¢ thé tinh chi cin 7 phép nhin ma trin con
bang thuat toan Strassen [40]. CAc phép nhin ma tran con cin thuc hién la:

M, = (A(ll) + A(ZZ))(B(ll) + B(ZZ))



, = (A(Zl) + A(ZZ))B(ll)
3 = A(ll)(B(IZ) _ 3(22))
= A(ZZ)(B(Zl) _ B(ll))
g = (A(ll) + A(12))B(22)
5 = (A(Zl) _ A(ll))(B(ll) + B(12))
, = (A(12) — A(ZZ))(B(Zl) + 3(22))
Khi do:

CAV =M, + M, — M5 + M,

€42 = M; + Ms

c?Y =M, + M,

C?? =M, — M, + M + M;
Xét vé thoi gian thwe hién giai thuit Strassen, ta c6:

(n) = 7T(n/2) + 0(n?)

Ap dung dinh 1y Master, trwomg hop 1, ta c6 T(n) = 0(n'87) ~ 0(n?8°7).
Hay cai dat thuat toan Strassen tinh tich hai ma tran.
Tw doc thém vé thuit todn Coppersmith-Winograd [7], hién dang la thuit toan nhanh nhat
hién nay dé nhan hai ma tran trong thoi gian 0(n?37)
Bai tip 2-4.
Trén mit phang cho n hinh tron, hay tinh dién tich mién mat phang bi n hinh tron nay chiém
cho.
Goi y: Ta c6 thé coi cac hinh tron da cho khéng trung nhau tuy cé thé giao nhau. Xét mot hinh
chir nhat R chira tit ca cic hinh tron, ta can tinh phan dién tich cta R bi cic hinh tron chiém
chd. Néu R ¢6 giao v&i chi mot hinh tron, ta chi cin do dién tich phén giao. Néu R ¢ giao voi
nhiéu hon mét hinh tron, ta chia R 1am bon hinh chit nhét con & bon goc va tinh tong dién tich
phan giao ctia bon hinh chit nhat con nay véi cac hinh tron bing dé quy.
Bai tap 2-5. (Cap diém gan nhat)
Trén m3t phang véi hé toa dd trwc chudn Oxy cho n diém phan biét:
Py (x1,¥1), Py (x2,¥2), -, By (X, ). Hiy tim hai diém gan nhau nhat.
Khoang cach giira hai diém P;(x;, y;) va P]-(xj, yj) la khoang cach Euclid:

|Pipy| = \[(xi —x)" + (=)

Dé tim cidp diém gin nhat, ching ta c6 thuat todn ©(n?): thix tit ca cac bd ddi va do khoang

cach. Tuy nhién c6 mdt thuit todn t6t hon dwa trén chién lwoc chia dé tri:



® Phin hoach tip cac diém lam hai tip roi nhau S, va Sg, mot tip gom [n/2] diém va mot
tap gbm [n/2] diém thoa man: Moi diém thudc S;, déu c6 hoanh dd < moi diém thudc Si.
Diéu nay c6 thé thuc hién bang cach tim mot dwong thang [ song song vdi truc tung, dit
tai hoanh d6 12 trung vi cia cac hoanh do, cac difm nam bén trai [ dwa vao S, cac diém
nam bén phai [ vao Sg, con cac diém nam trén [ sé dwgc chia vao S;, va Si dé gitr cho luc
lwong cta hai tap hon kém nhau khéng qua 1.

® Linlwot gidi bai toan tim cdp diém gin nhat trén S, va Sg, goi §; va 8 lan lwot 1a khoang
cach ngdn nhit tim dwoc trén hai tip. Pt § = min(5,, 8g).

® Nhan xét rang néu trong n diém da cho c6 mot cip di€ém c6 khoang cach ngan hon § thi
hai diém d6 phai c6 mét diém thudc S; va mot diém thudc Sg. Tirc 1a ca hai diém phai
nam trong mot dai 1 gi¢i han béi hai dwong thang song song cach [ mot khoang § (Hinh
2-2).Viéc con lai la tim cap diém gan nhat trong dai nay va cuc tiéu hoa 6 néu cip diém

tim dwoc c6 khodng cach ngin hon cdp diém dang co.

l
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Hinh 2-2. Thu4t toan chia dé tri tim cip di€ém gan nhit

Dé thay rang dé hai di€ém c6 khoang cach nhé hon § thi diéu kién can 1a dd chénh 1éch tung do
gitra hai diém phai nho hon §.

Hay chirng minh rang néu P € 1 thi c6 khéng qua 8 diém khac thudc ¥ c6 do chénh 1éch tung
d6 nho hon 6 so véi P.

Hay chi ra rang néu ban diu cac diém dwoc sap xép theo thir tw ting dan cia tung do thi c6
thé tim thuit toan O(n) dé tim cdp diém gin nhat trong 1 néu cdp diém do6 c6 khoang cach
nhé hon 8. (goi y: chiéu cdc diém ctia vy 1én truc tung, véi méi diém, tir dnh chiéu ctia né xét 8
dnh lan cdn va do khodng cdch tir diém dang xét téi 8 diém twong ibng).

Hay tim thuit toan O(nlgn) va lap trinh thuit toan d6 dé giai bai toan tim cdp diém gin nhit
trong khong gian hai chiéu.

Hay tim thuit toan O(n(lgn)?™') dé giai bai toan tim cip diém gin nhit trong khéong gian
Euclid d chiéu.



Bai 3. Quy hoach dong

Trong khoa hoc tinh toan, quy hoach déng la mot phwong phap hiéu qua dé giai cac bai toan
t6i wu mang ban chit dé quy.
Tén goi “Quy hoach dong” - (Dynamic Programming) dwoc Richard Bellman dé xuat vao
nhirng ndm 1940 dé mo6 td mdt phwong phéap giai cac bai toan ma ngwoi giai can dwa ra lan
lwot mot loat cac quyét dinh t6i wu. Téi nam 1953, Bellman chinh lai tén goi nay theo nghia
m@i va dwa ra nguyén ly gidi quyét cac bai toan bang phwong phap quy hoach dong.
Khong c6 mdt thuit toan tong quat dé giai tat ca cac bai toan quy hoach déng. Muc dich cua
bai nay la cung cip mdt cach ti€p cdn mdi trong viéc gidi quyét cac bai toan t6i wu mang ban
chat dé quy, dong thoi dwa ra cac vi du dé ngwoi doc hinh thanh cac ky ning trong viéc tiép
can va giai quyét cac bai toan quy hoach dong.
3.1. Cong thirc truy hoi
3.1.1. Bai toan vi du
Ching ta sé tim hiéu vé cong thirc truy héi va phwong phap gidi cong thirc truy hoi qua mot vi
du:
Cho s0 tw nhién n < 400. Hay cho biét c6 bao nhiéu cach phan tich s6 n thanh téng cta day
cac s0 nguyén dwong, cac cach phan tich 1a hoan vi ciia nhau chi tinh 1a mét cach.
Vidu: n = 5 c¢6 7 cach phan tich:

1.5=1+1+1+1+1

2.5=1+1+1+2

3.5=1+1+3
4.5=1+2+2
55=1+4
6.5=2+3
7.5=5

Ta coi tredrng hop n = 0 ciing c6 1 cach phéan tich thanh téng cac s6 nguyén dwong (0 la tong
cua day rong)

DE giai bai todn nay, muc 1.3.5 da gi¢i thiéu phwong phap liét ké tat ca cac cach phan tich va
dém s6 cau hinh. Biy gio hay thir nghi xem, c6 cach nao tinh ngay ra sé lwong cdc cdch phdn
tich ma khéng cdn phdi liét ké hay khong. B&i vi khi s6 cach phan tich twong déi 16m, phwong
phap liét ké té ra kha cham. (vi du chi véin = 100 da c6 190.569.292 cach phan tich).



3.1.2. Pat cong thirc truy hoi

Néu goi f[m, v] 1a s6 cach phéan tich s6 v thanh tong cac s6 nguyén dwong < m. Khi dé cac

cach phan tich s6 v thanh tong mét diy cac s6 nguyén dwong < m c6 thé chia lam hai loai:

® Loai 1: Khong chiva s6 m trong phép phén tich, khi d6 sé cach phan tich loai nay chinh la
s6 cach phan tich s6 v thanh tong cic s6 nguyén dwong < m — 1, tirc 1a bang f[m — 1, v].

® Loai 2: C6 chira it nhat mot s6 m trong phép phén tich. Khi dé néu trong cac cach phan
tich loai nay ta bo di s6 m d6 thi ta sé dwoc cac cach phan tich s6 v — m thanh téng cac
s8 nguyén dwong < m. C6 nghia 12 vé mat s6 lwgng, s6 cac cach phan tich loai nay bang
flm,v—m]

Trong trwong hop m > v thi rd rang chi cé cac cach phan tich loai 1, con trong truwdng hop

m < v thi sé c6 ca cac cach phin tich loai 1 va loai 2. Vi thé:

flm—-1,v], néu m>v

flm,v] ={ (3.1)

flm—1,v]+ f[mv—m], néum < v
Ta c6 cong thirc xay dung f[m, v] tit f[m — 1,v] va f[m, v — m]. Cong thirc nay co tén goi la
cong thirc truy hoi (recurrence) dwa viéc tinh f[m, v] vé viéc tinh cac f[m’', v'] v&i dir liéu nho
hon. Tat nhién cudi cung ta sé quan tAm dén f[n, n]: S6 cac cach phan tich n thanh tong cic s6
nguyén duong < n.

Viduvéin =5, cac gia tri f[m, v] c6 thé cho bdi bang:
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Tl cOng thirc tinh, ta thiy rang f[m, v] dugc tinh qua gia tri cia mot phan tir & hang trén
(f[m — 1, v]) va mot phan t & cung hang, bén trai: (fim, v —m]) . Vi du f[5,5] sé dwoc tinh
bang f[4,5] + f[5,0], hay f[3,5] s& dwoc tinh bang f[2,5] + f[3,2]. Chinh vi vdy dé€ tinh
flm,v] thi f[m — 1,v] va f[m, v — m] phai dwoc tinh trwéc. Suy ra thi tw hop ly dé tinh cac
phan tir trong bang thi ta sé& phai tinh lan lwot cac hang tir trén xudng va trén méi hang thi
tinh theo thir tw tir trai qua phai.

Diéu do6 c6 nghia la ban diu ta phai tinh hang 0 ctia bang. Theo dinh nghia f[0, v] 1a s6 day c6
c4c phan tir 12 s6 nguyén dwong < 0 ma tong bang v, theo quy wéc ctia dau bai thi £[0,0] = 1
va dé thdy rang f[0,v] = 0,Vv > 0.

Bay gior giai thuit dém trd nén rat don gian:



® Khditao hang 0 ctia bang f: £[0,0] == 1; f[0,v] :==0,Vv > 0

® Dung cong thirc truy hoi tinh ra tit ca cac phan tr cia bang f

® Cudi cung cho biét f[n, n] 1a s6 cach phén tich cin tim

Chung ta sé cai dat chwong trinh dém sé cach phan tich s6 véi khuén dang nhip/xuat div liéu
nhu sau:

Input

SO tw nhiénn < 400

Output

SO cach phén tich so n

Sample Input | Sample Output
400 6727090051741041926 Analyses

NUMBERPARTITIONING1_DP.PAS v Pém s6 cach phéan tich s6

{$MODE OBJFEC}
program Countingl;
const
max = 400;
var
f: array[0..max, 0..max] of Int64;
n, m, v: Integer;
begin
Readln(n) ;
//Khéi tao hang 0 ctia bang
FillByte(f[0, 1], n * SizeOf(Int64), 0);
£[0, 0] :=1;
//Tinh bdng f
form :=1 ton do
for v := 0 to n do
if v < m then f[m, v] := f[m - 1, v]
else f[m, v] :=fm -1, vl + £f[m, v - m];
Writeln(f[n, n], ' Analyses');
end.

3.1.3. Cai tién thir nhat

Cach 1am trén c6 thé tom tat lai nhw sau: Khéi tao hang 0 cta bang, sau d6 dung hang 0 tinh
hang 1, dung hang 1 tinh hang 2, v.v... t¢i khi tinh dwgc hét hang n. C6 thé nhan thiy rang khi
da tinh xong hang thir m thi viéc lwu trir cac hang tir 0 téi m — 1 1a khong cin thiét bai vi viéc
tinh hang +1 chi phu thudc cac gia tri lwu trit trén hang m. Do d6 qua trinh tinh toan chi cin
lwu trit hai hang cla mang f: hang x twong &ng véi hang vira dwoc tinh cia bang f va hang y
twong &ng v&i hang sap tinh cia bang f: Pau tién hang x dwgc gan cac gia tri twong (ng trén
hang 0 ctia bang f; sau dd, cong thirc truy hoi sé dwoc ap dung dé tinh hang y tir hang x. Tiép

theo, hai hang x va y sé d6i vai tro cho nhau va cong thirc truy hoi ti€p tuc dung hang x tinh



hang y, hang y sau khi tinh sé gom cac gia tri twvong (rng trén hang 2 cda bang f, v.v... Viy ta
c6 mot cach cai dat cai tién sau:
NUMBERPARTITIONING2_DP.PAS v D&m s6 cach phan tich s6

{$MODE OBJFPC}
program Counting2;
const
max = 400;
var
f: array[0..1, 0..max] of Int64;
X, y: Integer;
n, m, v: Integer;
begin
Readln(n);
FillByte(£[0, 1], n * SizeOf(Int64), 0);
£[0, 0] :=1;
x :=0; y :=1; //x hangdd cd,y: hang dang tinh
for m :=1 to n do
begin //Ding hang x tinh hang y
for v := 0 to n do
if v < m then fly, v] := f[x, v]
else fly, v] := f[x, v] + fly, v - m];
x :=1-2x;y :=1-y; //bdovaitroxvay, tinhxoay lai
end;
Writeln(f[x, n], ' Analyses');
end.

3.1.4. Cai tién thw hai

Ta van con cach t6t hon nita, tai mdi bwéec, ta chi can lwu lai mot hang cta bang f nhw mang
mot chiéu, sau d6 4p dung cong thirc truy hoéi 1én mang d6 tinh lai chinh n6, € sau khi tinh,

mang mot chiéu sé chiva cic gia tri trén hang ké tiép cia bang f.
NUMBERPARTITIONING3_DP.PAS v Dém s6 cach phan tich s6

{$MODE OBJFPC}
program Counting3;
const
max = 400;
var
f: array[0..max] of Inté4;
n, m, v: Integer;
begin
Readln(n);
FillByte(f[1], n * SizeOf (Int64), 0);
£[0] :=1;
form :=1 to n do
for v :=m to n do //Chicin tinhlgi cdc fjv] véiv>m
Inc(f[v], f[v - m]);
Writeln(f[n], ' Analyses');
end.



3.1.5. Cai dat dé quy

Xem lai cong thirc truy hdi tinh f[m, v] = f[m — 1,v] + f[m, v — m], ta nhan thiy rang dé tinh
f[m, v] ta phai biét dwoc chinh xac f[m — 1,v] va f[m, v — m]. Nhw vy viéc xac dinh thi tw
tinh cac phan t& trong bang f (phan t&r nao tinh trwdc, phan ti nao tinh sau) la quan trong.
Trong tredng hop thir tw nay kho xac dinh, ta c6 thé tinh dwa trén mot ham dé quy ma khong
can phai quan tAm tdi thi tw tinh toan. Trwdc khi trinh bay phwong phéap nay, ta sé thir viét

mot ham dé quy theo cach quen thudc dé giai cong thirc truy hoi:
NUMBERPARTITIONING4_RECUR.PAS v D&m s6 cach phén tich s6

{$MODE OBJFPC}
program Counting4;
var

n: Integer;

function Getf(m, v: Integer): Int64;
begin
if m = 0 then //phdn neo
if v = 0 then Result :
else Result := 0
else //phdn dé quy
if v < m then Result := Getf(m - 1, v)
else Result := Getf(m - 1, v) + Getf(m, v - m);
end;

]
=

begin

Readln(n);

Writeln(Getf(n, n), ' Analyses');
end.

Phwong phap cai dit nay to ra kha chdm vi véi moi gia tri cia m va v, ham Getf (m, v) c6 thé
bi tinh nhiéu lan (bai sau sé& giai thich rd hon diéu nay). Ta c6 thé cai tién bang cach két hop
ham dé quy Getf (m, v) véi mét mang hai chiéu f. Ban diu cac phan tir ctia f dwoc coi la “chwa
biét” (bang cach gan mot gia tri dic biét). Ham Getf (m, v) trwdc hét sé tra ctru tdi f[m, v,
néu f[m, v] chwa biét thi ham Getf (m, v) sé goi dé quy dé tinh gia tri cua f[m, v] ré6i dung gia
tri nay gan cho két qua ham, con néu f[m, v] da biét thi ham nay chi viéc gan két qua ham la

fIm, v] ma khéng cin goi dé quy dé tinh toan nira.
NUMBERPARTITIONING5_DP.PAS v BDém s6 cach phan tich sé

{ SMODE OBJFPC}
program Counting5;

const

max = 400;
var

n: Integer;

f: array[0..max, 0..max] of Int64;

function Getf(m, v: Integer): Int64; //Tinhflm,v]
begin
if f£[m, v] = -1 then //NéufJm,v]chwa dwoc tinh thi di tinh fm, v]



if m = 0 then //phdnneo
if v =0 then £[m, v] :
else f[m, v] =0

else //phdn dé quy
if v < m then f[m, v] := Getf(m - 1, v)
else f[m, v] := Getf(m - 1, v) + Getf(m, v - m);

Result := £[m, v]; //Gdnkétqudhdam bingfIm, v]
end;

1]
[

begin
Readln(n);
FillByte (f, SizeOf(f), $FF); //Cdcphdn tikclia fdwocgdn gid tri ddc biét (-1)
Writeln(Getf(n, n), ' Analyses');

end.

Viéc str dung phwong phap dé quy dé giai cong thirc truy hoi la mét kj thuit dang lwu y, vi khi
gdp mot cong thirc truy hoi phirc tap, khoé xac dinh thi tw tinh toan thi phwong phap nay té ra
rat hiéu qua, hon thé nira né 1am ré hon ban chit dé quy cia cong thirc truy hoi.

Ngoai ra, néu nhap vaon = 5 va in ra bang f sau khi tinh, ta sé dwgc bang sau:

floJ1 2345
0/1/ o]l oflof[o]o
1111111
21 1] 2] 2]-1]3
3/1] 1] 2]-1]-1]s
411 1]1]1]1]e6
5[1]-1]1]-1]-1]7

Nhin vao bang két qua f v&in = 5, ta thiy con rat nhiéu phan tir mang gia tri —1 (chwa dwoc
tinh), diéu nay chi ra rang cai dit dé quy con cho phép ching ta bé qua khdng can tinh nhitng

phan tir khong tham gia vao viéc tinh f[n, n] va lam tang t6c dang ké qua trinh tinh toan.
3.1.6. Tom tat ky thuat gidi cong thirc truy hoi

Cong thirc truy hoi c6 vai trd quan trong trong bai todn dém, chang han d€m sé ciu hinh thoa
man diéu kién nao do, hodc tim twong rng gitta mot so6 thir tw va mét ciu hinh.

Vi du trong bai nay la thudc dang dém sé ciu hinh thod man diéu kién nao dé. Tuy nhién néu
dit lai bai toan: Néu dem tit ca cac ddy s6 nguyén dwong khong gidm c6 tdng bang n sap xép
theo thi tw tir dién thi ddy th& p 1a day nao?, hodc cho mét day s6 nguyén dwong khéng giam
c6 téng bang n, hoi day dé dirng thir mAay?. Lic nay ta sé c6 bai todn tim twong ¢ng gitra mot
sO thi¥ tw va mot cAu hinh - Mot dang bai todn c6 thé giai quyét hiéu qua bang cong thic truy
hoi.

Ta cling da khao sat mot vai ki thuét phé bién dé giai cong thirc truy hoi: Phwong phap tinh
truc tiép bang gia tri, phwong phap tinh luin phién (chi phai lwu trit cadc phan t tich cuc),
phwong phép tw cip nhat gia tri, va phwong phap dé quy két hop véi bang lwu triv. Nhitng
phwong phap nay sé déng vai trdo quan trong trong viéc cai dat chwong trinh giai cong thirc

truy hoi - Hat nhan ctia bai toan quy hoach déng.



3.1.7. % Noéi thém vé bai toan phan tich s6

Bai toan phdn tich s6 (integer partitioning) la mot bai todn quan trong trong linh vwc sé hoc
va vat ly. Chung ta khong di sdu vao chi tiét hai linh vwec nay ma chi néi téi mot két qua da
dwgc chirng minh bang ly thuyét s6 hoc vé cac sé ngil gidc (pentagonal numbers):

k(3k—1)

Nhitng s6 ngii gidc 1a nhirng sé nguyén c6 dang p(k) = vGi k € Z. Bang cach cho k

nhin lan lwot cac gia tri trong day 0, +1, —1, +2, -2, +3, —3, ... ta c6 thé liét ké cic s6 ngii giac
theo thi tw tang din la:

0,1,2,5,7,12,15, ...
Goi f(n) 1a s6 cach phén tich s6 n thanh téng cda cac s6 nguyén dwong (khong tinh hoan vi).

Quy wée f(0) = 1va f(n) = 0véivn < 0, khi dé:

= _1)k+ _ o
f(n)_;( D41 (f(n - p()) + f(n— p(=k))) 32
=flh-D+f(n=2)—f(n—-5 —f(n—=7) + -

Ching ta c6 thé st dung cong thirc truy hoi (3.2) dé dém so6 cach phan tich sé trong thoi gian
0(nvn) thay vi ©(n?) néu dung cdng thirc (3.1) nhu cdc chwong trinh trudc. Trong chuwong
trinh dwéi day, dé tranh 16i tran s6 khi phép cong c6 thé cho két qua vuot qua pham vi biéu

dién s6 nguyén 64 bit, ching ta tinh f(n) theo cach:

SumA = ) (-1)**1f(n—p(k))

i (3.3)
SumB = ) (=1)**1f(n—p(—k))

f(n) == SumA + SumB

NUMBERPARTITIONING6_DP.PAS v Dém s6 cach phéan tich s6

{$MODE OBJFEC}
program Counting6;
const
max = 400;
var
n, i, k, s: Integer;
f: array[0..max] of Inté4;
SumA, SumB: Int64;

function p(k: Integer): Integer; //Singigidcp(k)
begin

Result :=k * (3 * k - 1) shr 1;
end;

begin
Readln(n);



£[0] :=1;
for i :=1 tondo
begin
SumA
SumB
s :=1;
k :=1;
while p(k) <= i do
begin
Inc(Sumd, s * £[i - p(k)]);
if p(-k) <= i then
Inc(SumB, s * £[i - p(-k)]1);
Inc(k);
s := -s; //Pdodduhang tit
end;
f[i] := SumA + SumB;
end;
Writeln(f[n], ' Analyses');
end.

0;
0;

3.2. Phwong phap quy hoach dong
3.2.1. Bai toan quy hoach dong

Trong toan hoc va khoa hoc may tinh, quy hoach déng (dynamic programming) 1a mot phwong

phép hiéu qua gidi nhirng bai toan t6i wu c6 ba tinh chat sau day:

® Bai toan 16n c6 thé phin ra thanh nhirng bai toan con dong dang, nhirng bai toan con dé
6 thé phan ra thanh nhirng bai toan nho hon nita ...(recursive form).

® Lo gidi t6i wu cla cic bai todn con c6 thé sir dung dé tim ra 1oi giai téi wu ctia bai toan
16 (optimal substructure)

® Hai bai todn con trong qua trinh phan ri c6 thé c6 chung mét sé bai toan con khac
(overlapping subproblems).

Tinh chat thir nhat va thit hai 1a diéu kién can cia mot bai toan quy hoach dong. Tinh chat thix

ba néu 1én dic diém ctia mot bai todn ma cach gidi bang phwong phap quy hoach dong hiéu

qua hon han so v&i phwong phap giai dé quy thong thuong.

V&i nhirng bai todn cé hai tinh chit dau tién, ching ta thuwdng nghi dén cac thuit toan chia dé

tri va dé quy: D€ gidi quyét mot bai toan 16n, ta chia nd ra thanh nhiéu bai toadn con déng dang

va giai quyét doc lap cac bai toan con do.

Khéc véi thuat todn dé quy, phwong phap quy hoach dong thém vao co ché lwu trit nghiém

hay mot phan nghiém ctia méi bai toan khi giai xong nhdm muc dich stz dung lai, han ché

nhirng thao tac thira trong qua trinh tinh toan.

Chung ta xét mot vi du don gidn: Day Fibonacci la ddy v6 han cac s6 nguyén dwong fi, f5, . .

dwoc dinh nghia bang cong thirc truy hoi sau:

f = 1, néui <2
' fl'—l +fl'—2' néui > 2



Hay tinh f;.

Xét doan chwong trinh sau:

program TopDown;
function f(i: Integer): Integer;
begin

if i £ 2 then Result :=1

else Result := £(i - 1) + £(i - 2);
end;
begin

Output « £(6);
end.

Trong cach giai nay, ham dé quy f (i) dwoc dung dé tinh s6 Fibonacci thir i. Chwong trinh
chinh goi f(6), n6 sé goi tiép f(5) va f(4) dé tinh ... Qua trinh tinh toan c6 thé vé nhw cay

trong Hinh 3-1.

f(5) f(4)

@) (o) (o) o] (o]

(rw] [r@]

Hinh 3-1. Ham dé quy tinh s6 Fibonacci

Ta thdy rang dé tinh f(6), may phai tinh mot 1an £(5), hai Ian £(4), balan f(3), ndm lan f(2)
vabalan f(1). Sw thiéu hiéu qua c6 thé giai thich bdi tinh chat: Hai bai toan trong qué trinh
phén ra c6 thé c6 chung mot sé bai toan con. Vi du néu coi 1 goi ham f (i) twong &ng v&i bai
toan tinh s6 Fibonacci thi i, thi bai toan f(4) la bai toan con chung ctia ca f(5) va f(6). Piéu
d6 chi ra rang néu tinh £(5) va f(6) mot cach doc 1ap, bai toan f(4) sé phai gii hai Ian.



Hinh 3-2. Tinh chat tip cc bai toan con géi nhau (overlapping subproblems) khi tinh s Fibonacci.

D& khic phuc nhitng nhwoc diém trong viéc giai doc 1ap cac bai todn con, mbi khi giai xong
mot bai to4n trong qua trinh phan r3, chung ta sé lvu tri 10 gidi cia n6 nham muc dich st
dung lai. Ching han vi bai toan tinh s6 Fibonacci thit 6, ta c6 thé dung mot mang f; _ d€ luu
trit cac gia tri s6 Fibonacci, khéi tao sdn gia tri cho f; va f, bang 1, tir do tinh tiép lan lwot

f3, 4. f5, fe, dAm bao méi gia tri Fibonacci chi phai tinh mét Ian:

program BottomUp;
var
f: array[l..6] of Integer;
i: Integer;
begin
f[1] = 1; £[2] :=1;
for i := 3 to 6 do
f[i] = f[1i - 1] + £[i - 2];
Output « £[6];
end.

Ky thuat lwu triv loi gidi clia cac bai todn con nhdm muc dich s dung lai dwoc goi 1a
memoization*, néu téi mot bwdc nao d6 ma loi gidi mot bai todn con khong con cin thiét nira,
ching ta c6 thé bo loi gidi dé di khdi khong gian lwu triv dé tiét kiém bo nhé. Vi du khi ta dang
cin tinh fg thi chi cin biét gia tri f5 va f; 1a @0 nén viéc lwu triv cic gia tri f; 5 1a v6 nghia.
Nhitng ky thuit nay ching ta da ban dén trong muc 3.1.3 va 3.1.4. Cu thé bai toan tinh s6

Fibonacci, ta c6 thé cai dit dung hai bién luin phién:

* Tir nay khong c6 trong tir dién tiéng Anh, c6 thé coi nhw tir ddng nghia v&i memorization, goc tiv: memo (Ban ghi
nhé)



program BottomUp;
var
a, b: Integer;
i: Integer;
begin
a:=1; b :=1;
for i := 3 to 6 do

begin
b :=a + b; //b:=f]i]
a:=b-a; /a:=fli-1]
end;
Output ¢ b;

end.

Cach giai nay bat dau tir viéc giai bai todn nhé nhat, lwu trit nghiém va tir 6 giai quyét nhirng
bai todn 16n hon...cach tiép cin nay goi la cach tiép can tlir dwdi 1én (bottom-up). Cach tiép
cin tir dudi 1én khong can cé chwong trinh con dé quy, vi vy bét di mot s6 dang ké 1oi goi
chwong trinh con va tiét kiém dwoc b nhé chira tham s6 va bién dia phwong ctia chwong
trinh con dé quy. Tuy nhién véi cach ti€p cin tir dwéi 1én, chiing ta phai xac dinh ro thi tw giai
céc bai toan dé khi bat d4u gidi mot bai toan nao do thi tit ca cic bai toan con ctia n6 phai
dwoc giai sdn tir trwdc, dieu nay doi khi twong d6i phirc tap (xac dinh thir tw td-pd trén tap
cac bai todn phan ri). Trong trueong hop khé (hodc khéng thé) xac dinh thi tw hop ly gii
quyét cac bai toan con, nguwoi ta str dung cach tiép cin tlr trén xuéng (top-down) két hop véi
ky thuat lwu trit nghiém (memoization), ky thuat nay ching ta ciing da ban dén trong muc

3.1.5. V&i bai toan tinh s6 Fibonacci, ta ¢6 thé cai dit bang ham dé quy nhw sau:

program TopDownWithMemoization;
var

f: array[l..6] of Integer;

i: Integer;

function Getf(i: Integer): Integer;
begin
if £[i] = 0 then //ffi] chwa dwoc tinh thi mdi di tinh f[i]
if 1 £ 2 then f[i] :=1
else f[i] := Getf(i - 1) + Getf(i - 2);
Result := £[i]; //Gdn kétqud ham bdng ffi]
end;

begin
for i ;=1 to 6 do £[i] := 0;
Output ¢« Getf(6);

end.

Truwéc khi di vao phan tich cach tiép cdn mot bai toan quy hoach déng, talam quen véi mot s6
thuat ngit sau day:

® Bai toan giai theo phwong phap quy hoach dong goi la bai todn quy hoach déng.



® (CoOng thirc phdi hop nghiém cda cac bai toan con dé c6 nghiém cda bai toan 1én goi la
cbng thirc truy hdi cia quy hoach dong.

® Téip cac bai todn nho nhit c6 ngay loi giai dé tir dé gidi quyét cac bai toan 1é6n hon goi la
co s& quy hoach dbng.

® Khong gian lwu triv 1o gidi cac bai toan con dé tim cach phéi hop ching goi 1a bdng

phwong dn ctia quy hoach djng.
3.2.2. Cach giai mot bai toan quy hoach dong

Viéc gidi mot bai todn quy hoach dong phai qua kha nhiéu buéc, tir nhirng phan tich & trén, ta
c6 thé hinh dung:

Quy hoach ddng = Chia dé tri + Co ché lwu trir nghiém dé st dung lai

(Dynamic Programming = Divide and Conquer + Memoization)

Khong c6 mot “thuat todn” nao cho chiing ta biét mot bai todn c6 thé gidi bang phwong phap
quy hoach dong hay khong? Khi gdp mot bai todn cu thé, ching ta phai phéan tich bai todn, sau
d6 kiém chirng ba tinh chit ciia mot bai toan quy hoach dong trwédc khi tim 1&i gidi bang
phwong phap quy hoach dong.
Néu nhw bai toan dat ra ding la mdt bai toan quy hoach dong thi viéc dau tién phai lam la
phén tich xem mot bai toan 1én ¢é thé phan ra thanh nhirng bai todn con dong dang nhw thé
nao, sau d6 xay dung cach tim nghiém cta bai todn 16n trong diéu kién ching ta da biét nghiém
cta nhirng bai toan con - tim céng thirc truy hoi. Day 1a cong doan khé nhit vi ching c6 phwong
phép tong quat nao xay dung cong thirc truy hoi c3, tit cd déu dwa vao kinh nghiém va do
nhay cdm cda ngwdi lap trinh khi doc va phan tich bai toan.
Sau khi x4y dung cong thirc truy hoi, ta phai phan tich xem tai moi buwdc tinh nghiém clia mot
bai to4n, ching ta cdn lwu trit bao nhiéu bai todn con va véi moi bai todn con thi can lvu triv
toan bé nghiém hay mét phdn nghiém. Tlr d6 xac dinh lwgng bo nhé cin thiét dé lwu trix, néu
lwgng bd nhé can huy dong vwot qua dung lwgng cho phép, chiing ta can tim mét cong thirc
khac hodc tham chi, mot cach giai khac khong phai bang quy hoach dong.
Mot diéu khong kém phan quan trong la phai chi ra dwgc bdi todn nao cdn phdi gidi trwéc bai
todn nao, hodc chi it 1a chi ra dwgc khai niém bai todn nay nhé hon bai toan kia nghia la thé
nao. Néu khong, ta c6 thé roi vao qua trinh long vong: Giai bai toan P; cin phai giai bai toan
P,, gidi bai toan P, lai can phai giai bai todn P; (c6ng thirc truy hoi trong trweong hop nay la
khong thé gidi dwoc). Cling nho chi ré quan hé “nho hon” gitra cac bai todn ma ta c6 thé xac
dinh dwoc mot tip cac bai todn nhé nhit c6 thé giai tryc ti€p, nghiém cta ching sau dé duoc
dung lam co s& giai nhitng bai toan 1é6n hon.
Trong da sd cac bai toan quy hoach dong, néu ban tim dwgc dung cong thic truy hoéi va xac
dinh ding tap cac bai todn co s& thi coi nhw phan 1én cong viéc da xong. Viéc tiép theo la cai

dat chwong trinh giai cong thirc truy hoi:



® Néu gidi cdng thirc truy hoi theo cach ti€p cin tir dwdi 1én, truede hét can giai tat ca cac
bai toan co s&, lwu trir nghiém vao bang phwong an, sau d6 dung céng thirc truy hoi tinh
nghiém cuia nhirng bai toan 1én hon va lwu trir vao bang phwong an cho téi khi bai toan
ban diu dwoc giai. Cich nay yéu ciu phai xac dinh dworc chinh xac thi tw gidi cac bai toan
(tr nhé dén lém). Uu diém ctia né 1a cho phép dé dang loai bé nghiém nhitng bai toan con
khong dung dén nira dé tiét kiém bo nhé lwu triv cho bang phwong an.

® Néu giai cong thirc truy hoi theo cach ti€p cin tir trén xudng, ban cin phai cé co ché danh
d4u bai todn nao da dwoc giai, bai toan nao chwa. Néu bai toan chwa dworc giai, né sé duoc
phan ra thanh cac bai ton con va giai bang dé quy. Cach nay khong yéu ciu phai xac dinh
thi tw gidi cac bai toAn nhwng cling chinh vi vay, khé khan sé gdp phai néu muon loai bo
bét nghiém ctia nhirng bai todn con khdng dung dén nira dé tiét kiém bd nhé lwu trir cho
bang phwong an.

Cong doan cudi cung la chi ra nghiém cida bai toan ban dau. Néu bang phwong an lwu trir toan

bd nghiém cia cac bai toan thi chi viéc dwa ra nghiém cida bai todn ban dau, néu bang phwong

an chi lwu trit mot phan nghiém, thi trong qua trinh tinh céng thirc truy hoi, ta dé lai mot

“manh moi” nao d6 (goi la vét) dé khi két thiic qua trinh gidi, ta ¢ thé truy vét tim ra toan bo

nghiém.

Ching ta sé khdo sat mot s6 bai todn quy hoach dong kinh dién dé hinh dung dwoc nhirng ky

thuit co ban trong viéc phan tich bai todn quy hoach dong, tim cong thirc truy hoi cling nhw

1ap trinh giai cac bai toan quy hoach dong.

3.3. Mot so bai toan quy hoach dong

3.3.1. Day con don diéu tiang dai nhat

Cho day s6 nguyén A = (aq,a,, ..., a,). Mot diy con ciia A la mdt cach chon ra trong A mot s6
phén tr gitr nguyén thir tw. Nhw vay A c6 2™ day con.

Yéu cau: Tim day con don diéu tang ciia A c6 do dai 16n nhat. Thic 1a tim mot s6 k 1é6n nhit va
day chisdi; <i, <...<igsaochoq; <a;, <...<a.

Input

® Donglchtasén (n < 10°)

® Dong 2 chiran sé nguyén a,, a,, ..., a, (Vi:|a;| < 10°)

Output

D3y con don diéu tang dai nhit cia day A = (aq,a,,...,a,)



Sample Input Sample Output
12 Length
1238945623910 all]
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U Thuat toan
B0 sung vao A hai phin t: ay = — va a,;; = +o0. Khi d6 diy con don diéu ting dai nhit
cua diy A chdc chin sé bat dau tir a, va két thiic & a,,,;. Véimobi gid trii (0 <i < n+ 1), goi
f[i]1a @6 dai day con don diéu ting dai nhit bat d4u tai a;.
Ta sé& xay dung cach tinh cac gia tri f[i] bang cong thic truy hoi. Theo dinh nghia, f[i] 1a do
dai day con don diéu tang dai nhit bat dau tai a;, diy con nay dwoc thanh l1ap bang cach 13y
a; ghép vao dau mot trong s6 nhitng day con don diéu ting dai nhat bat dau tai vi trf a; nao
d6 dirng sau a;. Ta sé chon diy nao dé ghép thém a; vao dau?, tit nhién ta chi dwoc ghép a;
vao dau nhirng day con bét dau tai a; nao d6 16m hon a; (d€ dam bao tinh ting) va di nhién ta
sé chon day dai nhat dé ghép a; vao dau (d€ dam bao tinh dai nhit). Vay f[i] dwoc tinh nhw
sau: Xét tt ca cac chiso jtiri + 1 dénn + 1 ma a; > a;, chon ra chi s6 jmax c6 f[jmax]lén
nhitva dat f[i]: = f[jmax] + 1.
Ky thuat lwu vét sé dwoc thuc hién song song vdi qua trinh tinh todn. Mdi khi tinh f[i] :=
fljmax] + 1, ta ddt t[i] := jmax d€ ghi nhan rang diy con dai nhit bat dau tai a; sé c6 phan
tlr k€ ti€p 1 ajmqy:

flil =max{f[jl:i<j<n+1vag >a}+1 (34

tli] = argmax{f[j]:i<j§n+1véaj>al-} '
T cong thirc truy hoi tinh cac gia tri f[. ], ta nhan thiy rang dé tinh f[i] thi cac gia tri f[j] voi
j > i phai duwoc tinh trwéce. Tic 1a thir tw tinh toan dung phai la tinh tir cuéi mang f vé dau
mang f. V&i thi tw tinh toan nhw vy, co s& quy hoach dong (bai toan nhé nhat) sé la phép
tinh f[n + 1], theo dinh nghia thi diy con don diéu ting dai nhit bat d4u tai a,,,; = + chi

c6 mét phan ti 1a chinh né nén f[n + 1] = 1.



a; -00 5 2 3 4 9 10 5 6 7 8 +00

Hinh 3-3. Gidi cdng thic truy hoi va truy vét

Sau khi tinh xong cac gia tri f[.] va t[. ] viéc chi ra ddy con don diéu ting dai nhit dwoc thuc
hién bang cach truy vét theo chiéu ngwoc lai, tir ddu mang t vé cudi mang t, cu thé 1a ta bat
dAiu tlr phan ti ¢[0]:

iy = t[0] chinh la chi s6 phan tir dau tién dwoc chon (a;,).

i, = t[i;] 1a chi s6 phan tir thit hai dwoc chon (a;,).

i3 = t[i,] 1a chi s6 phan tir thit ba dwgc chon (a;,).

U Cai dat
Duéi day ta sé cai dat chwong trinh giai bai todn tim diy con don diéu ting dai nhit theo
nhirng phan tich trén.

LIS.PAS v’ Tim diy con don diéu ting dai nhat

{SMODE OBJFPC}
program LongestIncreasingSubsequence;
const
max = 1000000;
maxV = 1000000;
var
a, £, t: array[0..max + 1] of Integer;
n: Integer;

procedure Enter; //Nhdp ditliéu
var
i: Integer;
begin
ReadLn(n) ;
for i := 1 to n do Read(a[i]);
end;

procedure Optimize; //Quy hoachddng
var
i, j, jmax: Integer;



begin
a[0] := -maxV - 1; a[n + 1] := maxV + 1;
f[n + 1] := 1; //Ddtcosé quy hoach dong
for i := n downto 0 do //Gidicdng thitc truy hoi
begin //Tinh f]i]
//Tim jmax > j thod man afjmax] > afj] va f[jmax] Ién nhdt
jmax :=n + 1;
for j ;=1 +1 tondo
if (a[j] > a[i]) and (f[j] > f[jmax]) then jmax := j;
f[i] := f£[jmax] + 1; //Luutrit nghiém - memoization
t[i] := jmax; //Luuvét
end;
end;

procedure PrintResult; //Inkétqud
var
i: Integer;
begin
Writeln('Length = ', £[0] - 2); //Diy kétqud phdi bé di hai phdn tir af0] va afn + 1]
i := t[01; //Truyvétbdt ddu tir t[0]
while i <> n + 1 do
begin
WriteLn('a[', i, '] ="', a[il]);
i := t[i]; //Xétphdn tir kétiép
end;
end;

begin
Enter;
Optimize;
PrintResult;
end.
Q Cai tién
Nhic lai cdng thirc truy hoi tinh cac f[i] 1a:
1,néui=n+1

flil= {max {FU1:G>Dva(aj>a;)}+1L,néud<i<n (3:5)

DéE giai cong thirc truy hoi bang cach cai dit trén, ta sé can thoi gian Q(n?) dé tinh mang f. V&i

kich thwéc dir liéu 16n (n =~ 10°) thi chwong trinh nay chay rat chAm. Ta cAn mot giai phap tot

hon cho bai toan nay.

Quan sat sau day sé cho ta mét thuat toan véi do phire tap tinh toan 1a O(nlgm) véin la do

dai ddy A vam1a d6 dai day con don diéu ting dai nhat tim dworc.

Xét doan cudi day A bat dau tir chi sé i: (a;, aj1q, ..., Apeq = +0). Goi:

® mla do dai day con tang dai nhit trong doan nay.

® V6imbidodaiA (1 <2 <m),gois; lachisé clia phan tir ag, thod man: Ton tai day don
diéu ting d¢ dai A bat dau tir ag,. Néu c6 nhiéu phan tir trong day A ciing thoa man diéu

kién nay thi ta chon ag, 1a phan ti Ién nhét trong s6 nhitng phan ti do.



® Véimaichisdj (i <j <n),goit;lachisd phan tirlién sau phan tir a; trong day con don
diéu tdng dai nhat bat dau tai a;.

Chiing ta sé tinh m, cac gia tri s[A] va cac gia tri ¢; bang phwong phap quy hoach dong theo i.

Trwong hop co sé: Ro rang khi i = n + 1, doan cudi diy A bat dau tir chi s6 i chi c6 mot phan

trlaa,,; = +oonéntrong treonghopnay,m=1,s; =n+ 1.

Nhan xét rang néu da biét dwoc cac gid tri m, s¢) va t) twong ing véi mot chi s6 i nao dé thi

cac gia tri sy c6 tinh chat:
as, <as  <...<ag (3.6)

Thét vay, vi day con tdng dai nhat bat dau tai a,, c6 do dai 4, day con nay néu xét tlr phan tir

thir hai tré di sé tao thanh mot diy con ting do dai 4 — 1. Phan tir thi hai nay chic chan nhd

hon ag, , (theo cach xay dung s;_,). Vay ta cd a,, < a,, , (VA).

bé tinh cac gia trim, sy va t() twong (rng véi chi sé i = C, trong tredmg hop da biét cac gia tri

m, sy va t¢) twong ing véichisé i = C + 1, ta c6 thé lam nhu sau:

® Dung thuat toan tim ki€ém nhi phan trén day a, <a, < <as détimgidtri A1én
nhét théa man a; < as,. Dén day ta xac dinh dwoc d6 dai day con tdng dai nhat bat dau
tai a; 1a 1 + 1, lwu lai vét t; = s;. C6 thé hiéu thao tac nay la dem a; néi vao dau mot day
con ting do dai A d€ dwoc mot diy con ting do dai A + 1.

® (Capnhatlai mys; = max(m, A+ 1) vas;q = 1.

Ban chat ctia thult to4n 1a tai moi bwdc ta lwu thong tin vé cac day con ting do dai 1,2, ..., m.

Néu c6 nhiéu day con ting cing mdt do dai, ta chi quan tAm téi ddy c6 phan tir bit dau 16m

nhét (dé dé n6i thém mot phan tir khac vao dau day). Hién tai ag, | dang la phan tir bat dau

cta mot day con tang d dai A + 1. Sau khi ndi a; vao dau mot diy con tang do dai A thi q; cling

12 phan tir bat dau clia mot day con ting dd dai A + 1. Xét vé mat gia tri, do tinh ch4t ctia thuat

toan tim kiém nhi phan & trén, ta c6 a; > as,, , tirc la day bat dau tai a; “dé” ni thém phan

tir khac vao dau hon nén ta cip nhitlai s, := i. (Hinh 3-4)



Lén

g, | e dodail
A, o | e dodaid—1
S (. do dai A

a;

Ag, | e dodaid+1
Capnhats,,, ==1i M i

as | e d6 daim

m

Nho

Hinh 3-4

LIS2.PAS v’ Tim day con don diéu tang dai nhit (cai tién)

{$MODE OBJFPC}
program LongestIncreasingSubsequence;
const
max = 1000000;
maxV = 1000000;
var
a, t: array[0..max + 1] of Integer;
s: array[l..max + 2] of Integer;
n, m: Integer;

procedure Enter; //Nhdp ditliéu
var
i: Integer;
begin
ReadLn(n) ;
for i := 1 to n do Read(a[i]);
end;

procedure Init; //Khditao

begin
a[0] := -maxV - 1; a[n + 1] := maxV + 1;//Thémvao 2 phdn ti
m := 1; /D¢ daiddy con ting dai nhat bdt ddu tir a[n + 1]
s[1] :=n + 1; /Tinhsfi]véil=1

end;

I[Thugt toan tim kicm nh; phan nhdn vao mt phdn terali] =v, '
/va tim trong day afs[1]] > afs[2]] > ... > a[S[m]], trd vé chi so /. lon nhat thod mén a[s[A]] > v
function BinarySearch(v: Integer): Integer;
var
Low, Middle, High: Integer;



begin
Low := 2; High :=m;
while Low <= High do
begin
Middle := (Low + High) div 2;
if a[s[Middle]] > v then Low := Middle + 1
else High := Middle - 1;
end;
Result := High;
end;

procedure Optimize; //Quy hoach djng
var
i, lambda: Integer;
begin
for i := n downto 0 do //Gidi cng thitc truy hoi
begin
lambda := BinarySearch(a[i]);
t[i] := s[lambda]; //Luuvét
if lambda + 1 > m then //Cdpnhdtm & dé dai day con tang dai nhét cho téi thoi diém nay
m := lambda + 1;
s[lambda + 1] := i;
end;
end;

procedure PrintResult; /inkétqui
var
i: Integer;
begin
WriteLn('Length = ', m - 2); /Diy két qud phai bé di hai phan tir af0] v afn + 1]
i = t[0]; //Truyvétbit diu tir t[0]
while i <> n + 1 do
begin
WriteLn('a[', i, '] ="', al[il);
i := t[i]; //Xétphan niké tiép
end;
end;

begin
Enter;
Init;
Optimize;
PrintResult;
end.

3.3.2. Bai toan x€p ba 16

Cho n sdn phdm, san phdm thir i ¢6 trong lwong 1a w; va gia tri 1a v; (w;, v; € Z*). Cho mot

balé c6 gi¢i han trong lwgng 1a m, hay chon ra mot sé sdn phadm cho vao bal6 sao cho tong

trong lwgng ciia chiing khong virot qua m va tong gia tri ctia chiing 1a 16n nhit cé thé.

Input

® Dong 1 chra hai s6 nguyén duwong n,m (n < 1000; m < 10000)

® 1 dong tiép theo, dong thir i chira hai s6 nguyén dwong w;, v; cach nhau it nhit mot dau
cach (w;, v; < 10000)



Output

Phwong an chon cic san phdm c6 tong trong lwong < m va tong gia tri 1én nhat c6 thé.

Sample Input | Sample Output

511 Selected objects:

330 1. Object 5: Weight = 4; value = 40
4 40 2. Object 2: Weight = 4; value = 40
5 40 3. Object 1: Weight = 3; value = 30
9 100 Total weight: 11

4 40 Total value : 110

U Thuat toan

Bai toan Knapsack tuy chwa cé thuit toan giai hiéu qua trong truedng hop téng quat nhwng

v&i rang budc dir liéu cu thé nhw & bai nay thi c6 thuét todn quy hoach dong kha hiéu qua dé

gidi, dwdi day chiing ta sé trinh bay cach lam dé.

Goi f[i, j] 1a gia tri 1én nhat c6 thé c6 bang cach chon trong cac san phdm {1,2,..., i} v&i gidi

han trong lwong j. Muc dich cua ching ta 1a di tim f[n, m]: Gia tri 16m nhat c6 thé c6 bang cach

chon trong n sdn pham da cho véi gidi han trong lwong m.

V&i gidi han trong lwong j, viéc chon trong s6 cac san phdm {1,2,...,i} dé co gia tri I¢n nhit

sé la mot trong hai kha nang:

® Né&u khong chon san pham thit i, thi f[i, j] 12 gia tri 16n nhat c6 thé c6 bang cach chon
trong s6 cac san pham {1,2,...,i — 1} v&i gi6i han trong lwong bang j. Tuc 1a f[i,j] =
fli—=1,j]

® Néu c6 chon san phim thir i (tit nhién chi xét téi treong hop nay khi ma w; < j), thi
fli,j] bang gia tri san phdm thir i (= v;) cOng v&i gia tri 1on nhat c6 thé c6 dugc bang
cach chon trong s6 cac san phdm {1,2,...,i — 1} véi giGi han trong lwong j —w; (=
fli —1,j —w;]). Tiec 1a vé mat gia tri thu dwoc, f[i,j] = fli — 1,/ — w;] + v;.

Theo cach xay dung f[i, j], ta suy ra cong thirc truy hoi:

fli—1,j], néuj < w;

flijl= {max{f[i —1Ljl,fli—1,j—w;] +v},néuj=>w; (37)

T cong thirc truy hoi, ta thiy rang dé tinh cac phan tl trén hang i clia bang f thi ta cin phai
biét cac phan ti trén hang lién trwdc dé (hang i — 1). Vay néu ta biét dwoc hang 0 ctia bang f
thi c6 thé tinh ra moi phin ti trong bang. Ttr d6 suy ra co s& quy hoach dong: f[0, j] theo dinh
nghia I gia tri 16n nhat c¢6 thé bang cach chon trong s 0 sdn phdm, nén hién nhién f[0, j] =
0.

Tinh xong bang phwong an thi ta quan tim dén f[n, m], d6 chinh la gia tri 1&n nhat thu dwoc
khi chon trong ca n san phdm véi gidi han trong lwong m. Viéc con lai 1a chi ra phwong an
chon cac san pham.

® Néu f[n,m] = f[n — 1,m] thi tirc 1a phwong an t6i wu khéng chon san phdm n, ta truy

tiép f[n — 1,m].



® Connéu f[n,m] # f[n — 1,m] thi ta thdng bdo rang phép chon tdi wu ¢6 chon san pham
nvatruy tiép f[n — 1,m — wy].

Ct tiép tuc cho t&i khi truy 1én téi hang 0 cia bang phwong an.

Q Cai dat

RO rang ta c6 thé giai cong thirc truy hoi theo kiéu tir dwdi 1én: Khéi tao hang 0 ctia bang

phuwong an f toan s6 0, sau dé dung céng thirc truy hoi tinh Ian lwot tir hang 1 téi hang n. Tuy

nhién trong chwong trinh nay ching ta sé giai cong thirc truy hoi theo kiéu tir trén xuéng (st

dung ham dé quy két hop véi k§ thuét lwu trir nghiém) vi cach gidi nay khong phai di tinh

toan bo bang phwong an.

KNAPSACK_DP.PAS v Bai toan xép ba 16

{$MODE OBJFPC}
program Knapsack;

const
maxN = 1000;
maxM = 10000;
var

w, v: array[l..maxN] of Integer;

f: array[0..maxN, 0..maxM] of Integer;
n, m: Integer;

SumW, SumV: Integer;

procedure Enter; //Nhdp ditliéu
var
i: Integer;
begin
ReadLn(n, m);
for i := 1 to n do ReadLn(w[i], v[i]);
end;

function Getf (i, j: Integer): Integer; //Tinhffij]
begin
if £[i, j] = -1 then //Néufij] chwa dwgc tinh thi méi di tinh
if i = 0 then f[i, j] := 0 //Cosdquyhoachding
else
if (j < w[i]) or
(Getf(i - 1, j ) > Getf(i - 1, j - w[i]) + v[i]) then

f[i, j] := Getf(i - 1, j) //Khdng chonsdn phdm i thitithon
else
f[i, j] := Getf(i - 1, j - w[i]) + v[i]; //Chonsdnphdm i thi t6t hon

Result := f[i, j1; //Trdvéffij] trong kétqud ham
end;

procedure PrintResult; //Inkétqud

var
Count: Integer;

begin
WriteLn('Selected objects:');
Count := 0;

SumW := 0;



while n <> 0 do //Truyvétti fln, m]

begin
if Getf(n, m) <> Getf(n - 1, m) then //Phuwong dn tdiwu cé chon sin phdmn
begin
Inc(Count);
Write(Count, '. Object ', n, ': ');

Writeln('Weight = ', w[n], '; value = ', v[n]);
Inc(SumW, w[n]);
Dec(m, w[n]); //Chonsdn phdm nrdithigi¢i han trong lwgng gidm di win]

end;
Dec(n);
end;
WriteLn('Total weight: ', SumW);
WriteLn('Total value : ', SumV);
end;
begin
Enter;

FillByte(f, SizeOf(£f), $FF); //Khditao cdc phdn ti cia fla -1 (chwa dwgc tinh)
SumV := Getf(n, m);
PrintResult;

end.

Néu thém vao mdt doan chwong trinh dé in ra bang f sau khi giai cong thirc truy héi thi véi
dir liéu nhw trong vi du, bang f sé la:

fl0|1]2]3|4|5|6]7[8[9]10] 11
0,0(-1/0] 0] 0Oj-1] 0] O0]O|-1] -1 0
1/{-1/-1,0;30}-1/-1]30]30}-1|-1]-1] 30
2|-11-1,0]-1{-1]-1]40]70]-1|-1]-1] 70
3|-1}{-1,0|-1{-1}-1]-1]70]-1]-1]-1] 80
4/-1]-1/-1]-1]-1}-1]-1]70]-1]-1| -1)100
5|-1|-1|-1|-1]-1}]-1)-1]-1|-1|-1]-1]110

Ta thay con rit nhiéu gia tri —1 trong bang, nghia la c¢é rit nhiéu phin t trong bang f khong
tham gia vao qua trinh tinh f[5,11]. Diéu d6 chi ra rang cach giai cong thirc truy hoi tir trén
xuodng trong trirong hop nay sé hiéu qua hon cach giai tir dwéi 1én vi né khong can tinh toan
bo bang phwong an cta quy hoach dong.

3.3.3. Bién doi xau

Véixau ky tw X = x,x,... x,,, Xét 3 phép bién doi:

® [nsert(i,c): Chen Ky tw ¢ vao sau vi tri i cia xau X.

® Delete(i): Xoa Ky tw tai vi tri i cia xau X.

® Replace(i,c): Thay Ky tw tai vi tri i clia xau X béi ky tw c.

Yéu cau: Cho hai xdu ky tw X = xyx5... X, va ¥ = y;¥,...y, (m,n < 1000) chi gbm cac chir
céi in hoa, hdy tim mot sé it nhat cac phép bién doi ké trén dé bién xau X thanh xau Y.

Input

® Dong 1 chira xdu X



® Dong2chraxduY
Output
Cach bién doi X thanh Y

Sample Input | Sample Output
ACGGTAG Number of alignments: 4
CCTAAG X = ACGGTAG
Insert (5, A)
X = ACGGTAAG
Delete (4)

X = ACGTAAG
Delete(3)

X = ACTAAG
Replace(1l, C)
X = CCTAAG

Bai toan nay (String alignment) c6 (tng dung kha nhiéu trong Tin-sinh hoc dé phan tich va so
sanh cac yéu to di truyén (DNA, RNA, proteins, chromosomes, genes, ...). Dit liéu di truyén
thwong c6 dang chudi, ching han mot phan tir DNA c6 thé biéu dién dwdi dang chudi cac ky
tw {A, C, G, T} hay mdt phan tir RNA c6 thé biéu dién bang chudi cac ky tw {A, C, G, U}. D€ tra 1&i
cau héi hai mau di lidu di truyén (mi hoa dwéi dang xau ky tw) giéng nhau dén mitc nao,
ngudi ta c6 thé dung sé lwong cac phép bién doi ké trén dé do mirc dd khac biét gitra hai mau.
Tuy vao tirng yéu ciu thuc té, ngudi ta con cé thé thém vao nhiéu phép bién doi nira, hodc gan
trong sé cho tirng vi tri bién déi (vi cac vi tri trong xau cé thé c6 tAim quan trong khac nhau).
C6 thé ké ra vai rng dung cu thé cta bai todn gidng hang. Mot rng dung la xac dinh ching loai
ctia mot virus chwa biét. Chang han khi phat hién méot virus méi gy bénh ma con nguwoi chwa
kip hinh thanh kha ning mién dich, ngudi ta sé d6i sinh mau RNA cta virus do véi tit ca cac
mau RNA ctia cac virus da c6 trong co sé dit liéy, tir d6 tim ra cac loai virus twong tw, xac dinh
chiing loai ctia virus va diéu ché vaccine phong bénh. Mot tng dung khac 1a phan tich cac chudi
DNA dé xac dinh méi lién quan gitra cac loai, tir d6 xy dung ciy tién hoa tir mdt loai to tién
nao dé. Ngoai rng dung trong sinh hoc phan ti, bai toan giong hang con c6 nhiéu rng dung
khac trong khoa hoc may tinh, ly thuyét m3, nhin dang tiéng néi, v.v...

U Thuat toan

Ta tré lai bai todn véi hai xau ky tw X = xx5... %, vaY = y;y,... ¥,. D€ bién d6i xau X thanh
x4au Y, chung ta sé phan tich mot bai toan con: Tim mdt s6 it nhat cac phép bién ddi dé bién i
ky tw ddu tién cta xau X thanh j ky tw dau tién cta xau Y. Cu thé, ta goi f[i, j] 1a s6 phép bién

doi toi thiéu dé bién xau x; x,...x; thanh xau y, y,...y;. Khi dé:

* Tam dich: Giéng hang



® Néux; = y; thi vdn dé tro thanh bién xau x;x,...x;_; thanh xau y;y,...y;j_;. Tic la néu
xét vé s6 lwgng cac phép bién déi, trong trweong hop nay f[i,j] = f[i — 1,j — 1].
® Néux; # y;. Ta c6 balya chon:
B Hodc chén ky tw y; vao cudi xau x;x,..x; roi bién xau x;x, ..x; thanh xau
Y1Y2 - ¥j—1. Tlc la néu theo sw lwa chon nay, f[i,j] = f[i,j — 1] + 1
B Hodc x6a ky tw cudi clia xau x; X, ... x; roi bién xau x;x; ... x;_; thanh xau y,y, ... y;.
Tirc 1a néu theo sw lwa chon nay, f[i,j] = fli — 1,j]1 + 1
B Hodc thay ky tw cudi clia xau x;x, ... x; b&i ky tw y; roi bién xau x;x; ... x;_; thanh
Xau Y1y, ... yj—1. Tlrc 1a néu theo sw lwa chon nay, f[i,j] = fli —1,j — 1] +1

Vi ching ta can f[i, j] » min nén suy ra cdng thirc truy hoi:

(fli—1,j— 1], néux; =y,

Pl — f[I'] - 1]
flijl = < 1+ min{ f[i —1,]] ,néux; # Vi (3:8)
\ fli-1,j-1]

Tl cdng thirc truy hdi, ta thiy rang néu biéu dién f dwdi dang ma tran thi phan tir & 6 (i, )
(i, j]) dwoc tinh dwa vao phan tt & 6 nam bén trai: (i, j — 1), 6 ndm phia trén: (i — 1,j) va 6
nam & goc trai trén (i — 1,/ — 1). Tir d6 suy ra tip cac bai todn co sé:
® f[0,j] 1a s6 phép bién d6i bién xau rong thanh j ky tw dau ctia xau Y, né can t6i thiéu j
phép cheén: f[0,j] =
® f[i, 0] 12 s6 phép bién ddi bién xau gdm i ky tw d4u ctia X thanh x4u réng, né can tdi thiéu
i phép xoa: f[i,0] =i
Vay dau tién bang phwong an f[0 ...m, 0 ... n] dwoc khdi tao hang 0 va c6t 0 la co s quy hoach
dong. Ttr d6 dung cong thirc truy hoi tinh ra tit ca cac phan t& bang f, sau khi tinh xong thi
f[m,n] cho ta biét s6 phép bién dai t6i thi€u dé bién xadu X = x;x,... %, thanhY =y y,... y,.
Viéc cudi cung l1a chi ra cu thé cach bién d6i tdi wu, ta bat dau truy vét tir f[m, n], viéc truy vét
chinh 1a do nguoec lai xem f[m, n] dwoc tim nhw thé nao.
® Néu x,, = y, thita tim cich bién x;x,... x,,_; thanh y,y,... y,_4, tic 1a truy tiép f[m —
1,n—1]
® Néux,, # y, thixét ba trwong hop
B Néu f[m,n] = f[m,n — 1] + 1 thi ta thyc hién phép Insert(m,y,) dé chén y, vao
cudi xau X roi tim cach bién d6i x, x; ... x,,, thanh y,y, ... y,,_; (truy tiép f[m,n — 1])
B Néu f[m,n] = f[m — 1,n] + 1 thi ta thwc hién phép Delete(m) dé x6a ky tw cudi
xau X roi tim cach bién d6i x,x; ... x,,_; thanh y;y, ... y,, (truy tiép f[m — 1,n])
B Néu f[m,n] = f[m —1,n — 1] + 1 thi ta thwc hién phép Replace(m,y,) dé thay ky
tw cudi xau X bdi y,, roi tim cach bién ddi x;x; ... x,,—4 thanh y,y, ... y,,_; (truy tiép
flm—-1,n-1])



Ta dwa vé viéc truy vét véi m, n nho hon va c 1ap lai cho téi khi quy vé bai todn co sé:m = 0
hoacn = 0.

Viduvdi X = 'ACGGTAG' vaY = 'CCTAAG/, viéc truy vét trén bang phwong an f dwoc chira
trong Hinh 3-5.

CTAAG
f0123 456
0 2|3]4[5]6
A1l 2|3[3]4]5
(o) 2|3]4]5
G 3 2[3]4]4
G 4 3|3[4]4
T 5 445
A6 5
G 7

Hinh 3-5. Truy vét tim cach bién d&i xau
U Cai dat
2 STRINGALIGNMENT_DP.PAS v Bién doi xau

{$MODE OBJFPC}
program StringAlignment;

const

max = 1000;
type

TStrOperator = (soDoNothing, soInsert, soDelete, soReplace);
var

X, y: AnsiString;
f: array[0..max, 0..max] of Integer;
m, n: Integer;

procedure Enter; //Nhdp ditliéu
begin

ReadLn(x) ;

ReadLn(y) ;

m := Length(x); n := Length(y);
end;

function Min3(x, y, z: Integer): Integer; //Tinhminciia3sd
begin

if x < y then Result := x else Result :=y;

if z < Result then Result := z;
end;

procedure Optimize; //Gidicdng thitc truy hdi
var
i, j: Integer;
begin
//Lwu co'sé quy hoach dong
for j := 0 to n do £[0, j] j;
for i ;=1 tomdo £[i, 0] := 1i;
//Diing cdng thikc truy hoi tinh todn bé bdng phwong dn



for i ;=1 tomdo
for j :=1 to n do
if x[i] = y[j] then
£[i, j] := £[i -1, § - 1]
else
£[i, j] := Min3(£[i, § - 1], £[i - 1, § - 1], £[i - 1, §]) + L;
end;

//Thuec hién thao tdc op véi tham s6 vi tri p va ky tuw ¢ trén xdu X
procedure Perform(op: TStrOperator; p: Integer = 0; c: Char = #0);

begin
case op of
soInsert: //Phépchén
begin
WriteLn('Insert(', p, ', ', ¢, ")');
Insert(c, x, p + 1);
end;
soDelete: //Phépxod
begin
WriteLn('Delete(', p, ')');
Delete(x, p, 1);
end;
soReplace: //Phép thay
begin
WriteLn('Replace(', p, ', ', ¢, ")");
x[p] :=¢;
end;
end;
Writeln('X = ', x); //InraxduXsau khi bién d6i
end;

procedure PrintResult; //Inkétqud
begin
WriteLn('Number of alignments: ', f£[m, n]);
Perform(soDoNothing) ; //Inraxdu X ban ddu
while (m <> 0) and (n <> 0) do //Lamtdikhim=n=0
if x[m] = y[n] then //Haiky tw cudi giéng nhau, khdng lam gi cd, truy tiép fim - 1,n - 1]
begin
Dec(m); Dec(n);
end
else //Taivitrim ciaxdu X cdn cé mot phép bién doi
if f[m, n] = £[m, n - 1] + 1 then //Néula phép chén
begin
Perform(soInsert, m, y[n]);
Dec(n) ; //Truysang phdi: ffm,n-1]

end
else
if f[m, n] = £f[m - 1, n] + 1 then //Néuldphépxod
begin
Perform(soDelete, m);
Dec(m) ; //Truyléntrén: f[m-1,n]
end
else //Khdng phdi chén, khdng phdi xod thi phdi la phép thay thé
begin

Perform(soReplace, m, y[n]);
Dec(m); Dec(n); //Truychéoléntrén:fm-1,n-1]



end;
while m > 0 do
begin
Perform(soDelete
Dec(m) ;
end;
while n > 0 do
begin
Perform(soInsert
Dec(n);
end;
end;

begin
Enter;
Optimize;
PrintResult;
end.

, m);

» 0, y[n]);

3.3.4. Phan hoach tam giac

Trén mit phang véi hé toa do trc chudn Oxy, cho mot da giac 16i P, P,... B,, trong do6 toa do
dinh P; 1 (x;,y;). Mot bd n — 3 dwong chéo doi mot khong cat nhau sé chia da giac di cho

thanh n — 2 tam giac, ta goi b6 n — 3 dwong chéo dé 1a mot phép tam gidc phan cia da giac 16i

ban dau.

Bai toan dat ra la hiy tim mét phép tam giac phan c6 trong so6 (tdng d6 dai cac dwong chéo)

nhd nhit.

Input

® Dong 1 chiras6 nlaso dinh cta da gidc (3 < n < 200)

® ndongtiép theo, dong thir i chira toa do ctia dinh P;: gom hai s6 thwec x;, y;

Output
Phép tam giac phan nh

0 nhit.

Sample Input

Sample Output

NOMNMNOOYOUL O
coocoocoo
H Wwo ok o
coocoocoo

Minimum triangulation: 12.00

P[2] - P[6] =
P[2] - P[4] =
P[4] - P[6] =

3.00
5.00
4.00

\\




U Thuat toan

Ky hiéu d (i, j) 1a khodng cach gitta hai diém P; va P;:

ad,j) = \/(xi - xj)z +(yi — Yj)z (3.9)

Goi f[i,j] 1a trong s6 phép tam gidc phan nho nhét dé chia da gidc P;P;,4...P;, khi d6 f[1,n]
chinh la trong s6 phép tam giac phin nhoé nhit dé chia da gidc ban dau.

Bang quan sat hinh hoc cia mot phép tam gidc phan trén da giac P;P;. ... P;, tanhan thay rang
trong bat ky phép tam gidc phan nao, ludn ton tai mot va chi mot tam giac chira canh P;P;. Tam
giac chra canh P;P; sé c6 mot dinh la P;, mot dinh 1a P; va mot dinh P, nao d6 (i < k < j). Xét
mot phép tam gidc phan nhé nhat dé chia da giac P;P;4,...P;, ta quan tam t6i tam gidc chira
canh P;P;: A P;P;Py, c6 ba kha nang xay ra (Hinh 3-6):

Piy

P
Hinh 3-6. Ba truomg hop clia tam gidc chtra canh P;P;
Kha nang tht nhat, dinh P, = P4, khi d6 dwong chéo P, P; sé thudc phép tam giac phan
dang xét, nhitng dwong chéo con lai sé phai tao thanh mot phép tam giac phan nho nhat dé
chia da giac 16i P; ;1 P;,,... P;. Tic la trong treong hop nay:

flij1=f*=D0 ] =dG + 1) + fli + 1,/] (3.10)
Kha nang thir hai, dinh P, = P;_4, khi d6 duong chéo P;P;_; sé thudc phép tam giac phan dang
xét, nhirng dwdng chéo con lai sé phai tao thanh mot phép tam gidc phan nho nhat dé chia da
giac16i P;P;4... Pj_;. Tlrc 1a trong trwomg hop nay:

fli )= fO D1 = d @) — D+ fli,j — 1] (3.11)
Kha nang thit ba, dinh P, khong trung P;, ; va cling khong trung P;_4, khi d6 ca hai dwong chéo
P; Py va P;Py déu thudc phép tam giac phan, nhitng dwdng chéo con lai sé tao thanh hai phép
tam gidc phan nho nhat twong ing véi da giac PPy ... Py va da gidc Py Pyy4... Pj. Ttrcla trong

trwong hop nay:

fli,jl = F®Li,j1 = d, k) + d(k, j) + fLi, k] + flk, j] (3.12)



Vi f1i, j] 1a trong s6 ctia phép tam gidc phan nho nhét trén da gidc P;P; ;... P; nén né sé phai

la trong s6 nhé nhit cia phép tam giac phan trén tit cd cic kha ning chon dinh Py tirc la:

fli,jl1= min {f®i 1} (3.13)

k:i<k<j
Trong dé

di+ 1L, )+ fli+1,j; néuk=i+1
FOL,1=3di+ 1)+ fli+1,j]; nuk=j—1 (3.14)
A, k) +d(k,j) + fli, k] + flk,jl; néui+1<k<j—1

Ta xay dung xong cdng thirc truy hoi tinh f[i,j]. Tl céng thirc truy hoi, ta nhan thiy rang
fli,j] dwoc tinh qua cac gia tri f[i, k] va f[k,j] voii < k < j, diéu d6 chirarang hiéusdj —i
chinh la th& ty 16n-nho clia cac bai toan: Cac gia tri f[i,j] vdi j — i 1én sé dwoce tinh sau cac
giatri f[i’,j'] c6 hiéu sé j' — i’ nhé hon. Thi tw 16n-nho nay cho phép tim ra co s& quy hoach
dong: Cac gia tri f[i, i + 2] la trong s ctia phép tam gidc phan nhé nhit dé chia da giac 16i gbm
3 dinh (tc la tam giac), trong trieong hop nay ching ta khong cén chia gi ca va trong s6 phép
tam giac phanla f[i,i + 2] = 0.

Viéc gidi cong thirc truy hoi sé dwoc thwce hién theo trinh tw: Dau tién bang phwong an f dwoc
dién co s& quy hoach ddng: Cac phan ti¥ trén dudng chéo f[i,i + 2] dwgc dit bang 0, dung
céng thirc truy hoi tinh tiép cic phan ti trén dwong chéo f[i, i + 3], roi tinh ti€p dwong chéo
fli,i + 4]... C& nhw vay cho t&i khi tinh dwgc phan tk f[1, n].

00 N,

CI0I0] Bwéc 5
Himn
HiEnn Buoc3
HiEEnnin
HiNEEEEin
OO0 L] coss
HiEEnn .

Hinh 3-7. Quy trinh tinh bang phwong an

Buéc 4

Buéc 2

Buéc 1

Song song v&i qua trinh giai cong thirc truy hoi, tai méi bwéc tinh f[i, j] = k_rig;crij{f(k) [i,j1},

ta lwu lai traceli, j] 1a chi s6 k ma tai d6 f[i, j] dat cuec tiéu, tic la:

traceli,j] = arg min{f(k)[i,j]} (3.15)
k:i<k<j

Sau khi qua trinh tinh todn két thuc, d€ in ra phép tam gidc phian nhé nhat déi voi da giac

P;P;,4...P;, ta sé sé dwa vao phan tit k = tracel[i, j] dé dwa van dé vé viéc in ra phép tam giac



phan dé6i véi hai da gidc PP, q... Py va PPy, ... P;. Ditu nay c6 thé dwoc thuc hién don gian

bang mot tha tuc dé quy.
O Cai dit
E  TRIANGULATION_DP.PAS v' Phan hoach tam giac

{SMODE OBJFPC}
program Triangulation;
const
max = 200;
var
X, y: array[l..max] of Real;
f: array[l..max, 1..max] of Real;
trace: array[l..max, 1..max] of Integer;
n: Integer;

procedure Enter; //Nhdp ditliéu
var
i: Integer;
begin
ReadLn (n) ;
for i := 1 to n do Readln(x[i], y[i]);
end;

function d(i, j: Integer): Real; //Ham do khodng cdch P[i] - P[j]
begin

Result := Sqrt(Sqr(x[i] - x[3]) + Sar(y[i] - y[i]));
end;

//Ham cuec tiéu hod target := Min(target, value)
function Minimize (var target: Real; value: Real): Boolean;
begin
Result := value < target; //Trdvé Truenéu target dwgc cdp nhdt
if Result then target := value;
end;

procedure Optimize; //Gidicdng thitc truy hdi
var
m, i, j, k: Integer;
begin
fori:=1ton-2do
fli, i + 2] :=0;
form :=3 ton -1 do

for i :=1ton-mdo
begin //Tinh(]ii+m]
ji=1i+m;

//Trwong hop k=i+1

£[i, 3] :=d(i + 1, j) + £[i + 1, j];

trace[i, j] =i+ 1;

//Truong hopi+1<k<j-1

for k :=1i+2 toj-2do

if Minimize(f[i, j],

d(i, k) + d(k, j) + £f[i, k] + £[k, j]) then
trace[i, j] :=k;

//Trwong hop k=j-1



if Minimize(f[i, j], d(i, j - 1) + £[i, j - 1]) then
trace[i, j] =3 - 1;
end;
end;

//Véii+1 <], thil tuc ndy in ra dwomg chéo P[i] - P[j]
procedure WriteDiagonal(i, j: Integer);

begin
if i +1 < j then
WriteLn('P[', i, '] - P[', j, '] ="', d(i, j):0:2);
end;

//Truy vét bang dé quy, in ra cdch tam gidc phan da gidc P[i.j]
procedure TraceRecursively(i, j: Integer);
var
k: Integer;
begin
if j <= i + 2 then Exit; //Pagidccd s 3 dinh thi khéng cin phdn hoach
k := tracel[i, j]; //Ldyvét
WriteDiagonal (i, k);
WriteDiagonal (k, j);
TraceRecursively (i, k); //Inracdchphdn hoach da gidc P[i.k]
TraceRecursively(k, j); //Inracdchphdn hogch da gidc P[k.j]
end;

procedure PrintResult; //Inkétqud

begin
WriteLn('Minimum triangulation: ', £[1, n]:0:2);
TraceRecursively(l, n);

end;

begin
Enter;
Optimize;
PrintResult;
end.

3.3.5. Phép nhan diay ma tran

V&ima tran A = {a;;} kich thwéc p X g va ma tran B = {b;; } kich thuéc g X r. Ngwoi ta co
phép nhan hai ma trdn d6 dé dwoc ma tran C = {c;;} kich thuwdc p X r. Mdi phén tlr cia ma
tran C dworc tinh theo cong thirc:

q

CikZzainbjk;(1SiSp;1SkSr) (316)
j=1

Vi du véi A 1a ma trdn kich thwée 3 X 4, B 1a ma tran kich thuwéc 4 X 5 thi € sé 1a ma tran kich
thwée 3 x 5 (Hinh 3-8).



A C
1 (23] 4 14| 6 | 9 |36 9
51678 34| 14| 25 21
9 10| 11|12 54| 22| 41 |164| 33

Hinh 3-8. Phép nhan hai ma tran

Ta xét thuat todn dé€ nhan hai ma trdn A(p X q) va B(q X r):

for i :=1 to p do

for j ;=1 tor do
begin
cli, j1 :=0;
for k :=1 to q do
cli, jI :=cli, j] + a[i, k] * b[k, ]I/
end;

Phi ton dé thwc hién phép nhin ma trin cé thé danh gia qua so lan thuc hién phép nhan so
hoc, d€ nhan hai ma trdn A(p X q) va B(q X r) ching ta cin p X q X r phép nhan*.
Phép nhan ma tran khong c6 tinh chat giao hoan nhwng cé tinh chat két hop:
(AB)C = A(BC) (3.17)
Vay néu A 1a ma tran cip 3 X 4, B la ma trin cdp 4 X 6 va C la ma trin cip 6 X 8 thi:
® Dé tinh (AB)C, phép tinh (AB) cho ma trin kich thwéc 3 X 6 sau 3 X 4 X 6 = 72 phép
nhén sé hoc, sau d6 nhan tiép v&i C dwoc ma tran két qua kich thwdc 3 X 8 sau 3 X 6 X
8 = 144 phép nhan s6 hoc. Vay tong s6 phép nhan s6 hoc phai thuwc hién sé la 216.
® DE tinh A(BC), phép tinh (BC) cho ma tran kich thwéc 4 X 8 sau 4 X 6 X 8 = 192 phép

nhén s6 hoc, 1y A nhan véi ma trin nay dwgc ma trin két qua kich thuwdéc 3 x 8 sau 3 X
4 x 8 = 96 phép nhin sé hoc. Viy tong s6 phép nhan s6 hoc phai thuc hién sé 1a 288.

* P& nhan hai ma tran, c6 mdt s thuat ton tdt hon, chdng han thuit toan Strassen O(nlg7) hay thuit toan
Coppersmith-Winograd 0(n?37¢). Nhung dé don gian cho bai toan nay, ching ta dung thuat todn nhan ma tran

don gidn nhit.



Vi du nay cho chiing ta thiy rang trinh tw thwc hién c6 dnh hwéng 16n téi chi phi. Van dé dat

ra la tinh sé phi tén it nhat khi thwc hién phép nhian mot day cdc ma tran:

n
nMi = MyM,... M,
i=1

Trong dé:
M, 1a ma tran kich thuwéc ay X aq

M, la ma tran kich thwéc a, X a,

M, 1a ma tran kich thwéca,,_; X a,

Input

® Dong 1 chira s6 nguyén duwongn < 100

® Dong 2 chita n+ 1 s0 nguyén dwong ag,ay,...,a, cach nhau it nhat mot dau cach
(Vi:a; < 1000)

Output

Cho biét phwong 4n nhian ma tran t6i wu va sé phép nhan phai thwc hién

[ sample Input [ Sample Output

6 The best solution:

9532478 ((M[1].(M[2].M[3])).((M[4].M[5]).M[6]))
Number of numerical multiplications: 432

U Thuat toan

Cach giai cua bai toan nay gan giéng nhw bai todn tam giac phan: Trwdc hét, néu day chi c6
mot ma tran thi chi phi bang 0, ti€p theo, chi phi d€ nhan mét cip ma tran c6 thé tinh duoc
ngay. Bang viéc ghi nhan chi phi cia phép nhan hai ma tran lién tiép ta c6 thé st dung nhirng
théng tin d6 dé téi wu hoa chi phi nhin nhitng bd ba ma trn lién tiép ... C¥ tiép tuc nhw vay
cho téi khi ta tinh dwoc phi ton nhin n ma trin lién tiép.

Goi f[i,j]1a s6 phép nhan s6 hoc t6i thiéu can thwc hién d€ nhan doan ma tran lién tiép:
j
HMZ = M;M;4q... M; (3.18)
z=1

Vé&i mét cach nhén toi wu diy ma tran ]’[;=i M,, ta quan tAm t&i phép nhan ma tran cudi cung,

chang han H;zi M, cudi cing dwoc tinh bang tich cia ma trdn X va ma tran Y

J
HMZ —XXY (3.19)
z=1



Trong d6 X 1a ma tran tao thanh qua phép nhin day ma tran tir M; dén M, va Y la ma tran tao
thanh qua phép nhan day ma tréan tir My, t&i M; véi mot chi s0 k nao do.

Vi phép két hgp chiing ta dang xét 1a toi wu dé tinh ]_[£=l. M,, nén chi phi cia phép két hop nay
sé& bang téng cuia ba dai lwong:

®  Chi phi nhan t6i wu ddy ma tran tir M; dén M, d€ dwgc matran X (= f[i, k])

®  Chi phi nhan t8i wu day ma tran tlir My, t&i M; dé€ dwocmatranY (= f[k + 1,j])

® ChiphitinhtichX x Y (= a;_; X ai X q;)

Ta c6 céng thirc truy hoi va cong thirc tinh vét:

fli,j1= min j{f [i, k] + flk + 1,j] + a;—1 ara;}

e . (3.20)
t[i,j] = arg k:rirsl}(r;j{f [i, k] + flk + 1,j] + ai—1 axa;}
Co s& quy hoach dong:
fliil=0,viil<i<n (3.21)

Cach truy vét d€ in ra phép nhan t6i wu Hi:i M, s& quy vé viéc in ra phép nhan t&i wu [15_; M,

va H£=k+1 M,, v6i k = t[i, j]. Diéu nay c6 thé thwc hién bang mot thua tuc dé quy.
O Cai dat
=2 MATRIXCHAINMULTIPLICATION_DP.PAS v Nhan t6i wu diy ma tran

{SMODE OBJFPC}
program MatrixChainMultiplication;
const

maxN = 100;

maxSize = 1000;

maxValue = maxN * maxSize * maxSize * maxSize;
var
array[0..maxN] of Integer;
array[l..maxN, 1..maxN] of Inté64;
array[l..maxN, 1..maxN] of Integer;
Integer;

S ot Hh @

procedure Enter; //Nhdp dirliéu
var
i: Integer;
begin
ReadLn(n) ;
for i := 0 to n do Read(a[i]);
end;

procedure Optimize; //Gidicdng thitc truy hoi
var

m, i, j, k: Integer;

Trial: Inté64;
begin

for i :=1 to n do



f[i, i] = 0;
form :=1ton-1do
for i ;=1 ton-mdo
begin //Tinh (i i+m]
ji=it+m;
f[i, j] := maxValue;
for k :=1 to j - 1 do //Thitcdcvi tri phdn hoach k
begin
Trial := £[i, k] + £f[k + 1, j] + Int64(a[i - 1]) * a[k] * a[j];
if Trial < £[i, j] then //Cuctiéu hod ([ij] va luu vét

begin
f[i, j] := Trial;
tli, 31 :=k;
end;
end;
end;

end;

procedure Trace(i, j: Integer); //Inracdchnhdn tdiwu ddy M[i.j]
begin
if i = j then Write('M[', i, ']'")
else
begin
Write('(');
Trace(i, t[i, jl);
Write('.');
Trace(t[i, j] + 1, j);
Write(')');
end;
end;

procedure PrintResult; //Inkétqud
begin

Writeln('The best solution: ');

Trace(l, n);

Writeln;

WriteLn ('Number of numerical multiplications: ', £[1, n]);
end;

begin
Enter;
Optimize;
PrintResult;
end.

3.3.6. Du lich Ponge&Tay

Ban 1a nguoi thing cudc trong mot cudc thi do mot hang hang khong tai trg va phian thwdng
la mot chuyén du lich do ban tuy chon. Cé n thanh phé va ching dwgc danh s6 tir 1 t&i n theo
vi tri tir Tdy sang Pong (khong c6 hai thanh ph6 nao & cing kinh d6), c6 m tuyén bay hai chiéu
do hang quan ly, mdi tuyén bay ndi gitta hai thanh phé trong s n thanh phé da cho. Chuyén
du lich ctia ban phai xuit phat tir thanh phd 1, bay theo cac tuyén bay ctia hiang t&i thanh pho

n va chi dwoc bay tir Tay sang Dong, sau dé lai bay theo cac tuyén bay ctia hang vé thanh pho



1 va chi dwoc bay tir Pong sang Tay. Hanh trinh khong dwoc tham bat ky thanh pho nao qua

mot I4n, ngoai trir thanh phd 1 13 noi bat dau va két thic hanh trinh.

Yéu cau dat ra la tim hanh trinh du lich qua nhiéu thanh phd nhét.

Input

® Dong 1 chra s6 thanh pho (n) va sé tuyén bay (m), 3 < n < 100; m < 10000

® m dong tiép, mdi dong chira thong tin vé mot tuyén bay: gdm chi s6 hai thanh phé twong
rng véi tuyén bay do.

Output

Hanh trinh t6i wu tim dwoc hodc thong bio rang khong thé thuwc hién dwoc hanh trinh theo

yéu cau dat ra.

Sample Input | Sample Output

56 The best tour:

12 Number of cities: 4 m

23 12541

¥ IR S
45

14

25

U Thuat toan

Ta c6 thé dat mot mé hinh d6 thi G = (V, E) vi tap dinh V 1a tip cac thanh phé va tip canh E
la tip cac tuyén bay. Bai toan nay néu khong c6 rang budc vé hanh trinh Tady-Pong-Tay thi c6
thé& quy dan vé bai todn tim chu trinh Hamilton (Hamilton Circuit) trén do thi G. Bai toan tim
chu trinh Hamilton thudc vé 1&p bai toan cho téi nay chwa cé thuét toan hiéu qua véi dd phic
tap da thirc d€ giai quyét, nhuwng bai todn nay nho ¢é rang budc vé huwdng di nén ching ta c6
thé xay dwng mdt thuat toan cho két qua tdi wu v&i dd phire tap 0(n?). Tai 10'93*, bai toan
du lich bong-Tay nay dworc coi la bai toan khé nhat trong s6 bén bai todn ctia dé thi.

Dé th4y rang hanh trinh di qua nhiéu thanh phé nhit ciing 1a hanh trinh di bang nhiéu tuyén
bay nhit ma khong c6 thanh phd nao tham qua hai Ian ngoai trir thanh phé 1 1a noi bat dau
va két thic hanh trinh. Véi hai thanh phé i va j trong d6 i < j, ta xét cAc dwong bay xuat phat
tir thanh pho i, bay theo hwéng Tay t&i thanh pho 1 roi bay theo hwéng Pong téi thanh phd j
sao cho khéng c6 thanh ph6 nao bi tham hai lan.

® Néu ton tai dwong bay nhw vay, ta xét dwong bay qua nhiéu tuyén bay nhit, ky hiéu

(i » 1~ j)vagoif[i,j]1a s6 tuyén bay doc theo dwong bay nay.

*The 5th International Olympiad in Informatics (Mendoza - Argentina)



® Néu khong ton tai dwong bay thod man diéu kién dat ra, ta coi f[i, j] = —1
Chu y rang ching ta chi quan tam t&i cac f[i, j] vdi i < j, tiec 1a thanh phé i & phia TAy thanh
phé j ma thoi.

Hinh 3-9. Duong bay (i > 1 ~ j)

Néu tinh dworc cac f[i,n] thi tua du lich cin tim sé gom cac tuyén bay trén mot dwong bay

(i » 1 ~ n) nao d6 ghép thém tuyén bay (n, i), tic 1a s6 tuyén bay (nhiéu nhat) trén tua du

lich tdi wu can tim sé 1a miax{f[i, n]} + 1. Van dé bay gio la phai xay dwng cong thirc tinh cac

fli 1.

Véii < j,xétdwongbay (i ~ 1 ~ j), dwong bay nay sé bay qua mot thanh pho k nao dé trwéc

Kkhi két thuc tai thanh pho j. C6 hai kha ndng xay ra:

® Thanh phé k ndm phia déng (bén phai) thanh phé i (k > i), khi d6 dwongbay (i ~ 1 ~ j)
c6 thé coi la dwong bay (i ~ 1 ~ k) ghép thém tuyén bay (k, j). Viy trong trwdng hop
ndy f[i,j] = fOLj] = fli, k] + 1

® Thanh phd k nam phia ty (bén trai) thanh phé i (k < i), khi d6 dwong bay (i ~ 1 ~ j)
c6 thé coi la dwong bay (k ~ 1 ~ i) theo chiéu ngwoc lai réi ghép thém tuyén bay (k, j).
Vay trong truwomg hop nay f[i,j] = f®[i,j] = flk,i] + 1

....... )®_>®

i<k<j

Hinh 3-10. Pwong bay (i ~ 1 ~ j) va hai trudng hop veé vi tri thanh phd k
Vi tinh cwc dai cua f[i, j], ta suy ra céng thirc truy hoi:
fli,j1 = max{f [, j]} (3.22)

Trong d6 cac chisé k thoaman1 < k < j, k # i, f®[i,j] # —1va (k, j) 1a mot tuyén bay. Cac
gia tri f ®i, j] trong céng thirc truy hbi (3.22) dwoc tinh bai:



fli, k] +1; néuk > i

, 3.23
Flk,i] + 1; néuk < i (3-23)

F®LL 1 = {
Cac phan tir clia bang f sé duoc tinh theo tirng hang tir trén xudng va trén moi hang thi cac
phan tr sé dwoc tinh tir trai qua phai. Cac phan tir hang 1 cua bang f (f[1,/]) sé dwoc tinh
trudc dé lam co s& quy hoach dong.
Bai toan tinh cac gia tri f[1, j] lai la mét bai toan quy hoach dong: f[1, j] theo dinh nghia la s6
tuyén bay trén dwong bay TAy=>Dong qua nhiéu tuyén bay nhit tir 1 t&i j. Pwong bay nay sé
bay qua thanh phé k nao do truéc khi két thic tai thanh ph6 j. Theo nguyén 1y bai toan con

tdi wu, ta c6 cong thirc truy hoi:
f11,)1 = max{fL,k]} + 1 (3.24)

v&i cac thanh pho k thod man: k < j, f[1,k] # —1 va (k,j) 1a mot tuyén bay.

Co s& quy hoach dong dé tinh cac f[1, ] chinh la f[1,1] = 0 (s6 tuyén bay trén dudng bay

Tay->Dong qua nhiéu tuyén bay nhit tir 1 téi 1)

Quy trinh gidi c6 thé tém tit qua hai buéc chinh:

® Dit f[1,1] := 0 vartinh cac f[1,j] (1 < j < n) bang cdng thirc (3.24)

® Dung cic f[1,j] vira tinh dugc 1am co sé, tinh cac f[i,j] (2 < i <n) bang cong thirc
(3.22)

Song song véi viéc tinh méi f[i, j], chiing ta lwu trit lai tracel[i, j] 1a thanh phé k ding lién

trudc thanh pho j trén dwong bay (i ~ 1 ~ j). Viéc chi ra tua du lich ti wu sé quy vé viéc chi

ra mot dwong bay (i ~ 1 ~ n) nao d6, viéc chi ra dwong bay (i ~ 1 ~ j) c6 thé quy vé viéc

chi ra dwong bay (i » 1 ~ traceli, j]) hoac dwong bay (trace[i,j] ~ 1 ~ i) tuy theo gia tri

traceli, j] 16m hon hay nhé hon i.
Q Cai dat
BITONICTOUR_DP.PAS v Du lich Pong«>Tay

{$MODE OBJFEC}
program TheLongestBitonicTour;
const
max = 1000;
type
TPath = record
nCities: Integer;
c: array[l..max] of Integer;
end;
var
a: array[l..max, 1..max] of Boolean;
f: array[l..max, 1..max] of Integer;
trace: array[l..max, 1..max] of Integer;
p, q: TPath;
n: Integer;
LongestTour: Integer;



procedure Enter; //Nhdp ditliéu

var
i, m, u, v: Integer;

begin
FillChar(a, SizeOf(a), False); //afu,v]=True & (uv)ld mot tuyén bay
Readln(n, m);

for i ;=1 tomdo
begin
ReadLn (u, v); //Tuyén bay haichiéu: afu, v] = afv, u]
afu, v] := True;
a[v, u] := True;
end;
end;

//target := Max(target, value), trd vé True néu target dwoc cuc dai hod.
function Maximize(var target: Integer; value: Integer): Boolean;

begin

Result := value > target;

if Result then target := value;
end;

procedure Optimize; //Gidicdng thitc truy hoi

var
i, j, k: Integer;
begin
//Tinh cdc f[1, j]

£[1, 1] := 0; //CosdQHD détinh cdcf]1,j]
for j := 2 ton do
begin //Tinhf]1,j]
£[1, 3] := -1;
for k :=1toj-1do
if a[k, j] and (£f[1, k] <> -1) and
Maximize (£[1, j], £[1, k] + 1) then
trace[l, j1 := k; //Luuvétméikhif[1,j] dwoc cuc dai hod
end;
//Dung cdc f[1, j] lam co s¢ QHD, tinh cdc f]i, j]
fori :=2 ton-1do
for j :=i+1 tondo
begin
£[i, 3] := -1;
for k := i+ 1 to j - 1 do //kndmphiaDéngi
if a[k, j] and (f[i, k] <> -1) and
Maximize (£[i, j], £[i, k] + 1) then
trace[i, j] := k;
for k := 1 to i - 1 do //kndm phia Tdyi
if a[k, j] and (f[k, i] <> -1) and
Maximize (£[i, j], £[k, i] + 1) then
trace[i, j] := k;

end;
end;

procedure FindPaths; //Truyvéttim dwong
var
i, j, k, t: Integer;
begin
//Tinh LongestTour la s& tuyén bay nhiéu nhdt trén dwimg bay k—1-n véi moi k



LongestTour := -1;
for k :=1ton-1do

if a[k, n] and Maximize (LongestTour, f[k, n]) then

i:=k;

if LongestTour = -1 then Exit;
j :=n;
/ITua du lich cdn tim sé 1 gom c&c tuyén bay trén dieong bay i—I—j=n ghép thém tuyén (i, n)
//Chting ta tim 2 dwimg bay Dong—Tay: p:i-1va q;j—»1 gom cdc tuyén bay trén dwong bay i-1-j
p.nCities := 1; p.c[1l] := i; //Lwutrithanh phd cudicing clia dwong p
g.nCities := 1; q.c[1l] := j; //Luwutritthanh phd cudi cing cia dudong q

repeat
if i < j then //Truyvétdwong bay i-1-j
with q do
begin
k := trace[i, j]; //Xétthanhphd kdimg lién trwdcj
Inc(nCities); c[nCities] := k; //Duakvdodwingq
j =k;
end
else //Truyvét dwing bay j-1-i
with p do
begin
k := trace[j, 1i]; //Xétthanhphd kditng lién truéci
Inc(nCities); c[nCities] := k; //Duakvdo dwingp
i:=k;
end;
until i = j; //Khiisjthichdcchdn i=j=1
end;

procedure PrintResult; //Inkétqud
var
i: Integer;
begin
if LongestTour = -1 then
WriteLn('NO SOLUTION!')
else
begin
WriteLn('The best tour: ');
WriteLn('Number of cities: ', LongestTour + 1);
//DE in ra tua du lich t6i wu, ta sé in ghép 2 dwimg:
//In ngwoc dwing p dé cé dwing di Tay—Dong 1-i
//In xudi dwomg q dé cé dwomng di Dong—Tdy n—1
for i := p.nCities downto 1 do Write(p.c[i], ' ");
for i := 1 to q.nCities do Write(q.c[i], ' '),
end;
end;

begin
Enter;
Optimize;
FindPaths;
PrintResult;
end.

3.3.7. Thuat toan Viterbi

Thuit toan Viterbi dugc dé xudt béi Andrew Viterbi nhw mot phwong phép hiéu chinh 16i trén

dwong truyén tin hiéu s6. N6 dwoc str dung dé giai ma chap st dung trong dién thoai di dong



ky thuit sé6 (CDMA/GSM), dwong truyén vé tinh, mang khéng day, v.v... Trong nganh khoa hoc

may tinh, thuat toan Viterbi dwoc st dung rong rai trong Tin-Sinh hoc, x Iy ngon ngtr tw

nhién, nhin dang tiéng noéi. Khi noi téi thuit toan Viterbi, khong thé khong ké dén mot ting

dung quan trong ctia n6 trong mo hinh Markov 4n (Hidden Markov Models - HMMs) dé tim

day trang thai t6i wu d6i véi mot ddy tin hiéu quan sat dwoec.

Viéc trinh bay cu thé mot mo hinh thuec té c6 rng dung cua thuit toan Viterbi la rat dai dong,

ching ta sé tim hiéu thuit todn nay qua mot bai toan don gidn hon dé qua d6 hinh dung dworc

cach thirc thuit todn Viterbi tim dwong di tdi wu trén lwdi nhw thé nao.

U Bai toan

Mot day chuyén 13p rap 6 to c6 mot robot va n dung cu danh sé tir 1 t&i n. C6 tat cd m loai bd

phan trong mot chiéc 6 t6 danh s& tir 1 téi m. Mdi chiéc 6 to phai dwoc 1ap rap tir t bd phan

0 = (04,03,...,0.) theo ding thir tw nay (Vi: 1 < o; < m). Biét dwoc nhirng thong tin sau:

® Tai mdi thoi diém, robot chi c6 thé cam dwoc 1 dung cu.

® Tai thoi diém bat dau, robot khong cAm dung cu gi ca va phai chon mot trong sd n dung
cu da cho, thoi gian chon khong dang ké.

® Khi da c6 dung cy, robot s& str dung n6 dé 1ap mot bo phan trong day 0, biét thoi gian dé
Robot 13p bd phan loai v bang dung cu thtilab;, (1 <i<n;1<v <m)

® Sau khi lip xong mdi bd phan, robot dwoc phép d6i dung cu khac dé lap bo phan tiép
theo, biét thoi gian doi tir dung cu i sang dung cu j 1a a;;. (a;; c6 thé khac aj; va a;; ludn
bang 0).

Hay tim ra quy trinh 13p rap 6 td mot cidch nhanh nhat.

Input

® Dong 1: Chira ba s6 nguyén dwong n,m,t (n,m,t < 500)

® Dong 2: Chita t sO nguyén dwong 04, 0,,...,0; (Vi: 1 < 0; <m)

® 1 dong tiép theo, dong thir i chira n s6 nguyén, s6 thi j 1a a;; (0 < a;; < 500)

® 1 dong tiép theo, dong thit j chira m s6 nguyén, so thi v 1a b;, (0 < b;, < 500)

Output

Quy trinh 13p rap 6 t6 nhanh nhit

Sample Input | Sample Output

346 Component Tool
123234 | -—---mmmmmmmmmm
012 1 3
304 2 2
560 3 1
8815 2 2
8188 3 1
1885 4 1

Time for assembling: 23




U Thuat toan

Goi f [k, i] 12 thoi gian it nhat d€ 13p rap 1an lwgt cac bd phan oy, 041, . .., 0, ma dung cu ding

dé13p bo phan dAu tién trong diy (o) 1a dung cu i. Néu dung cu dung dé 13p bd phan tiép theo

(0k+1) 12 dung cu j thi thoi gian it nhit d€ 1ap 1an lwot cac bd phan oy, 0x4q, ..., 0:: f[k, (] s&

duwgc tinh bang:

® Thoi gian 1ap bd phan oy: b[i, 04 ]

® (Congvdi thoi gian doi tir dung cu i sang dung cu j: ali, j]

® (COng véi thoi gian it nhat dé€ 1ap rap lan lwot cac bd phan 0y, 1, 0k42, ..., 0, trong d6 bd
phan o044, dwoc lap bang dung cu j: f[k + 1,j]

Vi chiing ta mudn f [k, i] la nho nhat cé thé, ching ta sé thir moi kha nang chon dung cu j dé

13p 0441 va chon phwong &n t6t nhat dé€ cuc tiéu hoa f[k, i]. Tir d6 suy ra cong thirc truy hoi:

jilsjsn

Bang phwong an f 1a bang hai chiéu t hang, n c6t. Trong d6 cac phan ti & hang k sé dwoc tinh
qua cac phin t& & hang k + 1, nhw viy ta sé phai tinh nhitng phan t & hang t cia bang lam
co s& quy hoach dong. Theo dinh nghia, f[t,i] 1a thoi gian (it nhit) dé 13p duy nhit mot bo
phan o, bang dung cu i nén suy ra f[t, i] = b[i, o;].

Song song v&i viéc tinh cac phan ti bang f bang cong thirc (3.25), mdi khi tinh dwoc f[k, i]

dat gia tri nhé nhat tai j = j* nao d6, chung ta dat:
tracelk,i] = j* = argj,grgijrgn{b[i, o] +ali,jl+ flk +1,j1} (3.26)

dé chi ra rang phwong an t8i wu twong trng véi f[k, j] sé phai chon dung cu tiép theo 1a dung
cu trace[k,i] d€ 14p bd phan oy ;.

Sau khi tinh dwgrc tit ca cac phan tir ctia bang f, ta quan tdm t&i cac phan ti trén hang 1. Theo
dinh nghia f[1, {] 12 thoi gian it nhat dé 13p hoan chinh mot chiéc 6 t6 v&i dung cu dau tién
dwoc st dung 13 i. Cling twong tw trén, ching ta mudén lap hoan chinh mot chiéc 6 to trong
thoi gian ngdn nhit nén céng viéc con lai 1a thir moi kha ning chon dung cu du tién va chon
ra dung cu s; 6 f[1,s;] nhé nhat, f[1, s;] chinh 13 thoi gian ngdn nhit d€ 13p hoan chinh mot
chiéc 6 to. Tl co ché lwu vét, ta c6 dung cu tiép theo cin st dung d€1ap o0, 13 s, = trace[1,s,],
dung cu cin st dung d€ 1ap o5 1a s3 = trace(2, s,],... Nhitng cong doan chinh trong viéc thiét
ké mot thuat todn quy hoach dong da hoan tit, bao gom: Dung cong thikc truy héi, tim co s&

quy hoach déng, tim co ché lwu vét va truy vét.

Q Cai dat

Nhin vao cong thitc truy hoi (3.25) dé tinh cac f[k, i], c6 thé nhan th4y rang viéc tinh phan ti
trén hang k chi can dwa vao cac phan tir trén hang k + 1. Vay thi tai mdi bwéc tinh mot hang
cta bang phwong an, ta chi can lwu trit hai hang lién tiép dwéi dang hai mang mot chiéu x va

y: mang x1_, twong &ng véi hang vira dwoc tinh (hang k + 1) va mang y; , twong &ng véi



hang lién trwdc sip duogc tinh (hang k), cdng thirc truy hoi dung mang x tinh mang y sé& duoc
viét lai la:

ylil = min {b[i, 0] + ali,j] + x[j1} (3.27)

jilsjsn

Sau khi tinh xong mo6t hang, hai mang x va y dwoc déi vai tro cho nhau va qua trinh tinh dwoc

13p lai. Cudi cing chiing ta van lwu trit dwoc hang 1 ctia bang phwong 4n va tir d6 truy vét tim

ra phwong an téi wu.

Meo nho nay khong nhirng tiét kiém bd nhé cho bang phwong 4n ma con lam tang toc dang

ké qua trinh tinh todn so v&i phwong phap tinh truc tiép trén mang hai chiéu f. Téc dé duoc

cai thién nho hai nguyén nhan chinh:

® Viéc truy cip phan tir cia mang mot chiéu nhanh hon viéc truy cip phan tir cia mang hai
chiéu vi phép tinh dia chi dwgc thwe hién don gian hon, hon nira néu ban bit ché do kiém
tra tran pham vi (range checking) khi dich chwong trinh, truy cip phin t&r mang mot
chiéu chi can kiém tra pham vi mot chi s6 trong khi truy cip phan t&r mang hai chiéu phai
ki€ém tra pham vi ca hai chi sé.

® Né&u dung hai madng mot chiéu tinh xoay 1an nhau, viing bo nhé ctia ca hai mang bi doc/ghi
nhiéu lan va b vi x Iy sé c6 co ché nap ca hai mang nay vao vung nhé cache ngay trong
bo vi xtr ly, viéc doc/ghi dir liéu sé khong qua RAM nira nén dat t6c d6 nhanh hon nhiéu.
(Sw chdm chap ctia RAM so véi cache ciling cé thé so sanh nhw t6c do cta dia clirng va
RAM).

Ban c6 thé cai dit thir phwong phép tinh tryc ti€p mang hai chiéu va phwong phap tinh xoay

vong hai mang mét chiéu dé so sanh tdc d6 trén cac bo dir liéu 16n. DE thay ré hon sw khac

biét vé tdc do, c6 thé ddi yéu ciu cia bai toan chi 1 dwa ra thoi gian ngdn nhit dé 1ap rap ma

khong cin dwa ra phwong an thwec thi, khi @6 mang hai chiéu trace ciing khéng can dung dén

nuwa.

VITERBI_DP.PAS v L&p rap 6 to

{ SMODE OBJFPC}
program ViterbiAlgorithm;

const
maxN = 500;
maxM = 500;
maxT = 500;

maxTime = 500;
Infinity = maxT * maxTime + 1;

type
TLine = array[l..maxN] of Integer;
PLine = “TLine;

var
a: array[l..maxN, 1..maxN] of Integer;
b: array[l..maxN, 1..maxM] of Integer;
o: array[l..maxT] of Integer;
X, y: PLine;



trace: array[l..maxT, 1..maxN] of Integer;
n, m, t: Integer;

MinTime: Integer;

Tool: Integer;

procedure Enter; //Nhdp ditliéu
var
i, j, k: Integer;
begin
Readln(n, m, t);
for i := 1 to t do Read(o[i]);
ReadLn;
for i ;=1 ton do
begin
for j :=1 to n do Read(a[i, jl);
ReadLn;
end;
for i :=1 ton do
begin
for k := 1 to m do Read(b[i, k]);
ReadLn;
end;
end;

//target := Min(target, value); Trd vé True néu target dwoc cuc tiéu hod
function Minimize (var target: Integer; value: Integer): Boolean;
begin
Result := value < target;
if Result then target := value;
end;

procedure Optimize; //Quyhoachddng

var
i, j, k: Integer;
temp: PLine;
begin
New(x); New(y);
try

for i := 1 to n do //Cosdquy hoachding: x” := hang t ctia bdng phwong dn
x*[i] := b[i, o[t]];
for k := t - 1 downto 1 do
begin //Ding x” tinhy” & dung fTk + 1, ] tinh f[k, .]
for i :=1 to n do
begin
y*[i] := Infinity;
for j :=1 ton do
if Minimize(y*[i], a[i, j] + x*[j]) then
tracel[k, i] := j; //Cuctiéu hody"[i] két hop lwu vét
Inc(y*[i], b[i, o[kl]);

end;
temp := x; x :=y; y := temp; //Ddo haicon trd e ddovaitroxvay
end;
//x" gir ddy la hang 1 ctia bdng phwong dn, tim phdn tik nhd nhdt cia x” va dung cu ddu tién dwoc ding
MinTime := Infinity;
for i :=1 ton do

if x*[i] < MinTime then
begin



MinTime := x*[i];

Tool := i;
end;
finally
Dispose (x) ; Dispose(y);
end;
end;

procedure PrintResult; //Inkétqud
var
k: Integer;
begin
WriteLn('Component Tool');
Writeln('--------------- ')
for k :=1 to t do
begin
WriteLn(o[k]:5, Tool:9); //Inradung cu Tool ding déldp ofk]
Tool := tracelk, Tool]; //Chuyénsang dung cu kétiép
end;
WritelLn('Time for assembling: ', MinTime);
end;

begin
Enter;
Optimize;
PrintResult;
end.

Nguoi ta thwong phat biéu thuat toan Viterbi trén mo hinh do thi: Xét do thi c6 hwéng gom

t X n dinh, tap cac dinh nay dwoc chia lam t 16p, mdi 16p c6 ding n dinh. Cac cung ctia do thi

chi néi tir mot dinh dé€n mot dinh khac thudc 16p ké tiép. Mdi dinh va mbi cung cua do thi déu

c6 gan mot trong s6 (chi phi). Trong s (chi phi) ctia mot dwdng di trén do thi bang tong trong

s6 cac dinh va cac cung di qua. Thuat toan Viterbi chinh 12 dé tim dwdong di ngan nhat (c6 chi

phi it nhat) trén lwdi tir 16p 1 téi 16p t. Trong vi du cu thé nay, trong sé cung ndi dinh i cia

16p k voi dinh j cta 16p k + 1 chinh 14 a[i, j] va trong s6 dinh i cda l&p k chinh 1a b[i, o]

Thuit toan Viterbi can thoi gian ©(n?t) dé tinh bang phwong 4n va cn thoi gian 0(t) dé truy

vét tim ra nghiém. Hinh 3-11 mé ta cach thirc tinh bdng phwong an va truy vét trén vi du cu

thé cnia dé bai.
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Gidi cong thirc truy hoi Truy vét
Hinh 3-11. Thu4t todn Viterbi tinh todn va truy vét

Mot bai toan quy hoach ddng c6 thé cé nhiéu cach ti€p cin khac nhau, chon cach nao la tuy
theo yéu cau bai toan sao cho thuén tién. Piéu quan trong nhit dé gidi mot bai todn quy hoach
ddng chinh 1a phai nhin ra dwoc ban chat dé quy ctia bai toan va tim ra cong thirc truy hoi dé
giai. Viéc nay kKhong c6 phwong phap chung nao cad ma hoan toan dwa vao sw khéo léo va kinh
nghiém ctia ban - nhitng kj nang chi c6 dwoc nho luyén tap.

Bai tip 3-1.
Cho ba s6 nguyén dwong n, k va p (n, k < 1000), hdy cho biét c6 bao nhiéu sé tw nhién cé
khdng qua n chit s6 ma téng cac chir s§ dung bang k, ddng thdi cho biét néu mang tat ca cac
s6 do sip x€p theo thit tw ting dan thi s6 dirng thit p 12 s6 ndo.

Goi y: Tim cdng thirc truy hoi tinh f[i, j] 12 s6 cac s6 c6 < i chit s6 ma tong cac chir s6 ding
bang j.

Bai tap 3-2.

Cho day s6 nguyén dwong A = (aq,ay,...,a,) (n <1000;Vi:q; < 1000) va mdt s6 m. Hay
chon ra mot s phan tir trong day A ma cac phan tir dwoc chon c6 tong dung bang m.

Goi y: Tim cong thirc truy hoi tinh f[¢] 1a chi s6 nhd nhit thod méan: ton tai cach chon trong

day ay,ay,..., asy) ra mot s6 phén tir c6 téng ding bang t.



Bai tap 3-3.
Cho day s6 tw nhién A = (a4, a,,...,a,). Ban dau cic phin tir ctia A dwgc dat lién tiép theo
ddng thi ty cach nhau béi dau “?”:

a?a,?...7a,
Yéu cau: Cho trwdc s6 nguyén m, hdy tim cach thay cac diu “?” bang d4u cong hay diu trir dé
dwoc mot biéu thirc s6 hoc cho gi trila m. Biétrang 1 < n < 1000va 0 < a; < 1000, Vi.
Vi du: Ban dau diy A 1a 172?374, véim = 0 sé c6 phwongadn1 — 2 — 3 + 4.
Bai tap 3-4. Cho mot lwdi 6 vudng kich thwéc m X n (m,n < 1000), cac hang cda ludi dwoc
danh sé tir 1 t&i m va cac cot cla lwdi duwge danh s6 tir 1 téi n, trén moi 6 clia lwdi ghi mot s6
nguyén cé gia tri tuyét doi khong qua 1000. Ngwdi ta mudn tim mét cach di tir cot 1 t&i cot n
cua ludi theo quy tic: Tlr mot 6 (i, j) chi dwoc phép di sang mot trong cac 6 & cot bén phai co

dinh chung véi 6 (i, j). Hay chi ra cach di ma téng cac s6 ghi trén cac 6 di qua la 16n nhat.

Bai tap 3-5.

Lap trinh giai bai toan cai tui véi kich thwdc dir liéu: n < 10000, m < 10000 va giéi han bd
nhé 10MB.

Goi y: Van st dung céng thikc truy hoi nhw vi du trong bai, nhung thay déi co' ché lwu triv. Gidi
céng thirc truy hoi ldn 1, khdong lwu triv toan bé bdng phwong dn ma civ cdch 100 hang maéi lwu
lai 1 hang. Sau dé véi hai hang dworc lwu trie lién tiép thi ldy hang trén lam co sé, gidi cong thirc
truy hoi ldn 2 tinh qua 100 hang dén hang dwdi, nhwng ldn nay lwu trie toan bd nhitng hang
tinh dwoc dé truy vét.

Bai tap 3-6. (Ddy con chung dai nhét Longest Common Subsequence-LCS)

Xau ky tu S goi 1a xau con ctia xau Ky tw T néu c6 thé xod bét mot s6 Ky tw trong xau T dé€ dwoc
xau S. Cho hai xau ky tu X = x1x,...xp, vaY = y;y,...y, (m,n < 1000). Tim xau Z c6 do dai
lé6n nhitla xau con ciia cd X vaY. Vidu: X = ‘abcdefghi123’,Y = ‘abcldef2ghi3’ thi xau Z can
tim 1a Z = "abcdefghi3’.

Goiy: Tim céng thirc truy hoi tinh f[i, j] la dd dai x4u con chung dai nhit ctia hai xau x; x,. .. x;
vayiys... Y

Bai tap 3-7.

Mot s6 nguyén dwong x goi la con ciia s6 nguyén dwong y néu ta c6 thé xod bt mot s6 chir s6

clia y dé dwoc x. Cho hai s6 nguyén dwong a va b (a, b < 101°99) hay tim s6 ¢ 1a con ctia ca a



va b sao cho gia tri cda ¢ 1a 16m nhit cé thé. Vidu véia = 123456123, b = 456123456 thic =
456123

Bai tap 3-8.

Mot xau ky tw X goi la chiva xau Ky tw Y néu nhw c6 thé xoa bét mot s6 ky tw trong xau X dé
dwoc xau Y. Mot xau ky tw goi 1a d6i xirng (palindrome) néu n6 khong thay doi khi ta viét cac
ky tw trong xau theo thir tw ngwoc lai. Cho mét xau ky tw S c¢6 do dai khong qua 1000, hdy tim
xau d6i xirng T chira xau S va c6 dod dai ngan nhat c6 thé.

Bai tap 3-9.

C6 n loai tién gidy danh so tir 1 téi n, to gidly bac loai i c6 ménh gia la la mdt s6 nguyén dwong
v; (n <100, Vi: v; < 10000). H6i mu6én mua mot mén hang gid [a m (m < 10000) thi c6 bao
nhiéu cach tra s6 tién d6 bang nhirng loai gidy bac da cho, néu ton tai cach tra, cho biét cach
trd phai dung it to tién nhit.

Bai tip 3-10.

Cho n quén co dominos xé€p dwng dirng theo hang ngang va dwoc danh sé tir 1 dén n. Quan co

dominos thit i c6 s6 ghi & 6 trén la a; va s6 ghi & 6 dwéi la b;. Xem hinh vé:

1 1 4 4
6 3 1 1
1 2 3 4 5 6

Biétrang1 <n < 1000va0 < a;, b; < 6,Vi.Cho phép lat nguoc cac quan dominos. Khi quan
dominos thir i bi 1at, n6 sé c6 s6 ghi & 6 trén 1a b; va s6 ghi & 6 dwdi la a;. Van dé datra la hay
tim cach lat cadc quan dominos sao cho chénh léch giita téng cac s6 ghi & hang trén va tong cac
s6 ghi & hang dwdi 1a t6i thiéu. Néu c6 nhiéu phwong an 14t t6t nhw nhau, thi chi ra phwong an
phai 14t it quin nhat.

Nhw vi du trén thi sé 1at hai quan dominos thi 3 va thit 6. Khi dé:

Tongcacs6 dhangtrén: 1+1+6+4+4+1=17

Tong cacs6 ¢ hangdwédi: 6 +3+0+1+1+6 =17

Bai tap 3-11.

Xétbang H = {hl-j} kich thwéc 4 X 4, cac hang va cac cot dwoc danh chis6 A, B, C, D. Trén 16
6 ctia bang, mdi 6 ghi 1 ky tw A hoic B hoic C hodc D.
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Cho xau S = s;5,...5, chi gdm cac chit cai {A, B,C,D}. (1 < n < 10°). Xét phép co R(i): thay
ky tw s; va s;;4 b&i ky tw h[s;, s;41]. Vi du: S = "ABCD’, 4p dung lién tiép 3 Ian R(1) sé dworc:
ABCD - ACD—->BD—> B

Yéu cau: Cho tredc mot ky tw x € {A, B, C, D}, hdy chi ra thi tw thuwc hién n — 1 phép co dé ky
tw con lai cudi ciing trong S 1a x.

Bai tap 3-12.

Ban c6 n viéc can lam danh sé tir 1 t&i n, viéc thir i can lam lién tuc trong t; don vi thoi gian
va néu ban hoan thanh viéc tht i khong mudn hon thoi diém d;, ban sé thu dworc so tién la p;.
Ban bat dau tir thoi diém 0 va khong dwoc phép 1am mot luc hai viéc ma phai thuwc hién cac
céng viéc mot cach tuln tw. Hay chon ra mét s6 viéc va 1én ké hoach hoan thanh cac viéc da
chon sao cho téng s6 tién thu dwoc 1a nhiéu nhat. Biét rang n < 10° va cac gia tri t;, d;, p; 1a
s6 nguyén dwong khong qué 10°

Bai tap 3-13.

Cho day s6 nguyén A = (a,,ay,...,a,) (1 < n < 10000; |a;| < 10%) va mot s6 nguyén dwong
k < 1000, hay chon ra mét day con gdbm nhiéu phan ti nhit cua A c6 tong chia hét cho k.

Bai tap 3-14.

Cong ty trach nhiém hitu han "Vui v&" c6 n can bd danh s6 tir 1 téi n (n < 10°). Can bd thir i
c6 danh gia do vui tinh 12 h; va c6 mot tha trwdng truc tiép b;, gia thiét rang néu i 1a giam déc
coéng ty thi b; = 0. Ban can giup cong ty m&i moét nhém can bd dén du da tiéc “Nhirng nguoi
thich dua” sao cho téng danh gia d6 vui tinh ctia nhirng ngwoi du tiéc 1a 1ém nhat, sao cho
trong s0 nhitng ngwdi dwoc moi khong dong thoi c6 mat nhan vién cung thi trudng truc tiép

clia nguoi do.



Bai 4. Tham lam

Tham lam (greedy) 1a mot phwong phap giai cac bai toan téi wu. Cac thuét toan tham lam dwa

vao suw danh gia téi wu cuc b dia phwong (local optimum) dé dwa ra quyét dinh tikc thi tai moi

bwéc lya chon, véi hy vong cudi cung sé tim ra dwoc phwong an téi wu téng thé (global

optimum).

Thut toan tham lam c6 truedng hop ludn tim ra ding phwong an téi wu, ¢ treomg hop khong.

Nhuwng trong trrong hop thuit toan tham lam khong tim ra ding phwong an t6i wu, ching ta

thwong thu dwoc mét phwong dn kha di chip nhan dwoc.

V&i mot bai todn c6 nhiéu thuit toan dé giai quyét, thong thwong thuit toan tham lam c6 téc

do tot hon hin so v&i cac thuat toan tdi wu téng thé.

Khac véi cac ky thuat thiét ké thuat toan nhw chia dé tri, liét ké, quy hoach déng ma ching ta

da biét, rat khé dé dwa ra mot quy trinh chung dé ti€p cin bai ton, tim thuét todn cling nhw

cai dit thuit todn tham lam. Néu ndi vé cach nghi, t6i chi c6 thé dwa ra hai kinh nghiém:

® Thi tim mot thuit toan t6i wu téng thé (vi du nhw quy hoach dong), sau d6 danh gia lai
thuat toan, nhin lai mdi bwéc t6i wu va dit cau hdi “Liéu tai bwdc ndy c6 can phai lam dén
thé khong?”.

® Hodc thir nghi xem néu nhw khéng c6 may tinh, khong c6 khai niém gi vé cac chién lwoc

tdi wu téng thé thi & gboc dd con ngwdi, ching ta sé dwa ra giai phap nhw thé nao?
4.1. Giai thuat tham lam

Gia st c6 n loai tién gidy, loai tién thi i c6 ménh gia la v; (d6ng). Hay chi ra cach tra dung it

tor tién nhit € mua mot mat hang c6 gia 1a m dong.

Bai toan nay la mot bai toan c6 thé giai theo nhiéu cach...

Néu c6 cac loai tién nhw hé thong tién té cua Viét Nam: 1 déng, 2 dong, 5 dong, 10 dong, 20

dong, 50 dong, 100 dong, 200 déng, 500 déng...thi dé trd moén hang gia 9 dong:

® Mot ngudi may dwoc cai dat chién lwgc tim kiém vét can sé duyét t6 hop cla tit ca cac
tor tién va tim t6 hop gbm it to tién nhit c6 tong ménh gid 1a 9 dong. Van dé sé xay ra néu
moén hang khong phai gia 9 dong ma 9 ti dong thi ngwdi may sé nghi dén khi ... hét dién
thi thoi.

® Mot ngwoi may khac dwoc cai dat chién lwgce chia dé tri (dé quy hodc quy hoach dong) sé
nghi theo cach khac, dé trad 9 dong di nhién khong cin dung dén nhirng t& tién ménh gia
16mn hon 9. Bai toan tré thanh d6i 9 déng ra nhirng to tién 1 dong, 2 dong va 5 dong. Néu
c6 mot to k dong trong phwong an téi wu thi van dé con lai 1a ddi 9 — k dong, quy vé ba
bai todn con (v6i k = 1,2,5), gidi ching va chon phwong an tot nhit trong ba loi giai. Khi
ma s6 tién can quy doi rat 1én, gi¢i han vé thoi gian va bd nhé sé lam cho giai phap cia

ngwdi may nay bat kha thi.



® Bay gio hay thir nghi theo mot cach rat con ngwoi, khi cac ba ndi tre di mua sdm, ho ching
c6 may tinh, khong c6 khai niém gi vé thuét toan chia dé tri, quy hoach dong, vét can,...
(ma c6 biét ho cling chang dung). C6 diéu dé tra 9 ddng, chiac chdn ho sé trd bang 1 to 5
ddng va 2 tor 2 ddng. Cach 1am ctia ho rat don gidn, mdi khi rit mot tor tién ra tra, ho quyét
dinh tirc thoi bang cach 14y ngay to tién ménh gia cao nhit khdng vwot qua gia tri cAn tra,
ma khong cin dé y dén “hiu qua” cua sw quyét dinh do.

Xét vé giai phap clia con nguwdi trong bai toan doi tién, trén thuc té toi chwa biét hé thong tién

té nao khién cho cach lam nay sai. Tuy nhién trén ly thuyét, c6 thé chi ra nhirng hé thong tién

té ma cach lam nay cho ra gidi phap khong t6i wu.

Gia st ching ta c6 3 loai tién: 1 dong, 5 dong va 8 déong. Néu can déi 10 dong thi phwong an

téi wu phai la dung 2 to' 5 déng, nhwng cach lam nay sé cho phwong an 1 to 8 dongva 2 tor 1

dong. Hau qua cta phép chon to tién 8 déng da lam cho giai phap cudi cung khéng téi wu,

nhwng du sao cling c6 thé tam chidp nhin dwoc trén thuc té.

Hiu qua ctia phép chon tham lam tic thoi sé té hai hon néu chung ta chi cé 2 loai tién: 5 dong

va 8 dong. Khi d6 thuit toan nay sé thit bai néu cin do6i 10 dong vi khi rut to 8 dong ra roi,

khong c6 cach nao déi 2 dong nira.
4.2. Thiét ké mot thuit toan tham lam

Thuec ra chi c6 mot kinh nghiém duy nhat khi ti€p cin bai todn va tim thuit todn tham lam 1a
phai khdo sdt ky bai todn dé tim ra cac tinh chit dic biét ma & d6 ta c6 thé dwa ra quyét dinh
tirc thoi tai tirng bwdre dwa vao sy danh gia toi wu cuc bo dia phwong.

Nhirng vi du dwdi diy néu 1én mot vai phwong phép ti€p cin bai toan va thiét ké giai thuit

tham lam phé bién.
4.3. Mot so vi du vé giai thuit tham lam

Véi cac bai toAn mang ban chit dé quy ching ta c6 thé ap dung quy trinh sau dé tim thuat toan

tham lam (néu c6):

® Phin ri bai toan I&n ra thanh cac bai toan con dong dang ma nghiém ctia cac bai toan con
c6 thé dung dé chi ra nghiém cta bai toan 1é6n. Bwdc nay giong nhw thuit todn chia dé tri
va ching ta c6 thé thiét ké so b6 mot mo hinh chia dé tri.

® Chirarang khdng cdn gidi toan b cdc bai todn con ma chi can gidi mét bai toan con thoi
12 c6 thé chi ra nghiém ctia bai toan 16n. Diéu nay cwc ky quan trong, né chi rarang sw lwa
chon tham lam tirc thoi (t6i wu cuc bd) tai mbi buérc sé dan dén phwong 4n tdi wu tdng
thé.

® Phan tich diy quyét dinh tham lam dé€ stra mo hinh chia d€ tri thanh mét gii thuat lap.



4.3.1. Xép lich thwc hién cac nhiém vu

Bai toan dau tién ching ta khao sat la bai toan xép lich thwc hién cac nhiém vu (activity
selection), phat biéu nhw sau:

Chuing ta c6 rat nhiéu nhiém vu trong ngay. Gia stt ¢4 n nhiém vu va nhiém vu tht i phai bat
dAu ngay sau thoi diém s;, thwc hién lién tuc va két thuc tai thoi diém f;. C6 thé coi m6i nhiém
vu twong rng véi mot khodng thoi gian thwe hién (s;, f;]. Hay chon ra nhiéu nhat cac nhiém
vu dé lam, sao cho khéng cé thoi diém nao chung ta phai lam hai nhiém vu cung lic, hay néi
cach khac, khoang thoi gian thwe hién hai nhiém vu bat ky 1a khéng giao nhau.

Input

® Dong 1 chita s6 nguyén duongn < 10°

® 1 .dong tiép theo, dong thir i chita hai s6 nguyéns;, f; (0 < s; < f; < 109)

Output

Phwong 4an chon ra nhiéu nhiém vu nhit dé thuc hién
Sample Input | Sample Output
5 Task 3: (1, 3] 0123456789
709 Task 5: (3, 7] [ N N
68 Task 1: (7, 9] €3r>€e—5—€1>
13 Number of selected tasks: 3 <«2->
06 —s—
37

Q Chia dé tri

Vi cic nhiém vu dwoc chon ra phai thwe hién tuan tw, ching ta sé quan tim dén nhiém vu dau
tién. Nhiém vu d4u tién c6 thé 1a bat ky nhiém vu nao trong s6 n nhiém vu da cho.

Nhan xét rang da chon nhiém vu thir i lam nhiém vu d4u tién thi tit cA nhitng nhiém vu khac
muon lam sé phai lam sau thoi diém f;. Bai todn tré thanh chon nhiéu nhiém vu nhit trong sé
nhitng nhiém vu dugc bat diu sau thoi diém f; (bai todn con).

Vay thi chdng ta c6 thuit toan chia dé tri: Vé&i tip cdc nhiém vu M = {1,2, ..., n}, thir tit cd n
kha nang chon nhiém vu dAu tién. V&i moi phép thir 1y nhiém vu i [am nhiém vu dAu tién, xac
dinh M; 1a tap cac nhiém vu bat d4u sau thoi diém f; va gidi bai toan con v&i tAp cac nhiém vu
M; & M.Saun phép thit chon nhiém vu dau tién, ta ddnh gid n két qud tim dwoc va ldy phwong

an thwc hién dwoc nhiéu nhiém vu nhat.

U Phép chon tham lam
Thuét toan chia d€ tri phan ra bai toan I&n thanh cac bai todn con dwa trén phép chon nhiém

vu dau tién d€ 1am, ta c6 mdt quan sat lam co sé cho phép chon tham lam:



Pinh Iy 4-1

Trong s6 cac phwong an t6i wu, chic chdn c6 mot phwong 4n ma nhiém vu dau tién dwoc chon
1a nhiém vu két thiic sém nhét.

Chirng minh

Goi i; 1a nhiém vu két thic sém nhit. V&i mot phwong an toi wu batky, gid st thi tw cac nhiém
vu can thuc hién trong phwong an t6i wu dé 1a (jy, js, ..., ji)- Do i; 1a nhiém vu két thic sém
nh4t nén chic chan n6 khong thé két thiic mudn hon j,, vi vay viéc thay j; béi iy trong phuong
an nay sé khong giy ra sw xung dot nao vé thoi gian thwe hién cac nhiém vu. Sw thay thé nay
cling khéng lam gidm bét s6 lwong nhiém vu thwe hién dwoc trong phwong an téi wu, nén
(,jz, .., Jx) cling s& 12 mdt phwong 4n t3i wu.

Yéu ciu cta bai todn la chi cin dwa ra mot phwong an tdi wu, vi thé ta sé chi ra phwong an toi
wu c6 nhiém vu diu tién 1a nhiém vu két thiic sém nhat trong s6 n nhiém vu. Piéu nay cé nghia
la ching ta khong can thir n kha ndang chon nhiém vu dau tién, di giai cac bai toan con, réi méi
danh gia ching dé dwa ra quyét dinh cudi cung. Ching ta sé dwa ngay ra quyét dinh tirc thoi:
chon ngay nhiém vu két thic sém nhat i; lam nhiém vu dau tién.

Sau khi chon nhiém vu iy, bai toan 1é6n quy vé bai toan con: Chon nhiéu nhiém vu nhat trong
s6 cac nhiém vu dwoc bat ddu sau khi i; két thic. Phép chon tham lam lai cho ta mot quyét
dinh tirc thoi: nhiém vu tiép theo trong phwong an t8i wu s& 1a nhiém vu bat dau sau thoi diém
fli1] va cé thoi diém két thic sém nhat, goi d6 1a nhiém vu i,. Va ¢ nhw vay ching ta chon

tiép cac nhiém vu is, iy, ...

O Cai dat giai thuat tham lam

Tw twdng clia gidi thuat tham lam c6 thé tém tit lai:

Chon i; 1a nhiém vu két thic sém nhit

Chon i, 1a nhiém vu két thic sém nhat bat diu sau khi i; két thic: s[i,] = f[i;]

Chon i 1a nhiém vu két thic sém nhit bat dau sau khi i, két thic: s[iz] = f[i,]

C& nhw vay cho té&i khi khong con nhiém vu nao chon dwoc nita.

Dbén diy ta c6 thé thiét ké mot gidi thuat 13p:

®  S3p x&p cac nhiém vu theo thir tw khong gidm ctia thoi diém két thuc f1. ]

® Khai tao thoi diém FinishTime := 0

® Duyét cac nhiém vu theo danh sich da sap xép (nhiém vu két thic sém sé dwoc xét trude
nhiém vu két thic mudn), néu xét dén nhiém vu i c6 s[i] = FinishTime thi chon ngay
nhiém vu i vao phwong an t6i wu va cip nhat FinishTime thanh thoi diém két thic nhiém

vu i: FinishTime = f[i]



ACTIVITYSELECTION.PAS v Xép lich thwc hién cac nhiém vu

{$MODE OBJFPC}

program ActivitySelection;

const
max = 100000;

var
s, f: array[l..max] of Integer;
id: array[l..max] of Integer;
n: Integer;

procedure Enter; //Nhdp ditliéu
var
i: Integer;
begin
ReadLn(n) ;
for i :=1 to n do
begin
Readln(s[i], f[i]);
id[i] := i;
end;
end;

//QuickSort: Sdp xép béng chi sé cdc cong viéc id[L]...id[H] ting theo thoi diém két thiic
procedure QuickSort(L, H: Integer); //fid[L]]sflid[L +1]]s..s flid[H]]
var
i, j: Integer;
pivot: Integer;
begin
if L >= H then Exit;
i :=L + Random(H - L + 1);
pivot := id[i]; id[i] := id[L];
i:=1L; j:=H;
repeat
while (f[id[j]] > f[pivot]) and (i < j) do Dec(j);
if i < j then
begin
id[i] := id[j]; Inc(i);
end
else Break;
while (f[id[i]] > f[pivot]) and (i < j) do Inc(i);
if i < j then
begin
id[j] := id[i]; Dec(j);
end
else Break;
until i = j;
id[i] := pivot;
QuickSort(L, i - 1); QuickSort(i + 1, H);
end;

procedure GreedySelection; //Thudttodnthamlam
var

i, nTasks: Integer;

FinishTime: Integer;
begin

FinishTime := 0;



nTasks := 0;
for i := 1 to n do //Xétlin lwot cdc nhiém vy id[i] theo thoi diém két thiic ting dén
if s[id[i]] >= FinishTime then //Néugdp nhiém vu bdt ddu sau FinishTime
begin
WriteLn('Task ', id[i], ': (', s[id[i]], ', ', £[id[i]], ']'):; //Chon tirc thi
Inc(nTasks);
FinishTime := f[id[i]]; //Cdp nhdtlaithoi diém két thic mdi FinishTime
end;
WriteLn('Number of selected tasks: ', nTasks);
end;

begin
Enter;
QuickSort(1l, n);
GreedySelection;
end.

Dé& th4y rang thuat toan chon tham lam & thu tuc GreedySelection dwoc thuc hién trong thoi
gian O(n). Thoi gian mat chi yéu ndm & thuat toan sap x&p cac cong viéc theo thoi diém két
thic. Nhw & vi du nay ching ta dung QuickSort: trung binh @(nlgn).

4.3.2. Phu

Trén truc s6 cho n doan: [a4, b1], [ay, by ), ..., [ay, by ]. Hiy chon mdt s6 it nhit trong s6 n doan
da cho dé phu hét doan [p, q].

Input

® Dong 1 chitrabasénguyénn,p,q(1<n<10%0<p<q <109

® 1 .dong tiép theo, dong thit i chtra hai s6 nguyén a;, b; (0 < a; < b; < 109)

Output

Cach chon ra it nhit cac doan dé phu doan [p, q]

Sample Input | Sample Output
719 Selected Intervals: | ¢ 1 2 3 4 5 6 7 8 9 10
610 Interval 3: [0, 3] || s wr— womw— ww—wem
48 Interval 6: [2, 7] L
03 Interval 1: [6, 10]
13 D
24 «—3—
27 «—4—>
59 «—
——

Q Chia dé tri
Truwdc hét ta sé tim thuét toan trong trueong hop dit liéu vao ddm béo ton tai phwong dn ph
doan [p, q]. Sau d6, viéc kiém tra s ton tai ctia 1o giai sé dwgc tich hop vao khi cai dit thuit

toan.



Phwong 4n t8i wu dé phu hét doan [p, q] chic chdn phai chon mot doan [a;, b;] nao d6 dé phu
diém p. Gia st doan [a;, b;] chira diém p dwoc chon vao phwong an tdi wu, khi d6 néu doan
nay phu t&i ca diém g, ta c6 1o gidi, con néu khong, bai toan tré thanh pha doan [b;, g] bang
it doan nhit trong sé cac doan con lai.

Ta phan ra mot bai toan thanh nhiéu bai toan con twong (rng véi moi cach chon doan [a;, b;]

phu diém p, giai cac bai todn con nay va chon phwong an t6t nhat trong tat ca cic phwong an.

U Phép chon tham lam

Dé thuin tién trong viéc trinh bay thuit toan, véi mot doan [a;, b;], ta goi a; 1a cin dwéi (lower
bound) va b; 1a can trén (upper bound) ctia doan do.

Thuat toan chia dé tri dwa vao sw lwa chon doan phu diém p, ta c6 mot nhan xét 1am co sé cho
phép chon tham lam:

Dinh ly 4-2

Trong phwong an toi wu sé chi c6 mot doan phd diém p. Hon nita, néu c6 nhiéu phwong an
cung t6i wu, doan c6 cin trén 16n nhat pha diém p chdc chin dwoc chon vao mot phwong an
t6i wu nao do.

Chirng minh

That vay, néu c6 phwong an chira hai doan phu diém p thi néu ta bd di doan c6 cin trén nho
hon, doan [p, q] van dwoc phi, nén phwong an nay khong t6i wu.

Mat khac, goi [a;,, b;, | 12 doan c6 can trén b;, 16n nhat phi diém p. V&i mot phuong 4n ti wu
bat ky, gia st rang phwong 4n d6 chon doan [ajl, bjl] dé phu diém p, theo gia thiét, ca hai doan
[a;,, b, ]| va [aj,, bj, | déu phu diém p, nhung doan [a;,, b;, | s& pht vé bén phai diém p nhiéu
hon doan [ah' bj1]' Diéu nay chi ra rang néu thay thé doan [ajl, bjl] bé&i doan [ail, bil] ta van
pht dwoc ca doan [p, q] va khong lam anh hwéng téi sé6 doan dwoc chon trong phwong an t6i
wu. Suy ra diéu phai chirng minh.

Vay thi thay vi thir tit ca cac kha ning chon doan phu diém p, ta cé thé dwa ra quyét dinh tirc

thi: Chon ngay doan [a;,, by, | ¢6 cin trén 16m nhit phii dwoc diém p vao phwong an t8i wu.

U Cai dat giai thuat tham lam
Giai thuat cho bai toan nay c6 thé tém tat nhu sau:
Chon doan [ail, bil] c6 b;, 16m nhat théamanp € [ail, bil]. Néu doan nay pha hét doan [p, q]:
q < b;, thi xong. Néu khdng, ta lai chon tiép doan [aiz, biz] c6 b;, 16m nhat va pht dwoc diém
Pmesi = by, va cir tiép tuc nhu vay, ta c6 phwong an toi wu:

[ai1’ bi1]; [aiz’ biz]; [ais’ bi3]; ¥ [aik’ bik]

Nhin xét:



Cac doan dwoc chon vao phwong an t8i wu c6 can trén ting dan: b;, < b;, < -+ < b;, . biéu
nay c6 thé dé hinh dung dwoc qua cach chon: Mbi khi chon mot doan méi, doan nay sé
phai pht qua cén trén ctia doan truéc do.

Cac doan duoc chon vao phwong an tdi wu c6 can dudi tang dan: a;, < a;, < < a;,.
That vay, néu cin dwdi cia cac doan dwoc chon khdng ting dan thi trong sé cac doan
dworc chon sé c6 hai doan chira nhau, suy ra phwong an nay khéng phai phwong an téi

uwu.

Dén diy ta co thé thiét ké mot giai thuat 13p:

Sap x&p danh sich cac doan da cho theo thit tw khong gidm ctia cAn duwdi. Dat chi s6 dau danh

sachi:=1

Budc 1: Xét phan danh sach bat dau tir vi tri i gdbm cac doan c6 can dwéi < p. Tim trong
phan nay dé chon ra doan c6 cin trén RightMost 1én nhat vao phwong an téi wu.
Budc 2: Néu RightMost > q, thuat toan két thic. Néu khéng, dat p := RightMost, cap

nhit i thanh chi s6 dirng sau doan vira xét va lap lai tir buére 1.

(Sau buwéc 2, ching ta cé thé thodi mai bo qua phin dau danh sach gobm nhirng doan ding

trwdce vi tri i, bdi tit cd nhitng doan nam trong phan nay déu c6 cin trén < RightMost ma

nhw da nhan xét, doan tiép theo cAn chon chic chdn phai c6 cin trén > RightMost)

=

INTERVALCOVER.PAS v Phu

{SMODE OBJFPC}

program IntervalCover;

const
maxN = 100000;

var
a, b: array[l..maxN] of Integer;
id: array[l..maxN] of Integer;
P, q9: Integer;
n: Integer;
NoSolution: Boolean;

procedure Enter; //Nhdp ditliéu
var

i: Integer;
begin

Readln(n, p, q);

for i :=1 ton do

begin
Readln(a[i], b[i]);
id[i] := i;

end;

end;

//Sdp xép cdc bdng chi s6, thit tw khong gidm theo gid tri can dwéi: afid[L]] < afid[L + 1]] <...< afid[H]]

procedure QuickSort(L, H: Integer);
var

i, j: Integer;

pivot: Integer;



begin
if L >= H then Exit;
i ;=L + Random(H - L + 1);
pivot := id[i]; id[i] := id[L];
i:=1L; j:=H;
repeat
while (a[id[j]] > a[pivot]) and (i < j) do Dec(j);
if i < j then
begin
id[i] := id[j]; Inc(i);
end
else Break;
while (a[id[i]] < a[pivot]) and (i < j) do Inc(i);
if i < j then
begin
id[j] := id[i]; Dec(j);
end
else Break;
until i = j;
id[i] := pivot;
QuickSort(L, i - 1); QuickSort(i + 1, H);
end;

//Phép chon tham lam
procedure GreedySelection;
var
i, j: Integer;
RightMost, k: Integer;
begin
i:=1;
RightMost := -1;
//Danh sdch cdc doan theo thit tw khong gidm cia cdn dwdi: id[1], id[2], .., id[n]
repeat
//Duyét bdt ddu tir id[i], xét cdc doan cé cdn duwdi <=p, chon ra doan id[j] ¢ cdn trén RightMost 16n nhdt
j :=0;
while (i <= n) and (a[id[i]] <= p) do
begin
if RightMost < b[id[i]] then
begin
RightMost := b[id[i]];
j =1
end;
Inc(i);
end;
if j = 0 then //néukhdng chon duwgc, bdi todn vo nghiém
begin
NoSolution := True;
Exit;
end;
id[j] := -id[j]; //Ddnhddu, dogn id[j] dwgc chon vio phwong dn tdi wu
p := RightMost; //Cdp nhdtlaip, néu chwa phii dén g, tim tiép trong danh sich (khdng tim lgi tir ddu)
until p >= q;
NoSolution := False;
end;

procedure PrintResult; //Inkétqud
var



i, j: Integer;
begin
if NoSolution then
WriteLn('No Solution!')
else
begin
Writeln('Selected Intervals: ');
for i ;=1 ton do
begin
j = -id[i];
if j > 0 then //Inracdc dogn dwgc ddnh ddu
Writeln('Interval ', j, ': [', a[jl, ', ', b[3l, '1');
end;
end;
end;

begin
Enter;
QuickSort (1, n);
GreedySelection;
PrintResult;
end.

Dé thay ring thoi gian thwe hién giai thuat chon tham lam trong thi tuc GreedySelection 1a
©(n), chi phi thoi gian cua thult todn chu yéu nam & giai doan sap xép. Trong chwong trinh
nay chung ta dung QuickSort: Trung binh @(n Ign).

4.3.3. Ma héa Huffman
M3 héa Huffman [25] dwoc str dung rong rii trong cac ky thuat nén dir liéu. Trong da so cac

thtr nghiém, thuit todn ma Huffman c6 thé nén dir liéu xudng con tir 10% t&i 80% tuy thudc

vao tinh trang dir liéu goc.

O Co ché nén dir liéu

Xét bai toan lwu trir mot day dir liéu gobm n ky tw. Thuit todn Huffman dwa vao tan suit xuét
hién ctia mdi phan tir d€ xy dung co ché biéu dién méi ky tw bang mot day bit.

Gia str dir liéu 1a mot xau 100 ky tw € {A, B, C, D, E, F}. Tan suit (s8 1an) xu4t hién ctia moi ky

tw cho béi:

[ Ky tw: ¢ A|B|c|DI|E|F
| Tansudt: £() | 45 | 13] 12| 16| 9| 5

Mot cach thong thudng 12 biéu dién moi ky tw béi mot day bit chiéu dai ¢d dinh (nhw bang ma
ASCII st dung 8 bit cho mot ky tw AnsiChar hay bang ma Unicode st dung 16 bit cho mot ky
tw WideChar). Ching ta c6 6 ky tw nén c6 thé biéu dién mdi ky tw bang mot day 3 bit:



lkyew | A | B | c | D | E|F
| Mz bit | 000 | 001 | 010 | 011 | 100 | 101

Vi moéi ky tw chiém 3 bit nén dé biéu dién xau ky tw da cho sé can 3 x 100 = 300 bit. Cach biéu

dién nay goi 1a biéu dién bang tir mi chiéu dai c6 dinh (fixed-length codewords).

Mot cach khac 1a biéu dién mbi ky tw béi mot ddy bit sao cho ky tw xuat hién nhiéu lan sé duoc
biéu dién bang diy bit ngan trong khi ky tw xuit hién it IAn hon sé dwoc biéu dién bang diy
bit dai:

lkyew [a] B | c | D] E F
[ Mabit | 0 | 101 ] 100 | 111 | 1101 | 1100

Véi cach 1am ndy, xau ky tw da cho cé thé biéu dién bing:
1xX45+3%x13+3%x12+3%X16+4%x9+4x5=224bit
Dt liéu dwoc nén xudng con xap xi 75%. Cach biéu dién nay dugc goi 1a biéu dién bang tir ma

chiéu dai thay déi (variable-length codewords).

O Ma phi tién t6

Day bit bi€u dién mot ky tw goi 1a tir ma (codeword) clia ky tw d6. Xét tip cac tir ma clia cac
ky tw, néu khong ton tai mét tir ma 1a tién t6* cia mot tir ma khac thi tp tir ma nay dwoc goi
12 md phi tién té (prefix-free codes hay con goi 12 prefix codes). Hién nhién cach biéu dién bang
tir ma chiéu dai c6 dinh 1a ma phi tién té.

Mot ma phi tién t6 c¢6 thé biéu dién bang mot cAy nhi phan. Trong d6 ta goi nhanh con trai va
nhanh con phai cia mot nidt Ian lwot 1a 1a nhdnh 0 va nhanh 1. Cac nat 14 twong &ng véi cac
ky tw va dwong di tir nat géc téi nit 14 sé twong ng véi mot day nhi phan biéu dién ky tw doé.
Hinh 4-1 1a hai ciy nhi phan twong &ng v&i hai ma tién té chiéu dai ¢ dinh va chiéu dai thay

doi nhw & vi du trén.

* Mot xau ky tw X dwoc goila tién t6 cia xdu ky tw Y néuds:Y =X + s
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Hinh 4-1. Cay biéu dién ma tién t§

Mot xau ky tw S (ban goc) sé dwoc ma héa (nén) theo cach thikc: Viét cac tir ma cia tirng chir
cai ndi tiép nhau tao thanh mot day bit. Day bit nay goi la ban nén ctia ban goc S. Trong vi du
nay xiu “AABE” sé dwgc nén thanh day bit “001011101” néu st dung ma tién t6 chiéu dai
thay do6i nhw cay bén phai Hinh 4-1.
Tinh chat phi tién t6 ddm bao rang véi mot tir ma, néu xuat phat tir géc cdy, doc tir ma tir trai
qua phai va méi khi doc mot bit ta r& sang nhanh con twong (¢rng thi khi doc xong tir m3, ta sé
dirng & mot nut 1a. Chinh vi vy viéc giai ma (gii nén) sé duoc thwe hién theo thuat todn: Bat
dAu tr nat géc va doc ban nén, doc duoc bit ndo ré sang nhanh con twong ng. Moi khi dén
dwoc nidt 14, ta xuat ra Ky tw twong (ng va quay tré vé nut goc dé doc tiép cho téi hét.
Néu ky hiéu C 1a tip cac ky tw, mdi ky tw ¢ € C dwoc biéu dién bang tir ma gom d(c) bit thi
s6 bit trong ban nén la:

B = ) dr(©f(©) (4.1)

cecC

Trong d6 f(c) la s6 1an xuét hién ky tw ¢ trong xau ky tw goc va d(c) cling la d6 siu cia nut
la twong wng véi Ky tw ¢. B(T) goi la chi phi cta cay T.
Kich thwéc ban nén phu thudc vao ciu tric ciy nhi phan twong &ng v&i ma phi tién t6 dwoc
st dung. Bai toan dit ra 1a tim ma phi tién t6 d€ nén ban gdc thanh ban nén goém it bit nhit.
biéu nay twong dwong véi viéc tim cdy T c6 B(T) nho nhit twong &ng véi mot ban goc la xau
ky tw dau vao S.
U Thuat toan Huffman
Gia str cac nut trén cay nhi phan chira bén trong cac thong tin:

® Ky tw twong &ng véi ndt d6 néu la nat 1a (¢)



® Tan suit ctia nut (f). Tan suat ctia mot ntt 1a s6 1an duyét qua nat d6 khi giai nén. Dé thay
rang tan suit nut 14 chinh 12 tin suit ctia ky tw twong (rng trong ban géc va tin suit cla
mot nit nhanh bang téng tAn suit cda hai nat con.

® Hai lién két trai, phai ([ var)

Xét danh sach ban dau gom tit ca cac nit 14 cia cdy. Thuit toan Huffman lam viéc theo cach:

LAy tir danh sach ra hai nut x, y c¢é tin suat thip nhit. Tao ra mot nit z Iam nut cha cta ca hai

nidt x va y, tn suit cda nat z dwoc gan bang tong tan suit hai nit x, y, sau d6 z dwec diy vao

danh sach (ra hai vao mot). Thuit todn sé két thic khi danh sach chi con mét nit (twong tng

véi nat gde cha cay dwgc xay dwng). C6 thé hinh dung tai méi bwérc, thuat toan quan ly mot

rirng cac cay va tim cach nhap hai cay lai cho téi khi rirng chi con mot cay.

Danh sach cac nut trong thuét toan Huffman dwoc té chirc dwdi dang hang doi wu tién. Trong

dé nut x dwgce goi la wu tién hon nit y néu tn suit nit x nhé hon tdn suatnuty: x. f < y. f

Hai thao tac trén hang doi wu tién dwoc st dung la:

® Ham Extract: Ly nit c6 tin suat nhé nhit ra khoi hang doi wu tién, tra vé trong két qua
ham

® Thu tuc Insert(z): Thém mot nit méi (z) vao hang doi wu tién

Khi d6 c6 thé viét cu thé hon thuat todn Huffman:

H := @; //Khditao hang doi wu tién H
for VceC do
begin
«Tao ra mot nit méi node cé tan sudt f£(c) va chita ky tu c»;
Insert(node);
end;
while |H| > 1 do
begin
x := Extract; y := Extract; //Ldy tirhang doiwu tién ra hai nit cd tdn sudt nhé nhdt
«Tao ra mét nat méi z»;
z.f := x.f + y.£; //2c6tansudtbing tong tin sudt hai nit x, y

z.1 :=x; z.r :=y; //choxvaylam con trdiva con phdictiaz
Insert(z); //bdyzvao hang doiwu tién
end;

Phép lwra chon tham lam trong thuét todn Huffman thé hién & sw quyét dinh tic thi tai moi
buwéc: Chon hai cy c6 tAn suit nho nhit d€ nhap vao thanh mot cdy. Tinh ding dan cda thuat
toan Huffman dwoc chirng minh nhuw sau:

Bé dé 4-3

Cay twong rng véi ma phi tién to toi wu phai la cdy nhi phan diy dd. Tic 1a moi nit nhanh cda

n6 phai c6 dang hai nut con.



Chirng minh

Théit viy, néu mdt ma tién t6 twong &ng véi cy nhi phan T khong day du thi sé ton tai mot
nat nhanh p chi c6 mdt nit con g. X6a bé nut nhanh p va dwa nhanh con géc g ctia né vao thé
chd, ta dwoc mot cAy méi T’ ma cac ky tw van chi ndm & 14, dd su clia moi 14 trong nhanh cay
gdc g gidm di 1 con dd siu clia cac 14 khac dwoc gitt nguyén. Tic 1a T’ s& biéu dién mot ma phi
tién t6 nhwng vi chi phi thap hon T. Vay T khong toi wu.

Bé dé 4-4

Goi x va y la hai ky tw c6 tin sudt nho nhat. Khi d6 ton tai mot ciy tdi wu sao cho hai nut 14
chira x va y 1a con cia cing mét nat. Hay néi cach khac, hai nut 1a x, y 1a anh-em (siblings).
Chirng minh

TAan suit clia nut 14 bang tn suit clia ky tw chita trong nén sé& bit bién trén moi ciy. D& tién
trinh bay ta dong nhit nit 14 véi ky tw chiva trong no.

V&i T 1a mét ciy t6i wu bat ky, lay mot nit nhanh sau nhit va goi a va b 1a hai ntt con cida no.
Dé thdy riang a va b phai 1a nat 1a. Khong giam tinh téng quat, gia st rang f(a) < f(b) va
fO) < f).

DPao nit a va nut x cho nhau, ta dwoc mét ciy méi T’ ma sw khac biét vé chi phi caa T va T’ chi

khac nhau & hai ntt a va x. Ttc 1a néu xét vé mirc chénh 1éch chi phi:

B(T) = B(T") = [f (x)dr(x) + f(@)dr(a)] = [f (X)dr (x) + f(a)dyr ()]
= f()dr(x) + f(a)dr(a) — f(x)dr(a) — f(a)dr(x)
= (f(@) — f(0)(dr(@) — dr(x))

=0

(4.2)

(B&i x 1 nut c6 tan sudt thip nhit nén f(a) — f(x) = 0, déng thoi a 1a nidt 14 sdu nhat nén
dr(a) —dr(x) 2 0)

Diéu nay chirarang néu dao hai nit a va x, ta sé dwoc cay T' itrala khong té hon ciy T. Twong
tw nhw vy, néu ta dao ti€p hai nut b va y trén ciy T, ta sé dwoc cAy T" it ra la khong té hon
cay T'. Tlr cAy T t0i wu, suy ra T"' t6i wu, va trén T"' thi x va y 1a hai nit con ctia cing mot nit
(DPCM).

Pinh Iy 4-5

Goi C 1a tap cac ky tw trong xau ky tw dau vao S va x, y 1a hai ky tw c6 tan suat thap nhat. Goi
C'1a tAp cac ky tw c6 dwoc tir € bang cach thay hai ky tw x, y béi motky twz: ¢’ = C — {x,y} U
{z} véi tan sudt f(2) := f(x) + f(¥). Goi T' 1a cay t6i wu trén C’, khi d6 néu cho nut 14 z tré
thanh nat nhanh véi hai nit con x, y, ta sé dwoc ciy T la ciy toi wu trén C.

Chirng minh

Tacod



fedr () + fdr () = (fC) + f))(dr,(2) + 1)
= f(@dy () + (f(x) + f())

Tw d6 suy ra B(T) = B(T') + f(x) + f(y) hay B(T") = B(T) — f(x) — f(¥).
Gia st phan chitng rang T khong t6i wu, goi T 1 cay t6i wu trén tip ky tw C. Xét cay T, khong

(4.3)

gidm tinh tong quat, c6 thé coi x, y 1a anh-em (B0 dé 4-4). Pwa Ky tw z vao nut cha chung cta
x va y v&i tan sudt £(z) == f(x) + f(y) roi cit bo hai ntit 14 x, y trén T. Ta sé& dwoc cay méi T
twong rng véi mot ma phi tién té trén €. Trong dé:
B(T") = B(T) - f(x) = f(¥)

< B(T) — f(x) — f(y) (do T khong t&i wu) (4.4)

= B(T")
Vay B(T') < B(T'), mau thuln v&i gia thi€t T 12 t6i wu trén tap ky tw C'. Ta c6 diéu phai ching
minh.
Tinh ding din ctia thuat todn Huffman dwoc suy ra truc tiép tir Dinh 1y 4-5: D& tim cay tdi wu
trén tip ky tw C, ta tim hai ky tw c6 tin sult thip nhat x, y va nhap ching lai thanh mét ky tw
z. Sau khi thiét 1ap quan hé cha-con giita z va x, y, ta quy vé bai toan con: Tim cAy toi wu trén
tip C' == C — {x, y} U {z} cb lyc lvgng it hon C mdt phan ti.

Q Cai dat

Chung ta sé cai dit chwong trinh tim ma phi tién t6 t6i wu dé ma hoa cac ky tw trong mot xau
Ky tw dau vao S.

Input

Xauky tu S

Output

Cac tir ma twong rng voi cac ky tuw.



Sample Input Sample Output

abcdefabcdefabcdeabcdabdadaaaaaaaa | 0 = a @
100 = ¢
101 = b 0
1100 = £ a(
1101 = e @
111 = d a 0 1,

Hang doi wu tién ca cac nit trong chwong trinh dwoc to chirc dwdi dang Binary Heap. Trén
dé ta cai dat mét thao tac Heapify(r) d€ vun nhanh Heap gdc r thanh déng trong diéu kién
hai nhanh con ctia n6 (géc 2r va 2r + 1) da 1a déng roi. Tai mdi bwdc clia thuat todn Huffman,
thay vi cai dat co ché “ra hai vao mét”, ta sé sir dung mot meo nhd: Liy khoi Heap (Pop) mot
nut x, doc nut y & géc Heap (Get), tao nut z 1a cha chung cia x va y, dwa nut z vao goc Heap
de 1én nut y roi thye hién vun dong tir goc: Heapify(1).

HUFFMAN.PAS v" Ma héa Huffman

{$MODE OBJFEC}
program HuffmanCode;
const
MaxLeaves = 256; //Cdcky twla kiéu AnsiChar, cin ddi kich thwdc néu diing kiéu di liéu khdc
type
TNode = record //Cdu triic niit trén cdy Huffman
f: Integer;
c: AnsiChar;
1, r: Pointer;
end;
PNode = ~TNode; //Kiéu con trd tdiniit
THeap = record //Cdu tric dit li¢u Binary Heap
items: array[l..MaxLeaves] of PNode;
nltems: Integer;
end;
var
s: AnsiString; //Xdu ky tw dduvio
Heap: THeap; //Hangdgiuu tién
TreeRoot: PNode; //Gdc cdy Huffman
bits: array[l..MaxLeaves] of Integer;

//Tao ra mt niit méi chika tén sudt fg, ky tw ch, va hai nhdnh con left, right
function NewNode (fq: Integer; ch: AnsiChar; left, right: PNode): PNode;
begin

New (Result) ;

with Result” do



begin

f:= fq;

¢ := ch;

1 := left;

r := right;
end;

end;

//Pinh nghia quan hé wu tién hon la quan hé <: niit x wu tién hom nit y néu tdn sudt ciia x nhd hon
operator < (const x, y: TNode): Boolean;
begin
Result := x.f < y.f;
end;

//Vun nhdnh Heap gdc r thanh déng
procedure Heapify(r: Integer);

var
c: Integer;
temp: PNode;
begin
with Heap do
begin
temp := items[r];
repeat
c:=r * 2;
if (¢ < nItems) and (items[c + 1]* < items[c]”) then
Inc(c);
if (c > nItems) or not (items[c]” < temp”) then Break;
items[r] := items[c];
r :=c;
until False;
items[r] := temp;
end;
end;
//Doc niit & géc Heap
function Get: PNode;
begin
with Heap do Result := items[1];
end;

//Ldy niit ¢ tdn sudt nhd nhdt ra khdi Heap
function Pop: PNode;
begin
with Heap do
begin
Result := items[1];
items[1l] := items[nItems];
Dec(nItems);
Heapify (1) ;
end;
end;

//Thay niit & géc Heap béi node
procedure UpdateRootHeap (node: PNode) ;
begin

with Heap do



begin
items[1] := node;
Heapify (1) ;
end;
end;

procedure InitHeap; //Khéitao Heap ban déu chita cdc niit ld
var
c: AnsiChar;
i: Integer;
freq: array[AnsiChar] of Integer;
begin
FillDWord (freq, Length(freq), 0);
for i := 1 to Length(s) do Inc(freq[s[i]]); //Pém tinsudt
with Heap do
begin
nItems := 0;
for ¢ := Low(AnsiChar) to High(AnsiChar) do
if freq[c] > 0 then //Xétcdc ky twtrong S
begin
Inc(nItems);
items[nItems] := NewNode(freq[c], c, nil, nil); //Taoniitchita ky tw
end;
for i := nItems div 2 downto 1 do //Vunddng tir duwéilén
Heapify (i) ;
end;
end;

procedure BuildTree; //Thudttodn Huffman

var
X, y, z: PNode;
begin
while Heap.nItems > 1 do //Chirng ndo Heap con nhiéu hon 1 phdn tiv
begin
X := Pop; //Ldy nit tan sudt nhé nhdt khéi Heap
y := Get; //Docniit tin sudt nhd nhdt tiép theo & gdc Heap
z := NewNode (x*.f + y*.£, #0, x, y); //Taonitzldchactlaxviy
UpdateRootHeap (z) ; //Duazvdo gic Heap va thuc hién vun déng: ¢»Rax vay, vioz
end;
TreeRoot := Heap.items[1]; //Giitlai gdc cdy Huffman
end;

//Thi tuc ndy in ra cdc tir md ctia cdc Id trong cdy Huffman gdc node, depth la dg sdu cia node
procedure Traversal (node: PNode; depth: Integer); //Duyétcdy Huffman gécnode
var
i: Integer;
begin
if node*.l = nil then //Néunodeld nitld
begin //Inra dady bit biéu dién ky t
for i := 1 to depth do Write(bits[i]);
Writeln(' = ', node”.c);
Dispose (node) ;
end
else //Néunode ld niit nhdnh
begin
bits[depth + 1] := 0; //Cdctirmd ctia cdcld trong nhdnh con trdi sé c6 bit tiép theo I 0



Traversal (node”.1l, depth + 1); //Duyétnhdnh trdi
bits[depth + 1] := 1; //Cdc tir md ctia cdcld trong nhdnh con phdi sé cé bit tiép theo la 1
Traversal (node”.r, depth + 1); //Duyétnhdnh phdi
end;
end;

begin

ReadLn(s) ;

InitHeap;

BuildTree;

Traversal (TreeRoot, 0);
end.

Xét riéng thuat todn Huffman & thi tuc BuildTree. Ta thiy rang néu n 1a s6 ky tw (s6 nut 14
trong cdy Huffman) thi vong lap while sé ldp n — 1 1an. Céc 1&i goi thi tuc bén trong vong lap

do6 co thoi gian thwe hién O(Ign). Vay thuat toan Huffman c6 thoi gian thwe hién O(nlgn).

Ching ta da khdao sat vai bai todn ma & d6, thuét toan tham lam dwoc thiét ké dwa trén mét
mo hinh chia dé tri.

Thuat toan tham lam cAn dwa ra quyét dinh ttrc thi tai mdi buéc lwa chon. Quyét dinh nay sé
anh hwdng ngay tdi sw lwa chon & bwéc ké tiép. Chinh vi vay, déi khi phan tich ki hai quyét
dinh lién tiép c6 thé cho ta nhirng tinh chit cia nghiém t6i wu va tir d6 c6 thé xay dung mot
thuat toan hiéu qua.

4.3.4. Lich xir 1y 16i

Ban 1a mot ngwoi quan tri mot hé thong thong tin, va trong hé thong cung lic dang xay ra n
16i danh s& tir 1 téi n. Loi i sé gay ra thiét hai d; sau moi ngay va dé khic phuc 16i d6 can t;
ngay. Tai mot thoi diém, ban chi c6 thé xtr Iy mot 16i. Hay 1én lich trinh xt¥ 1y 16i sao cho téng
thiét hai cia n 16i 1a nhé nhat cé thé.

Input

® Dong 1 chira s6 nguyén dwong n < 10°

® 1 .dong tiép theo, mdi dong chira hai s6 nguyén dwong d;, t; < 100

Output

Lich xtr 1y 18i

Sample Input | Sample Output

4 Bug 4: fixed time = 1; damage = 2 0 1 2 3 4 5 6 7 8 9
13 Bug 2: fixed time = 3; damage = 9 [N N .
32 Bug 3: fixed time = 6; damage = 24 | <€«4>€—2—><—3 < 1

43 Bug 1: fixed time = 9; damage = 9

21 Minimum Damage = 44




Do mai 16i chi ngwng gay thiét hai khi n6 dwoc khic phuc, nén dé thdy rang lich trinh can tim
sé& phai co tinh chat: Khi bat tay vao xir Iy mot 16i, ta sé phai lam lién tuc cho téi khi 16i d6 duoc
khac phuc. Ttrc 1a ta cAn tim mot hoan vi cia day s6 (1,2, ..., n) twong (ng v&i thit tw trong
lich trinh khic phuc céc 16i.
Gia st rang lich trinh A = (1,2, ...i,i + 1, ...,n) x( ly lan lwot cac 16i tir 1 t&i n 14 lich trinh téi
wu. Ta 14y mot lich trinh khac B = (1,2, ...,i + 1,1, ...,n) c¢6 dwoc bang cach dao thir tw xt ly
hai 16i lién ti€p: i va i + 1 trén lich trinh 4
Ta nhan xét rang ngoai hai 16i i va i + 1, thoi diém cac 16i khac dwoc khidc phuc 1a giong nhau
trén hai lich trinh, c6 nghia la sw khac biét vé tong thiét hai cda lich trinh A va lich trinh B chi
ndm & thiét hai do hail6ii vai + 1 gay ra.
Goi T 1a thoi diém 16i i — 1 dwoc khic phuc (trén ca hai lich trinh A va B). Khi do:
Néu theo lich trinh A = (1,2, ...i,i + 1, ...,n), thiét hai cha hai 16i i va i + 1 gy rala:
a=T+t)d+ T+t +tiy1)dig (4.5)

Néu theo lich trinh B = (1,2, ...,i + 1,i,...,n), thiét hai cha hai 16i i va i + 1 gy rala:

B =T+t +t)d;+ (T + tiy1)diyq (4.6)
Thiét hai theo lich trinh A khéng thé 16n hon thiét hai theo lich trinh B (do A t8i wu), tirc la
thiét hai @ sé khong 16n hon thiét hai . Loai bé nhirng hang t giéng nhau & céng thirc tinh
avap,taco:

a<f e tidiyg < tipad;

t; t; .
gl (47)
d; ~ diyq
Vay thi néu lich trinh 4 = (1,2, ..., n) 1a tdi wu, n6 sé phai thda man:
t
h b . W
dy  d, dn

\ s 7 ~ ~ Y ~ t; t; N =1 \ 9 ~ 7 ~\ 7 A

Ngoai ra c6 thé thay rang néu d—‘ = ﬁ thi @ = (8, hai lich trinh stra chita 4, B c6 cung mitc do
i i+1

thiét hai. Trong trwdmg hop nay, viéc stra 16i i trwdc hay i + 1 trwde déu cho cac phwong an

cung t8i wu. Tl d6 suy ra phwong an t8i wu can tim 1 phwong an khic phuc cac 16i theo thi

~ ‘I\ 2 ? ~N t N =2 ~ Y 2 \ Y A 7 < ~
tw tang dan cua ti so d(—'). Lo gidi [ap don thuan chi la mét thuét toan sap x€p.
o)

BUGFIXSCHEDULING.PAS v Lich xtt ly 16i

{ $MODE OBJFPC}
program BugFixes;
const
max = 100000;
type
TBug = record
d, t: Integer;



end;

var
bugs: array[l..max] of TBug;
id: array[l..max] of Integer;
n: Integer;

procedure Enter; //Nhdp ditli¢u

var
i: Integer;
begin
ReadLln(n) ;
for i :=1 tondo
with bugs[i] do
begin
Readln(d, t);
id[i] := 1i;
end;
end;

//Pinh nghia lai todn tik < trén cdc 161, L6i x goi Ia “nhé hon” 161 y néu x.t/xd < y.t/y.d
operator < (const x, y: TBug): Boolean;
begin
Result := x.t * y.d<y.t * x.d;
end;

//Sp xép cdc I6i bugs(L...H] theo quan hé thit tw “nhé hon” dinh nghia & trén
procedure QuickSort(L, H: Integer);
var
i, j: Integer;
pivot: Integer;
begin
if L >= H then Exit;
i:=L + Random(H - L + 1);
pivot := id[i]; id[i] := id[L];
i:=1L; j:=H;
repeat
while (bugs[pivot] < bugs[id[j]]) and (i < j) do Dec(j);
if i < j then
begin
id[i] := id[j]; Inc(i);
end
else Break;
while (bugs[id[i]] < bugs[pivot]) and (i < j) do Inc(i);
if i < j then
begin
id[3] := id[i]; Dec(j);
end
else Break;
until i = j;
id[i] := pivot;
QuickSort(L, i - 1); QuickSort(i + 1, H);
end;

procedure PrintResult; //Inkétqud
var

i: Integer;

Time, Damage: Integer;



TotalDamage: Inté64;
begin
Time := 0;
TotalDamage := 0;
for i :=1 ton do
with bugs[id[i]] do
begin
Time := Time + t;
Damage := Time * d;
Writeln('Bug ', id[i], ': fixed time = ', Time, '; damage = ', Damage);
Inc(TotalDamage, Damage) ;
end;
WriteLn('Minimum Damage = ', TotalDamage) ;
end;

begin
Enter;
QuickSort(l, n);
PrintResult;
end.

4.3.5. Thuat toan Johnson

U Bai toan

Bai toan l4p lich gia cong trén hai may (Two-machine flow shop model): Cé n chi tiét danh s6
tlr 1 t¢in va hai may A, B. Mot chi tiét can gia cong trén may A trwédc roi chuyén sang gia cong
trén may B. Thoi gian gia cong chi tiéti trén may A va B 1an lwotla a; va b;. Tai mot thoi diém,
moi may chi c6 thé gia cong mot chi tiét. Hay lap lich gia cong cac chi tiét sao cho viéc gia cong
toan bo n chi tiét dwgc hoan thanh trong thoi gian sém nhét.

Input

® Dong 1 chira s6 nguyén dwong n < 10°

® Dong 2 chiran sé nguyén dwong a4, a,, ..., a, (Vi:a; < 100)

® Dong 3 chiran sé nguyén dwong by, by, ..., b, (Vi:b; < 100)

Output

Lich gia cong t6i wu

Sample Input | Sample Output

4 Job 2: A[O0, 1]; B[1, 3] 0123456 7 89101112
3124 Job 1: A[1, 4]; B[4, 8] C O e e e e .
4213 Job 4: A[4, 8]; B[8, 11] 1 3

Job 3: A[8, 10]; B[11, 12] 1 3

Time = 12




U Thuat toan

Nhan xét rang ludn ton tai mot lich gia cong t6i wu sao ma cac chi tiét gia cong trén may A theo
th tw nhw thé nao thi sé dwoc gia cong trén may B theo thir tw ding nhw vy. May A sé hoat
ddng lién tuc khong nghi con may B c6 thé cé nhirng khoang thoi gian chét khi cho chi tiét tir
may A. Nhw viy ta cin tim mot lich gia cong t6i wu dwdi dang mot hoan vi cia day sé
(1,2,...,n).

Pinh ly 4-6 (Pinh ly Johnson)

Mot lich gia cong tdi wu cin thoa man tinh chit: Néu chi tiét i dwoc gia cdng trwde chi tiét j thi
min(ai, bj) < min(aj, bl-). Hon nira néu min(ai, bj) = min(aj, bi) thi viéc dao thi ty gia cong
chi tiét i va chi tiét j trong phwong 4n t8i wu van sé& duy tri dwoc tinh tdi wu ctia phwong an.
Dinh ly 4-7

Xét quan hé hai ng6i “nhé hon hodc bang” (ky hiéu <) xac dinh trén tip cac chi tiét. Quan hé
nay dinh nghia nhw sau: i < j néu:

® Hoac min(ai,bj) < min(aj, bl-)

® Hodcmin(a; b;) = min(a;, b;) vai <j

Khi d6 quan hé < 1a mot quan hé thi tw toan phén (cé day dua cac tinh chat: pho bién, phan xa,
phan ddi xtirng, va bic cau)

Viéc chirng minh cu thé hai dinh ly trén kha dai dong, cac ban c6 thé tham khao trong cac tai

liéu khac.

U Cai dat

Dinh ly 4-6 (Pinh 1y Johnson) va Pinh 1y 4-7 chi ra rang thuat todn Johnson c6 thé cai dit bang
mot thuat toan sap x&p so sanh. Tuy nhién khi cai dit thuat toan sap x&p so sanh, chiing ta chi
can cai dit phép todn i < j: cho biét chi tiét i bat budc phai gia cong trwdc chi tiét j bang viét
kiém tra bt dang thirc min(ai, bj) < min(aj, bl-). Bé&i khi min(ai, bj) = min(aj, bi), gia cong
chi tiét i trwdc hay j trwedc déu duwoc

JOHNSONALG.PAS v' Thuit toan Johnson

{$MODE OBJFPC}
program JohnsonAlgorithm;
uses Math;
const
maxN
type
TJob = record
a, b: Integer;
end;
var
jobs: array[l..maxN] of TJob;
id: array[l..maxN] of Integer;
n: Integer;

100000;

o



procedure Enter; //Nhdp ditliéu
var
i: Integer;
begin
ReadLn(n) ;
for i := 1 to n do Read(jobs[i].a);
ReadLn;
for i :
for i :
end;

1 to n do Read(jobs[i].Db);
1 to n do id[i] := i;

//Dinh nghia todn tik "phdi lam trwdc": <. Chi tiét x phdi lam trwéc chi tiét y néu Min(x.a, y.b) < Min(y.a, x.b)
operator < (const x, y: TJob): Boolean; //Todn tindy ding cho sdp xép
begin
Result := Min(x.a, y.b) < Min(y.a, x.b);
end;

//Thudt todn QuickSort sdp xép bang chi s6
procedure QuickSort(L, H: Integer);
var
i, j: Integer;
pivot: Integer;
begin
if L >= H then Exit;
i ;=L + Random(H - L + 1);
pivot := id[i]; id[i] := id[L];
i:=1L; j:=H;
repeat
while (jobs[pivot] < jobs[id[j]]) and (i < j) do Dec(j):;
if i < j then
begin
id[i] := id[j]; Inc(i);
end
else Break;
while (jobs[id[i]] < jobs[pivot]) and (i < j) do Inc(i);
if i < j then
begin
id[j] := id[i]; Dec(j);
end;
else Break;
until i = j;
id[i] := pivot;
QuickSort(L, i - 1); QuickSort(i + 1, H);
end;

procedure PrintResult; //Inkétqud

var
StartA, StartB, FinishA, FinishB: Integer;
i, j: Integer;

begin
StartA := 0;
StartB := 0;
for i := 1 to n do //Duyétdanh sdch ddsdp xép
begin
j = 1id[i];

FinishA := StartA + jobs[j].a;



StartB := Max(StartB, FinishA);
FinishB := StartB + jobs[j].b;
WriteLn('Job ', j, ': ',
'A[', StartA, ', ', FinishA, ']; B[', StartB, ', ', FinishB, ']');
StartA := FinishA;
StartB := FinishB;
end;
WriteLn('Time = ', FinishB);
end;

begin
Enter;
QuickSort(1l, n);
PrintResult;
end.

Thoi gian thuwc hién thuat to4an Johnson cai dit theo cach ndy c6 thé danh gia bang thoi gian
thuc hién giai thuat sip xép. O day ta dung QuickSort (Trung binh ©@(nlgn)). C6 thé cai dat
thuat toan Johnson theo mot cach khac dé tAn dung cic thuat toan sip xép diy khoéa sé, cach
lam nhw sau:

Chia cac chi tiét lam hai nhdm: Nhém SA goém céc chi tiét i c6 a; < b; vanhém SB goém cac chi
tiét j c6 a; = b;. Sap xép cac chi tiét trong nhom SA theo thi tu ting dan cta cac a;, sap xép
céc chi tiét trong nhém SB theo thit tw gidm dan cla cac b; roi ndi hai danh sach da sap xép
lai.

Bai tap 4-1.

Ban 1a nguwoi 14p lich gidng day cho n chuyén dé, chuyén dé thir i cAn bat diu ngay sau thoi

diém s; va két thic tai thoi diém f;: (s;, f;]. Moi chuyén dé trong thoi gian dién gia hoat dong

giang day sé cin mot phong hoc riéng. Hay xép lich gidng day sao cho s6 phong hoc phai st

dung la it nhat. Tim thuat todn O(nlgn).

Bai tap 4-2.

Trén truc sd cho n diém den va n di€ém trang hoan toan phan biét. Hay tim n doan, mdi doan

ndi mot diém den véi mot diém trang, sao cho khdng co hai doan thang nao c6 chung dau mut

va tong do dai n doan l1a nho nhit ¢ thé. Tim thuit toan O(n lgn).

Bai tap 4-3.

Xét ma phi tién t6 clia mot tap n ky tw. Néu cac ky tw dwoc sip x€p san theo thir tw khong gidam

cua tuln sudt thi ching ta c6 thé xay dung ciy Huffman trong thoi gian O(n) bang cach st

dung hai hang doi: Tao ra cic nit 14 chira ky tw va ddy ching vao hang doi 1 theo thir tw tir

nut tin sut thap nhit téi nit tAn suit cao nhat. Khai tao hang doi 2 rong, 13p lai cac thao tac

saun — 11an:

® Liy hai nut x, y c6 tAn sudt thip nhit ra khoi cac hang doi bang cach danh gia cac phan
tir & dau cda ca hai hang doi

® Tao ra mot nit z 1am nit cha cia hai nit x, y v&i tAn suit bang tong tAn sut clia x va y



® DAay z vao cudi hang doi 2

Chtrng minh tinh ding dan va cai dit thuat toan trén.

Bai tap 4-4.

Bai todn xép ba 16 (Knapsack) chuing ta da khao sat trong chuyén dé ky thuit nhanh cin va

quy hoach dong la bai todn 0/1 Knapsack: V&i mét san phdm chi ¢6 hai trang thai: chon hay

khong chon. Chuing ta ciing dd khao sat bai toan Fractional Knapsack: Cho phép chon mét

phan san phadm: V&i mot san phidm trong lwong w va gia tri v, néu ta ldy mot phan trong lwgng

w' < w clia sdn phim d6 thi sé dwoc gia trila v = WTI Chi ra rang ham Estimate trong muc

1.4.3 cho két qua toi wu doi véi bai todn Fractional Knapsack.

Bai tap 4-5.

Gido su X l4i xe trong mot chuyén hanh trinh “Xuyén Viét” tir Cao Bang téi Ca Mau dai [ km.

Doc trén dwong di c6 n tram xing va tram xing thit i cAch Cao Bang d; km. Binh xing cla xe

khi d6 day c6 thé di dwoc m km. Hay xac dinh cac diém dirng dé d6 xang tai cac tram xang sao

cho s6 1an phai dirng d6 xdng la it nhit trong ca hanh trinh.

Bai tap 4-6.

Cho n diém thwec trén truc sé: x4, x5, ..., X, € R. Hay chi ra it nhat cic doan dang [i, i + 1] véi

i 1a s6 nguyén dé phu hétn diém da cho.

Bai tap 4-7.

Ban c6 n nhiém vy, mdi nhiém vu cin lam trong moét don vi thoi gian. Nhiém vu thit i ¢6 thoi

diém phai hoan thanh (deadline) 1a d; va néu ban hoan thanh nhiém vu dé sau thoi han d; thi

s& phai mat mot khoan phat p;. Ban bt dau tir thoi diém 0 va tai moi thoi diém chi co thé thuc

hién mot nhiém vu. Hay 1én lich thwc hién cidc nhiém vu sao cho tong so tién bi phat la it nhit.

Bai tp 4-8. x

Mot 1an Ton Tan dua ngwa véi vua Té. Ton Tan va vua Té mdi ngwdi co n con nguwa danh sé tir

1 t6i n, con ngwa thit i ciia Ton Tan c6 téc dd 12 a;, con ngwa thir i ctia vua Té c6 t6c dd 12 b;.

Luéat choi nhw sau:

® (O tit cad n cap dua, mbi cip dua c6 mdt ngwa cia Tén TAn va mot ngwa clia vua Te.

® (Con ngwa nao ciing phai tham gia dang mot cap dua

® Trong mot cip dua, con ngwa nao téc dd cao hon sé& thing, néu hai con ngwa c6 cung téc
dd thi két qua cta cdp dua do sé hoa.

® Trong mdt cap dua, con ngua clia bén nao thing thi bén dé sé dwoc 1 diém, hoa va thua
khong c6 diém.

Hay gitip Ton Tan chon ngwa ra diu n cip dua véi vua Té sao cho hiéu s6: Diém clia Tén Tan

- Piém cta vua Té 1a 16n nhat cé thé.
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