Cay quan ly pham vi
Lé Minh Hoang (DPHSPHN)

Chuyén dé nay gidi thiéu cdy quan ly pham vi (range trees). Pay 1a mot ciu tric dir
liéu quan trong, cé nhiéu rng dung trong cic thuit toan hinh hoc, truy van co s& dir
liéu va xt ly tin hiéu. Ciy quan ly pham vi dwgc dé cip nhiéu trong cac ky thi

olympic tin hoc trong khoang 10 nam tré lai day.
1. Giéi thiéu
Gia str ta c6 moOt co s dir liéu chiva ho so cd nhan cia cidc nhin vién trong mot
cong ty, thong tin vé moi nhan vién 1a mo6t ban ghi gdbm nhiéu tredong: tén, dia
chi, ngay sinh, lwong, cip bic, v.v... Co s& dir liéu nay luén bién dong bédi cac
1énh thém/bét/cdp nhat ban ghi, di kém véi truy vin dang nhw: “Dém sd
nguoi & trong do tudi tir 40 téi 50 va c6 mic lwong thang tir 3 triéu téi 5
triéu” hay “Tinh tong lwong ctia nhitng ngwdi c6 thAm nién cong tac tir 10
nam trd lén va cé tir 2 téi 4 con”...
Dang bai toan quan ly déi twong va tra 1oi cac dang truy vin ké trén c6 thé mo
hinh héa dw¢i dang hinh hoc: Chang han ta c6 thé biéu dién moi nhan vién béi
mot diém trén mat phang toa dd Oxy véi truc toa dd Ox 1a tudi va truc toa do
Oy la mirc lwong thang. Khi d6 truy van “dém s6 nguoi trong do tudi tir 40 téi
50 va c6 mirc lwong thang tir 3 téi 5 triéu” c6 thé dién giai thanh: dém s6 diém
co toa do

(x,y) € [40,50] x [3.000.000,5.000.000]

(Xem Hinh 1)
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Hinh 1

Bai toan truy van pham vi c¢6 thé phat biéu hinh thirc nhw sau: Ta cidn quan ly
mot tap S cac ddi twong bi€u dién béi cac diém trong khong gian d chiéu, moi
diém ngoai toa d6 ctia n6 con co thé chira thém mot sé théng tin khac™. Tap S
lién tuc bién dong bdi phép thém/bét diém di kém véi cac truy van. Moi truy
van, cho b&i pham vi la mét siéu hoép C = [L,, H;] X [L,, H,] X ... X [Lg, Hy],
yéu cau tra loi vé thong tin tdng hop tir tit ca cac diém nam trong siéu hop C.
Trong chuyén dé nay, ta quan tdm té&i cac dang thong tin tong hop cé tinh chit
“chia dé tri”, tirc 1a néu A va B la hai tip diém r&i nhau thi thong tin tong hop
tir cac diém € A U B c6 thé dé dang tinh dwoc tir thong tin téng hop trén A va
thong tin téng hop trén B. Nhu vi du vé co s& dir liéu nhan sy, ta c6 thé dé
dang tinh duoc:
® SO nguoi trong tip A U B bang cach 14y sd nguwoi trong A cdng sd nguwoi
trong B.
® Luwong cua nguoi coé lwong cao nhit trong tip A U B, maxS(A U B), c6 thé
xac dinh bang céng thirc max(maxS(4), maxS(B)).
Sé khong c6 gi dang no6i néu tip S chi gbm it diém, khi dé ta c6 thé loc tat ca
nhirng diém nam trong pham vi truy van va téng hop théng tin tir nhitng diém

dé. Tuy nhién khi s6 diém 16n, mac du phép thém bét diém cé thé thwc hién

* Trong CSDL quan hé, mot sd cot sé dwoc xac dinh 1am toa do va nhirng cot con lai s& dwgc coi 1a théng tin can

truy van tuy theo tirng rng dung cu thé.



nhanh (thoi gian 0(1) néu st dung ciu tric dir liéu danh sach théng thwong),
nhung thoi gian truy van tré nén rat chAm (mit @ (nd) thoi gian dé tra 101 moi
truy van véin la so6 diém trong S va d 1a so chiéu cia khéng gian).

Cay quan ly pham vi 1a mot ciu truc dir liéu hiéu qua dé gidi quyét bai toan
trén, né cho phép thuc hién moi phép thém, bét, cap nhét, truy van trong thoi
gian 0(log® n), thich hop vé&i xtt Iy dir liéu 1én vi dai lwong O(log® n) tang rat
cham so v&i dai lwong ©(nd) khin — oo,

Trong cac phan tiép theo, phan 2 khdo sat mét s ciu tric dir liéu va thuit
toan giai quyét bai toan truy vin pham vi 1 chiéu. Phdn 3 m& réng cac cau
trac dir liéu cho truy vin pham vi nhiéu chiéu. Phin 4 1a mét s6 bai todn (rng
dung, mé& rong cia cay quan ly pham vi, cudi cung la két luidn va danh muc tai

liéu tham khao.
2. Truy van pham vi mot chiéu
2.1. Cay nhi phin tim kiém

Chiing ta da biét nhitng cach co ban dé biéu dién danh sich 1a stt dung mang
hoac danh sach méc néi. St dung mang c6 tdc dd tot véi phép truy cip ngau
nhién nhung sé bi chim néu danh sich luén bi bién dong bdi cac phép
chén/xb6a. Trong khi d6, st dung danh sach mé6c néi cé thé thuin tién hon
trong cac phép chén/x6a thi lai gdp nhwoc diém trong phép truy cap ngau
nhién.

Trong muc nay ching ta s& trinh bay mot phwong phéap biéu dién danh sach
bang cay nhi phan ma cac trén do, phép truy cip ngau nhién, chén, x6a va truy
vin déu dwoc thwe hién trong thoi gian O(logn). Noi dung phwong phap nay
dwogc trinh bay qua mot bai todn cu thé:

Bai toan (Range Query):

Cho mot danh sach L dé chira cac s6 nguyén. Ky hiéu Length(L) 1a s6 phan ti
trong danh sach. Cac phan tit trong danh sach dwoc danh sd lién tiép bat dau
twr 1.

Bat dau v&i mot danh sach rong, xét cac phép bién d6i danh sich sau day:



® Phép chen Insert(i,v): Chén moét s6 v vao vi tri i cda danh sach. Trwong
hop i > Length(L) thi v sé dwoc thém vao cudi danh sach.
® Phép xba Delete(i): X6a phan t thix i trong danh sach.

Phép cip nhat Update(i, v): Dat phan tir thi i bang v.

® Phép truy van Query(i, j): Tra vé téng cac phan tl nim trong pham vi tir i
toi j

Yéu ciu: Cho day k phép bién do6i dwoc thwe hién tuin tw, hay tra 1o tat ca cac

truy van Query

Input

® Dong 1 chira sé nguyén dwong k < 10°

® [ dong ti€p, mdi dong cho thong tin vé mot phép bién dsi. Moi dong bat

diu béi mot ky tw € {I,D,U,Q}

B Néu ky tw dadu dong 1a “I” thi tiép theo 1a hai s6 nguyén v, i twong rng
v&i phép chén Insert(v,i) (v < 10°)

B Néu ky tw dau dong 1a “D” thi tiép theo la s6 nguyén i twong rng v&i
phép x6a Delete(i).

B Néu ky tw dadu dong la “U” thi tiép theo la hai s6 nguyén i, v twong (rng
v&i phép cip nhat Update(i, v) (v < 109)

B Néu Kky tw dau dong la “Q” thi tiép theo la hai s6 nguyén i, j twong rng
v&i phép truy van Query(i, j) (i < j)

Output
Tra loi tit ca cac truy van Query, véi moi truy van in ra ciu tra loi trén 1 dong
Sample Input Sample Output
11 13
I18 {8} 18
I13 (38} 25
I36 {386}
I132{3826}
013
U34 {3846}
I125{3584 6}
D1 {5846}
024
UL1l7 {7846}
014




2.1.1. Biéu dién danh sach

Ching ta sé lwu trit cAc phin t& cda danh sach L trong mét ciu tric ciy nhi

phan sao cho néu duyét cay theo thit tw gitra thi cac phan tir cia L sé dwoc liét

ké theo ddng thit tw trong danh sach. Cay nhi phan nay dwoc cai dat b&i mot

ciu truc lién két cac nut déng va con trd, y twdng chinh cua cach ti€p cin nay

la ddng bo thit tw ctia danh sdch triru twong L véi thiv tw giiva ctia cdy, quy viéc

chen xda trén L vé viéc chén xéa trén cdy nhi phdn.

Cé mot s6 diém twong déng giita cau tric dir liéu nay va ciy nhi phin tim

ki€m (binary search trees - BST):

® Néu danh sich triru twong L gdbm cac phan t¢ da sdp x€p tang dan thi tw
nhién cay biéu dién danh sach tré thanh cay nhi phan tim kiém.

® Néu duyét ciy nhi phin tim kiém theo thi tw gitra, ta dwoc day ting dan
cac khoéa tim kiém, con néu duyét cay biéu dién danh sich theo thw tu
gilta ta sé dwoc danh sach L.

® (6 thé c6 nhiéu cau trdc ciy nhi phan tim kiém &ng véi mot tip khoa tim
kiém, twong tw nhw vay c6 nhiéu ciu tric ciy biéu dién danh sach rng véi
danh sach L.

® Cic phwong phap cin bang ciy biéu dién danh sach c6 thé ké thira tir cay
nhi phan tim ki€ém béi cac ky thuit cAn bang ciy nhi phan tim kiém luén
bao tén thi tw gilra cda cac nut (twong &ng véi thi tw ting din cda cac
khoa tim kiém). Pay ciling la ly do ta déng bd thit tw danh sach véi thi tw
giltra cua cac nut trén cay chir khong phai la thir ty trwedc hay thir tw sau.

Chinh vi ¢6 nhiéu diém twong déng gitra ciu tric ciy biéu dién danh sach va

ciy nhi phin tim kiém, ta cling dung tén ciy nhi phan tim ki€m - binary search

trees (BST) cho ciu tric dir liéu nay.
2.1.2. Cau truc nat

C6 thé thdy rang khi duyét ciy theo th tw gitra thi cAc nut mot nhanh cay sé
dwoc liét ké trong mot doan lién tiép, khéng c6 nut & nhanh khac xen vao. Néi
cach khac, ban chit mdéi nhanh ciy 1a mot doan cac phan ti lién tiép trong
danh sach triru twong L. Piéu dé goi y cho viéc lwu trir thém nhirng théng tin

téng hop vé doan lién tiép nay tai nhirng moi nut trén cay, trong trudng hop



cu thé nay, mbi nut x sé chitra thém 2 thong tin: S8 nut trong nhanh géc x

(dung dé thuc hién phép truy cip ngau nhién) va téng cic phan tir trong

nhanh géc x (dung dé tra loi truy van téng).

Tém lai, moi nit trén ciy 1a mot ban ghi gém cac trudong:

Trwong value: Chira phan tir lwu trong nut.

Trwong P: Chiva lién két (con trd) t&i niat cha, néu la nat géc (khong ¢ nut
cha) thi treong P dwoc dit bang mot con tro dic biét, ky hiéu nilT.
Trwong L: Chira lién két (con trd) téi nut con trai, néu nut khéng c6 nhanh
con trai thi tredng L dwoc dit bang nilT.

Truwong R: Chira lién két (con trd) téi ndt con phdi, néu nut khéng céd
nhanh con phai thi treong R dwoc dit bang nilT.

Trwong len chira s6 nit trong nhanh goc x

Trwong sum chiva tong phan ti chira trong nhanh goc x

len:3 len:3

sum: 11 sum:11

len: 1 len:1

sum: 1 sum:5

Hinh 2. Cay biéu dién danh sach gém 7 phan ttt (1, 7, 3, 6, 5, 4, 2)



type
PNode = ~TNode; //Kiéu con tré tdi mdt niit
TNode = record
key: TKey;
P, L, R: PNode;
len: Integer;
sum: Inté4;
end;
var
sentinel: TNode;
nilT: PNode; //Contr téinit ddt biét
root: PNode; //Contrd téiniitgdc

begin
nilT := (@sentinel;
nilT*.size := 0;

nilT*.sum := 0;
end.
Cé4c ngdn ngit 1ap trinh bic cao thuwdong cung cip hang con tré nil (hay null) dé
gan cho cac lién két khong ton tai trong ciu truc dir liéu. Hang con tré nil chi
duoc str dung dé so sanh v&i cac con tro khac, khong dwoc phép truy cip bién
dong nil”".
Trong cai dat cay nhi phan, ching ta str dung con tré nilT gan cho nhirng lién
két khong c6 thwce (cong dung twong tw nhw con tré nil). Chi cé khac la con trd
nilT tré té¢i mot bién sentinel c6 thwe mic du cac trwong ctanilT* la vo
nghia. Ching ta hy sinh mot 6 nhé cho bién sentinel = nilT* d€ don gian hoa
cac thao tac trén cay".
Thu tuc Update(x) sau day tong hgp cac thong tin trong x tir nhirng thong tin
phu tro trong hai nut con:
procedure Update (x: PNode) ;
begin

x*.len := x*.L*.len + x*.R*.len + 1; //Tinhsd nit trong nhdnhx

x*.sum := x*.LA.sum + x*.R*.sum + x*.value; //Tinhtdng cdcphin ti trong nhdnh x
end;
O day ta quy wéc nilT*. len = 0 va nilT*. sum = 0.
DE& dé trinh bay cac thao téc, ta viét san cac thu tuc méc néi cac nut: Tha tuc
SetL(x,y) cho y lam con trai x, tht tuc SetR(x, y) cho y lam con phai x

*Muc dich cta bién nay la d€ bét di thao tac kiém tra con tré p # nil trwde khi truy cap nit p”.



procedure SetL(x, y: PNode);
begin

y*.P = x; x*.L :=y;
end;

procedure SetR(x, y: PNode);
begin

y*.P = x; x*.R :=y;
end;

2.1.3. Truy cAp ngiu nhién

Ca cac phép bién d6i danh sach déu c6 mét tham sé vi tri, viy viéc diu tién la
phai xac dinh nuat twong &ng v&i vi tri i trong danh sach triru twong la ndt nao
trong cay. Theo nguyén ly cia phép duyét cay theo thit ty gitra (duyét nhanh
trai, tham nuat goc, sau dé duyét nhanh phai), thuat toan xac dinh nit twong
trng véi vi tri i 6 thé dién ta nhu sau:

Dbé tim nit thir i trong nhanh ciy goc x, trwedc hét ta xac dinh ord 1a sé thi tw
cda nut goc x (theo thi tw gitra): ord = x*. L".size + 1, sau d6

® Néu i = ord thi nit cin tim chinh la nadt x.

® Néui < ord thi quy vé tim nit thi i trong nhanh con trai cta x.

® NéEui > ord thi quy vé tim nit thi i — ord trong nhanh con phai cua x.

S6 bwdc lap dé tim nut twong ng véi vi tri i c6 thé tinh bang dd siu cha nut
két qua cong thém 1. Phép truy cip ngau nhién dwoc cai dit bang ham
NodeAt(x,i): Nhan vao nit x va mot sé nguyén i, trad vé nut twong &ng véi vi

tri d6 trén nhanh cay goc x.



function NodeAt(x: PNode; i: Integer): PNode;
var
ord: Integer;
begin
repeat
ord := x*.L*.len + 1; //Xdc dinhsd thit tw nit x
if ord = i then Break; //Nitcdn tim chinhldx
if i < ord then //Quyveé tim nit thit i trong nhdnh con trdi
x = x*.L
else //Quyveé tim niit thit i - ord trong nhdnh con phdi
begin
i:=1i - ord;
x := x*.R;
end;
until False;
Result := x;
end;

2.1.4. Van dé can bang cay

Thao tac truy cap ngau nhién thwc hién mot phép di chuyén tir goc xuéng mot
ndt mang s6 thir tw da dinh, néu ciy nhi phan suy bién, phép truy cip ngau
nhién khong khac gi phép truy cip tuan tu trén danh sich méc néi don va tré
nén kém hiéu qua. R4t may min 1a ta c6 nhitng phwong phéap cin bang ciy.
Nhitng phwong phap nay hodc giir cho chiéu cao ciy la mot dai lwong 0(logn)
v(in 1a s6 nut trén cay, hodc ddm bao cho diay m thao tac truy cap ngiu nhién
dwoc thyc hién trong thoi gian O((m + n) logn). Nhitng phwong phap can
bang cay dwoc ké thira tir cac cdu tric dit liéu cay nhi phan tim kiém tw can
bang (self-balancing binary search trees) nhw ciy AVL, ciy do den, ciy Splay,
Treaps, cAy nhi phan tim kiém ngau nhién v.v....
HAu hét cac k§ thuét cAn bang ciy dwoc thwce hién bdi phép quay ciy, c6 hai
loai: quay phai (right rotation) va quay trai (left rotation).
® Néu x la con tréi cta y, phép quay phai theo lién két y — x cat nhanh con
phai cia x 1am con trai cua y sau dé cho y lam con phai cua x. Nat x dwoc
day lén lam goc nhanh thay cho nuty. Nhw vi du & Hinh 3, c6 thé thay
rang phép quay phai bdo ton thi tw gittaa —x — f —y — y.



® Nguoc lai, néu x 1a con phai cda y, phép quay trai theo lién két y - x véi x
cit nhanh con trai cia x 1am con phai cta y sau dé cho y 1am con tréi ctia
x. Twong tw nhw phép quay phai, phép quay trai diy x 1én lam nit nhanh
thay cho nut y. Nhw vi du & Hinh 3, ciing c6 thé thdy rang phép quay trai

bao tén thi tw gitaa —y — B — x — y.

Quay phai )

Quay trai

Hinh 3. Phép quay cay

Ta viét mot thao tic UpTree(x) tong quat hon: Véix # root, vay = x*. P,
phép UpTree(x) sé quay theo lién kéty — x dé diy nut x 1én phia goc ciy
(d6 sdu cua x gidm 1) va kéo nit y xuéng sdu hon mot mikc lam con nut x. Cha
y la sau phép UpTree(x), ta chi can cap nhit thong tin phu tro cta nity va
sau dé cap nhat thong tin phu trog cda nutx (trwong len va trweong sum),

théng tin phu tro trong cac nat khac khong thay doi.



procedure UpTree(x: PNode);
var
y, z: PNode;
begin
y := x*.P; //y"lanitcha ciax”
z y*.P; //z"lanit cha clia y*
if x = y*.L then //Quay phdi
begin
SetL(y, x*.R); //Chuyénnhdnh con phdi ciia x" sang lam con trdi y*
SetR(x, y); //Choy"lam con phdix"
end
else //Quay trdi
begin
SetR(y, x*.L); //Chuyénnhdnh con trdi ciax” sang lam con phdiy”
SetL(x, y); //Choy"lam con trdix"
end;
//Méc néi x* vao lam con z* thay cho y*
if z*.L = y then SetL(z, x) else SetR(z, x);
Update (y) ; Update (x)
end;

2.1.5. Cay Splay

Trong vi du cu thé nay, cy Splay dwgc st dung lam cu truc dir liéu ciy biéu
dién danh sach. Pay 1a mot trong nhitng y twdng thd vi nhit vé cay nhi phan
tim kiém tw cin bang [8]. Thao tac lam “bep” ciy (splay) dwoc thwc hién ngay
khi c6 1énh truy cap nut, lam gidm doé sau cua nhirng nuat truy cap thwong
xuyén. Trong treong hop tin suat thwe hién phép tim kiém trén moét khoa hay
mot cum khéa cao hon han so véi nhivtng khoa khac, ciy Splay sé phat huy

dwoc wu thé vé mit téc do.
U Thao tac Splay

Thao tac quan trong nhat ctia ciy splay la thao tac Splay(x): nhin vao mot

nuat x va diy x 1én lam gbc ciy: Néu x chwa phai géc ciy, goi y 1a nut cha cua x

(y == x".P) vazla nit cha ctay (z := y*. P), x sé dwgc diy din 1én goc ciy

theo quy trinh sau:

® Néuxla con cda niat goc (z = nilT), mdt phép UpTree(x) sé dwoc thuc
hién va x sé tré thanh goc cay. Thao tac nay goi la phép zig.

® Néux vay cung la con trai hodc cung la con phai, mét phép UpTree(y) sé
dwoc thwce hién dé diy y 1én lam nut cha cia z, ti€p theo 1a mot phép
UpTree(x) dé day x 1én lam nut cha cta y. Thao tac nay goi la phép zig-
Zig.



® Néuxvaycé mét niut 1a con trdi va mot nut la con phdi, hai phép
UpTree(x) sé dwoc thwe hién dé day x 1én lam nit cha cia ca y va z. Thao
tac nay goi la phép zig-zag.

Thao tac Splay(x) can st dung tdi da mot phép zig.

zig-zig

A Bao toan thir ty gitra
! ! AxByCzD

° ﬁ zig-zag
° Bao toan thit tu gita
CyAxBzD

Hinh 4. Phép zig-zig va zig-zag.

procedure Splay(x: PNode) ;

var
y, z: PNode;
begin
repeat
y := x*.P;
if y = nilT then Break; //xldgdc thidirng ngay
z = y*.P;
if z # nilT then //zig-zig hodc zig-zag, cin 1 phép UpTree trudc phép UpTree(x)
if (y = z*.L) = (x = y*.L) then UpTree(y) //xvay cungla con trdihodc cing Ia con phdi
else UpTree(x); //xvay cémdtnitcon trdiva mot nit con phdi
UpTree (x) ;
until False;
end;

Tai sao lai lam phtc tap héa vin dé khi ma ta cé thé thuc hién lién tiép mot
loat cac thao tac UpTree(x) dé diy x1én gbéc ciy?. Ciu trd loi la phép
Splay(x) ngoai viéc diy x 1én thanh gdc ciy, n6 con c¢6 xu hwéng lam giam do

siu cua cac ndat nam trén dudng di tir x 1én gbc. Py 1a dic diém ndi bat cla



cay Splay: Nhitng nut truy cap thwong xuyén sé dwoc lam giam dd sau va
phan bo gan phia géc.
Hinh 5 la vi du vé ciy trwdc va sau kKhi thwe hién thao tac Splay(x,). Thao tac
Splay(xs) bao gom mot phép zig-zig, mot phép zig-zag va mot phép zig.
Trwéce khi Splay(xg), x; & d0 sdu 0, x, & d0 sdu 1, ...Téng do sdu cua cac nut
Xy ¢ la:

0+1+2+3+4+5=15

Sau khi Splay(xg), x¢ & dd sau 0, x; va x; & d0 sau 1, x, va x5 & do siu 2, x, &

d6 sau 3. Tong do siu cla cac nut x; . la:

0+1+1+2+2+3=9

Hinh 5. Vi du vé thao tac Splay

U Tach

Phép tach (Split) nhan vao mot danh sich triru twong L (bi€u dién béi cay T)
va mét chi s6 i, sau d6 tich danh sich L thanh hai danh sich: Danh sach L,
(bi€u dién bé&i cAy T;) gbm i phan tir dAu cda L va danh sach L, (biéu dién béi
cay T,) gobm cac phan ti con lai trong L. Thuat toan tach c6 thé dién gidi nhw
sau:

® NEui=0, ta gdnT, :=nilTvaT, :=T bdi trong treong hop nay danh

sachL, =@val, = L.



® Néui>0, xdc dinh nut T; chta phan t& ding th& i bang ham
NodeAt(T,i), ddy T, 1én gdc cay bang 1énh Splay(T,), va xac dinh T, 1a nit
con phai cua T;. Vi thit tw gitta dwgc bao ton, nat T; van l1a nut ding thir i
theo thir tw giita. Viéc cudi cung chi 1a cat bo lién két gittra T; va nhanh con
phai T, cia né dé tao thanh hai cy.

Chu y rang sau phép tach ciy T thanh hai cAy T, va T,, ta phai coi nhw cay T da

bi hliy va khong dwoc st dung nira.

procedure Split(T: PNode; i: Integer; var T1l, T2: PNode);

begin
if i = 0 then
begin
Tl := nilT; T2 :=T;
end
else
begin
Tl := NodeAt(T, i); //TI: nitding thititheo thit tw gitka
Splay(T1) ; //Pdy T1lénlam gdc cdy
T2 := T1*.R; //T2=conphdiTl
T1~.R := nilT; T2*.P := nilT; //CitliénkétT1-T2
Update (T1) ; //Tinhlqi thdng tin phu tro trong T1 sau khi cdt lién két
end;
end;
O Ghép

Viéc ghép ndi ti€p danh sach L, (biéu dién bai ciy T;) véi danh sach L, (biéu

dién bédi cay T,) dwoc thie hién nhw sau:

® Né&u T, = nilT, danh sach L, rong, don gian ta tra vé T,.

® NéuT,; # nilT, ta xac dinh ndt cwc phai caa T; (nut chita phan t& ding
cudi danh sach L,), tam goi 1a nut x, ddy x 1én gbc cay bang phép Splay(x)
khi d6 x chac chdn khong c6 nhanh con phai. Viéc cudi cung chi 1a cho T,

lam con phai cta x va tra vé ciy goc x.



function Join(Tl, T2: PNode): PNode;
begin
if T1 = nilT then Result := T2 //T1rdng thitrdvé T2
else
begin
while T1*.R <> nilT do T1 := T1*.R; //Dixudng niitcwc phdi Tl
Splay(T1); //Pdy léngdccdy
SetR(T1, T2); //ChoT2lam con phdiT1
Update (T1) ; //Cdp nhdt lai thng tin phu tro trong T1
Result := T1; //Trdvécdy biéu dién danh sich dd ghép
end;
end;

Chu y rang sau phép ghép cay T, va T, thanh mot cay T, ciy T, va T, phai coi
nhw da bi huy va khéng dwoc sir dung nira.

O Cheén, xda, cap nhat va truy van

Dén day ta c6 thé dé dang cai dit cac phép bién ddi da cho trén danh sach dua
trén co ché tach va ghép.

DE& chén phan tir v vao vi tri i, ta tAch ciy biéu dién danh sich thanh hai cay
T,,T,. Cay T; biéu dién danh sich gom i — 1 phan tr dau tién va ciy T, biéu
dién danh sach gom cac phan ti con lai. Tao nat x chira phan tir v va cho T, T,
lan lwot 1a con trai va con phai niat x. Viéc cudi cung la cip nhét lai théng tin
phu tr¢ trong nidt x va trad vé ciy gdc x biu dién danh sich mai sau khi da
chén phan t v.

Dé x6a phan tir tai vi tri i, ta xac dinh nit x chira phin t& dirng thi i, thwc hién
Splay(x) dé ddy x 1én gdc cay, cat roi nhanh con trai T; va nhanh con phai T,
clia x sau d6 thuwc hién ghép T; véi T, dwoc cay biéu dién danh sidch méi sau
khi da x6a phén tr thi i. Viéc cudi cung la gidi phéng bdé nhé cap cho nit x.

Dé cip nhéat gia tri phan t tai vi tri i, ta xc dinh nat x chira phan t& dirng thir
i, diy x 1én gbc cAy bang lénh Splay(x), sau d6 cip nhat gia tri phan t luvu
trong x dong thoi cip nhéat lai cac thong tin phu tro ca nit x.

D€ tinh tdng cac phan ti tir vi tri i t&i vi tri j, ta tach cAy biéu dién danh sach
thanh ba cdy: Cay T, bi€u dién danh sach gom i — 1 phan tr dau day, cay T,
biéu dién danh sach gdbm c4c phan tr ndm trong pham vi truy van tir i t&ij va
cay T; biéu dién danh sach tir phan tir thit j + 1 dén cudi. Cudi cung ta tra vé

gid tri T2”. sum va tién hanh ghép 3 ciy lai nhw ci. Thuwc ra phép truy van nay



c6 thé tra loi ma khéng can dung thao tac tach ghép, nhung ta tin dung cac

thao tac tach ghép dé don gian hoa viéc cai dit.
2.1.6. Cai dat

LISTQUERY.PAS v Cay biéu dién danh sach

{SMODE OBJFPC}
program SumQueries;
type
PNode = ~TNode;
TNode = record //Cdu tric niit
value: Integer;
P, L, R: PNode;
len: Integer;
sum: Int64;
end;
var
sentinel: TNode;
root, nilT: PNode;

procedure Init;

begin
nilT := @sentinel;
nilT*.len := 0;
nilT*.sum := 0;
root := nilT;

end;

procedure Update (x: PNode); //Cdp nhatthdng tin phu trrtrong niit x tir hai niit con
begin

x*.len := x*.IL*.len + x*.R*.1len + 1;

x*.sum := x*.L*.sum + x*.R*.sum + x*.value;
end;

procedure SetL(x, y: PNode); //Ddtylam cont trdix
begin

y*.P = x; x*.L :=y;
end;

procedure SetR(x, y: PNode); //Pdtylam con phdix
begin

y*.P = x; x*.R 1= y;
end;

//Tim niit thit i trong cdy gdc x
function NodeAt(x: PNode; i: Integer): PNode;
var
ord: Integer;
begin
repeat
ord := x*.L*.len + 1;
if ord = i then Break;
if i < ord then
x = x*.L



else
begin
i:=1i - ord;
X := x*.R;
end;
until False;
Result := x;
end;

procedure UpTree(x: PNode); //DdyxIén caohon 1 mitc bing phép quay
var
y, z: PNode;
begin
y := x*.P;
z = y*.P;
if x = y*.L then //Quay phdi
begin
SetL(y, x*.R);
SetR(x, y);
end
else //Quay trdi
begin
SetR(y, x*.L);
SetL(x, y);
end;
if z*.L = y then SetL(z, x) else SetR(z, x);
Update (y) ; Update (x) //Cdp nhdt thong tin phu tro-trong x vay
end;

procedure Splay(x: PNode); //BdyxIénthanh gdccdy
var
y, z: PNode;
begin
repeat
y := x*.P;
if y = nilT then Break;
z := y*.P;
if z <> nilT then
if (y = z*.L) = (x = y*.L) then UpTree(y)
else UpTree(x);
UpTree (x) ;
until False;
end;

//Téch cdy T thanh 2 cdy T1, T2, cdy T1 gom i phén tik ddu, cdy T2 gom cdc phdn tik con lgi
procedure Split(T: PNode; i: Integer; var Tl, T2: PNode);

begin
if i = 0 then //i=0,cdyTlréng
begin
Tl := nilT; T2 := T;
end
else
begin
Tl := NodeAt(T, i); //Nhdy dén niit thii

Splay(T1); //Pdyléngic
T2 := T1*.R; //Catnhdnh con phdiralim T2
T1~.R := nilT; T2*.P := nilT;



Update (T1) ; //Cdp nhdt thng tin phu tro trong T1
end;
end;

function Join(T1, T2: PNode): PNode; //Ghép nditiép hai danh sdch T1, T2
begin
if T1 = nilT then Result := T2
else
begin
while T1*.R <> nilT do Tl := T17.R; //Nhdy dén niit cwc phdi ctia T1
Splay(T1) ; //Pdyléngdc
SetR(T1, T2); //Cho T2 lam con phdi
Update (T1) ; //Cdp nhdt thong tin phu tro
Result := T1;
end;
end;

//Cdc thao tdc chinh trén danh sdch
procedure Insert(i: Integer; v: Integer); //Chénvvaovitrii
var
T1l, T2: PNode;
begin
if i > root”.len then i := root”.len + 1;
Split(root, i - 1, T1, T2); //Tdch thanh haidanh sdch con taivi tri chén
New (root) ; //Tao gdc méi chira phén tir chén vio
root”.value := v;
root”.P := nilT;
SetL (root, Tl); SetR(root, T2); //Cho haidanh sdch convao haibén
Update (root) ; //Cdp nhdtthdng tin phu tro
end;

procedure Delete(i: Integer); //Xdaphdn tithivi
var
x, T1l, T2: PNode;
begin
x := NodeAt(root, 1i); //Nhdy téinit chita phin ti cin xda
Splay(x); //Pdyléngdc
Tl := x*.L; T1*.P := nilT;
T2 := x*.R; T2*.P := nilT;
Dispose (x) ; //Gidi phdng by nhé
root := Join(T1, T2); //Ghép nditiép hai danh sdch hai bén vi tri xda
end;

procedure Update(i: Integer; v: Integer); //Cdp nhdtgid tri phdn ti thit i
begin

root := NodeAt(root, i); //Nhdy téinit chita phdn ti thi i

Splay (root) ; //bdyléngdc

root”.value := v; //Ddtgidtriméi
Update (root) ; //Cdp nhdt lgi thdng tin phu tro (sum)
end;

function Query(i, j: Integer): Int64; //Tinhtdng cdc phdn titiritdij
var
T1l, T2, T3: PNode;
begin
Split(root, j, T2, T3); Split(T2, i - 1, T1, T2); //Tdchthanh 3 danh sdch nditiép T1, T2,T3



Result := T2*.sum; //Trdvé tdng cdc phdn ti trong T2
Root := Join(Join(T1, T2), T3); //Ghéplai
end;

procedure Solve;

var
c: Char;
k, p: Integer;
i, j: Integer;
v: Integer;
begin
Readln (k) ;
for p :=1 to k do
begin
Read(c) ;
case c of
'I':
begin
Readln (i, v);
Insert(i, v);
end;
'D':
begin
ReadLn (i) ;
Delete(i);
end;
'u':
begin
Readln (i, v);
Update (i, v);
end;
IQI:
begin
Readln (i, j);
WriteLn (Query(i, j));
end;
end;
end;
end;

procedure FreeMemory(x: PNode) ;
begin
if x = nilT then Exit;
FreeMemory (x*.L) ;
FreeMemory (x*.R) ;
Dispose (x) ;
end;

begin

Init;

Solve;

FreeMemory (root) ;
end.

Thoi gian thwe hién giai thuét c6 thé danh gia qua sé l1an thuc hién thao tac

Splay va s6 11 goi ham NodeAt. Nhan xét rang moi khi phép truy cip phan tir



NodeAt di tir goc xuéng mot nut thi ngay sau d6 1a mot 1énh Splay chuyén nat
dé6 1én goc. Chinh vi vay thoi gian thwe hién giai thuat c6 thé danh gia qua day
cac thao tac Splay, so thao tac Splay can thwc hién la mét dai lwgng O (k).

Cac nghién ctru ly thuyét da chi ra rang mot phép Splay thwc hién riéng ré cé
thé mat thoi gian ©(n) védi n la s6 nidt trén ciy. Tuy vay, thoi gian thwe hién ca
day gdbm k thao tac Splay tinh tdng lai chila O((k + n)logn + k). Ttc la ta c6
thé coi moi phép cip nhat/truy van duoc thuc hién trong thoi gian O(logn)
(danh gia bu trw - amortized analysis) khi k > n.

Nguwoi ta cling da chirng minh dwoc rang ciy Splay c6 thoi gian thwe hién giai
thudt trén mot day thao tac chén/xdéa/tim ki€m twong dwong véi ciy nhi
phan tim kiém t6i wu khi danh gia bang ky phap O 16n (di nhién 1a sai khac
mot hang s6 4n trong ky phap 0).

2.2. Cay quan ly doan

Segment trees [2] 12 mo6t ciu truc dir liéu ban diu dwogc thiét ké cho cac ng
dung hinh hoc. Ciu tric nay kha phic tap va dwoc st dung dé tra 1o nhiéu
loai truy van khé. Segment trees thwong dwoc so sanh véi interval trees 1a mot
dang ciu trac dir liéu khéc cling cung cip cac chirc nang twong dwong.

Trong muc nay, ta don gidn hda ciu tric segment trees dé giai quyét bai toan
truy van pham vi. Piéu nay lam cho ciy quan ly doan chi giong v&i segment
trees & hinh anh biéu dién con cac thudc tinh va phwong thitc tré nén don
gidn va “yéu” hon nhiéu so v&i ciu tric nguyén thuy, theo nghia khong tra 1oi
dwoc nhirng truy van khé nhw ciu tric nguyén thuy.

Trén cac dién dan thao luin vé thuat toan trong nuwdc va thé gidi, doi khi tén
goi interval trees hodc segment trees van dwoc dung dé€ goi tén ciu truc nay,
tuy nhién t6i khong tim thiy dinh nghia vé né trong cac cudn sach thuit toan
pho bién [3] [1] [4]. Cac bai gidng thuit todn ciling chi dung tén goi interval
trees va segment trees dé dé cip t&i hai ciu tric div liéu trong hinh hoc tinh
toan. Ciu tric ma muc nay noéi dén, tdi tam goi la cay quan ly doan, chi 1a mot
han ché cda interval trees hay segment trees trong treong hop cu thé.

Moi bai toan giai quyét dwoc bang ciy quan ly doan déu co thé gidi dwoc bang

ciu trac dir liéu da trinh bay & muc 2.1, tuy nhién diéu nguwoc lai khong dung.



Mic du vdy, ciy quan ly doan cung cdp mot cich quan ly méi thong qua cac
doan so cap, ngoai ra viéc cai dat dé dang cling 1a mot wu diém clia cdu truc dit
liéu nay. Ta gi¢i han lai bai toan Range Query trong trwong hop dac biét:
khéng c6 phép chén va xba phan t&r dé khao sat ciu triuc dit liéu ciy quan ly
doan.
Bai toan: (Range Query 2).
Cho mot day gom n sé nguyén A = (a4, ay, ..., a,). Xét hai phép bién doi:
® Phép cip nhat Update(i,v): Pata; ==v
® Phép truy van Query(i,j): Tra vé tong cac phan tit tir a; t6i a;
Yéu ciu: Cho day k thao tac thwc hién tuin tw, hdy tra 101 tit cd cic truy van
Query
Input
® Dong 1 chira 2 s6 nguyén dwong n, k < 10°
® Dong 2 chiran sé nguyén a,, a,, ..., a,
® 7 dong ti€p, mdi dong cho thong tin vé mot phép bién dsi. Moi dong bat
dau b&i mot ky tw € {U,Q}
B Néu ky tw dau dong la “U” thi tiép theo la hai s6 nguyén i, v twong rng
v&i phép cap nhat Update(i, v) (v < 10°)
B Néu ky tw ddu dong la “Q” thi tiép theo la hai s6 nguyén i, j twong rng
v&i phép truy van Query(i, ) (i < j)
Output

Tra 1&i tit ca cac truy van Query, véi moi truy van in ra cau tra 1oi trén 1 dong

Sample Input Sample Output
9 17

1 456789 45

U //523456789

U //526456789

Q

U

Q




2.2.1. Cau truc

Cay quan ly doan la mot cdy nhi phin day da (full binary trees) c6 ciu tric

nhuw sau:

® MOJdi nut quan ly mot day cac déi twong lién tiép, trong nut chira thong tin
tong hop tir cac dbi twong ma nd quan ly (trong treong hop cu thé nay,
moi nut chira tdng cua cic phan t trong pham vi ma né quan ly).

® Nt gdc quan ly cac doi twong tir 1 tdin.

® Néu mot ndat quan ly diy cac déi twong tir [ téi h (I < h) thi ndt con trai
clia n6 quan ly cac doi twong tir [ t&i m va nit con phai cia né quan ly cac
déi twong trm + 1 téi h. O ddym = |(1 + h)/2).

® Né&u mot ntt chi quan Iy mdt doi twong thi noé sé la nut 1a va khong c6 nut
con. Trong mot s6 trwedong hop can tiang toc thuit toan, moi ddi twong i sé
dwoc gan voi mot con tré leaf[i] tré téi nut 14 quan ly truc tiép doi twong
.

Pé thuan tién cho trinh bay, véi moi nut x ta Iwu thém hai chi s6 [, va h, cho

biét x quan ly cac phan tr tir trong mang A tir chi s6 [, t&i chi so h,.

Hinh 6 1a vi du vé cdy quan ly doan gbm 6 doi twong

[1..6]

/\

[1..3] [4...6]

M1 o

Hinh 6. Ciy quan ly doan

Bo dé 1

Vé&i moi s6 nguyén dwong n, @6 sau ctia cac nut 1 trén ciy quan ly doan gom n
déi twong khong vwot qua lg(2n — 1)

Chirng minh

Goi dmax(n) 1a do siu 1én nhat cia mot nat 14 trén ciy quan ly doan gobm n

doéi twong. Theo co ché xay dung ciy: nut con trai cda nat goc quan ly [n/2]



déi twong va nat con phai cia nut gbc quan ly |n/2] doi twong. Tic 1a néu xét
veé do sau:

0,néun =1 (1)
dmax([n/2]) + 1,néun > 1

dmax(n) = {
Ro rang khin = 1, ta c6 dmax(1) = 0, bo dé dung.
Khin > 2, ta chitng minh bat dang thitc manh hon: dmax(n) < lg(2n — 2).
Khin = 2 tac6é dmax(2) = 1 = Ig(2n — 2), bat dang thirc ding.
Trudmg hop n > 2, bat dang thirc sé duwoc chirng minh bang quy nap theo n:
dmax(n) = dmax([n/2]) + 1
<lg(2[n/21-2) + 1
<lgn+1-2)+1 (2)
=lgln—1)+1
=lg(2n — 2)
Bé dé 2
V&i moi sO nguyén dwong n, dd su cua cac nut 14 trén ciy quan ly doan gom n
déi twong khong nhé honlg(n +1) — 1
Chirng minh
Goi dmin(n) 1a d6 sdu nho nhat ciia mot nut 14 trén ciy quan ly doan gbmn

doéi twong. Cling theo co ché xay dung ciy, ta co:

0O,néun=1

dmin(n) = {dmin([n/ZJ) +1,néun>1 (3)

Ro rang khin = 1, ta c6 dmin(1) = 0, b dé dung.
Khin > 1, b @& dwoc chitrng minh bang quy nap theo n:
dmin(n) = dmin(|n/2]) + 1

>lg(ln/2]+1)—-1+1
= lg(ln/2] + 1)
>lg((n—1)/2+1)
=lg((n+1)/2)
=lgln+1)—-1

(4)



B& dé 1 va B6 dé 2 chi ra rang do siu cta cac nat 14 cling nhw do cao clia cay la
mot dai lwong ©(Ign). D6 1a co s& cho phép biéu dién ciy cling nhw cac phép
danh gia thoi gian thwe hién giai thuat.

2.2.2. Biéu dién

Ta s& stt dung mang dé bi€u dién ciy quan ly doan theo co ché quen thudc:
Nut géc dwoc danh sé 1, ndt x c6 nidt con trai la nat 2x, nit con phai la nat
2x + 1 va nut cha nit cha [x/ 2]. Mudn vy ta can wéc lwong kich thwdc mang
can khai bao.

Xét mot cay quan ly doan dd cao h, ta thém cho nut cwc trai ciia cdy mot nat 1a
bén trai, goi 1a nat u. Do phép xay dwng ciy, nut 14 u nay chac chan c6 dd sau
1é6n hon tat cd cic nut khac trong ciy va do d6 né sé duwgc danh s6 1é6n nhat.
Theo co ché danh chi s6, ntt 14 u sé& c6 chi s6 2" (do nd 1a 14 cwc trai va nam
& dosau h + 1).

B6 dé 1 da chi ra rang ciyu quan ly danh sichn phin t c6 chiéu cao
h<lg(2n—1). Do d6 chi s6 cua nut la u khong bao gior vwot qua
218@n-D+1 — 45 — 2. Pijeéu d6 cho thdy chi s6 cac nit con lai khong vueot qua
4n — 3.

D& dé nhé ngudi ta thwdng khai bdo mang véi cac phan tir dwoc danh sé tir 1
toi 4n.

Thu tuc Build(x, low, high) dwéi diy khéi tao nhanh cdy goc x quan ly cac déi

twong a;,, toi apigy:



procedure Build(x: Integer; low, high: Integer);
var
middle: Integer;
begin
1[x] := low; h[x] := high;
if low = high then //Nitxla métld qudn Iy duy nhdt mét déi twong aflow]

begin
sum[x] := a[low]
leaf[low] := x;

end

else //Nitxla nit nhdnh va sé cd diing 2 niit con

begin
middle := (low + high) div 2;
Build(x * 2, low, middle); //Khditaonhdnh con trdiqudn Iy cdc doi twgng low..middle
Build(x * 2 + 1, middle + 1, high); //Khéitao nhdnh con phdiquén Iy cdc ddi twong middle + 1...high
sum[x] := sum[2 * x] + sum[2 * x + 1]); //Tdng hop thong tin tong tir 2 niit con Ién niit x

end;

end;

Tht tuc khéi tao cdy quan ly doan sé dwoc thwc hién bang loi goi

Build(1,1,n). Viéc khéi tao cay dwoc thwe hién trong thoi gian O(n).
2.2.3. Cap nhat

Thao tac dau tién trén cay quan ly doan la phai cip nhat lai cdy mdi khi c6 su
thay déi gia tri phan t&. Khi mot phin tk q; bi thay do6i, ta nhay t&i nut
x = leaf[i] 1a nat 14 trwc ti€p quan ly a; va di tir nit x 1én goc, c& di qua nat
nao thi cip nhat lai thong tin téng sum|[.]. Sau qua trinh nay, tit ca cac nut
chira phan t q; trong pham vi quan ly sé dwgc cip nhit lai thong tin téng
sum|.].
Thu tuc Update(i, v) dwéi day hiéu chinh lai cdy quan ly doan khi c6 su thay
doia; ==v
procedure Update(i: Integer; v: Integer);
var

x: Integer;
begin

x := leaf[i]; //Nhdy téinitld qudn Iy triec tiép ddi twgmg i

sum[x] := v; //Cdp nhdt thong tin tai ld x
while x > 1 do //Chitng ndo x chwa phdi la géc

begin
x := x div 2; //Nhdy lén niit cha ctia x réi cdp nhdt théng tin tdng
sum[x] := sum[2 * X] + sum[2 * x + 1];

end;

end;



Cé6 thé hinh dung co ché cip nhat thong qua mé hinh quan ly nhan sw: Gia st

mot co quan can quan ly n nhin vién va cé co ciu tb chirc theo so d6 phin cip

dang cdy: C4c nut 14 twong rng v&i cac nhan vién va moi ndt nhanh 1a mot vi

lanh dao, moi lanh dao sé& quan ly truc tiép ddng 2 nit con clia minh (c6 thé 1a

nhan vién hodc vi 1anh dao cip thip hon). Khi mdi nhan vién thay d6i thong

tin, anh ta can bao cao sw thay doi d6 cho vi lanh dao quan ly trwc ti€p minh

dé vi lanh dao nay cdp nhat va bdo cdo l1én cip cao hon... cho téi khi théng tin

trén nat géc - 1anh dao cap cao nhit dwoc cip nhit.

Thoi gian thuc hién cda thu tuc Update 1a ©(Ign) vi vong lap while bén trong

c6 s 1an l3p bang do sau cua nut leaf[i].

2.2.4. Truy van

Phép truy van nhan vao hai chi s0 i < j va trd vé tong cac phan tit tir a; t6i a;

Trwdec tién, ta viét mot ham Request(x) nhin vao mét nit x va tra vé tong cac

phan t¥ do x quan Iy ma nam trong pham vi truy van [, j] (cac phan t c6 chi

sO vira nam trong pham vi [, ... h,, vira nam trong pham vi i ... j):

® Truwong hop 1:[L, h,]N[i,j] =@, natxkhong quan ly déi twong nao
trong pham vi truy vin, ham Request tra vé 0.

® Truong hop 2:[L,, h,] € [i,]], tAt ca cac ddi twong do x quan ly déu nam
trong pham vi truy vin, ham Request tra vé sum|[x]

® Ngoai hai treong hop trén, ham Request goi dé quy dé “héi” hai nut con
vé tong cac phan t truy vin thuéc pham vi quan ly cia nhanh con trai va
tdng cac phan tir truy vin thuéc pham vi quan ly ciia nhanh con phai, sau
d6 cong hai két qua lai thanh két qua ham.

Phép truy van vé tong cac phan tir tir a; téi a; dwoc thwe hién béi mot 1o goi

ham Request(1).



function Query(i, j: Integer): Inté4;

function Request(x: Integer): Int64;
begin
if (j < 1[x]) or (h[x] < i) then //I[x]..h[x] khéng cé giao véii..j
Exit (0);
if (i £ 1[x]) and (j 2 h[x]) then //I[x]..h[x] ndm hodn todn trongi..;
Exit(sum[x]);
//Truy vdn trén hai niit con roi tong hop lai
Result := Request(2 * x) + Request(2 * x + 1);
end;

begin
Result := Request(l);
end;

Thoi gian thuwe hién gidi thuit cda phép truy van cé thé danh gia qua so loi goi
ham Request. Nhin vao mé hinh cai dat, moéi phép “+” sé kéo theo 2 loi goi
ham Request, nhw vay s6 loi goi ham Request bang 2 X s§ phép “+” cong
thém 1. Tic 1a thoi gian thwe hién gidi thuit cé thé danh gia qua sé lan thuc

hién phép “+”.

Trong ham Request(x), phép “+”chi dwoc thuwc hién khi ma doan [[,, h,] c6
giao khac rong v&i doan [i, j] nhwng doan [l,, h, ] khong ndm trong doan [i, j].
Vé&i mot dd sdu d c6 dinh, ta khdo sat xem cé bao nhiéu phép “+” dwoc thuc
hién trong cac ham Request(x) v&i x 1 mot nat c6 do siu d. C6 thé thiy rang
cac pham vi quan ly ctia cac nut & doé sau d do6i mot khong giao nhau. Nhw vi
du & Hinh 7 1a cdy quan ly doan gébm 8 phan t&, & do sau 2, c6 4 nut quan ly

cac pham vi roi nhau [1,2], [3,4], [5,6] va [7,8].

Hinh 7. Ciy quén 1y doan goém 8 phan ti

Nhan xét trén cho ta thdy rang & mot do sau d, c6 khong qua 2 nit ma pham vi

quan ly moi nut cé giao khac rong véi doan [i,j] nhung khong chira trong



doan [i, j]: MOt nat chira i va mot nit chira j trong pham vi quan Iy ctia ching
(Hinh 8)
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[lxr hx] n [lr]] =0 [lxr hx] S [lv]] [lx1 hx] n [l,]] =0

Hinh 8. Khao sat pham vi quan ly ctia cac nut tai d6 siu d.

Vay thi, & do sdu d, c6 khong qua hai phép “+” dwoc thwe hién, diéu nay chi ra
rang téng s6 phép “+” khéng vwot qua 2h véi h chiu cao cha ciy. Mit khac,
dd cao cta cay la mot dai lwong O(logn). Suy ra thoi gian thwe hién giai thuat

ctia phép Query la O(logn).
2.2.5. Cai dit

E  LISTQUERY2.PASv Ciy quan ly doan

{SMODE OBJFPC}
program ListQuery2;
const
maxN = Round (1E5);
var
a: array[l..maxN] of Integer;
n, k: Integer;
sum: array[l..4 * maxN] of Inté64;
1, h: array[l..4 * maxN] of Integer;
leaf: array[l..maxN] of Integer;

procedure Enter;
var
i: Integer;
begin
Readln(n, k);
for i := 1 to n do Read(a[i]);
ReadLn;
end;

procedure Build(x: Integer; low, high: Integer); //Dung cdyqudnlydogn
var

middle: Integer;
begin

1[x] := low; h[x] := high;

if low = high then

begin
sum[x] := a[low];



leaf[low] := Xx;

end
else
begin
middle := (low + high) div 2;
Build(2 * x, low, middle);
Build(2 * x + 1, middle + 1, high);
sum[x] := sum[2 * x] + sum[2 * x + 1];
end;

end;

procedure Update (i: Integer; v: Integer); //Ditphdn ti thitibdngv

var
x: Integer;
begin
x := leaf[i]; //Nhdyt6ildqudnlyafi]
sum[x] := v; //Cdp nhdtsuml[] tirld Ién gic
while x > 1 do
begin
X := x div 2;
sum[x] := sum[2 * x] + sum[2 * x + 1];
end;
end;

function Query(i, j: Integer): Int64; //Tinhtdng cdc phdn ti afi.j]

function Request(x: Integer): Int64; //Trdvéténg cdcphdn ti truy vdn ndm trong pham vil[x]..h[x]
begin

if (1[x] > j) or (h[x] < i) then Exit(0);

if (i <= 1[x]) and (h[x] <= j) then Exit(sum[x]);

Result := Request(2 * x) + Request(2 * x + 1);
end;

begin
Result := Request(l);

end;

procedure Solve;

var
c: Char;
p: Integer;
i, j: Integer;
v: Integer;
begin
for p :=1 to k do
begin
Read(c) ;
case c of
'U':
begin
ReadLn(i, v);
Update (i, v);
end;
IQI:
begin

ReadLn (i, j);
WriteLn (Query (i, j));



end;
end;
end;
end;

begin
Enter;
Build(1, 1, n);
Solve;

end.

2.3. Cay chi s6 nhi phan

Cay nhi thtrc (binomial trees) By, la cay c6 thr tw (c6 phan biét thr tw cac

nhanh con) dwogc dinh nghia quy nap nhu sau:

® (CAy nhi thirc bic 0, ky hiéu By, 1a cdy chi gom mét nut.

® Véih > 0, cay nhi thitc bac h, ky hiéu By, dwoc tao thanh twr hai cay nhi
thirc B,,_; bang cach cho géc mot ciy nhi thic B,_; 1am con trai nhit cia

goOc cay kia (Hinh 9).

By By

Hinh 9. Minh hoa dinh nghia ctia ciy nhj thirc

Dinhly 3
Cay nhi thtrc By, co:

® Dung 2" nut

® Chiéucaolah

® bung () nutédésiud (d =0,1,..,h)

® Nut gbc c6 h nit con, 1a nit cé s6 nut con (bac) 1én nhat. Néu ta ta danh sé

cac niat con ctia nat géc theo thi tw tir trdi qua phai bdi cac s6 nguyén
h —1, h — 2,..,0 thi nit con thix i 1a goc cia mét ciy nhi thirc B;.
Dinh ly 3 c6 thé dé dang chirng minh bang quy nap. Tén goi ciy nhi thirc xuit
pht tir tinh chét tht ba. (%) 1a hé s6 nhi thirc (s6 t6 hop chap d ctia tap gom h
phan t).



Cay nhi thirc Ia mot cay c6 tinh thi tw (cac nut con clia mét nat dwoc liét ké

theo thi¥ tw tir trai qua phai theo thir tw gidm dan cda bic).

z

b0 sau

Hinh 10. M6t s6 vi du vé cay nhi thirc

Cay nhi thirc thwong dwoc st dung dé cai dat binomial heaps [9] va fibonacci
heaps [6]. Dwéi day ta sé trinh bay mot phwong phap danh s6 cic nat trén cay
nhi thirc dé giai quyét bai todn truy van pham vi [5]. Do phwong phap nay st
dung biéu dién nhi phan d€ quan ly chi sé, tac gid da dat tén cho nd 1a cdy chi
s6 nhi phdn (binary indexed trees - BIT) mét s6 tai liéu con goi ciu tric nay la
Fenwick trees theo tén cua tac gia.

Moi bai toan giai quyét duoc bang BIT déu co6 thé gidi duwoc bang cay quan ly
doan (muc 2.2) va tit nhién c6 thé giadi dwgc bang BST (muc 2.1), tuy nhién
diéu nguoc lai khong ding. Mac du bi han ché vé tim rng dung hon rat nhiéu
so véi hai ciu tric dir liéu trudc, BIT cung cAp mot cach cai dat cwe ky hiéu
qua ké ca vé kich thudc ma 1énh 1an t6c dd thuc thi.

Ta cling lay bai todn truy van tong trong (muc 2.2) lam vi du



2.3.1. Co ché biéu dién s6 nguyén c6 dau

Khi biéu dién mot s6 nguyén bang day h bit: b,,_,b,,_; ... by b, thi cac bit dwoc

danh so tir 0 téi h — 1 theo th tw tir phdi qua trai, goi la thir tw tir bit thip

nhit (b,) t&i bit cao nhit (b,_,). Mbi gia tri thudc mot kiéu sd nguyén dwoc

biéu dién trong may tinh bang mot diy bit chiéu dai c6 dinh, nhung tuy theo

kiéu sO nguyén, viéc gidi ma day bit ra gia tri s6 c6 sw khac nhau.

Co ché biéu dién sd nguyén khong diu (Byte, Word, LongWord, QWord) kha

dé hiéu: Gia tri s6 dung bang gia tri nhi phan ctia day bit. Tirc 1a gia tri cua sd

nguyén khong d4u biéu dién béi day bit b,_,by,_, ... b; b, bang Y11 b; 2¢,

Co ché biéu dién sd nguyén c6 diu (Shortlnt, Smalllnt, Longlnt, Int64) thi

phttc tap hon:

® Néu bit cao nhat1a 0 thi ddy bit nay biéu dién mot s6 khong Am ding bang
gia tri khong diu

® Né&u bit cao nhit 13 1 thi day bit nay biu dién mot s6 Am bang gia tri
khong diu trir di 2" v&i h 13 kich thwéc tinh bang bit cia kiéu sd nguyén
twong wng.

Vi du xét hai kiéu s6 nguyén 8 bit: Byte va ShortlInt, ta c6 gia tri cia mét sé day

nhi phén trong hai kiéu s6 nguyén nay la:

Diy bit | Gid tri Byte: 0.2° - 1 | Gia tri ShortInt: -2".27 - 1
00000000 | 0 0

00000001 | 1 1

00011001 | 25 25

01111111 | 127 127

10000000 | 128 -128

10000001 | 129 -127

11001101 | 205 -51

11111111 | 255 -1

Viéc thwc hién cac phép tinh s6 hoc dwoc thwce hién truc tiép trén day bit. Vi
du:



11001101
+ 00011001

11100110
Biéu thirc nay c6 thé dién giai ra thanh 205 + 25 = 230 hodc -51 + 25 = -26 tly
theo ki€éu s6é nguyén trén tirng todn hang Byte (khong diu) hay ShortInt (cé
dau)”.
Mot s6 cong thirc bién doi bit:
U Phép cong 1
PE ting mot s6 nguyén 1én 1, may sé xét day bit biéu dién s6 nguyén do, tim
bit 0 thap nhat thay béi bit 1 va dat tit ca cac bit dirng sau thanh 0.
Vi du khi cdng 1 vao s6 43 = %101011, may xac dinh bit 0 cudi cung (bit s6
2) thay béi 1 va dat cac bit dirng sau (bit s6 0, 1) thanh 0, dwgc day %101100
12 biéu dién nhi phan cta s6 44
O Phép lay so doi
Trong cac kiéu s6 nguyén c6 d4u, gia tri -1 dwoc biéu dién bdi ddy gdm toan
bit 1. Chinh vi thé phép todn x + not x sé€ ludn cho gia tri —1. Tr x + notx =
—1, ta suy ra:

—x =notx +1

Tic 1a dé tinh gia tri —x, may sé ddo tat ca cac bit trong x, sau dé céng thém 1
vao day bit nay.
2.3.2. Panh s6 cac nit
Xét mot cay nhi thirc c6 chiéu cao h va s6 nit n = 2", Ta duyét ciy theo thir tw
sau (post-order traversal) va danh s6 cic nut trén ciy tir 1 t&in bdi cac s6
nguyén kiéu c6 diu va dong nhit moi sd thit tw véi day bit biéu dién s6 thir tw

dé. Hinh 11 13 s6 thi tw cia cac nit trén ciy B, theo cdch danh s6 nay.

*DE hiu ban chit phép cdng cin phin tich co ché xir Iy trén cac thanh ghi tich liy, co nhé (carry) va co tran
(overflow) (day la nhirng thanh phin ctia ALU), ngoai ra con phai n6i vé co ché ép kiéu todn hang khi xir ly bidu

thirc s6 hoc trong ngdn ngit 1ap trinh bac cao. Ta bd qua cac chi tiét ndy cho dé hiéu.



Hinh 11. Thi& ty sau cta cic nut

O Tinh s6 nit trong mdt nhanh

Nhan xét: Gia sir nut x c6 bit 1 cudi cing nam & vi tri i thi nit nay 1a gbc cla

cay B; va n6 sé quan ly 2! nat ndm trong nhanh dé.

Nhw vidu trén cay B,

Cacnut1,3,5,7,9,11, 13, 15 rng véi cac day bit 0001, 0011,0101, 0111,
1001,1011, 1101, 1111 1a gbc cia nhanh ciy B,

Cac nut 2, 6, 10, 14 &ng véi cac day bit 0010, 0110, 1010, 1110 la gbc cia
nhanh cay B,

Cac niat 4, 12 &ng véi cac day bit 0100, 1100 la géc ciia nhanh cay B,

Nt 8 rng véi day bit 1000 1a gbc cla ciy B,

N1t 16 &ng véi day bit 10000 1a goc cua ciy B,

Tirc 1a néu ta xac dinh dwgc bit 1 cudi cing ctia x thi c6 thé tinh ra dwoc s6 nut

trong nhanh goc x. Cong thirc xac dinh s6 nut trong nhanh géc x 1a

x and - x

Cong thirc nay dwoc giai thich qua Hinh 12

—x =notx + 1= P

x= p 010 ..[0 x= p 0]0f..]0

not x= ) b 1 1 .. 1

0]..]0

(=)
'
o
o
o

Hinh 12



0 Xac dinh nat cha cia mot nuat
Néu nut x 1a gdc cda mot ciy B, thi cdc nit em cua né sé la goc cltia cac ciy
Bi_1,By_5, ..., By. Theo nguyén ly danh so theo thir tw sau, nit cha cla x sé cé
s6 thi tw la:
x+ 2K 2K 2 4 120 41 = x4 2K
Chinh vi vy, chi s6 nut cha ctia x s& dwoc xac dinh bang cach 13y x cdng véi s
nut trong nhanh goc x:
parent(x) = x + (x and — x)
O Xac dinh nat dirng lién trwd'c mot nhanh
Né&u x 12 gbc cila mot cAy B, gdm 2* nat thi 2% nat nay sé dwoc xép lién tiép
theo th tw sau véi x 1a nut dirng cubi cung. Vi vy nut dirng lién truwedc nhanh
ciy B, nay sé mang s6 thir tw x — 2%, tirc 12 14y x trir di s6 nut trong nhanh géc
X
prev(x) = x — (xand — x)
Viéc 14y x trir di s6 niat trong nhanh gbc x don thuin la thay bit 1 thip nhat
trong x b&i bit 0, cong thirc nay cé thé tinh cach khac nhanh hon
prev(x) = xand (x — 1)

2.3.3. Cau truc cay chi s6 nhi phin
T ki thuat danh s6 nut, ta c6 thé biéu dién mot danh sach cic phan tir
A = (ay,a,, ...,a,) béi mot rirng cac ciy nhi thirc, goi 1a ciy chi s6 nhi phéan,
theo cach sau:
® Moi ntt quan ly truc tiép mot phan tir trong A, ndt i quan ly truc tiép phan

tlr a;
® Nutxla goc cia nhanh ciy chira (x and - x) nut va c6 nut cha la nuat

parent(x) = x + (xand — x)
® MOJi nut x con chita thong tin tdng hop tir tit ca cac nut nam trong nhanh

cay gbc x. Trong trudmg hop bai todn truy van téng, mdi nut x sé chira

thong tin vé tong cla cac phan tl tl¥ apyepy)+1 t01 ay
Hinh 13 14 ciy chi s6 nhi phan quan ly diy 12 phan tr

1,5,3,2,6,7,4,9,8,10,12, 11



Hinh 13. Cay chi s6 nhi phan

Cay chi sd nhi phan trong bai todn truy vin tdng duwoc biéu dién bdi mang
sum[1 ...n] trong d6 sum[x] 12 tong cac phan tlr nam trong nhanh cay géc x.
2.3.4. Dwng cay

Thuat todn dung ciy tir day A = (a4, ay, ..., a,) dwoc thwe hién tir dwdi 1én. DE
tinh sum|[x], ta ldy téng cac gia tri sum[y] v&i y 1a nat con cia x cdng thém

véi alx]:

procedure BuildTree;

var
X, y, low: Integer;
begin
for x := 1 to n do
begin
low := x and pred(x); //cdygdcxqudnly cdcphdn ti aflow + 1..x]
sum[x] := a[x];
y := pred(x); //y=nitconitctax
while y > low do
begin
Inc(sum[x], sum[y]); //Congsum[y]vaosum[x]
y := y and pred(y); //Nhdytdinitanh lién ké ciiay
end;
end;
end;

Thuat toan dwng cay c6 thoi gian thwe hién 0(n)



2.3.5. Cap nhat

Dé tang gia tri cia mot phan tir a, 1én A, ta nhay t&i ndat x quan ly truc tiép a,,
doc trén dwong di tir x 1én goc, di qua nit nao ta ting sum|[. ] cia nat dé 1én A:
procedure Increase(x: Integer; Delta: Integer);
begin
while x <= n do
begin
sum[x] := sum[x] + Delta; //Cdpnhatthdng tin phu trg trong x
Inc(x, x and -x); //Nhdylén nit cha cia x
end;
end;
Phép cap nhat cé thoi gian thwe hién ti 1€ thuan véi d6 sau cda nut x tire 1a
mat thoi gian O(logn).
Phép thay ddi gia tri cia mot phan tir c6 thé thuc hién bang thu tuc Increase

vi tht tuc nay chip nhén gia tri A 4m hodc dwong.
2.3.6. Truy van

bé tinh tong cac phan t tir a, t&i a,, gid tri sum[x] di nhién cé mit trong
tong, ta nhay tir x sang nut x’ ding lién truwedc nhanh ciy goc x va cong thém
vao tong gia tri sum[x'], tiép theo ta lai nhdy sang nut x” ding lién truwdc

nhanh ciy goc x' ... cho t&i khi nhay vé 0.

function Queryl (x: Integer): Int64; //Tinhtdngafl..x]

begin
Result := 0;
while x > 0 do
begin

Result := Result + sum[x]; //Congsum[x]vdo kétqud
x := x and Pred(x); //Nhdysang niitditng lién truéc nhdnh cy goc x
end;
end;

Ham Query1 thuc hién trong thoi gian O(logn), né c6 thé st dung dé tinh
tong cac phén ti tir a; téi a; bang céng thirc Query1(j) — Query1(i — 1).

2.3.7. Cai dat

RANGEQUERY3.PASv" Cay chi s6 nhi phan

{SMODE OBJFPC}
program ListQuery2;
const



maxN = Round (1E5) ;

var
a: array[l..maxN] of Integer;
sum: array[l..maxN] of Int64;
n, k: Integer;

procedure Enter;
var
i: Integer;
begin
ReadLn(n, k);
for i := 1 to n do Read(a[i]);
Readln;
end;

procedure BuildTree; //Dung cdy BIT itng vdiddy A
var
X, y, low: Integer;
begin
for x :=1 to n do
begin
low := x and pred(x);
sum[x] := a[x];
y := pred(x);
while y > low do
begin
Inc(sum[x], sum[y]);
y :=y and pred(y);
end;
end;
end;

procedure Increase(x: Integer; Delta: Integer); //Cdpnhdt khitdng a[x]Ién Delta
begin
while x <= n do
begin
Inc(sum[x], Delta);
Inc(x, x and -x);
end;
end;

function Queryl (x: Integer): Int64; //Tinhtdnga[l..x]

begin
Result := 0;
while x > 0 do
begin

Result := Result + sum[x];
X := x and Pred(x);
end;
end;

procedure Solve;

var
c: Char;
p: Integer;

i, j: Integer;
v: Integer;



begin
for p :=1 to k do
begin
Read(c) ;
case ¢ of
'u':
begin
Readln (i, v);
Increase(i, v - a[i]);
afi] :=v;
end;
IQI:
begin
Readln (i, j);
WriteLn (Queryl(j) - Queryl(i - 1));
end;
end;
end;
end;

begin
Enter;
BuildTree;
Solve;
end.

2.4. Ban luan

Trong bai toan truy vin pham vi mot chiéu, cic ciu triac dir liéu ma ta da khao
sat déu 1a ciu tric cAdy ma moi nut chira thdng tin téng hop tir mot day cac doi
twong lién ti€p ma n6 quan ly. Cac day cac déi twong lién ti€p do cac nit quan
1y hinh thanh nén cac “khoadng so cdp”. Mdi phan tit trong danh sach ban dau
c6 thé thudc pham vi quan ly ciia O(log n) khodng so cap.

Nguyén ly cAp nhat: M6i khi mot phan ti bi thay déi, tit ca cac khodng so cip
quan ly n6 can phai cip nhit lai.

Nguyén ly truy van: Khi cdn truy van thong tin tong hop tir mét day cac phan
tlr tir i tdij, ta tdch khodng [i,j] thanh O(logn) khoang so cip lién tiép roi
nhau va tong hop théng tin tir nhirng khoadng so cip thay vi phai truy cip
riéng ré tirng phin ti.

Trong ba ciu tric dir liéu da gidi thiéu, cdy tim kiém nhi phén la tong quat
nhat va ciing kho cai dit nhat, cay chi sd nhi phan dé cai dit nhat nhung pham

vi rng dung ciing han ché nhit . Viéc chon ciu truc dé cai dit nhat cho mot bai



toan cu thé l1a kj nang hét strc can thiét khi tham gia cac ky thi, hodc phai lap

trinh trong thoi gian c6 han.

Thong thwong véi mot bai todn quan ly danh sach, cdy tim kiém nhi phan la

ciu trac dir liéu nén nghi t&i dau tién vi né 1a ciu tric tbng quat nhit dé biéu

dién va quan ly danh sach. Sau khi da hinh thanh thuit toén, 14p trinh vién c6

thé dwa vao mot s6 bién d6i dé quy dan vé cay quan ly doan hay cay chi s6 nhi

phan cho dé cai dit hon.

Chinh vi 1y do trén ma viéc gidng day bai toan truy van pham vi 1 chiéu nén dé

cip téi ciy tim ki€m nhi phén truéec, cho du rat khé cai dit. Viéc giang day cay

quan ly doan va ciy chi s6 nhi phin ma khong cé kién thirc nén tang vé ciy

BST biéu dién danh sich sé& dan t&i viéc hoc sinh ludn ludén nghi cach bién déi

phwong an tiép can dé co thé cai dit dwoc trén nhirng ciu tric dir liéu dic thu.

biéu nay anh hwdng téi tw duy thiét ké thuit toan tong thé.

Trong trwong hop bat budc phai dung ciy tim kiém nhi phan, theo toi gido

vién can cho hoc sinh c6 sy chuin bi trwéc vé cac kj nang sau:

® Can cho hoc sinh c6 kién thirc diing va str dung thanh thao con tro.

® Budc dau co thé viét trweéc mot s6 ham va tha tuc, hoc sinh chi viéc hoan
thién not phan viéc con lai

® Sir dung con tré va bd nhé cip phat dong la mot ky thuit quan trong, tuy
nhién cac chwong trinh thwong tréd nén cong kénh va khé go roi. Vi vay
can chuin hoéa ky nang cai dat (tim cach cai dat tot roi hoc thudc), cé thé
tich hgp cac cong cu giup truc quan hda hinh anh cay, danh sach khi g&
roi.

® Khuyén khich hoc sinh st dung 16p va déi twong trong 1ap trinh OOP thay

vi dung bién déng va con tro.
3. Truy van pham vi nhiéu chiéu
3.1. Trwong hop hai chiéu

Trong bai toan truy van pham vi mét chiéu, cac ciu triac dir liéu ma ta da khao
sat déu 1a ciu tric cdy ma moi nut chira thong tin téng hop tir mot day cac doi

twong lién ti€p ma n6 quan ly.



Chuyén sang truong hop hai chiu, van dé tré nén phttc tap hon. Y tuwdong dau
tién c6 thé ap dung 1a stra d6i ciu triic ciy biu dién/quan ly danh sach tir cay
nhi phan sang cay tir phan (quad trees): Chiang han nhw v&i ciy quan ly doan
thay vi chia d6i pham vi quan ly ctia m6i ntt nhanh cho hai ntt con, ta chia 4
phan hinh chit nhat trong mit phing thudéc pham vi quan ly cia mdi nut
nhanh cho 4 nit con... Cach lam nay tuy c6 cai thién mot chut vé mat toc do
nhwng khong nhiéu, ngoai ra trong trwedng hop xau nhat, viéc tra 1oi méi truy
van van mat thoi gian Q(n) véin 1a s6 diém trén mit phang.
Ta xét bai todn truy van trén mat phang:
Trén mat phang truc chuin Oxy xét hai lénh:
® Set(x,y): ChAm mot diém tai toa db (x, y)
® Query(xy, Y1, X, Y,): Tra vé so6 cham trong hinh chi¥ nhat [x,, x,] X [y4, v, 1.
Cho k 1énh thwc hién tuin tw, hdy tra 1oi tit cd nhitng 1énh Query.
3.1.1. Cay quan ly pham vi hai chiéu
Cay quan ly pham vi 2 chiéu (2D-range trees) c6 ciu tric so cip la mot cay
tim kiém nhi phan chira cic diém v&i khoa tim kiém 1a hoanh d6 cia diém. No6i
cach khac né 1a mot cay biéu dién danh sach cac diém theo thit tw ting dan
ciia hoanh dg, tam thoi ta chwa quan tam téi tung do.
D& dam bao tinh téng quat, & diy ta dung ciy nhi phan tim kiém, trong truedong
hop cu thé c6 thé bién d6i vé cay quan ly doan hay cay chi s& nhi phan cho dé
cai dat hon.
Mdi nut ciia cAy quan ly tit ca cac diém nam trong nhanh gbc dé. Ta goi S(p)
12 tAp cac diém nam trong nhanh ciy gbc p. Cau truc thir cAp clha cay quan ly
pham vi hai chiéu nam & cach t6 chitc cac S(p): M6i S(p) lai 1a mot cAy quan ly
pham vi moét chiéu theo tung do cia cac diém thudc S(p).
Hinh 14 13 cAy quan ly pham vi chita 15 diém trén mit phang theo thir tv ting
dan cda hoanh do la:

A B CDEFGHILJLKLM,N,O
Gia str cac cac diém nay néu xép tang dan theo tung do thi thi tw sé la

ALBILCKDOENFLGMH



S(p) ={LJ,K,L,M,N, 0} \

NOGOEOBONNONEOEE oo
thi ty ting dan cua tung do:

JJLKONLM

Hinh 14. Cay quan ly pham vi hai chiéu

3.1.2. B0 sung diém

Muon b6 sung mot diém Z = (x, y) ta chén diém nay vao ciu tric so cip cua
ciy quan ly pham vi 2 chiéu, viéc chén dwgc giong nhw trén ciy nhi phan tim
kiém théng thwong. Gid st nat chivra difm maéi chén vao la nit p, doc trén
dwong di tir p 1én goc, di qua diém g nao ta lai chén di€ém Z vao ciu trac thi
cip S(q). Nhu vy diém Z sé c6 mit trong depth(p) + 1 ciu tric thir cip véi
depth(p) la d0 sau cda nut p.

V&inla sé di€ém can quan ly, nhitng dang cay nhi phan tim kiém tw cin bang
c6 thé gitr dwoc chiéu cao cdy & mirc O(logn), nhw viy vé mat bé6 nhé ta mat
khong gian O(nlogn) dé cai dit cdy quan ly pham vi 2 chiéu. Ngoai ra chi phi
thoi gian thwe hién thao tac bd sung diém khi d6 sé 1a 0(log? n).

3.1.3. Xo6a diém

Qua trinh x6a mot diém Z = (x,y) dién ra ngwoc lai véi qua trinh bs sung
diém. Trwdc hét ta tim nut p chira diém Z trong ciu tric so cip (tim theo x).
Doc trén dwong di tir p 1én goc, di qua nit g nao ta lai x6a Z trong cau tric th
cap S(q). Thoi gian thuc hién gidi thuit cho moi phép xda 1a 0(log? n) néu st

dung cac dang cay nhi phan tim ki€m tw can bang
3.1.4. Truy van

bé tra 1oi vé truy van thong tin tong hop cua cac diém trong hinh chir nhit
[x1,%,] X [y1, ¥2], (trong treong hop nay la s6 diém). Trwéc hét ta truy van

khoang [x;,x,] trén ciu truc so cdp dé tim ra mot danh sach cac nit ma pham



vi quan Iy hoanh dd ctia chung ding bang pham vi truy van (xem lai nguyén ly
truy van 1 chiéu). Trong nhitng nit p vira tim dworc, ta lai dung khoang [y, y,|
truy van trén ciu tric thir cip dé dém s6 lwong diém. Thoi gian thwe hién gidi
thuat cho mdi truy van 1a O(log? n) néu cu truc so cip va thir cip 1a ciy BST

tw can bang, c6 chiéu cao 0(logn).
3.2. Trwong ho'p nhiéu chiéu

Twong tw nhw trwong hop hai chiéu, ta ¢c6 thé mé rong cho trwong hop d

chiéu bang ciu tric dir liéu dé quy:

® Néud = 1, don thuin day la cAy quan ly pham vi mét chiéu ta da trinh bay
trong muc 2.

® Néud > 2,14y mét truc toa do lam truc chinh, goi 1a truc x, xiy dung ciu
tric so cap la cay tim kiém nhi phan cta cac diém véi khoa tim kiém la toa
do6 x. Moi nut cua ciu tric so cap chira tip cac diém nam trong nhanh cay
do, gbc do. Ta goi S(p) 1a tAp cac diém nam trong nhanh ciy gbc p. Cdu
tric thr cip S(p), 1a mot cidy quan ly pham vid — 1 chiéu cia cac diém
nam trong S(p).

Trong trudng hop sir dung cac dang ciy nhi phan tim kiém tw cin bang, chi

phi bd nhé cho cdy quan ly pham vid chiéu 1a O(nlog®~*n). Mbi phép cap

nhat, b8 sung, loai bé diém mat thoi gianO(log? n)

Chu y 12 trong tredng hop mot chiéu, ta cd thé st dung cay splay biéu dién

danh sach vi ly do cai didt don gidn. Tuy nhién ciy splay sé thé hién nhwoc

diém véi s6 chiéu 16n hon. Mac du thoi gian thwe hién mot ddy k phép bién

doi cheén/xéa trén ciy splay dwoc ddm bao & gi¢i han thoi gian O((k +

n)logn + k), viéc truy cip (access) tuan tw cac nut sé khién cho ciy splay suy

bién va c6 chiéu cao n — 1. Van dé nay khién cho méi diém c6 thé c6 mit trong

n ciu trac thi cdp va l1am gia tang lwong bd nhé can huy dong 1én Q(n?).

Chinh vi vy khi cai dit cAy quan ly pham vi nhiéu chiéu va khong cé cach nao

st dung ciu truc tinh nhw cdy quan ly doan hay ciy chi s6 nhi phan, nguwoi ta

thwong dung Treaps, cdy do den, hodc cdy AVL dé thay thé cho ciy splay.



4. Mot so bai toan vi du

4.1. Mot so bai toan dé hiéu ro ciu trac dir liéu

Doi véi bai todn truy van tong 1 chiéu, ta xét tredrng hop day cac s6 cin quan
ly 1a day s6 nguyén dwong.

4.1.1. Tim chi s6

Yéu cdu bo sung mot loai truy van: First(i,v): Tim chi s6 i nhé nhit ma tong
cac phan tk tir 1 t&i i vira du = v.

Y twdng: Thiét ké thuat toan twong tw nhw thuat toan tim ki€ém nhi phan.
4.1.2. Tim gia tri

Gia st rang v&i cac ciu tric biéu dién ciy quan ly pham vi 1 chiéu, ta khong
dung cac thong tin khac ngoai ciu truc ciy, tirc 1a khong dung mang A, mang
leaf ... V&i mét chi s6 i hdy tim gia tri cda phan t& thir i trong danh sach cin
quan ly

4.1.3. Bai toan Range-Minimum Query (RMQ)

Twong tw nhw bai to4n truy van tong, nhung moi truy van Query(i,j) cin tra
vé gia tri nho nhat trong cac phan ttt q; ... a;.
Cau hoi: Viéc st dung ciy chi s6 nhi phan c6 khé khan gi trong treong hop
nay?

4.1.4. CoOng/nhan ca day

Twong tw nhw bai toan truy van tong, nhung bé sung thém phép toan:
Add(A): Cong tat ca cac phin ti ctia day 1én A

Mul(IT): Nhan tat ca cac phin ti cta day véi I1

4.2. Mot so bai toan luyén tap

4.2.1. UGng rwou
(Ngudn bai: thiy Nguyén Dirc Nghia, 2002)
Bom thang pht dng trong mot cudc danh cwoc va budc phi dng phai dii ruou.

Phu 6ng bén bay ra mot diy n chai chita diy rwou, va néi véi Bom rang c6 thé



uong bao nhiéu tuy y, nhwng da chon chai nao thi phai uéng hét va khong

dwgc udng & k chai lién nhau béi d6 1a diéu xui xéo.

Ban hay chi cho Bom cach udng dwoc nhiéu rwgu nhit.

Dir liéu: Vao ttr file van ban BOTTLES.INP

® Dong1chrahaisénguyén1 <n <10%2 <k <10°

® Dong 2 chita cac s6 nguyén dwong (< 10°) la dung tich ctia cac chai rugu
pht 6ng bay ra, theo thit tw liét ké tir chai thit nhat t&i chai thi n

Két qua: Ghi ra file vian ban BOTTLES.OUT

® Dong 1 ghi s6 chai dwgc chon va lwong rwou toi da c6 thé uong.

® Dong 2 ghi chi s6 cda cac chai dwgc chon theo thi ty tang dan.

Cdc sé trén mét dong cta Input/Output files dwoc/phdi ghi cdch nhau it nhdt

mot ddu cdch

Vidu

BOTTLES. INP BOTTLES.OUT
6 3 4 40
61010 1310102356

Goi y loi giai:

Thuit toan quy hoach dong ©(n.k) tinh f[i] 1a lwgng rwou lén nhit co thé
udng tir chai th 1 téi chai thi k khong phai la kho, tuy nhién khi n, k kha 16n,
ta cin c6 sw ho tro clia ciu tric div liéu d€ 1am gidm thoi gian thuce hién giai
thuat.

bit lai vAn dé: Thay vi chon rwou dé uéng, ta cin chon mét sé chai rwegu dé bo
sao cho tong lwgng rwou phai bo 1a nhé nhat.

Goi f[i] 1a lwong rwgu it nhat phai bé trong treong hop dwoc chon trong cac
chai tlr 1 t&i i, khong chon k chai lién nhau, va chic chan c6 bo chai thiri. Ta
quan tdm téi f[n + 1]: lwong rwou it nhat phai bo khi chon trong n chai.

Cong thikc truy hoi tinh f[i]

_ ali], néui <k
L= _min_ (FU1} + ali), néui > k (5)
i—k<j<i—-1
Ly do vi khi da bo chai i, chai lién truwéc d6 phai bo phai 1a chai j nam trong

phamvitri — ktéii — 1.



Phép tinh min;_,<;<;_1{f[j1} + a[i] c6 thé tinh dwoc nhanh nho cay quan ly

pham vi 1 chiéu, do d6 la truy van gia tri nho nhat trong mang f tirvitrii — k

toivitrii — 1.

Thoi gian thuc hién gidi thuat O(nlogn).

Chwong trinh: BOTTLES.PAS

Cach khac: C6 thé str dung Heap dé tinh min.

4.2.2. K€ hoach thué nhan cong

(Ngudn bai: thiy Nguyén Dtrc Nghia, 2001)

M6t dw 4n phdn mém can trién Khai trong n thdng danh so tir 1 téin. Biét

rang:

® Bit dau vao mot thang, dw 4n c6 quyén thué thém nhan cong. D€ thué moi
nhan cong cdn mot khoan chi phi H (tra cho nha tuyén dung).

® Modi nhan cong dwoc thué sé dwgc trd mot khoan lwong S moi thang ké ca
khi khéng lam viéc.

® K&t thic mot thang, dw 4n c6 quyén sa thai nhan cong. D€ sa thai mdi nhan
cong can trd mot khoan chi phi D.

® Khong c6 nhan cong nao trwdc khi dw 4n bat dau. Moi thang i can t6i thiu
a; nhan cong. Két thic thang thi n, toan bo nhin céng phai bi sa thai.

Yéu cau: Hay gitp 6ng giam doc dv an xay dung ké hoach thué nhan céng dé

duw 4n dwoc hoan thanh véi chi phi thué nhan céng it nhat cé thé.

Dir liéu: Vao ttr file van ban PROJECT.INP

® Dong1chirasdthangn (1 <n <10°)

® Dong 2 chira ba s6 nguyén dwong H,S,D (H,S,D < 10°)

® Dong 3 chiran s6 nguyén dwong a,, a,, ..., a, (Vi:a; < 10°)

Két qua: Ghi ra file vin ban PROJECT.OUT

® Dong 1: Ghi chi phi t6i thiéu tim dwoc

® Dong 2: Ghin s6, s6 thi i 1a s6 nhin cong lam trong du an tai thang thir i

Vidu



PROJECT.INP | PROJECT.OUT

3 265
456 10 10 11
10 9 11

Goiy loi giai:

L& gidi dwa trén thuat todn tham lam:

O thang 1 ta sé thué dung a,, gia st trong phwong an t6i wu ta c6 k; nhan cong
& thang thir i, ta sé quyét dinh xem ta sé thué thém hay sa thai bt nhin cong
khi két thuc thang i.

GoiT = l%J, T goi 1a ngwdng sa thai, tirc 1a néu mot nhin cong khong lam
viéc nhiéu hon T thang thi sa thai nhin cong d6 roi sau nay thué lai sé c6 chi
phi thip hon. Vay tir khi két thic thang i, ta xét xa hon vé sau T + 1 thang: tir
thang i + 1 t&i thang i + T + 1, néu nhu cau nhan cong thiang cao nhat trong
pham vi d6 la M thi:

Néu M = k;, ta sé gilt nguyén k; nhan cong trong thang i

Néu M < k;, ta sa thai bot k; — M nhan céng vi nhirng nhin cong nay sé ngoi
khéng nhiéu hon T thang.

Viéc tinh nhu ciu nhin cong thang cao nhat trong pham vi tlr thang i + 1 téi
thang i + T + 1 c6 thé thwc hién hiéu qua béi cdy quan ly pham vi mot chiéu.
Thoi gian thyce hién gidi thudt O(nlogn).

Chwong trinh: PROJECT.PAS

Cach khac: C6 thé st dung Heap d€ tinh max, nhwng cai dit sé kho hon.
4.2.3. Hoan vi Josephus

(Nguon bai: ¢c6 H6 Cam Ha, 2000)

Twong truyén rang Josephus va 40 chién si bi ngwoi La M3 bao vay trong mot
hang dong. Ho quyét dinh tw van ch khong chiu bi bit. 41 chién si ding
thanh vong tron va bat ddu dém theo mot chiéu vong tron, c& ngudi nao dém
dén 3 thi phai tw van va nguwoi ké tiép bat dau dém lai tir 1. Josephus khong
muén chét va da chon dwoc mét vi tri ma 6ng ta cling véi mot ngwdi nira la

hai ngwoi séng sét cudi cung theo luat nay. Hai nguoi s6ng sét sau dé da dau



hang va gia nhip quan La M3 (Josephus sau d6 chi néi rang do 1a sy may man,
hay “ban tay cia Chia” méi gitip 6ng va nguoi kia séng sot)...

Cé rat nhiéu truyén thuyét va tén goi khac nhau vé bai todn Josephus, trong
todn hoc nguoi ta phat biéu bai todn dwéi dang mot tro choi: Cho n nguoi
dirng quanh vong tron theo chiéu kim dong ho danh s6 tir 1 t&i n. Ho bat dau
dém tir ngwoi thir nhit theo chiéu kim dong hoé, ngwdi nao dém dén m thi bi
loai khoi vong va nguoi ké ti€p bat dau dém lai tir 1. Tro choi tiép dién cho téi
khi vong tron khong con lai ngwoi nao. Néu ta x€p so hiéu clia n ngwoi theo
th& tu ho bi loai khéi vong thi sé dwoc mot hoan vi (jy, j,, ..., j,) cia day so
(1,2, ...,n) goi la hoan vi Josephus (n,m). Vi du véin =7,m = 3, hoan vi
Josephus sé la (3,6,2,7,5,1,4).

Bai toan dat ra la cho trwéc hai s6 n, m hay xac dinh hoan vi Josephus (n, m):
Dir liéu: Vao twr file vin ban JOSEPHUS.INP géom mot dong chitra hai s6
nguyén dwongn,m < 10°.

Két qua: Ghi ra file van ban JOSEPHUS.OUT trén mot dong cac s jy, jz, -, jin
twong rng v&i hoan vi Josephus tim dworc.

Cdc sé trén mét dong ctia Input/Output files dwoc/phdi ghi cdch nhau it nhdt
mét ddu cdch

Vidu

JOSEPHUS . INP | JOSEPHUS.OUT
73 3627514

Goiy loi giai

Truwéc hét ta xdy dwng phép dnh xa chi s6 vong: Néu danh sach cé k nguoi, ta

coi ngwoi & vi tri k + 1 twong ng véi ngudi 1, ngudi & vi tri k + 2 twong rng

v&i nguoi 2... Cu thé 1a néu ta quan tdm tdi vi tri p (c6 thé p > k) thi vi tri that

sw twong rng 1a (p — 1) mod k + 1. Theo cach anh xa chi s6 nhu vy, xét mot

lwot choi con k nguoi:

® Néu nguoi dém 1 la nguwoi thi p thi ngwoi démmsé la nguoi th
p’' = p + m — 1. Theo cach anh xa chi s6 vong, chi s6 p’ c6 gia tri that sw
bang (p + m—2) mod k + 1



® Sau khi nguwoi thit p’ bi loai, danh sach con lai k — 1 ngwoi dwoc danh so
lai tir 1. Khi d6 nguwoi thiy p’ lai 1a nguoi dém 1.

V&i nhitng nhin xét trén, bai toan tim hodn vi Josephus (n,m) c6 thé giai

quyét hiéu qud néu st dung BST. Danh sich dwgc xdy dung cé n phan tk

twong wng v&i n nguoi. Viéc xac dinh nguwoi sé phai ra khoi vong sau dé xo6a

ngudi d6 khéi danh sach don gidn chi 1a phép truy cip ngiu nhién va x6a mot

phan ti khéi danh sach.

p :=1;
for k := n downto 1 do
begin
P := (p+m-2) mod k + 1; //Chisdctia ngwoibilogi tai lwot choi con k ngudi
q := «Nguoi ding thi p trong danh sach»; //Truy cdp ngdu nhién
Output « q;
«X6a nguoi thi p trong danh sach»;
end;

Tuy vy, 101 giai bai toan nay c6 thé cai dit don gian hon bang ciy quan ly
doan: Moi nguoi trong danh sich sé c6 mot trong hai trang thai: chwa bi
loai/da bi loai. Sau d6 ta can cai dat mot thi tuc lam hai nhiém vu:
® Dinh vi: nhin vao chi s6 p, xac dinh ngwoi ding thi p trong sé nhirng
nguoi chwa bi loai la ngwdi mang s6 hiéu g nao trong danh sach ban dau.

® Loai bo: Danh diu loai bo ngudi mang sé hiéu q.
Thoi gian thwce hién gidi thuat O(nlogn).
Chwong trinh: JOSEPHUS.PAS
4.2.4. Day con tang
Cho diy s6 nguyén dwong A = (a4, ay, ..., a,), phan t a; c6 trong s& 1a w;. Moi
day (ail, Ay en) aik) théa man:

{1Si1<i2<---<ikSn

a, <a, <--<a;

dwoc goi 1a mot diy con tang ctia diy A. Chu y rang day chi gbm duy nhit mot
phan tir cia A cling dwoc goi la mot diy con tang cua diy A.
Yéu cau: Trong s6 cac diy con ting cia diy A hdy chi ra mot diy cé tong
trong s cac phén tir 1a 1&6n nhat cé thé.

Dir liéu: Vao ttr file van ban IS.INP



® Dong 1 chira s6 nguyén dwongn < 10°

® Dong 2 chtans6 nguyén dwongaq,as,,...,a, theo diung th tw dé
(Vi:a; < 10°)

® Dong 3 chtansd nguyén dwongw;,w,,..,w, theo ding tht tw dé
(Vi:w; <109

Két qua: Ghi ra file vin ban IS.OUT

® Dong 1 ghi s6 phan t trong day con tang tim dwoc (m)

® Dong 2 ghi m chi s6 ctia cac phan tir dwoc chon theo thi tw ting dan

Cdc s6 trén mét dong cta Input/Output files dwoc/phdi ghi cdch nhau it nhdt

moét ddu cdch

Vidu

IS.INP IS.0UT

10 6

1 2 36 45 9 6 7 8|1235617
11 22 33 66 44 55 999 66 77 88

Goi ¥ 101 giai

Khi c4c trong s6 déu bang 1, ta quy vé bai toan tim diy con tang dai nhat. Day
la bai toan tong quat hon.

Trwdc hét ta xay dung cong thirc truy hoi: f[i] 1a trong so 1&6n nhat cta day
con tang két thuc tai a[i]

flil = max {fljl}+w;

j<iaj<a;
Khéi tao mot mang g[1 ...10%] bang 0. Ta sé trién khai tinh toan tir f[1] t&i
f[n]. Méi khi tinh xong mot f[i], ta lvu lai g[a[i]] = f[i] néu f[i] 16n hon gia
tri hién c6 cua g[al[i]]. Viéc tinh maxj<i,aj<ai{f [/1} quy vé viéc truy van gia tri
16n nhét trong pham vi tir g, t6i g,,—;. Piéu nay c6 thé thyc hién dé dang bang
cy chi s6 nhi phan
Thoi gian thwc hién gidi thuat O(nlogn).
Chwong trinh: IS.PAS
Nhan xét: Kich thwéc a; c6 thé cho 1on tuy v, ta c6 thé gan lai gia tri cho day A
tir 1 t¢i n ma khéng anh hwéng dén két qua, tuy nhién sé mit thém thao tac

sdp xé&p va thong ké.



4.2.5. Day nghich thé

Cho n 1a moét s6 nguyén dwong va x = (x4, x5, ..., X,,) 1a mot hoan vi ctia day so

(1,2,...,n). V&iVi:1 < i <n, goit;la s6 phan t& dlrng trwdc gid trii ma lén

hon i trong day x. Khi d6 day t = (t, t,, ..., t,,) dwoc goi la day nghich thé cda

day x = (xq, X5, ..., Xp).

Vidu:Véin=6

Day x = (3,2,1,6,4,5) thi day nghich thé cdanélat = (2,1,0,1,1,0)

Day x = (1,2,3,4,5,6) thi day nghich thé cdané lat = (0,0,0,0,0,0)

Day x = (6,5,4,3,2,1) thi day nghich thé cdané lat = (5,4,3,2,1,0)

Van dé ditrala:

® Cho trwdc mot diy hoan vi x, hdy tim day nghich thé ctia x

® Cho trwéc mot diy nghich thé t, hdy tim diy hodn vi nhintlam day
nghich thé.

Dir liéu: Vao tir file van ban IVECTOR.INP géom 3 dong:

® Dong 1: Chira s6 nguyén dwongn < 10°.

® Dong 2: Chira diy hodn vi x gom n so x;, x5, ..., X,

® Dong 3: Chira diy nghich thé t: gbm n so t, ty, ..., t,

Két qua: Ghi ra file van ban IVECTOR.OUT gém 2 dong:

® Dong 1: Ghi lan lwot tirng phan ti ctia day nghich thé cta x

® Dong 2: Ghi lan lwot tirng phén ti ctia day hoan vi cia t

Cdc s trén mét dong cua Input/Output files dwoc/phdi ghi cdch nhau it nhdt

mot ddu cdch

IVECTOR. INP U

VECTO
00
21

N =-1e)
ool

I
0
3

o O™

N P oy

23456
10110

Goiy loi giai:
Ttr ddy hoan vi X tim ddy nghich thé T:
Khéi tao lai ddy X toan bang 0, dién 1an luot cac s6 tir 1 téi n tré lai day X. Moi

khi dién sé i vao vi tri j, ta dém sé lwong sé6 0 dirng trwéece vi tri j, s6 lwgng dé



chinh 1a t;. Viéc dém s6 lwong s6 0 dirng trudc vi tri j c6 thé thwc hién bang
ciy quan ly pham vi 1 chiéu.

Tt day nghich thé T khéi phuc day hoan vi X:

Khéi tao diy X toan bang 0, xét 1an lwot ¢, ... t,, khi xét t&i t;, thay s6 0 thi
t; + 1 trong day X bdi s6 i. Viéc xac dinh s8 0 thir ¢; + 1 c6 thé thwe hién bang
ciy quan ly pham vi 1 chiéu.

Thoi gian thwce hién gidi thuat O(nlogn).

Chwong trinh: IVECTOR.PAS

4.2.6. Xoa chir s6
Cho mot xiu ky tw S gobm n chit s6 1, cac ky tw trong xau S dwoc danh s6 tir 1
téi n theo th tw tir tradi qua phai. Xét 1énh Fill(i,j, c): Trong d6i,;j la cac so
nguyén dwong, 1 < i <j < nvacla mot chir so € {1,2,...9}: Pién ky tu c vao
xau S bat dau tir vi tri i t&i vi tri j. Cac chit s6 méi dién vao sé deé 1én cac chir
s6 dang c6 trong xau S.
Viduvéin =6

111111 %% 111555

111555 =2 222555

222555 % 999955

Cho biét trwdc m 1énh Fill va thir tw thwc hién cia ching. Véi mot s6 nguyén
dwong k < n, hdy x6a di k ky tw trong xau S (sau m lénh Fill d3 cho) dé dwoc
mot xau T gom n — k ky tw 12 biéu dién thap phan clia mot s6 16n nhat c6 thé.
Dir liéu: Vao tir file van ban FILLCHAR.INP
® Dong 1 chirabasd nguyén dwongn, m, k (k <n < 10%m < 10°)
® m dong tiép theo, dong thit p chita ba s6 nguyén i,, j,, ¢, cho biét 1énh Fill

thie p 1a Fill (i, jp,c,) (1 < ip < jp, <M1 < ¢, <9).
Cdc sé trén mét dong cua Input file dwoc ghi cdch nhau it nhdt mét ddu cdch
Két qua: Ghi ra file van ban FILLCHAR.OUT xau T tim dwoc
Vidu



HAR.INP | FILLCHAR.OUT
9955

Goi y 1o giai: Néu xac dinh dwoc day chir s6 cudi, thuit toan xda chir sé la

thuit toan quen thudc st dung stack. Pé xac dinh day chir s6 cubi, ta thwe hién

cac 1énh Fill theo thit tw ngworc lai, nhwng chi dién lai nhirng chir s6 chwa dwoc

dién trudc d6. Co thé dung BST (dién xong vi tri nao xéa ludn vi tri dé khoi

BST) hodc dung ciy quan ly doan (chi dién vao doan so cip néu doan d6 chwa

duoc dién).

Thoi gian thwc hién gidi thuat O(mlogn)

Cach giai khac: C6 thé dung ciu tric dir liéu rirng cac tip roi nhau dé hop nhit

cac khodng da dién, thoi gian thyc hién giai thuat t6t hon 0(ma(n)).

Chwong trinh FILLCHAR.PAS

4.2.7. Nudi cay vi khuan

Phong thi nghiém XYZ thwc hién nuéi cdy mét loai vi khuin trén mot bang 6

vuéng kich thwécn X n véi cac dong va cac cot danh sé tir 1 téi n. SO ca thé vi

khuin trong mot 6 vuéng ban dau la 0 va ngwoi ta cé thé tién hanh ciy thém

mot s6 ca thé vi khuin trong moi 6.

C6 hai loai chi thi:

® ChithiSxy a: Ciy thém a ca thé vikhuidn vao 6 (x,y) (1 < a < 10°)

® Chi thi Q x; y; x, ¥,: Yéu cau cho biét téng s6 ca thé vi khuin trong cac 6
(x,y) ndm trong phamvix; < x < x,,y; <y <7y,

Yéu cau: Hiy nhin vao mot day m chi thi thwc hién tudn tw va trd lod tat ca

cac chi thiloai Q.

Dir liéu: Vao ttr file van ban BACTER.INP

® Dong 1 chira hai s6 nguyén dwong n,m < 10°

® m dong tiép theo, mdi dong chira mot chi thi theo thir tw thuc hién

K&t qua: Ghi ra file vin ban BACTER.OUT &ng véi moi chi thi Q, ghi ra mot

dong cau tra 1oi 1a s6 lwong ca thé vi khuan twong rng tinh dworc.

Vidu



BACTER.INP | BACTER.OUT
47 5
$222 16
S433 7
Q2244

s125

S436

Q1144

Ql122

Goi ¥ 11 giai:

bay la bai toan thuan tdy truy van pham vi 2 chiéu, mé& rong ctia bai thi 101
2001: Mobile

Theo dap an cia BTC I0I 2001, ciu trdc so cip va ciu tric thir cip déu la cay
chi s6 nhi phan vi kich thwéc m, n twong doi nhé. Poi véi bai toan nay ta chi
dwa vao mét sira doi: C4u tric so cip la ciy chi sé nhi phan con ciu tric thir
cip la cay splay

Thoi gian thwc hién gidi thuat 0(nlog? n).

Chwong trinh: BACTER.PAS

4.2.8. Tham quan

Mot huwdng dan vién dwa vo chong gido sw X di du lich bang 6 to. Ngoai trir
diém xuit phat va diém két thic, dwong di phai qua n thanh phé danh sé tir 1
téi n theo ddng thir tw trén hanh trinh. Thanh pho i c6 q; di tich lich st va b;
trung tAm mua sam.
Vo chong gido sw X mudn tham quan mot s6 thanh pho trén dwong di (nhirng
thanh phd khéc chi di qua ma khong dirng lai). Méi khi tham quan mot thanh
pho, gido s X yéu ciu diém tham quan ti€p theo (néu c6) phai cé nhiéu di tich
lich str hon, trong khi ba vo dng ta lai mudn diém tham quan tiép theo phai cé
nhiéu trung tAm mua sam hon thanh phd hién tai.
DE c6 dwoc mot chuyén di thu vi, hdy giup ngudi hwdng dan vién chon ra mot
s6 nhiéu nhit cic thanh ph6 dé€ tham quan sao cho théa min dwoc yéu ciu
cla ca hai vo chong gido sw X. Cu thé 1a ban cin chon s6 m 1&n nhat va day chi
s61<i, <i, < <i, <nsaoccho:

a, <a, < <a

{bil <b, < <b,



Dir liéu: Vao ttr file van ban GUIDE.INP

® Dong 1 chira s6 nguyén dwongn < 10°

® Dong 2 chiran sé nguyén a,, a,, ...,a, (Vi:0 < a; < 10°)

® Dong 3 chiran sb tw nhién by, b,, ..., b, (Vi:0 < b; < 109)

Két qua: Ghi ra file vin ban GUIDE.OUT

® Dong 1 ghi s6 thanh s6 dwoc chon (m)

® Dong 2 ghi chi s6 cia m thanh phé dwoc chon theo thi ty tang din

Cdc s6 trén mét dong cta Input/Output files dwoc/phdi ghi cdch nhau it nhdt

mét ddu cdch

Vidu
GUIDE. INP GUIDE.OUT
9 4
123754869(1479
(1792435638

Goi y loi giai:

Coi mbi cip (a;, b;) 1a mot diém trén mat phang, goi f; 1a s6 thanh phd nhiéu
nhit thidm dwoc khi di té¢i thanh phé i. Moi khi tinh xong f; ta gan cho diém
(a;, b;) nhan f; néu f; 16n hon nhan cd. Khi tinh 1an lwot cac gia tri f3, ..., f,,, gia
tri f; sé dwoc tinh bang cach 14y nhan 16n nhit cla cac diém da c6 nam trai
duwdi diém (a;, b;). Diéu nay cé thé thwc hién bang ciy quan ly pham vi hai
chiéu.

M6t cach khac la sit dung n cdy quan ly pham vi mot chiéu, phwong phap nay
giam chi phi bd nhé xudng con O(n) nhwng thai gian thuwc hién giai thuat van
1a O(nlog?n).

Chwong trinh: GUIDE.PAS

5. Két luan

Cay quan ly pham vi mot ciu tric dir liéu quan trong va c6 nhiéu &ng dung.
Doi v&i nhirng hoc vién mén ciu truc dir liéu va giai thuit, cdy quan ly pham vi
la mét vi du dién hinh cho loai ciu tric dit liéu dé quy, chia dé tri. Viéc cai dat
cac loai ciu tric di liéu nay ciing 1a nhirng bai tip tét d€ rén luyén ky thuit
1ap trinh.



Trong pham vi mot chuyén dé, ching téi chi cé thé gidi thiéu so lwgce nhirng
nét chinh va dac trung ctia cau tric dit liéu cdy quan ly pham vi cing mot sé vi
du don gidn, nhitng vin dé chi tiét va hé théng bai tip luyén tip c6 thé tim

thdy trong danh muc tai liéu tham khao



Tai liéu tham khao

1 Aho, Alfred V., Hopcroft, John E., and Ullman, Jeffrey D. Data Structures and
Algorithms. Addison Wesley, 1983.

2 Bentley, ].L. Solution to Klee's rectangle problems. Carnegie-Mellon
university, Pittsburgh, PA, 1977.

3 Cormen, Thomas H., E., Leiserson Charles, L., Rivest Ronald, and Clifford,
Stein. Introduction to Algorithms. MIT Press, 2001.

4 de Berg, Mark, Cheong, Otfried, van Kreveld, Marc, and Overmars, Mark.
Computational Geometry: Algorithms and Applications. Springer-Verlag,
2008.

5 Fenwick, Peter M. A New Data Structure for Cumulative Frequency Tables.
Software: Practice and Experience, 24 (1994), 327-336.

6 Fredman, Michael Lawrence and Tarjan, Robert Endre. Fibonacci heaps and
their uses in improved network optimization algorithms. Journal of the ACM,
34,3 (1987), 596-615.

7 Seidel, Raimund G. and Aragon, Cecilia R. Randomized search trees.
Algorithmica, 16 (1996), 464-497.

8 Sleator, Daniel Dominic and Tarjan, Robert Endre. Self-Adjusting Binary
Search Trees. Journal of the ACM, 32, 3 (1985), 652-686.

9 Vuillemin, Jean. A data structure for manipulating priority queues.
Communications of the ACM, 21, 4 (1978), 309-314.



Phu luc 1: Cay nhi phan tim ki€ém ngau nhién

Phu luc nay cung cdp mét lwa chon khac trong viéc cai dat cdy nhi phan tim
kiém. C4u tric dir liéu Treaps qua cac thir nghiém dat t6c do tot nhat khi so
sanh v&i cay doé den, cAy AVL va cay Splay khi dit liéu phan bd ngiu nhién.
Viéc cai dat Treaps ciling kha don gian, khong phitrc tap hon ciy splay la may

va dé hon nhiéu so véi cdy dé den va cay AVL

1. P6 cao trung binh caa BST

Ta da biét rang cac thao tac co ban ciia BST duwoc thuc hién trong thoi gian
O(h) voi h1a chiéu cao cta cay. Néu n khoa dwoc chén vao mot BST rong, ta sé
dwgc mot BST gom n nat. Chiéu cao cia BST c6 thé 1a mot sé nguyén nao do
nam trong pham vi tir |Ilgn] téin — 1. Néu thay ddi tht tw chén n khoa vao
ciy, ta c6 thé thu dwoc mot ciu tric BST khac.

biéu chung ta muon biét la néu chén n khba vao BST theo cac trat tw khac
nhau thi do cao trung binh ctia BST thu dwoc la bao nhiéu. Hay néi chinh xac
hon, chiing ta can biét gia tri ky vong ctia d6 cao mot BST khi chén n khoéa vao
theo mot trat tw ngau nhién.

Thwc ra néu xac suat tim kiém phan phdéi déu trén tip cac gia tri khoa thi do
siu trung binh cda cac nit méi la yéu t6 quyét dinh hiéu suit chir khéng phai
dd cao cua ciy. PO sdu cda nuti chinh 1a s6 phép so sanh can thuc hién dé
chén nut i vao BST. Tong s6 phép so sdnh dé chén toan b6 n nat vao BST ¢
thé danh gia twong tw nhw QuickSort, bang O(nlgn). Vay dé siu trung binh

clia moi nut 1a %O(n lgn) = 0(lgn).

Nguoi ta con chirng minh dwoc mot két qua manh hon: P cao trung binh cua
BST 1a mot dai lwong O(lgn). Cu thé 1a E[h] < 31gn + 0(1) véi E[h] 1a gia tri
ky vong ctia d6 cao vanla sé nut trong BST. Chitrng minh nay kha phirc tap,

ban c6 thé tham khao trong cac tai liéu khac .



2. Treap

Chung ta c6 thé tranh trwong hop suy bién ctia BST bang cach chén cac nut
vao ciy theo mot trat tw ngau nhién*. Tuy nhién trén thuc té rat it khi ching ta
dam bdo dwoc cac ndt dwoc chén/xoda trén BST theo trat tw ngau nhién, b&i
cac thao tac trén BST thwong do mot tién trinh khac thwc hién va thi tw
chén/x6a hoan toan do tién trinh d6 quyét dinh.

Treap la m6t dang BST ma ciu tric cda n6é khong phu thudc vao thk tw
chen/x6a. N6i ro hon la cho du chung ta chen/xéa cac khoa vao Treap theo
thir tw ndo, ciu truc chia Treap van sé nhw mot BST khi chiing ta chén cac khoa
vao theo trat tw ngiu nhién. Cac thuc nghiém ciing cho thdy Treap c6 téc do
tot nhit khi so sdnh véi ciy AVL, cdy dé den hay cdy Splay.

Cho méi nit cta BST thém mot trudng priority goila “dd wu tién”. PO wu tién
clla moi nit 13 moét s6 dwong. Khi d6 Treapt [7] dwoc dinh nghia 12 mot BST
théa man tinh chat cia Heap. Cu thé 1a vé&ix va y 1a con tréd téi hai niat trén
Treap:

® Né&u nut y nam trong nhanh con trai ctia nat x thi y*. key < x*. key.

® Né&u nity nam trong nhanh con phai cla nut x thi y~. key > x”. key.

® Neéu nut y 1a hu dué ctia nut x thi y». priority < x”.priority

Hai tinh chat dau tién 1a tinh chit cda BST, tinh chat th& ba la tinh chat cta
Heap. Nut goc cia Treap c6 d6 wu tién 1&n nhit. Dé tién trong cai dat, ta quy
dinh nut gia nilT” c6 d6 wu tién bang 0.

Dinhly 4

Xét mot tap cac nut, moi nut chira khoa va dd wu tién, khi do6 ton tai ciu tric

Treap chira cac nut trén.

* Tl “tranh” & day khong chinh xac, trén thyc t€ phwong phap nay khong tranh dwoc treomg hop x4u. C6 diéu la
xac suit xay ra trueomng hop xdu qua nho va rit khé dé “cd tinh” chi ra cu thé trwdng hop xu (giéng nhw
Randomized QuickSort).

T Tén goi Treap la ghép cda hai tir: “Tree” va “Heap”



Chirng minh

Khéi tao mot BST rong va chén Ian lwot cac nut vao BST theo thir tw tir nit wvu
tién cao nhat t¢i nut wu tién thap nhit. Hai rang budc dau tién dwoc théa méan
vi ta str dung phép chén cua BST. Hon nita phép chén cia BST luén chén nut
m&i vao thanh nat 14 nén sau moi budc chén, ndt 14 méi chén vao khong thé
mang do wu tién 16n hon cic nit tién boi cia né dwoc. Didu nay chi ra rang
BST tao thanh la mot Treap.

Dinhly 5

Xét mot tp cac nat, moi nut chira khéa va dd wu tién. Néu cac khda cling nhu
dd wu tién ctia cac nut hoan toan phan biét thi tén tai duy nhit ciu tric Treap
chtra cac nut trén.

Chirng minh

Sw ton tai ca ciu tric Treap da dwoc chi ra trong chirng minh trong Dinh ly 4.
Tinh duy nhit cta ciu tric Treap nay c6 thé chirng minh bang quy nap theo
s6 nat: R6 rang dinh ly ding véi tip gdm 0 nut (Treap rong). Xét tip gom > 1
nat, khi d6 nut c6 dd wu tién 1on nhit chic chan sé phai 1a g6c Treap, nhitng
nit mang khéa nhé hon khda ctia nut géc phai nam trong nhanh con trai va
nhirng nit mang khéa 16n hon khoa cia nat géc phai nam trong nhanh con
phai. Sy duy nhat vé ciu tric ctia nhanh con trai va nhanh con phai dwgc suy
ra tir gia thiét quy nap. PPCM.

Trong cai dit thong thwong ctia Treap, dd wu tién priority cia mdi nut
thwong dwoc gan bang mot s6 ngau nhién dé€ vo hiéu héa nhirng tién trinh
“c6 tinh” 1am ciy suy bién: Cho du cic nut dwgc chén/xo6a trén Treap theo thi
tw nao, ciu tric cta Treap sé luén giéng nhw khi chidng ta chén cac nut con lai
vao theo thit tw gidm dan clia dd wu tién (tic 1 tht tw ngau nhién). Hon nira
néu biét trueéc dwoc tip cac nut sé chen vao Treap, ta con c6 thé gan do wu
tién priority cho cadc nat mot cach hop ly dé “ép” Treap thanh ciy nhi phan
gan hoan chinh (trung vi cua tip cac khoa sé dwgc gan do wu tién cao nhat dé
tré thanh gbc ciy, twong tw véi nhanh trai va nhanh phai...). Ngoai ra néu biét

trwdc tAn sudt truy cip nut ta c6 thé gan do wu tién clia moi nit bang tin suit



nay dé cac nit bi truy cip thwong xuyén sé & gan goc cay, dat tdoc do truy cip

nhanh hon.
3. Cac thao tac trén Treap

3.1. Cau triuc nut

Twong tw nhw BST, ciu tric nat cda Treap chi c6 thém mot truwong priority

dé Iwu d6 wu tién cua nut

type
PNode = ~TNode; //Kiéucon trd tdi mét nit
TNode = record
key: TKey;

P, L, R: PNode;
priority: Integer;
end;
var
sentinel: TNode;
nilT: PNode; //Contrd tdiniit ddt biét
root: PNode; //Contrdtdimitgdc
begin
nilT := @sentinel;
nilT*.priority := 0; //nilTcédfwutiénbang0

end.
Trén ly thuyét nguoi ta thwong cho cac gia tri priority 1a s6 thuc ngiu nhién,
khi cai dit ta c6 thé cho priority s6 nguyén dwong 14y ngiu nhién trong mot
pham vi du rong. Ky hiéu RP 1a ham tra vé mot s6 dwong ngau nhién, ban cé
thé cai dit ham nay bang bat ky mot thuat todn tao s6 ngau nhién nao. Vi du:
function RP: Integer;
begin

Result := 1 + Random(MaxInt); //Ldyngdu nhién tir1ti Maxint
end;
Cac phép khdi tao ciy rong, tim phan tir 16n nhit, nhé nhat, tim phan t lién
trudc, lién sau trén Treap khong khac gi so véi trén BST thong thwong. Phép
quay khong dwoc thirc hién tuy tién trén Treap vi né sé pha vé rang budc thi
tw Heap, thay vao d6 chi c6 thao tdc UpTree dugc nhing vao trong mdi phép

chen (Insert) va x6a (Delete) dé hiéu chinh cau tric Treap.



Ta lai cAn nhéc lai vé thao tdc UpTree(x): Day x 1én phia gbc cay, giam do sau

cua x di 1.

@ Quay phai )

%

procedure SetLink (parent, child: PNode; InRight: Boolean);
begin

child*.P := parent;

if Right then parent”.R := child

else parent*.L := child;
end;

Quay trai

procedure UpTree(x: PNode);
var
y, z: PNode;
begin
y =
z :=
if x
begin
Setlink (y, x*.R, False); //Chuyénnhdnh con phdi ciia x” sang lam con trdiy
SetLink (x, y, True); //Choy”lam conphdix”
end
else //Quay trdi
begin
Setlink (y, x*.L, True); //Chuyénnhdnh con trdi ciax” sang lam con phdiy*
Setlink(x, y, False); //Choy"lam con trdix*
end;
SetLink(z, x, z*.R = y); //Mdcndix"vdolim conz” thay choy”
end;

A.P; //y*a nit cha ciia x*
A.P; //z*lanit cha clia y
y*.L then //Quay phdi

n<



3.2. Chen

Phép chén trén Treap truwdc hét thwc hién nhw phép chén trén BST dé chén
khéa vao mot nut 14. Nt 14 x méi chén vao sé dwgc gdn mot do wu tién ngau
nhién. Tiép theo la phép hiéu chinh Treap: chirng nao thiy x mang do wu tién
16n hon nuat cha y cia né (vi pham thi tw Heap) ta thwc hién 1énh UpTree(x)

dé day nut x 1én lam cha nut y va kéo nut y xudng lam con nut x.

/IChen khéa k vao Treap
procedure Insert(k: TKey);
var
X, y: PNode;
begin
//Thuec hign phép chén nhuw trén BST
y := nilT; x := root; //Bdtdautrgdc
while x # nilT do
begin
y = Xx;
if k < x*.key then x := x*.L //Chénvao nhanh tréi
else x := x*.R; //Chenvao nhanh phdi

end;
New (x) ; //Tao nlt méi chira k
x*.key := k;

x*.L := nilT; x*.R := nilT;
SetLink(y, x, k 2 y*.key); /IMécndivaoBST
x*.priority := RP; //Gdndjuu tién ngdu nhién

//Chinh Treap
while (x*.P # nilT) and (x*.priority > x”.P*.priority) do
UpTree (x) ;
if x*.P = nilT then root := x; //Cdp nhdt li goc néu x tré thanh géc
end;

Vi du chiing ta c6 mot Treap chira cac khoa A, B, E, G, H, K v&éi dd wu tién 1a
A:1, B:5, E:2, G:7, H:4, K:3 va chén moét nat khoéa chira khéa I va dd wu tién 6

vao Treap, trwéc hét thuit toan chén trén BST dwoc thwe hién

() @) 5 () ()
e 6 e @

I:6

Tiép theo 1a hai phép UpTree dé chuyén nut I:6 vé vi tri ding trén Treap



SO phép UpTree can thwc hién phu thudc vi tri va do wu tién ctia nit méi chén
vao (C6 théla sd nao d6 tir 0 téi h — 1 véi hla d6 cao cia Treap), nhwng nguwdi
ta da chirng minh dwogc dinh ly sau:

Dinhly 6

Trung binh sé phép UpTree cin thuc hién trong phép chén Insert 1a 2.

3.3. Xo0a

Phép x6a nut x trén Treap dwoc thwe hién nhw sau:

® Né&u x c6 it hon hai nhanh con, ta 14y nit con (néu c6) cta x 1én thay cho x
va x0a nut x.

® Néu x c6 dung hai nhanh con, goi y 1a nit con mang d6 wu tién 16n hon
trong hai nidt con, thwc hién phép UpTree(y) d€ kéo nut x xudng sdu phia
dwdi 14 va 1ap lai cho téi khi x chi con mdt nuat con. Viéc x6a quy vé trueong

hop trén

procedure Delete(x: PNode);
var
y, z: PNode;
begin
while (x*.L # nilT) and (x*.R # nilT) do //Chitng ndox cd 2 niit con, ddy niit con mang ¢ wu tién cao hon lén
if x*.1L*.priority > x*.R*.priority then UpTree (x*.L)
else UpTree(x*.R);
while root”.P # nilT do root := root*.P; //Cdp nhdtlaigdc néu ban ddu root = x va da bj kéo xudng
//Bdy gic x chi ¢6 tdi da mot niit con, xdc dinh y ld niit con (néu cd) ctia x
if x*.L # nilT then y := x*.L
else y := x*.R;
z := x".P; //zlanitchaciax
SetLink(z, y, 2z*.R = x); //Choylam con ciia z thay cho x
if root = x then root :=y; //Cdp nhdtlaigdcnéuxdang la goc
Dispose (x) ; //Gidi phong bd nhé
end;



Vi du ching ta c6 mot Treap chita cac khéa A, B, E, G, H, I, K véi d6 wu tién la
A:1, B:5, E:2, G:7, H:4, 1:6, K:3 va x6a nut chira khéa G. Ba phép UpTree (quay)

sé duoc thuc hién truedc khi x6a nut chira khéa G

Twong tw nhw phép cheén, sé phép UpTree cin thuc hién phu thudc vi tri va do
wu tién cua nut bi x6a, nhwng ngwdi ta da chirng minh dwoc dinh ly sau day.
Dinh ly 7

Trung binh sé phép UpTree cin thuc hién trong phép x6a Delete 1a 2.



Phu luc 2: Cac ma nguon chwong trinh

BOTTLES.PAS

{SMODE OBJFPC}

program Bottles;

const
InputFile = 'BOTTLES.INP';
OutputFile = 'BOTTLES.OUT';
maxN = Round (1lE5);
maxV = Round (1lE9) ;
infty = maxN * maxV + 1;

type
THeap = record

nItems: Integer;
items: array[l..maxN + 2] of Integer;

end;

var
a: array[l..maxN + 1] of Integer;
f: array[l..maxN + 1] of Inté64;
tree: array[l..4 * maxN] of Int64;
1, h: array[l..4 * maxN] of Integer;
leaf: array[l..maxN] of Integer;
n, k: Integer;
Sum, Res: Inté64;

procedure Enter;
var
fi: TextFile;
i: Integer;
begin
AssignFile (fi, InputFile); Reset(fi);
try
Readln(fi, n, k);
Sum := 0;
aln + 1] :=0;
for i :=1 to n do
begin
Read (fi, a[i]); Inc(Sum, a[i]);
end;
finally
CloseFile(fi);
end;
end;

procedure Build(x: Integer; low, high: Integer);
var
middle: Integer;
begin
1[x] := low; h[x] := high;
tree[x] :=0;
if low = high then
leaf[low] := x
else
begin



middle := (low + high) shr 1;
Build(x * 2, low, middle);
Build(x * 2 + 1, middle + 1, high);
end;
end;

function Min(p, q: Int64): Inté4;
begin

if p < q then Result := p else Result := q;
end;

procedure Update(i: Integer; f: Inté64);
var
x: Integer;
begin
x := leaf[i];
tree[x] := £;
while x > 1 do
begin
X := x shr 1;
tree[x] := Min(tree[2 * x], tree[2 * x + 1]);
end;
end;

function Query(i, j: Integer): Inté64;

function Request(x: Integer): Int64;
begin
if (h[x] < i) or (1[x] > j) then Exit(infty);
if (1[x] >= i) and (h[x] <= j) then Exit(tree[x]);
Result := Min(Request(2 * x), Request(2 * x + 1));
end;

begin
Result := Request(l);
end;

procedure Solve;
var
i: Integer;
begin
fori :=1ton+1do
begin
if i <= k then f[i] := a[i]
else f[i] := Query(i - k, i - 1) + a[i];
if i <= n then
Update (i, f[i]);
end;
res := Sum - f[n + 1];
end;

procedure PrintResult;
var
fo: TextFile;
i, nSel: Integer;
temp: Int64;
begin



temp := f[n + 1];
nSel := 0;
for i := n downto 1 do
if f[i] = temp then
begin
temp :
a[i]
end
else
Inc(nSel);

temp - a[il;
-1;

AssignFile(fo, OutputFile); Rewrite(fo);

try

WriteLn(fo, nSel, ' ', res);

for i :=1 ton do

if a[i] <> -1 then Write(fo, i,

finally
CloseFile(fo);
end;
end;

begin
Enter;
Build(1, 1, n);
Solve;
PrintResult;
end.

PROJECT.PAS

{$MODE OBJFPC}

program Employment;

uses Math;

const
InputFile = 'PROJECT.INP';
OutputFile = 'PROJECT.OUT';
maxN = 100000;

var

a, b: array[l..maxN + 1] of Integer;
info: array[l..4 * maxN] of Integer;

n: Integer;

H, S, D: Int64;
Period: Integer;
TotalCost: Inté64;

procedure Enter;
var
f: TextFile;
i: Integer;
begin

AssignFile(f, InputFile); Reset(f);

try
ReadLn (£, n);
ReadLn(f, H, S, D);

for i := 1 to n do Read(f, a[i]);

finally
CloseFile(f);

)i



end;
end;

procedure CalPeriod;
begin

Period := (H + D) div S;
end;

procedure Build(x, 1, h: Integer);

var
m: Integer;
begin
if 1 = h then
info[x] := a[l]
else
begin
m := (1 + h) div 2;
Build(x * 2, 1, m);
Build(x * 2 + 1, m+ 1, h);
info[x] := Max(info[x * 2], info[x * 2 + 1]);
end;
end;

function Query(i, j: Integer): Integer;

function Request(x, 1, h: Integer): Integer;
var
m: Integer;
begin
if (i > h) or (j < 1) then Exit(0);
if (i <= 1) and (j >= h) then Exit(info[x]);
m := (1 + h) div 2;
Result := Max(Request(x * 2, 1, m), Request(x * 2 + 1, m+ 1, h));
end;

begin
if j > n then j :=n;
Result := Request(l, 1, n);
end;

procedure Solve;

var
i, nRemove, e: Integer;
begin
b[1] := a[l];
b[n] := a[n];

for i :=2 ton-1do
if a[i] >= b[i - 1] then b[i] := a[i]
else
begin
e := Query(i, i + Period);
if b[i - 1] > e then nRemove := b[i - 1] - e
else nRemove := 0;
b[i] := b[i - 1] - nRemove;
end;
b[n + 1] := 0;
TotalCost := b[l] * (H + S);



fori :=2ton+1do
begin
if b[i] >= b[i - 1] then
TotalCost := TotalCost + (b[i] - b[i - 1]) * H
else
TotalCost := TotalCost + (b[i - 1] - b[i]) * D;
TotalCost := TotalCost + b[i] * S;
end;
end;

procedure PrintResult;
var
f:TextFile;
i: Integer;
begin
AssignFile(f, OutputFile); Rewrite(f);
try
WriteLn(f, TotalCost);
for i := 1 to n do Write(f, b[i], ' ');
finally
CloseFile(f);
end;
end;

begin
Enter;
CalPeriod;
Build(1, 1, n);
Solve;
PrintResult;
end

JOSEPHUS.PAS

{$MODE OBJFPC}
program JosephusPermutation;
const
InputFile = 'JOSEPHUS.INP';
OutputFile = 'JOSEPHUS.OUT';
maxN = 100000;
var
n, m: Integer;
remain: array[l..4 * maxN - 1] of Integer;
res: array[l..maxN] of Integer;

procedure Enter;
var
f: TextFile;
begin
AssignFile(f, InputFile); Reset(f);
try
ReadLn(f, n, m);
finally
CloseFile(f);
end;
end;



procedure Init(node: Integer; L, H: Integer);
var
M: Integer;
begin
if L = H then remain[node] :=1
else
begin
M := (L + H) div 2;
Init(node * 2, L, M);
Init(node * 2 + 1, M+ 1, H);
remain[node] :=H - L + 1;
end;
end;

function SetMark(i: Integer): Integer;
var
L, M, H: Integer;
node, left: Integer;
begin
node := 1;
L:=1; H :=n;
repeat
M := (L + H) div 2;
left := node * 2;
if i <= remain[left] then
begin
node := left;
H:=M
end
else
begin
node := left + 1;
L:=M+1;
Dec(i, remain[left]);
end;
until L = H;
Result := L;
repeat
Dec (remain[node]) ;
node := node div 2;
until node = 0;
end;

procedure FindJosephusPermutation;

var
Node, p, k, i: Integer;
begin
p:=1;, k :=n;
for i :=1 ton do
begin //Danh sach cé k ngu?i
p:=(p+m-2) mod k + 1; //Xac d?nh s? th? t? c?a ngu?i b? lo?i
res[i] := SetMark(p);
Dec (k) ;
end;
end;

procedure PrintResult;



var

f: TextFile;
i: Integer;
begin

AssignFile (f, OutputFile); Rewrite(f);
try
for i := 1 to n do Write(£f, res[i],
finally
CloseFile(f);
end;
end;

begin
Enter;
Init(1, 1, n);
FindJosephusPermutation;
PrintResult;

end.

IS.PAS

{$MODE OBJFPC}
program MaxWeightIncreasingSequence;
const
InputFile = 'IS.INP';
OutputFile = 'IS.OUT';
maxN = Round (1E5) ;
maxV = Round(1lE5);
var
a: array[l..maxN] of Integer;
w: array[l..maxN] of Integer;
f: array[l..maxN + 1] of Inté4;
bit: array[l..maxV] of Inté4;
n: Integer;
resSum: Inté64;
nsel: Integer;

procedure Enter;
var
f: TextFile;
i: Integer;
begin
AssignFile (f, InputFile); Reset(f);
try
Readln(f, n);
for i := 1 to n do Read(f, a[i]);
ReadLn(f) ;
for i := 1 to n do Read(f, w[i]);
finally
CloseFile(f);
end;
end;

function Max(p, q: Int64): Inté64;
begin

if p > q then Result := p else Result :

end;

)



procedure Init;
begin

FillQWord (bit[1], maxV, 0);
end;

procedure Update(x: Integer; value: Int64);
begin
while x <= maxV do
begin
bit[x] := Max(bit[x], value);
Inc(x, x and -x);
end;
end;

function Query(x: Integer): Int64;

begin
Result := 0;
while x > 0 do
begin

Result := Max(Result, bit[x]);
X := X and Pred(x);
end;
end;

procedure Solve;

var
i: Integer;
begin
for i :=1 ton do
begin
f[i] := Query(a[i] - 1) + w[i];
Update(a[i], £[i]);
end;
end;

procedure PrintResult;
var
fo: TextFile;
temp: Int64;
tempA: Integer;
i: Integer;
begin
temp := Query (maxV);
tempA := maxV + 1;
nSel := 0;
for i := n downto 1 do
if (£[i] = temp) and (a[i] < tempA) then

begin
temp := temp - w[i];
w[i] := -1;
tempA := ali];
Inc(nSel);
end;
AssignFile(fo, OutputFile); Rewrite(fo);
try

WriteLn(fo, nSel);



for i :=1 ton do
if w[i] = -1 then Write(fo, i, ' '");
finally
CloseFile(fo);
end;
end;

begin
Enter;
Init;
Solve;
PrintResult;
end.

IVECTOR.PAS

{$MODE OBJFPC}
program InversionVector;

const
InputFile = 'IVECTOR.INP';
OutputFile = 'IVECTOR.OUT';
max = 100000;

type

TArray = array[l..max] of Integer;
var

bit: array[l..max] of Integer;

X, t, pos: TArray;

n: Integer;

fi, fo: TextFile;

procedure OpenFiles;

begin
AssignFile (fi, InputFile); Reset(fi);
AssignFile(fo, OutputFile); Rewrite(fo);
ReadLln(fi, n);

end;

procedure CloseFiles;
begin

Close(fi); Close(fo);
end;

procedure BuildTree;

var
i: Integer;
begin
for i :=1 tondo
bit[i] := i and -i;
end;

function CountAndMark(i: Integer): Integer;
var

x: Integer;
begin

X := Pred(i);

Result := 0;

while x > 0 do



begin
Inc(Result, bit[x]);
X := X and Pred(x);
end;
X = 1i;
while x <= n do
begin
Dec(bit[x]);
Inc(x, x and -x);
end;
end;

procedure FindInversionVector;

var
i, j: Integer;
begin
for i := 1 to n do Read(fi, x[i]);
Readln (fi);
BuildTree;
for i := 1 to n do pos[x[i]] := i;
for i :=1 ton do
begin
j = pos[i];
t[i] := CountAndMark(j);
end;
for i := 1 to n do Write(fo, t[i], " ');
WriteLn(fo);
end;

function LocateAndMark(i: Integer): Integer;
var
X, next, mask: Integer;
begin
mask := 1;
while mask shl 1 <= n do mask := mask shl 1;
x :=0;
while mask <> 0 do

begin
next := x + mask;
if next <= n then
begin

if i = bit[next] then
Result := next;
if i > bit[next] then

begin
X := next;
Dec(i, bit[next]);
end;
end;
mask := mask shr 1;
end;
X := Result;
while x <= n do
begin

Dec (bit[x]);
Inc(x, x and -X);
end;



end;

procedure FindPermutationVector;
var
i, j: Integer;
begin
for i := 1 to n do Read(fi, t[i]);
FillChar(x, sizeof(x), 0);
BuildTree;
for i :=1 to n do
begin
j := LocateAndMark(t[i] + 1);
x[3i] = i;
end;
for i := 1 to n do Write(fo, x[i],
end;

begin
OpenFiles;
try
FindInversionVector;
FindPermutationVector;
finally
CloseFiles;
end;
end

FILLCHAR.PAS

{$MODE OBJFPC}
program MaximumSubNumber;
uses Testl43;
const
InputFile 'FILLCHAR.INP';
OutputFile = 'FILLCHAR.OUT';
maxN = 1000000;
maxM = 100000;
type
TFillCommand = record
a, b: Integer;
c: Byte;
end;
PNode = Integer;
TTreeNode = record
Key: Integer;
Parent, Left, Right: PNode;
end;
var
s: array[l..maxN] of Byte;

cmd: array[l..maxM] of TFillCommand;

')

Tree: array[0..maxN + 2] of TTreeNode;

Root: Integer;

n, m, k, nNodes: Integer;

Stack: array[0..maxN] of Integer;
Top: Integer;

procedure Enter;



var

f: TextFile;
i: Integer;
begin

AssignFile(f, InputFile); Reset(f);
SetTextBuf (f, s, $FFFF);

try

Readln(f, n, m, k);

fori ;=1 tomdo

with cmd[i] do Readln(f, a, b, c¢);

finally

CloseFile(f);
end;

end;

procedure SetLink (ParentNode, ChildNode: Integer; InLeft: Boolean);
begin

Tree[ChildNode] .Parent := ParentNode;

if InlLeft then Tree[ParentNode].Left := ChildNode

else Tree[ParentNode] .Right := ChildNode;
end;

procedure Init;
var
k: Integer;

procedure Traversal (x: PNode) ;
begin
if x shl 1 <= nNodes then
begin
Traversal (x shl 1);
SetLink (x, x shl 1, True);
end
else SetLink(x, 0, True);
Tree[x] .Key := k; Inc(k);
if x shl 1 or 1 <= nNodes then
begin
Traversal(x shl 1 or 1);
Setlink(x, x shl 1 or 1, False);

end
else SetLink(x, 0, False);
end;
begin
nNodes :=n + 2;
k :=0;

Traversal (1) ; //Dien cac vi tri 0..n+l vao n+2 nut
Root := 1;
FillChar(s[l], n * SizeOf(s[1]), 0);

end;

//Tim Node chua khoa nho nhat >= Position
function Search(Position: Integer): PNode;

//Tim Node chua khoa nho nhat >= Position trong cay goc x*
function SearchIn(x: PNode): PNode;
begin



if x = 0 then
begin
Result := 0; Exit;
end;
if Tree[x].Key < Position then Result
else //x*.Key >= k
begin
Result := SearchIn(Tree[x].Left);
if Result = 0 then Result := x;
end;
end;

begin
Result := SearchIn(Root);
end;

function Minimum(x: PNode): PNode;
begin

:= SearchIn(Tree[x]

while Tree[x].Left <> 0 do x := Tree[x].Left;

Result := x;
end;

function Maximum(x: PNode): PNode;
begin

while Tree[x].Right <> 0 do x := Tree[x].Right;

Result := x;
end;

function Successor(x: PNode): PNode;
begin

if Tree[x].Right <> 0 then Result := Minimum(Tree[x].Right)

else
begin
Result := Tree[x].Parent;
while Tree[Result].Left <> x do
begin

X := Result; Result := Tree[x].Parent;

end;
end;
end;

procedure Delete(x: PNode);
var

y, z: PNode;
begin

if (Tree[x].Left <> 0) and (Tree[x].Right <> 0) then

begin
y := Maximum(Tree[x].Left);
Tree[x] .Key := Treel[y].Key;
X =y

end;

if Tree[x].Left <> 0 then y := Tree[x].Left

else y := Tree[x].Right;
z := Tree[x].Parent;
Setlink(z, y, Tree[z].Left = x);
if Root = x then Root :=y;
end;

.Right)



procedure FillBackward;

var
i: Integer;
Node, Next: PNode;
begin

for i := m downto 1 do
with Cmd[i] do
begin
Node := Search(a);
while Tree[Node].Key <= b do
begin
Next := Successor (Node);
s[Tree[Node] .Key] := c;
Delete (Node) ;
Node := Next;
end;
end;
end;

procedure GetMaxV;
var
i, Top, Remain: Integer;
begin
Remain := k;
Top := 0; Stack[0] := 10;
for i :=1 ton do
begin
while (Remain > 0) and (s[i] > Stack[Top]) do
begin
Dec (Top) ;
Dec (Remain) ;
end;
Inc(Top);
Stack[Top] := s[i];
end;
end;

procedure PrintResult;

var
f: TextFile;
i: Integer;
begin

AssignFile(f, OutputFile); Rewrite(f);
SetTextBuf (f, s, $FFFF);
try

for i :=1ton -k do

Write (£, Stack[i]);

finally

CloseFile(f);
end;

end;

begin
Enter;
Init;
FillBackward;



GetMaxV;
PrintResult;
end

BACTER.PAS

{$MODE OBJFPC}
{$INLINE ON}
program Bacteria;
const
InputFile 'BACTER. INP';
OutputFile = 'BACTER.OUT';
maxN = Round(1lE5);
maxM = Round (1E5) ;
type
PNode = ~TNode;
TNode = record
key: Integer;
localsize: Int64;
size: Int64;
P, L, R: PNode;
end;
var
bit: array[l..maxN] of PNode;
sentinel: TNode;
nilT: PNode;
fi, fo: TextFile;
n, m: Integer;

procedure OpenFiles;
begin
AssignFile(fi, InputFile); Reset(fi);
AssignFile (fo, OutputFile); Rewrite(fo);
end;

procedure CloseFiles;
begin

CloseFile(fi); Closefile(fo);
end;

procedure Enter;

var
i: Integer;

begin
nilT := (@sentinel;
nilT*.size := 0;
nilT*.localsize := 0;
Readln(fi, n, m);
for i :=1 tondo

bit[i] := nilT;
end;

procedure SetLink(parent, child: PNode; InRight: Boolean); inline;
begin

child*.P := parent;

if InRight then parent*.R := child

else parent*.L := child;



end;

procedure Update(x: PNode); inline;
begin

x*.size := x”.localsize + x”*.L*.size + x".R".size;
end;

procedure UpTree(x: PNode);

var
b, y, z: PNode;
begin
y := x*.P; z := y*.P;
if x = y*.L then
begin
b := x*.R;
Setlink(y, b, False);
SetlLink(x, y, True);
end
else
begin
b := x*.1;
SetLink(y, b, True);
setLink(x, y, False);
end;
SetLink(z, x, z*".R = y);
Update (y) ;
Update (x) ;
end;

procedure Splay(x: PNode) ;
var
y, z: PNode;
begin
repeat
y := x*.P;
if y = nilT then Break;
z = y*.P;
if z <> nilT then
if (x = y*.L) = (y = z*.L) then
UpTree (y)
else
UpTree (x) ;
UpTree (x) ;
until False;
end;

procedure Split(T: PNode; y: Integer; var TL, TR: PNode);
var
X, p: PNode;
begin
x := nilT; p := nilT;
while T <> nilT do
begin
p:=T;
if T*.key > y then
begin
x :=T;



T :=T*L;
end
else
T := T*.R;
end;
if x <> nilT then
begin
Splay (x) ;
TL := x*.L; TR := x;
TR*.L := nilT;
TLA.P := nilT;
Update (TR) ;
end
else
begin
if p <> nilT then
Splay (p)
TL := p; TR := nilT;
end;
end;

function Join(TL, TR: PNode): PNode;
begin
if TR = nilT then Exit(TL);
while TR*.L <> nilT do TR := TR*.L;
Splay (TR) ;
SetLink (TR, TL, False);
Update (TR) ;
Result := TR;
end;

procedure IncY(var T: PNode; y: Integer; a :

var
TL, TR: PNode;

begin
Split(T, y, TL, TR);
New (T) ;
TA.P := nilT;
T*.localsize := a;
T*.key :=y;

SetLink (T, TL, False);
SetLlink (T, TR, True);
Update (T) ;

end;

procedure IncXY(x, y, a: Integer); inline;
begin
while x <= n do
begin
IncY(bit[x], y, a);
Inc(x, x and -Xx);
end;
end;

Integer);

function QueryY(var T: PNode; yl, y2: Integer): Inté4;

var
T1l, T2, T3: PNode;



begin
Split(T, y1 - 1, T1, T2);
Split(T2, y2, T2, T3);
Result := T2*.size;
T := Join(T2, T3);
T := Join(T1, T);

end;

function QueryXY(x, yl, y2: Integer): Int64; inline;

begin
Result := 0;
while x > 0 do
begin

Result := Result + QueryY(bit[x], yl, y2);
X := x and pred(x);
end;
end;

procedure Solve;

var
iq: Integer;
c: Char;

x1, y1, x2, y2, x, y, a: Integer;
templ, temp2: Int64;

begin
for iq :=1 to m do
begin
Read(fi, c);
case Upcase(c) of
'S':
begin
Readln(fi, x, y, a);
IncXY(x, y, a);
end;
IQI:
begin
Readln(fi, x1, yl, x2, y2);
templ := QueryXY(xl - 1, yl, y2);
temp2 := QueryXY(x2, yl, y2);
Writeln(fo, temp2 - templ);
end;
end;
end;
end;

procedure FreeMemory;
var
i: Integer;

procedure FreeTree(x: PNode);

begin
if x = nilT then Exit;
FreeTree(x*.L); FreeTree(x".R);
Dispose (x) ;

end;

begin



for i := 1 to n do FreeTree(bit[i]);
end;

begin
OpenFiles;
Enter;
try
Solve;
FreeMemory;
finally
CloseFiles;
end;
end.

GUIDE.PAS

{ $MODE OBJFPC}
{$M 10000000}
program TwolLines;

const
InputFile = 'GUIDE.INP';
OutputFile = 'GUIDE.OUT';
maxN = 100000;
maxV = 1000000000;

type
PNode = ~TNode;

TNode = record
key: Integer;
P, L, R: PNode;

end;

var
a, b: array[0..maxN] of Integer;
trace: array[0..maxN] of Integer;
tree: array[l..maxN + 1] of PNode;
n, m: Integer;
nilT: PNode;
sentinel: TNode;

procedure Enter;
var
f: TextFile;
i: Integer;
begin
AssignFile(f, InputFile); Reset(f);
try
ReadLn(f, n);
for i := 1 to n do Read(f, a[il]);
Readln (f) ;
for i := 1 to n do Read(f, b[i]);
finally
CloseFile(f);
end;
end;

procedure Init;
var



i: Integer;

begin
af[0] := -1;
b[0] := -1;
m:=0;
nilT := @sentinel;
end;

procedure SetLink (parent, child: PNode; InLeft: Boolean);
begin

child*.P := parent;

if InLeft then parent*.L := child

else parent”.R := child;
end;

procedure UpTree(x: PNode);

var
y, z, beta: PNode;
begin
y := x*.P;
z := y*.P;
if x = y*.L then
begin
beta := x*.R;
SetLink (y, beta, True);
Setlink (x, y, False);
end
else
begin
beta := x*.L;
SetLink (y, beta, False);
SetlLink(x, y, True);
end;
SetLink(z, x, z*".L = y);
end;

procedure Splay(x: PNode) ;

var
y, z: PNode;
begin
repeat
y := x*.P;
if y = nilT then Break;
z = y*.P;
if z <> nilT then
if (y = z*.L) = (x = y*.L) then UpTree(y)
else UpTree (x);
UpTree (x) ;
until False;
end;

procedure Split(x: PNode; var LTree, Rtree: PNode);

begin
Splay (x) ;
Rtree := x;
Ltree := x*.L;

Rtree*.L := nilT;



Ltree”.P := nilT;
end;

function Join(Ltree, Rtree: PNode): PNode;
begin
if Ltree = nilT then Exit(Rtree);
while Ltree”.R <> nilT do Ltree := Ltree”.R;
Splay (Ltree) ;
SetLink (Ltree, Rtree, False);
Result := Ltree;
end;

procedure DelTree (tree: PNode);
begin
if tree = nilT then Exit;
DelTree (tree”*.L);
Deltree(tree”.R);
Dispose (tree) ;
end;

{

Tim trong cay tree, nut chua chi so j co a[j] nho nhat > ka
neu khong thay tra ve nilT
cac a[j] trong cay xep tang dan theo thu tu giua

}

function SearchA(var tree: PNode; ka: Integer): PNode;
var
j: Integer;
x: PNode;
begin
if tree = nilT then Exit (nilT);
Result := nilT;
X := tree;
repeat
tree := x;
j = x*.key;
if a[j] <= ka then x := x*.R //Tim trong nhanh phai
else
begin
Result := x; //Ghi nhan
x := x*.L; //Tim trong nhanh trai
end;
until x = nilT;
Splay(tree) ;
end;

{

Tim trong cay tree, nut chua chi so j co b[j] lon nhat < kb
neu khong thay tra ve nilT
cac b[j] trong cay xep giam dan theo thu tu giua

}

function SearchB(var tree: PNode; kb: Integer): PNode;
var

j: Integer;

x: PNode;



begin
if tree = nilT then Exit(nilT);
Result := nilT;
X := tree;
repeat
tree := x;
j = x*.key;
if b[j] >= kb then x := x*.R //Tim trong nhanh phai
else
begin
Result := x;
X = x*.L;
end;
until x = nilT;
Splay(tree) ;
end;

procedure Delete(var tree: PNode; x: PNode);

var
Ltree, Rtree: PNode;
begin
Splay(x) ;

Ltree := x*.L; Rtree := x*.R;
Ltree*.P := nilT; Rtree”.P := nilT;

Dispose (x) ;
tree := Join(Ltree, Rtree);
end;

//Chen chi so i vao cay tree, trong cay khong co chi so nao tot hon i
procedure Insert(var tree: PNode; i: Integer);
var
x, temp, ltree, rtree: PNode;
begin
//x: Nut chua chi so j co a[j] nho nhat > a[i]
X := SearchA(tree, a[i]);
//Tach: ltree chua cac j: a[j] <= a[i], rtree chua cac j: a[j] > a[i]
if x <> nilT then
Split(x, ltree, rtree)
else
begin
ltree := tree; rtree := nilT;
end;
//Loai bo tat ca cac chi so j khong tot hon i: a[j] <= a[i] & b[j] <= b[i]
//cac chi so nay deu nam trong cay ltree
if ltree <> nilT then
begin
x := SearchB(ltree, b[i] + 1);
if x <> nilT then
begin
Split(x, ltree, temp);
DelTree (temp) ;

end;
end;
New (tree) ;
tree” .key := i;
tree”.P := nilT;

SetLink (tree, ltree, True);



SetLink (tree, rtree, False);
end;

function BinarySearch(i: Integer): Integer;
var
Low, Middle, High: Integer;
x: PNode;
begin
Low := 1; High :=m;
while Low <= High do
begin //Low - 1: Success; High + 1: Fail
Middle := (Low + High) div 2;
X := SearchA (tree[Middle], a[il]);
if (x <> nilT) and (b[x*.key] > b[i]) then Low := Middle + 1
else High := Middle - 1;
end;
Result := High;
end;

procedure Solve;

var
i: Integer;
len: Integer;
x: PNode;
begin
for i := n downto 0 do
begin
len := BinarySearch(i);
if len = 0 then trace[i] :=n + 1
else
begin
x := SearchA(tree[len], a[i]);
trace[i] := x*.key;
end;
Inc(len);
if len > m then
begin
Inc(m);
tree[m] := nilT;
end;
Insert(tree[len], 1i);
end;
for i :=1 tomdo
DelTree(tree[i]);
Dec (m) ;
end;

procedure PrintResult;

var
f: TextFile;
i: Integer;
begin
AssignFile (f, OutputFile); Rewrite(f);
try
Writeln(f, m);
i := trace[0];

repeat



Write(f, i, ' '),
i := trace[i];
until i = n + 1;
finally
CloseFile(f);
end;
end;

begin
Enter;
Init;
Solve;
PrintResult;
end.
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