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LOI NOI DAU

B¢ Gido duc va Pao tao da ban hanh chwong trinh chuyén tin hoc cho cac
16p chuyén 10, 11, 12. Dia theo cdc chuyén dé chuyén sau trong chirong trinh
néi trén, cdc tdc gia bién soan bo sach chuyén tin hoc, bao gom cdc vin dé co
ban nhdt vé cau triic dir liéu, thudt todn va cai ddt chwong trinh.

Bé sach gom ba quyén, quyén 1, 2 va 3. Cau triic moi quyén bao gom: phan
Ii thuyét, gidi thiéu cdc khdi niém co ban, can thiét truc tiép, thuong ding nhdt;
phdn dp dung, trinh bay cdc bdi todn thuong gdp, cach gidi va cai dit chiong
trinh; cudi cing la cdc bai tdp. Cdc chuyén dé trong b sach dwege lwa chon mang
tinh hé théng tir co ban dén chuyén sau.

Vi trai nghiém nhiéu nam tham gia giang day, boi dwéng hoc sinh chuyén tin
hoc ciia cdc truong chuyén c6 truyén thong va uy tin, cdc tac gia da lya chon,
bién soan cdc noi dung co ban, thiét yéu nhdat ma minh da sir dung dé day hoc
véi mong muén bo sich phuc vu khéng chi cho gido vién va hoc sinh chuyén
PTTH ma ca cho giao vién, hoc sinh chuyén tin hoc THCS' lam tai liéu tham khao
cho viéc day va hoc cua minh.

Véi kinh nghiém nhiéu ndm tham gia boi dwedng hoc sinh, sinh vién tham gia
cdc ki thi hoc sinh giéi Quéc gia, Quoc té Hoi thi Tin hoc tré Todn quéc,
Olympiad Sinh vién Tin hoc Toan quéc, Ki thi ldp trinh vién Quéc té khu viee
Péng Nam A, cdc tic gia dd lya chon gidi thiéu cdc bai tdp, 1oi gidi c6 dinh
hwong phuc vu cho khong chi hoc sinh ma ca sinh vién lam tai liéu tham khdo
khi tham gia cac ki thi trén.

Lan dau tdp sach dwoc bién soan, thoi gian va trinh do co han ché nén chdc
chdn con nhiéu thiéu sét, cdc tdc gia mong nhdn dwoc y kién déng gdp cia ban
doc, cac dong nghiép, sinh vién va hoc sinh dé bé sdch dwoc ngdy cang hoan
thién hon .

Cac tac gia






Chuyén aé 6

KIEU DU LIEU TRUU TUQNG
VA CAU TRUC DU LIEU

Kiéu dix liéu triru tuwgng 1a mot mé hinh toan hoc voi nhitng thao tac dinh nghia
trén mo hinh d6. Kiéu dir liéu triru twong co thé khong ton tai trong ngdn ngir
lap trinh ma chi dung dé tong quat héa hodc tom luge nhiing thao tac s& duoc
thuc hién trén dit lidu. Kiéu dir liéu triru twong duoc cai dat trén may tinh bing
chc cau trac dir lieu: Trong ky thuat lap trinh cdu trac (Structural
Programming), cdu trac dit liéu 1a cac bién cung véi cac thu tuc va ham thao
tac trén cic bién d6. Trong ky thuat l1ap trinh huéng dbi twong (Object-
Oriented Programming), c4u tric dir lidu 1a kién tric thir bac cua cac 16p, cac
thudc tinh va phuong thirc tic dong 1én chinh ddi tugng hay mot vai thudc tinh
cua d6i tuong.

Trong chuong ndy, chiing ta s& khao sat mot vai kiéu dit liéu triru tuong ciing
nhu cach cai dat chung bang céc cdu truc dir liéu. Nhitng kiéu dit liéu triru
tugng phuc tap hon s& duoc mé ta chi tiét trong timg thuat toan mdi khi thay
can thiet.

1. Danh sach

1.1. Khai niém danh sach

Danh sach 1a mot tap sap thir tu cac phan tr cing mot kiéu. D6i véi danh sach,
ngudi ta c6 mot sd thao tac: Tim mot phan tir trong danh sach, chén mot phan tir
vao danh sich, x6a mot phan tir khoi danh sach, sap xép lai cac phan tir trong
danh sach theo mot trat tu nao do v.v...

Viéc cai dat mot danh séch trong may tinh tirc 1a tim mat cAu trac dit liéu cu thé
ma may tinh hiéu duogc dé luu céc phan tir ciia danh sach dong thoi viét cac doan
chuong trinh con mé ta cac thao tac can thiét d6i v6i danh sach.



Vi danh sich 12 mét tap sap thir tu cac phan tir cung kiéu, ta ky hiéu TElement
1a kiéu dit liéu cua cac phén tir trong danh séch, khi cai dit cu thé, TElement cé
thé 1a bt ctr kiéu dir liéu nao dugc chuong trinh dich chip nhan (S nguyén, sd
thuc, ky tu, ...).

1.2. Biéu dién danh sich bang ming

Khi cai dat danh sach béng mang mot chiéu , ta can c6 mot bién nguyén n luu )
phan tir hién cé trong danh sach. Néu mang dugce danh sd bat dau tir 1 thi cac
phan tir trong danh sach dugc cit giit trong mang bang cac phan tir dugce danh sd
trltéin: A =all..n]

a) Truy cap phan tir trong mang

Viéc truy cap mot phan tir & vi tri p trong mang c6 thé thyc hién rit dé dang qua
phan tir a,. Vi cac phan tir cia mang c6 kich thude bang nhau va duoc luu trit
lién tuc trong bd nhd, viéc truy cdp mat phﬁn tir duoc thuc hién béng mot phép
toan tinh dia chi phan tir c6 thoi gian tinh toan 1a hang s6. Vi vay néu cai dat
bang méng, viéc truy cap mot phan tir trong danh sach ¢ vi tri bat ky co do phirc
tap 1la ©(1).

b) Chén phéan t&r vao mang
Dbé chén mot phén tir v vao mang tai vi tri p, trudc hét ta don tat ca céc phén tr

tr vi tri p té1 to1 vi tri n ve€ sau madt vi tri (tao ra “cho trong” tai vi tri p), dat gia
tri v vao vi tri p, va tang s6 phan tir cia mang lén 1.

procedure Insert(p: Integer; const v: TElement);
//Thii tuc chén phén tie v vio vi tri p
var i: Integer;

begin
for i := n downto p do a[i + 1] := ali];
alpl := v;
n:=n+ 1;

end;

Truong hop tét nhat, vi tri chén nim sau phan tr cudi cung cua danh sach
(p = n + 1), khi d6 thoi gian thyc hién cua phép chén 1a ©(1). Truong hop xau
nhat, ta can chén tai vi tri 1, khi d6 thoi gian thyuc hién cia phép chén 1a O(n).



Ciing dé& dang chimg minh dugc rang thoi gian thyc hién trung binh cua phép
chén l1a O(n).

c) X6a phéan tir khéi mang

Dé x6a mot phan tir tai vi tri p clia mang ma van giit nguyén thtr tu cic phén tir
con lai: Trudce hét ta phai don tit ca cac phan tir tir vi tri p + 1 t6in 1én trudc
mot vi tri (théng tin ctia phan tir thir p bi ghi d¢), sau d6 giam sb phan tir cia
mang (n) di .

procedure Delete (p: Integer); /Thiitucxéa phin titaivitrip
var i: Integer;

begin
for i :=p ton -1do al[i] := al[i + 1];
n :=n - 1;

end;

Truong hop tot nhat, vi tri x6a nam cudi danh sach (p = n), khi d6 thoi gian

thuc hién cia phép x6a 1a ©(1). Truong hop xdu nhat, ta cin x6a tai vi tri 1, khi

d6 thoi gian thuc hién ctia phép x6a 1a ©(n). Ciing dé dang chirg minh duoc

rang thoi gian thue hién trung binh cua phép x6a 12 0(n).

Trong trudng hop can x6a mot phan tir ma khong can duy tri thir ty cia cac phan

ttr khac, ta chi can dwa gia tri phan tir cudi cung vao vi tri can x6a rdi giam sd

phan tir ciia mang (n) di 1. Khi d6 thoi gian thuc hién ciia phép x6a chi 1a ©(1).

1.3. Biéu dién danh sdach bang danh sdch noi don

Danh sach ndi don (Singly-linked list) gdm cac nat dugc ndi véi nhau theo mot

chiéu. Mdi nut 1a mot ban ghi (record) gdm hai trudng:

e Truong info chtra gia tri luu trong nut do

e Truodng link chira lién két (con tro) téi niit ké tiép, tirc 1a chira mot thong tin
du dé biét nut ké tiép nut d6 trong danh sach 1a nit nao, trong trudng hop 1a

nat cudi cung (khong c6 nut ké tiép), truong lién két nay
info @ link

duoc gdn mat gia tri dac biét, chéng han con tré nil.

type
PNode = "“TNode; /Kiéu con tré téi mjt niit

TNode = record; /Kiéu bién dong chira thong tin trong mt niit




info: TElement;
link: PNode;
end;

Nt dau tién trong danh sach (head) dong vai trd quan trong trong danh sach ndi
don. bé duyét danh sach ndi don, ta bat dau tir n(t dau tién, dua vao truong lién
két dé di sang nut ké tiép, dén khi gip gia tri dic biét (duyét qua nat cudi) thi
dung lai

head

Hinh 1.1. Danh sach néi don

a) Truy cap phan tir trong danh sach néi don

Ban than danh sach ndi don d3 1a mot kiéu dir liéu triru twong. Dé cai dat kiéu
dir liéu triru twong ndy, ching ta c6 thé dung mang cac nut (trudng link chira chi
s6 cua nat ké tiép) hodc bién cip phat dong (trudng link chira con trd ti nit ké
tiép). Tuy nhién vi cau trac ndi don, viéc xac dinh phan tir ding tha p trong
danh sach bat budc phai duyét tir dau danh sach qua p nit, viéc ndy mat thoi
gian trung binh ©(n), va to ra khong hiéu qua nhu thao tac trén mang. No6i cach
khéc, danh sach ndi don tién loi cho viéc truy cap tuan tu nhung khong hi¢u qua
néu chung ta thyc hién nhidu phép truy cap ngau nhién.

b) Chén phan tr vao danh sach néi don

Dé chén thém mot nat chira gia tri v vao vi tri cta nut p trong danh sach nbi
don, truge hét ta tao ra mot nit méi NewNode chira gia tri v va cho nuat nay lién
két t&i p. Néu p dang 1a nut dau tién cua danh sach (head) thi cap nhat lai head
bang NewNode, con néu p khong phai nit dau tién cia danh sach, ta tim nut g
1a niit dtng lién trudce nat p va chinh lai lién két: q lién két t6i NewNode thay vi
lién két t6i thang p (h.1.2).



head q p
a b © d €
head q D
NewNode

Hinh 1.2. Chén phén tir vao danh sach néi don

procedure Insert (p: PNode; const v: TElement);
//Thii tuc chén phdn ti v vio vi tri niit p
var NewNode, g: PNode;
begin
New (NewNode) ;
NewNode”.info := v;
NewNode”.link := p;
if head = p then head := NewNode
else
begin
g := head;
while g”.link # p do g := g”.link;
gt.link := NewNode;
end;

end;

Viéc chinh lai lién két trong phép chén phan tir vao danh sach ndi don mat thoi
gian (1), tuy nhién viéc tim nat dung lién trude nit p yéu cau phai duyét tir
dau danh sach, viéc nay mat thoi gian trung binh @(n). Vay phép chén mot phan
tir vao danh sach n6i don mat thoi gian trung binh @(n) dé thyc hién.

c) X6a phan tir khoi danh sach néi don:

Pé x6a nut p khoi danh sach ndi don, goi next 1a niit démg lién sau p trong danh

sach. Xét hai truong hop:

e Néup la nit dau tién trong danh sach head = p thi ta dat lai head bang
next.



Néu p khong phai nat du tién trong danh sach, tim ndt g 1a nat déng lién
truée nat p va chinh lai lién két: q lién két téi next thay vi lién két toip
(h.1.3)

Viéc cudi cung la huy nut p.

procedure Delete (p: PNode); //Thitucxda nitp ciia danh sich néi don
var next, g: PNode;
begin
next := p”*.link;
if p = head then head := next
else
begin
g := head;
while g”.link <> p do g := g~.link;
g”.link := next;
end;
Dispose (p) ;
end;
a b d €
head q p next
a b d ®
head q next

Hinh 1.3. Xéa phén ti khéi danh sich néi don

Ciing giéng nhu phép chén, phép x6a mot phan tir khoi danh sach ndi don ciing

mat thdi gian trung binh ©(n) dé thyc hién.

Trén day mo ta cac thao tic v6i danh sach biéu dién dudi dang danh sach noi

don cac bién dong. Chung ta c6 thé cai dat danh sach ndi don béng mot mang,

moi nat chira trong mot phan tir cia mang va trudng lién két link chinh 1a chi so

ctia nat ké tiép. Khi d6 moi thao tac chén/xda phan tir ciing dugc thuc hién

tuong tu nhu trén:

const max = ...; /S6phin ticuc dgi

type
TNode = record
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info: TElement;
link: Integer;
end;
TList = array[l..max] of TNode;
var
Nodes: TList;
head: Integer;

1.4. Biéu dién danh sdach bang danh sdch noi kép

Viéc xac dinh nut dung lién truée mot nut p trong danh sach ndi don bit bude

phai duyét tir dau danh séach, thao tac nay mét thoi gian trung binh @(n) dé thyc

hién va anh hudng truc tiép téi thoi gian thuc hién thao tac chén/xéa phan tir. Dé
khéc phuc nhuoc diém nay, ngudi ta sir dung danh sach nbi kép.

Danh sach ndi kép gom cac nut duge ndi véi nhau theo hai chidu. Mbi nit 1a

mot ban ghi (record) gdm ba trudng:

e Truong info chira gia tri luu trong ntt do.

e Trudng next chira lién két (con tro) toi nat ké tiép, tirc 1a chira mot thong
tin du dé biét nut ké tiép nat d6 1a nat nao, trong truong hop nit dung cudi
cung trong danh sach (khoéng c6 nut ké tiép), truong lién két nay duoc gan
mot gia tri dic biét (ching han con tro nil)

e Trudng prev chta lién két (con tro) toi ndt lién trude, tirc 13 chira mot
thong tin di dé biét nut lién trudc nat d6 13 nut ndo, trong trudng hop nut

info next

ding dau tién trong danh sach (khong cé nut lién pren @

trude), truong lién két ndy duge gan mot gia tri

dic biét (chang han con tro nil)

type
PNode = "TNode; /Kiéu con tré t6i mt niit
TNode = record; /Kibéu bién dong chira thong tin trong mét niit

info: TElement;
next, prev: PNode;
end;

Khéc v6i danh sach ndi don, trong danh sach ndi kép ta quan tAm t&i hai nut:
Nt dau tién (first) va phan tir cudi cung (last). C6 hai cach duyét danh sach
nbi kép: Hodc bat dau tir first, dua vao lién két next dé di sang nit ké tiép, dén
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khi gip gia tri dic biét (duyét qua last) thi dimg lai. Hodc bat dau tir last, dua
vao lién két prev dé di sang nut lién trudc, dén khi gap gia tri dic biét (duyét
qua first) thi dung lai

Hinh 1.4. Danh sich néi kép

Gibéng nhu danh sach ndi don, viéc chén/xoda nat trong danh sach ndi kép ciing
don gian chi 1a k¥ thuat chinh lai cac mbi lién két giita cac nat cho hop ly. Tuy
nhién ta c6 thé xac dinh dwgc dé& dang nat dung lién trude/lién sau ctia mot nut
trong thoi gian ©(1), nén cac thao tac chén/xoa trén danh sach nbi kép chi mat
thoi gian ©(1), tot hon so véi cai dat bang mang hay danh sach ndi don.

1.5. Biéu dién danh sdch bing danh sach néi vong don

Trong danh sach ndi don, phan tir cudi cliing trong danh sach c6 trudng lién két
dugc gan mot gia tri dac biét (thuong st dung nhét 1a gia tri nil). Néu ta cho
truong lién két cua phan t cudi cing tro thang vé phan tor dau tién cua danh
sach thi ta s& dugc mot kiéu danh sach méi goi la danh sach ndi vong don.

Hinh 1.5. Danh sich néi vong don

Dé6i voi danh sach ndi vong don, ta chi can biét mot nat bat ky cua danh sach 1a
ta c6 thé duyét dugc hét cac nut trong danh sach bang cach di theo hudng lién
két. Chinh vi 1y do nay, khi chén/x6a vao danh sach nbi vong don, ta khong phai
xtr 1y céc trudng hop riéng khi nat ding dau danh sach. Mic du vay, danh sach
nbi vong don van can thoi gian trung binh ©(n) dé thyc hién thao tic chén/xoa
vi viée xac dinh nat dimg lién trudéc mot nit cho trudce ciing gap trd ngai nhu véi
danh sach ndi don.
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1.6. Biéu dién danh sdch bing danh sdch noi vong kép

Danh sach ndi vong don chi cho ta duyét cac nut cua danh sach theo mot chiéu,
néu cai dat bang danh sach ndi vong kép thi ta co thé duyét cac nat cua danh
sach ca theo chiéu nguoc lai nira. Danh sach ndi vong kép cé thé tao thanh tir
danh sach néi kép néu ta cho trudng prev cua nit first tré toi nat Last con
truong next cua nut last thi tro téi nut first.

Tuong tu nhu danh sach nbi kép, danh sach nbi vong kép cho phép thao tac
chén/x6a phan tir c6 thé thuc hién trong thoi gian 0(1).

Hinh 1.6. Danh sich noi vong kép

1.7. Biéu dién danh sdach bang cdy

C6 nhiéu thao tac trén danh sach, nhung nhiing thao tic pho bién nhat 1a truy
cap phan tir, chén va x6a phan tir. Ta da khao sat cach cai dat danh sach bang
mang hodc danh sach lién két, néu nhu méang cho phép thao tac truy cap ngiu
nhién tét hon danh sach lién két, thi thao tic chén/x6a phan tir trén mang lai mat
kha nhiéu thoi gian.

Dudéi day la bang so sanh thoi gian thuc hién céc thao tac trén danh sach.

Phwong phap Truy cap ngau nhién | Chén | Xéa
Mang 0(1) O(n) | 6(n)
Danh sach ni don O(n) O(n) | ©(n)
Danh sach ndi kép o(n) 0(1) | 0(1)
Danh sach ndi vong don 0(1) O(n) | ©(n)
Danh sach ndi vong kép 0(n) 0(1) | e(1)

Cay 1a mot kiéu dir lidu triru twong ma trong mot sb truong hop co thé gian tiép
dung dé biéu dién danh sach. Vi mot cach danh sb thir ty cho cac nat cia cay
(duyét theo thir tu giita), mdi phép truy cdp ngiu nhién, chén, xda phan tir trén
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danh sach c6 thé thuc hién trong thoi gian O(logn). Chung ta sé& tiép tuc chu dé
nay trong mot bai riéng.

Bai tap

1.1. Viét chuong trinh thyc hién cac phép chén, xda, va tim kiém mot phﬁn tr
trong danh sach cac sd nguyén di sip xép theo thir tu ting dan biéu dién
boi:

e Mang

e Danh sach nbi don

e Danh sach ndi kép

1.2. Viét chuong trinh ndi hai danh sach sé nguyén di sip xép, tong quat hon,
viét chuong trinh ndi k danh sach sb nguyén da sip xép dé dugc mot danh
sach gdm tat ca cac phan tu.

1.3. Gia sir ching ta biéu dién mot da thuc p(x) = a;xPt + axP2 + - +
a,x, trong 46 by > b, > -+ > b,, dudi dang mot danh sach ndi don ma
nat the i cta danh sach chira hé sé a;, sé mil b; va con trd téi nut ké tiép
(nat i + 1). Hiy tim thuat toan cong va nhéan hai da thirc theo cac biéu dién
nay.

1.4. Mot sd nhi phan a,a,_q..ay, trong d6 a; € {0,1} c6 gia tri bang

n ,a;2t. Nguoi ta biéu dién s6 nhi phan nay bang mot danh sach néi don
gdém n nut, ¢6 nat dau danh sach chaa gia tri a,, mdi nat trong danh sach
chtra mot chir s6 nhi phan a; va con tré t6i nut ké tiép 1a nat chia chir s6
nhi phan a;_,. Hiy l1ap chuong trinh thuc hién phép toan “cong 17 trén sb
nhi phan da cho va dua ra biéu dién nhi phan cua két qua.

Goi y: Sur dung phép dé quy

2. Ngan xép va hang doi

Ngin xép va hang doi 1 hai kiéu dir liéu triru tuong rat quan trong va dugc sir
dung nhiéu trong thiét ké thuat toan. V& ban chat, ngian xép va hang doi 1a danh
sach tirc 1a mot tdp hop cac phan tir ciing kiéu c6 tinh thir tu.
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Trong phan nay ching ta s& tim hiéu hoat dong ctia ngin xép va hang doi va
cach cai dat ching bﬁng cac ciu truc dir lidu. Tuong ty nhu danh sach, ta goi
kiéu dir liéu cta cac phan tir s& chira trong ngian xép va hang doi 1a TElement.
Khi cai dit chuong trinh cu thé, kiéu TElement c6 thé 1a kiéu sb nguyén, sd
thuc, ky tu, hay bat ky kiéu dit liéu nao dugc chuong trinh dich chip nhén.

2.1. Ngin xép

Ngdn xép (Stack) 13 mot kiéu danh sach ma viéc bd sung mot phan tir va loai bo
mot phén tir duge thuc hién & cudi danh sach.

C6 thé hinh dung ngin xép nhu mot chong dia, dia nao dugc dit vao chong sau
ciing s& nam trén tit ca cac dia khac va s& duoc ldy ra dau tién. Vi nguyén tic
“vao sau ra trudc”, ngan xép con c6 tén goi 1a danh sdch kiéu LIFO (Last In
First Out). Vi tri cudi danh sach duoc goi 1a dinh (top) cua ngan xép.

Dbi v6i ngan xép co sau thao tac co ban:

e Init: Khéi tao mot ngin xép rong

e IsEmpty: Cho bién ngin xép c6 rdng khong?

e IsFull: Cho biét ngin xép co day khong?

e Get: Poc gia tri phan tir ¢ dinh ngan xép

e Push: Pay mot phan tir vao ngin xép

e Pop: Lay ra mot phan tir tir ngin xép

a) Biéu dién ngin xé&p bang mang
Cach biéu dién ngin xép bang mang can c6 mot mang Items dé luu cac phan tur

trong ngan xép va mot bién nguyén top dé luu chi s6 cua phan tir tai dinh ngin
xép. Vi du:

const max = ...; /Dungluwpng cuc dai ciia ngin xép
type
TStack = record
items: array[l..max] of TElement;
top: Integer;
end;
var Stack: TStack;

Sau thao tac co ban cua ngdn xep cé thé viét nhu sau:
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//Khéi tgo ngdin xép réng
procedure Init;
begin
Stack.top := 0;
end;
//Ham kiém tra ngin xép c6 réng khong?
function IsEmpty: Boolean;
begin
Result := Stack.top = 0;
end;
//Ham kiém tra ngdn xép c6 diy khong?
function IsFull: Boolean;
begin
Result := Stack.top = max;
end;
//Doc gid tri phin tie ¢ dinh ngdn xép
function Get: TElement;
begin
if IsEmpty then
Error <« "Stack is Empty" /Bdo l6i ngin xép réng
else
with Stack do Result := items|[top];
//Trd vé phéin tir & dinh ngin xép
end;
/Dy mét phin tir x vio ngén xép
procedure Push(const x: TElement);
begin
if IsFull then
Error <« "Stack is Full" //Bdo léi ngan xép diy
else
with Stack do

begin
top := top + 1; /Ting chisé dinh Stack
items[top] := x; /Ddtxvaio vitridinh Stack
end;

end;

/L&y mét phin tir ra khéi ngén xép
function Pop: TElement;
begin
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if IsEmpty then
Error <« "Stack is Empty" /Bdo l6i ngin xép réng
else
with Stack do
begin
Result := items[topl; /Trivéphin tir & dinh ngin xép
top := top - 1; //Giim chisé dinh ngin xép
end;
end;

b) Bi€u dién ngin xép bang danh sach néi don kiéu LIFO

Ta s& trinh bay cach cai dit ngin xép bang danh sach nbi don cac bién dong va
con tré. Trong cach cai dat nay, ngin xép s& bi diy néu nhu ving khong gian
nhé dung cho cac bién dong khong con du dé thém maot phan tir méi. Tuy nhién,
viéc kiém tra diéu nay phu thudc vao mady tinh, chuong trinh dich va ngén ngi
lap trinh. Mt khac, khong gian b nhé dung cho cac bién dong thudng rat 1on
nén ta s& khong viét ma cho ham IsFull: Kiém tra ngin xép tran.

Cac khai bao dir liéu:

type
PNode = ~TNode; /Kiéu con tré lién két gia cdc niit
TNode = record /Kiéu di ligu cho mét niit

info: TElement;
link: PNode;
end;

var top: PNode; //Con tré téi phin ti dinh ngin xép

Céc thao tac trén ngin xép:

//Khéi tao ngin xép réng
procedure Init;
begin

top := nil;
end;
//Kiém tra ngin xép cé réng khong
function IsEmpty: Boolean;
begin

Result := top = nil;
end;
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//Doc gid tri phin tiv ¢ dinh ngdn xép
function Get: TElement;
begin
if IsEmpty then
Error <« "Stack is Empty" /Bdo léi ngin xép réng
else
Result := top”.info;
end;
//Déy mjt phin tiv x vao ngin xép
procedure Push(const x: TElement);
var p: PNode;

begin
New (p) ; /#Tao nit mdi
p".info := x;
p”.link := top; /Néivio danh sich lién két
top := p; /Dich con tré dinh ngin xép
end;

//Ldy m@t phin tie khéi ngin xép
function Pop: TElement;
var p: PNode;
begin
if IsEmpty then
Error <« "Stack is Empty" /Bdo l6i ngiin xép réng
else

begin
Result := top”.info; /Ldyphdin ti tgi con tré top
p := top”.link;
Dispose (top) ; /Giii phéng by nhé
top := P; /Dich con tré dinh ngin xép
end;

end;

2.2. Hang dgi

Hang doi (Queue) 1a mot kiéu danh sach ma viéc bo sung mot phan tir duge thyc

hi¢n & cuoi danh sach va viéc loai bé mot phan tir dugc thyc hién & dau danh

sach.
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Khi cai dat hang doi, c¢6 hai vi tri quan trong 1a vi tri dau danh sach (front), noi
cac phan tir duoc ldy ra, va vi tri cudi danh sach (rear), noi phan tir cudi cing
duoc dua vao.

C6 thé hinh dung hang doi nhu mot doan ngudi xép hang mua vé: Ngudi nio
xép hang trude s& duoc mua vé trude. Vi nguyén tic “vao trudc ra trudc”, hang
doi con c6 tén goi 1a danh sdch kiéu FIFO (First In First Ouf).

Tuong ty nhu ngan xép, c6 sau thao tic co ban trén hang doi:

e Init: Khéi tao mot hang doi rong

e IsEmpty: Cho bién hang doi c6 rdng khong?

e IsFull: Cho biét hang doi c6 ddy khong?

e Get: Doc gia tri phan tr & dau hang doi

e Push: Pay mot phan tir vao hang doi

e Pop: Lay ra mot phan tir tir hang doi

a) Biéu dién hang doi bing mang

Ta c6 thé biéu dién hang doi bang mot mang items dé luu cac phan tir trong
hang doi, mot bién nguyéfront dé luu chi s6 phan tir dau hang doi va mot bién
nguyén rear dé luu chi sé phan tir cudi hang doi. Chi mot phan ctia mang items
tir vi tri front toi rear dugc sir dung luu trit cac phan tir trong hang doi. Vi du:

const max = ...; //Dungluwong cucdai
type
TQueue = record
items: array[l..max] of TElement;
front, rear: Integer;
end;
var Queue: TQueue;

Sau thao tac co ban trén hang doi c6 thé viét nhu sau:

//Khéi tao hang di rong
procedure Init;
begin
Queue.front := 1;
Queue.rear := 0;
end;
//Kiém tra hing dgi cé réng khéong
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function IsEmpty: Boolean;
begin
Result := Queue.front > Queue.rear;
end;
//Kiém tra hing dpi c6 diy khong
function IsFull: Boolean;
begin
Result := Queue.rear = max;
end;
//Poc gid tri phin tie ddu hang doi
function Get: TElement;
begin
if IsEmpty then
Error <« "Queue is Empty" /Bdo l6i hang dgi rong
else
with Queue do Result := items[front];
end;
//Ddy mt phin tir x vio hang dpi
procedure Push(const x: TElement);
begin
if IsFull then
Error < "Queue is Full" /Bdo lbi hing doi ddy

else
with Queue do
begin
rear := rear + 1;
items[rear] := x;
end;
end;

//Liy mét phin tir khéi hang dgi
function Pop: TElement;
begin
if IsEmpty then
Error < "Queue is Empty" /Bdo l6i hang dpirong
else
with Queue do
begin
Result := items[front];

20




front := front + 1;
end;
end;

b) Biéu dién hang dgi bang danh sach vong

Xét viée biéu dién ngan xép va hang doi bang mang, gia st mang co toi da 10
phan tir, ta thdy ring néu nhu 1am 6 1an thao tic Push, rdi 4 lan thao tac Pop, roi
tiép tuc 8 1an thao tac Push nira thi khong c6 van dé gi xay ra ca. Ly do 14 vi chi
s6 top luu dinh cua ngin xép s& duogc ting 1én 6000, rdi giam vé 2000, sau d6
lai ting trd lai 1én 10000 (chua vuot qua chi sé mang). Nhung néu ta thyc hién
céc thao tac d6 ddi v6i cach cai dat hang doi nhu trén thi s& gip thong bao 16i
tran mang, boi mdi lan ddy phan tir vao ngin xép, chi sd cudi hang doi rear
ludn ting 1én va khong bao gio bi giam di ca. D6 chinh 1a nhuoc diém ma ta néi
to1 khi cai dat: Chi co cac phé‘m tur tir vi tri front téi rear 1a thudc hang doi, cac
phén tir tir vi tri 1 t6i front — 1 1a v6 nghia.

Pé khic phuc diéu nay, ta c6 thé biéu dién hang doi bang mot danh sach vong
(dung mang hodc danh sach ndi vong don): coi nhu cic phan tir ciia hang doi
dugc xép quanh vong tron theo mot chiéu nao dé (chang han chiéu kim dong
hd). Cac phan tir ndm trén phan cung tron tir vi tri front téi vi tri rear 1a cac
phan tir ciia hang doi. C6 thém mot bién n luu sé phan tir trong hang doi. Viéc
day thém mot phan tir vao hang doi twong dwong véi viée ta dich chi s6 fear
theo chiéu vong mot vi tri roi dat gia tri mdi vao do. Viéc léy ra mot phén tr
trong hang doi twong duong véi viée 1y ra phan tir tai vi tri front rdi dich chi
s6 front theo chiéu vong. (h.1.7)
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front

rear

Hinh 1.7. Dung danh sdach vong mé td hang dgi
beé tién cho viéc dich chi s6 theo vong, khi cai dat danh sach vong bang mang,

ngudi ta thuong dung cach danh chi sé tir 0 dé tién st dung phép chia lay du
(modulus - mod).

const max = ...; //Dunglwong cuc dai
type
TQueue = record
items: array[0..max - 1] of TElement;
n, front, rear: Integer;
end;
var Queue: TQueue;

Sau thao tac co ban trén hang doi cai dat trén danh sach vong duogc viét dudi
dang gid ma nhu sau:

//Khéi tao hang dgi rong
procedure Init;
begin
with Queue do
begin
front := 0;
rear := max - 1;

end;
//Kiém tra hing doi c6 réng khéong
function IsEmpty: Boolean;
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begin
Result := Queue.n = 0;
end;
//Kiém tra hing doi cé diy khong
function IsFull: Boolean;
begin
Result := Queue.n = max;
end;
//Doc gid tri phin tir diu hing doi
function Get: TElement;
begin
if IsEmpty then
Error <« "Queue is Empty" /Bdo l6i hang dgi rong
else
with Queue do Result := items[front];
end;
//Ddy mt phin ti vao hang doi
procedure Push(const x: TElement);
begin
if IsFull then
Error <« "Queue is Full" //Bdo léi hing doi ddy
else
with Queue do

begin
rear := (rear + 1) mod max;
items[rear] := x;
Inc (n);

end;

end;
//Liy mét phin tir ra khéi hang dgi
function Pop: TElement;
begin
if IsEmpty then
Error < "Queue is Empty" /Bdo l6i hang dpirong
else
with Queue do
begin
Result := items[front];




front := (front + 1) mod max;
Dec (n) ;
end;

end;

c) Biéu dién hang doi bang danh sach néi don kiéu FIFO

Tuong ty nhu cai dit ngan xép bang bién dong va con tro trong mot danh sach
nbi don, ta cling khong viét ham IsFull dé kiém tra hang doi day.

Cac khai bao dir liéu:

type
PNode = ~TNode; /Kiéu con tré lién két gia cdc niit
TNode = record /Kiéu di ligu cho mét niit

info: TElement;
link: PNode;
end;

var front, rear: PNode; //Con tré téi phin tiv diu va cudi hang dgi

Céac thao tac trén hang doi:

//Khéi tao hang di rong
procedure Init;
begin
front := nil;
end;
//Kiém tra hing doi cé rong khong
function IsEmpty: Boolean;
begin
Result := front = nil;
end;
//Poc gid tri phén tit ddu hang doi
function Get: TElement;
begin
if IsEmpty then
Error <« "Queue is Empty" /Bdo l6i hang dpirong
else
Result := front”.info;
end;
//Ddy mét phin tir x vao hang dpi
procedure Push (const x: TElement);
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var p: PNode;

begin
New (p) ; /#Tao mét nit moi
p".info := x;
p”.link := nil;
//Noi niit dé vao danh sdch
if front = nil then front :=p
else rear”.link := p;
rear := p; //Dich con tré rear
end;

//Ldy m@t phan tie ra khéi hang dgi
function Pop: TElement;
var P: PNode;
begin

if IsEmpty then

Error < "Queue is Empty" /Bdo l6i hang dpi rong

else

begin
Result := front”.info; /Ldyphan titai con tré front
P := front”.link;
Dispose (front); //Giiiphdng by nhé
front := p; //Dich con tré front

end;

end;

2.3. Mjt 56 chii y vé ky thudt cai dit

Ngin xép va hang doi 1a hai kiéu dit liéu triru twong tuong ddi dé cai dat, cac thu
tuc va ham mo phong cac thao tic co thé viét rit ngin. Tuy vy trong cac
chuong trinh dai, cac thao tic van nén duoc tach biét ra thanh chwong trinh con
dé dé dang g& réi hodc thay d6i cach cai dat (vi du doi tir cai dat bang mang
sang cai dit bang danh sach ndi don). Piéu nay con gifip ich cho lap trinh vién
trong truong hop mudn biéu dién cac kiéu dir liéu triru twong bang cac 16p va
d6i tugng. Néu c6 ban khoan riang viéc goi thuc hién chuong trinh con s& lam
chuong trinh chay cham hon viéc viét truc tiép, ban c6 thé dat cac thao tac do
dudi dang inline functions.
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Bai tap
1.5. Hang doi hai dau (doubled-ended queue) 1a mot danh sach dugc trang bi
bon thao tac:
PushF (v): Pay phan tir v vao ddu danh sach
PushR (v): Piy phan tir v vao cubi danh sach
PopF: Loai b6 phan tir dau danh sach
PopR: Loai bé phan tir cudi danh sach
Hay tim ciu trac dit liéu thich hop dé cai dit kiéu dir liéu triru twong hang
doi hai dau.
1.6. Co6 hai so d6 duong ray xe lira b tri nhu hinh sau:

3 2 1
& ole o & o

T——e

3 2 1
e ol e o & o

4 \/ o

Ban diu c6 n toa tau xép theo thir ty tir 1 téi n tir phai qua trai trén duong
ray A. Ngudi ta mudn xép lai cac toa tau theo thir ty méi tir phai qua trai
(p1,D2s e -» Pn) 16n duong ray C theo nguyén tic: Cac toa tau khong duoc
“vuot nhau” trén ray, mdi lan chi duoc chuyén mot toa tau tr A = B,
A - B hoic A —» C. Hay cho biét diéu dé c6 thé thyc hién dugc trén so do
duong ray ndo trong hai so do trén.
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3. Cay
3.1. Dinh nghia

Cay la mot ki€u dir liéu triru tugng gom mot tp hitu han céc nut, gitra cac nlt cod

mot quan hé phéan cap goi 1a quan hé “cha-con”. C6 mot nit dic biét goi 1a gbc
(root).

C6 thé dinh nghia cay bang cach dé quy nhu sau:

Mot nat 1a mot cay, nat d6 cling 1a gbc cua cay ay

Néur 1a mot nit vary, 1y, ..., 1k lan luot 1a géc cua cac cay Ty, Ty, ..., Ty, thi
ta co thé xay dung mot cdy moi T bang cach cho nut r tré thanh cha cua cac
nut ry, 1y, ..., 1,. Cay T nay nut géc la r con cac cay Ty, Ty, ..., Ty tré thanh
cac cay con hay nhanh con (subtree) ctia nut goc.

Pé tién, ngudi ta con cho phép ton tai mot cdy khong co nat ndo ma ta goi 1a cdy

rong (null tree), ky hidu A.

Mot vai hinh anh cua cau truc cay:
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Muc luc ctia mdt cudn sach véi phﬁn, chuong, bai, myc v.v... co cAu trac
cua cay

Céu trac thu muc trén dia ciing c6 ciu trac cdy, thu muc gbe co thé coi 1a
gbc cua cay do vai cac cay con 1a cac thu muc con (sub-directories) va tép
(files) nam trén thu muc géc.

Gia pha ctia mot ho tdc cling ¢ cdu trac ciy.

Mot biéu thic sé hoc gdm cac phép toan cong, trir, nhan, chia ciing c6 thé
luu trir trong mot cdy ma cac toan hang dugc luu trir & cac nut 14, cac toan
tr dwgc luu trir & cac nt nhanh, méi nhanh 1a mot biéu thire con (h.1.8).



Hinh 1.8. Céy biéu dién biéu thirc

3.2. Cac khdi niém co ban

Néu (ry, 75, ..., 1) 12 ddy cac nat trén cdy sao cho r; 1a nut cha ciia nat r;,, v6i
Vi:1 < i < k, thi ddy nay duoc goi 1a mot dwong di (path) tir ry t6i 13,. Chiéu dai
ciia duong di bang sb nit trén dudng di trir di 1. Quy wéc rang co dudng di do
dai 0 tir mot nat dén chinh né. Nhu cay ¢ hinh 1.9, (4, B, F) 1a duong di do dai
2, (A,D,H,K) la duong di d6 dai 3.

Hinh 1.9. Cay
Néu c6 mot duong di do dai khac 0 tir nit a téi nat d thi nat a goi 1a fién boi
(ancestor) cua nut d va nut d duwoc goi 1a hdu dué (descendant) cua nut a. Nhu
cdy ¢ hinh 1.9, nut 4 1a tién boi cua tat ca cac nit trén cay, nut H 1a hau du¢ cua
nat A va niit D. Mot s6 quy ude con cho phép mot nit 14 tién bdi ciing nhu hau
dugé ctia chinh nut do, trong truong hop nay, nguoi ta ¢6 thém khai niém tién béi
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thuc sw (proper ancestor) va hau dué dich thuc (proper descendant) trung voi
khai niém tién bdi va hau dué ma ta di dinh nghia.

Trong cay, chi duy nhat mot nat khong co tién boi 1a nat gde. Mot niit khong co
hau dué goi 1a nut la (leaf) cia cay, cac nat khong phai 14 duoc goi 1a nut nhanh
(branch). Nhu cay ¢ hinh 1.9, cacnut C,E, F, G, 1, ], K 1a cac nut 14.

Do cao cua mot nut 1a d§ dai duong di dai nhét tir nat d6 t&i mot nat 14 hau dué
ctia no, do cao cua nit gbe goi 1a chiéu cao (height) cuia cdy. Nhu cy & hinh 1.9,
cay c6 chiéu cao 1a 3 (duong di (4,D, H,))).

D¢ sdu (depth) cia mot nut 1a d6 dai dudng di duy nhat tir nut gde téi nat do.
Nhu cay ¢ hinh 1.9, nit A ¢6 d6 sau la 0, nat B,C,D c6 dd sau la 1, nut
E,F,G,H,I c6 d sau 1a 2, va nlit J,K c6 do sdu 1a 3. C6 thé dinh nghia chiéu
cao cua cdy 1a d sdu 16n nhat ciia cic nit trong cay.

Mot tap hop cac cay do61 mot khong co nut chung dugce goi 1a rieng (forest), cé
thé coi tap cac cdy con ciia mot niit 1a mot rimg.

Nhirng niit con ctia ciing mot nat dwoc goi 1a anh em (sibling). Vi mot ciy, néu
ching ta c6 tinh dén tha ty anh em thi cay d6 goi 1a cdy c6 thit tw (ordered tree),
con néu ching ta khong quan tdm t6i thi ty anh em thi cay d6 goi 1a cdy khéng

co thir tw (unordered tree).

3.3. Biéu dién cdy tong quidt

Trong thuc té, cO mot sb ung dung doi héi mot cAu trac dit lidu dang cay nhung
khong co6 rang budc gi vé sb con clia mot nit trén ciy, vi du nhu cau trac thu
muc trén dia hay hé théng dé& muc ctia mot cudn sach. Khi do, ta phai tim céach
mo ta mot cach khoa hoc cau tric dit liéu dang cay tong quat. Gia sit TElement
1a kiéu dir liéu ctia cac phén tir chtra trong mdi nut ctia cay, khi d6 ta co thé biéu
dién cay bang mot trong cac cau trac dir liéu sau:

a) Biéu dién bang lién két t6i nit cha
Véi T 1a mot cay, trong d6 cac nat duoc danh sb tir 1 t6i n, khi d6 ta c6 thé gan

cho mdi nat i mot nhin parent[i] 1a s hiéu nut cha cta nat i. Néu nut i [a nut
gbc, thi parent[i] dugc gan gia tri 0. Cach biéu dién nay c6 thé cai dat bang mot
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mang cac nat, mdi nit 1a mot ban ghi bén trong chira gia tri luu tai nut (info) va

nhan parent.

const max = ...; //Dunglwong cuc dai
type
TNode = record
info: TElement;
parent: Integer;
end;
TTree = array[l..max] of TNode;

var Tree: TTree;

Trong cach bi€u dién nay, néu chung ta can biét nit cha ciia mot nut thi chi can

truy xuat truong parent cia nut d6. Tuy nhién néu ta can liét ké tat ca cac nut

con cua mot nut thi khong c6 cach nao khac 1a phai duyét toan by danh sach nut

va kiém tra truong parent. Thuc hién viéc nay mat thoi gian ©(n) vdi moi nat.

b) Biéu dién bang c4u tric lien két

Trong cach bi€u dién nay, ta sap x&p cac nut con ciia moi nit theo mot thir tu

nao d6. Mdi nut cta cdy 1a mot ban ghi gdm 4 truong:

Truong info: Chira gié tri luu trong nut

Trudong parent: Chia con tro lién két t6i nat cha, tie 1a chira mot thong tin
du dé biét nit cha cta nit dang xét 1a niit nao. Trong trudng hop nut dang
xét 1a gbe (khong c6 nut cha), trudng parent duge gan mot gia tri dic biét
(nil).

Trudng first: Chua lién két (con tro) toi nit con dau tién (con ca) cia nit
dang xét, trong truong hop nat dang xét 1a nut 14 (khong c6 nit con), truong
nay dugc gan mot gia tri dac biét (nil).

Truong sibling: Chira lién két (con tro) téi nit em ké can (nat cing cha véi
nut dang xét, khi sip th@r ty cac nut con thi nat sibling dung lién sau nat
dang xét). Trong truong hgp nit dang xét khong cé nut em, truong nay
duoc gan mot gia tri dac biét (nil).

type
PNode ~"TNode;
TNode = record

info: TElement;
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parent, first, sibling: PNode;
end;

ﬁrent =1
@ sibling = 3

info=B

\ first=5

Hinh 1.10. Céu triic niit ciia cdy téng qudt

Trong cac biéu dién nay, tir mot nat r bat ky, ta c6 thé di theo lién két first dé
dén nut con dau tién, nat nay chinh 1a chét caia mot danh sach ndi don cac nat
con: Tir nut first, di theo lién két sibling, ta c6 thé duyét tat ca cic nat con cia
nut r.

Trong trudng hop phai thuc hién nhiéu 1an phép chén/xéa mét cay con, nguoi ta
c6 thé biéu dién danh sach cac nut con ctia mot nut dudi dang danh sach moc nbi
kép dé viéc chén/xda duge thuc hién hiéu qua hon, khi d6 thay vi truong lién két
don sibling, mdi nat s& c6 hai trudng prev va next chira lién két t6i nat anh
lién trude va em lién sau cla mot nut.

3.4. Cay nhi phan

Cdy nhi phdn (binary tree) 1d mot dang quan trong ctia cau trac cdy. N6 c6 dic
diém 1a moi nut trén cdy chi c6 t6i da hai nhanh con. Véi mot nit thi ngudi ta
cling phan biét cdy con trai va cdy con phai cua nut do, tirc 1a cay nhi phan la
cay co thu ty.
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a) Mot s6 dang ddc biét ctia cay nhi phan

R

Hinh 1.11. Céy nhj phén suy bién

Céc cay nhi phan trong hinh 1.11 dwoc goi 1a cdy nhi phdn suy bién (degenerate
binary tree), trong cdy nhi phan suy bién, cac nat khong phai 14 chi c6 ding mot
cay con. Cay a) dugc goi la cay Iéch phai, cay b) dugc goi 1a cay I¢ch trai, cay c)
va d) dugc goi 1a cay zic-zéc.

Hinh 1.11. Cdy nhi phdn hoan chinh
Cay trong hinh 1.11 duogc goi la cdy nhi phdan hoan chinh (complete binary tree).
Cay nhi phan hoan chinh c6 moi nat 14 ndm & cung mot do siu va moi nit nhanh
déu c6 hai nhanh con. S6 nit & do sau h cta cdy nhi phan hoan chinh 1a 2"
Téng s6 nut ciia cay nhi phan hoan chinh d6 cao h 1a 2"+ — 1
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Hinh 1.12. Ciy nhji phén gin hoan chinh

Cay trong hinh 1.12 dwoc goi 1a cdy nhi phin gan hoan chinh (nearly complete
binary tree). Mot cay nhi phan do cao h dugc goi 1a cdy nhi phan gin hoan
chinh néu ta bo di moi nat & do sau h thi dugc mot cay nhi phan hoan chinh.
Cay nhi phan hoan chinh hién nhién 14 ciy nhi phan gan hoan chinh.

Hinh 1.13. Cdy nhi phin ddy di

Cay trong hinh 1.13 duoc goi 1a cdy nhi phdn day di (full binary tree). Cay nhi

phan ddy du 14 cay nhi phan ma moi niit nhanh ctia né déu c6 hai nut con.

Dé dang chirg minh dugc nhimng tinh chét sau:

e Trong cac cdy nhi phan c6 cung sd lwong niit nhu nhau thi cdy nhi phan suy
bién c6 chiéu cao 16n nhét, con cay nhi phan gan hoan chinh thi c6 chiéu
cao nho nhit.

e S luong t6i da cac nut & do sau d cua cay nhi phan 13 2¢

e S4 luong téi da cac nat trén mot cdy nhi phan c6 chiéu cao h 1a 21 — 1

e Cay nhi phan gan hoan chinh c6 n nat thi chiéu cao cua né 1a |Ign|.
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b) Biéu dién cay nhj phan

RS rang co thé sir dung cac cach biéu dién cay tong quat dé biéu dién cdy nhi
phan, nhung dya vao nhimg dic diém riéng cta cdy nhi phan, chung ta c6 thé co
nhitng cach biéu dién hiéu qua hon. Trong phan nay chiing ta xét mot sd cach
biéu dién dic thu cho cay nhi phan, twong tu nhu voi ddi véi cdy tong quat, ta
goi TElement 1a kiéu dir liéu cia cac phan tir chira trong cac niit ciia cay nhi
phén.

Q Biéu dién bing ming

Mot cay nhi phan hoan chinh c¢6 n nut thi c6 chiéu cao 1a llgn], tirc 1a cac nut sé&
nam & cac do sau tir 0 t6i |lgn|, Khi d6 ta c6 thé liét ké tat ca cac nit tir do sau 0
(nut gdc) t6i do sau |Ign|, sao cho vai cac nat cung d6 sau thi thir tu liét ké 1a tir
trai qua phai. Thir tu liét ké cho phép ta danh sé cac nut tir 1 t&i n (h.1.14).

Hinh 1.14. Pdnh sé cdc nit ciia cdy nhi phin hoan chinh dé biéu dién bang méing

Vi cach danh sb nay, hai con cua nt thir i s& 13 cac nut tha 2i va 2i + 1. Cha
ctia nat thar i 1a nat thi [i/2]. Ta ¢6 thé luu trit cAy bang mot mang info trong
d6 phan tir chra trong nat thir i cua cdy dugce luu trit trong mang boi info[i].
Vi cay nhi phan ¢ hinh 1.14, ta ¢o thé dung mang info = (4,B,E,C,D,E,G)
dé chua céac gia tri trén cay.

Trong trudng hop ciy nhi phan khong hoan chinh, ta ¢ thé thém vao mot s6 nut
gia dé dugc cdy nhi phan hoan chinh. Khi biéu dién bang mang thi nhitng phan
tir turong g véi cac nut gid s€ duge gdn mot gia tri dic biét. Chinh vi 1y do nay
nén viéc biéu dién cay nhi phan khong hoan chinh bang mang s& rat ling phi b
nhé trong truong hop phai thém vao nhiéu nat gia. Vi du ta can téi mot mang 15
phan tir & luu trir cay nhi phan 1éch phai chi gom 4 nit (h.1.15).
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Hinh 1.15. Nhwoe diém ciia phwong phap bidu dién cdy nhi phan bﬁng mdng

Q Biéu dién bang cau tric lién ket.

Khi biéu dién cdy nhi phan bang cau tric lién két, moi nat cua cay la mdt ban

ghi (record) gom 4 trudng:

Dbi voi cay ta chi can phai quan tam giit lai niit gbc (root),

Truong info: Chira gia tri luu tai nit do

Truong parent: Chua lién két (con tro) t&i nit cha, tirc 13 chira mot thong
tin di dé biét nut cha cia nat d6 1a nat nao, déi véi nut goc, trudng nay
duoc gan mot gia tri dac biét (nil).

Truong left: Chira lién két (con trd) ti nit con trai, tirc 1a chira mot thong
tin dt dé biét nht con trai cua nat d6 1a ndt nao, trong trudng hop khong cd
nut con trai, truong nay dugc gan mot gia tri dac biét (nil).

Truong right: Chua lién két (con trd) téi nut con phai, tic 13 chira mot
thong tin du dé biét nat con phai ctia nat d6 1 nit nao, parent
trong truong hop khong c6 nut con phai, truong nay duogc @
gan mot gia tri dac biét (nil).

info

boi tir nat gbe, di theo cac hudng lién két left, right ta co thé @

~ PR , ight
duyét moi nat khac. left "9
type
PNode = "“TNode; /Kiéu con tré téi mjt nit
TNode = record //Ciu tric bién djpng chira thong tin trong mjt niit
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info: TElement;
left, right: PNode
end;

var root: PNode; //Con tré tdi nit géc




Trong truong hop bi€t rd gioi han vé s6 nut cua cay, ta cd thé luu trir cac nat
trong mot mang, va dung chi s6 mang nhu lién két téi mot nut:

const max = ...; //Dungluwong cuc dai
type
TNode = record //Ciu tric bién djpng chira thong tin trong mjt niit
info: TElement;
left, right: Integer; //Chisé ciia niit con trdi va nit con phdii
end;

TTree array[l..max] of TNode;
var
Tree: TTree;

root: Integer; //Chisé ciia nitgoc

A

/@M\C
g
J b ﬁ% @J@ﬁ

Hinh 1.16. Biéu dién cdy nhi phin bing cdu tric lién két

c) Phép duyét cay nhj phan

Phép xir ly cac nut trén cdy ma ta goi chung la phép tham (visit) cac niit mot
cach hé thong sao cho mdi nit chi dugc thim mot 1an goi 1a phép duyét cay.

Gia str rang cau truc mgt nut cua cdy dugce dac ta nhu sau:

‘ type

36



PNode = ~TNode; /Kiéu con tré t6i mét niit
TNode = record //Ciu tric bién djpng chira thong tin trong mjt niit
info: TElement;
left, right: PNode
end;
var root: PNode; //Con tré tdi nit géc

Quy udc rang néu nhu mot niit khong ¢ nit con trai (hodc niit con phai) thi lién
két left (right) cua nat d6 dugc lién két thing téi mot nut dic biét ma ta goi 1a
nil, néu cay rong thi nut gdc cua cy do ciing duoc gan bang nil. Khi d6 c6 ba
cach duy¢t cay hay dugc st dung:

O Duyét theo thir tu trudc

Trong phép duyét theo thir tu trée (preorder traversal) thi gia tri trong moi nut
bat ky s& duoc liét ké trudc tit ca cac gia tri luu trong hai nhanh con cta né, cd
thé mo ta bang tha tuc dé quy sau:

procedure Visit (node: PNode); /Duyétnhinh ciy géc node™
begin
if node # nil then
begin
Output <« node”.info;
Visit (node”.left);
Visit (node”.right) ;
end;
end;

Qua trinh duyét theo thir tu trude bat dau bang 10i goi Visit(Root).
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Hinh 1.17
Hinh 1.17 1a mét cdy nhi phan c6 9 nat. Néu ta duyét cay nay theo thir tu trudc
thi qua trinh duy¢t theo thir ty trudc sé lan luot ligt ké cac gia tri:

F,D,B,ACE,H,G,I

Q Duyét theo thir tw giita
Trong phép duyét theo tht tu gilta (inorder traversal) thi gia tri trong moi nut
bat ky s& dugc liét ké sau tat ca cac gia tri luu & nat con trai va dugc liét ké
trudc tat ca cac gia tri lvu & nat con phai cia nut d6, c6 thé mo ta bang thu tuc
dé quy sau:

procedure Visit (node: PNode); /Duyétnhinh ciy géc node™
begin
if node # nil then
begin
Visit (node”.left);
Output <« node”.info;
Visit (node”.right) ;
end;

end;

Qua trinh duyét theo thir tu gitta cling bat dau bang 10i goi Visit(Root).
Néu ta duyét cay ¢ hinh 1.17 theo thir tu gitra thi qua trinh duyét s& liét ké lan
lugt céac gia tri:

AB,C,D,E,F,G,H,1
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Q Duyét theo thir tw sau

Trong phép duyét theo thir ty sau thi gia tri trong mdi nut bat ky s& duoc liét ké
sau tat ca cac gia tri luu trong hai nhanh con cta né, c6 thé mé ta bang thu tuc
dé quy sau:

procedure Visit (node: PNode); /Duyétnhinh ciy géc node”
begin
if node # nil then
begin
Visit (node”.left);
Visit (node”.right) ;
Output <« node”.info;
end;
end;

Qua trinh duyét theo thir ty sau ciing bat ddu bang 10i goi Visit(Root).

Ciing v6i cay ¢ hinh 1.17, néu ta duyét theo thir tu sau thi cac gid tri s& 1an luot
duoc liét ké theo thu tu:

ACBED,G,IHF

3.5. Cdy k-phan

Cay k-phan 1a mot dang cdu trac cdy ma mdi nat trén ciy c6 toi da k nat con (c6
tinh dén tht ty ca cac nut con).

Ciing twong ty nhu viéc biéu dién cdy nhi phan, ngudi ta c6 thé thém vao ciy k-
phan mét s6 nut gia dé cho mdi nit nhanh cua ciy k-phan déu c6 ding k nut
con, cac nut con dugc xép thtr tu tir nat con thar nhat t6i ndt con tht k, sau dé
danh sb cac nut trén cdy k-phan bat dau tir 0 tro di, bat dau tir mac 1, hét mic
nay dén mirc khac va tir “trai qua phai” & mdi muc.

Theo cach danh sé nay, nat con thi j ctia nit i s& 1a: ki + j. Néu i khong phai 1a
nuat goc (i > 0) thi nut cha ctia nut i 1a nat [(i — 1)/k]. Ta c6 thé ding mot mang
Info danh sb tir 0 d€ luu céc gid tri trén cac nit: Gid tri tai nat thtr i duoc luwu trit
& phan tir Infol[i]. Pay 1a co ché biéu dién cay k-phan bang mang.

Cay k-phan ciing c6 thé biéu dién bang cau tric lién két véi cau tric dit lidu cho
mdi nut cta cdy 1a mot ban ghi (record) gdm 3 trudng:
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Trudng info: Chira gia tri luu trong nut do.

Truong parent: Chua lién két (con tro) t6i nit cha, tirc 13 chira mot thong
tin di dé biét nat cha cia nat d6 1a nat nao, ddi véi nut goc, trudng nay
duoc gan mot gia tri dac biét (nil).

Truong links: La mot mang gém k phan tir, phan tir thr i chta lién két (con
trd) tGi nut con thwr i, trong truong hgp khong c¢6 nut con thir i thi links|i]
duoc gan mot gia tri dac biét (nil).

Doi voi cay k-phan, ta cling chi can gitr lai ntit goc, boi tir nt goc, di theo céc

hudng lién két co thé di téi moi nit khac.

Bai tap

1.7.

1.8.

1.9.

Xét hai niit x, y trén mot cdy nhi phan, ta néi nat x nam bén trai nat y (nit
y nam bén phai nat x) néu:

Hodc nat x nam trong nhanh con trai ctia nat y

Hodc nat y nam trong nhanh con phai cta nit x

Hoic t6n tai mot nit z sao cho x ndm trong nhanh con trai va y nam trong

nhanh con phai cia nat z
Chi ra rang voi hai nit x, y bat ky trén mot cdy nhi phan (x # y) chi ¢o
dung mot trong bon ménh dé sau 1a dung:

x nam bén trai y

x nam bén phai y

x 1a tién bdi thyc su cua y

yla tién bdi thuc su cua x
Véi mbi nut x trén cdy nhi phan T, gia st rang ta biét dugc cac gia tri
Preorder|[x], Inorder|[x] va Postorder[x] lan luot 1a tht tu duyét trudc,
giita, sau ctia x. Tim cach chi dya vao cac gia tri nay dé kiém tra hai nat co
quan hé tién bdi-hau dué hay khong.
Bac (degree) cia mot nut 1a sd nat con ciia nd. Ching minh rang trén cay
nhi phan, s6 14 nhiéu hon s6 nat bac 2 diing mot nut.

40



1.10. Chi ra rang cdu tric cia mot cdy nhi phan co6 thé khoi phuc mot cach don
dinh néu ta biét duoc tht tu duyét trudc va gitta ciia cac nut. Twong ty nhu
vay, cAu trac cay co thé khoi phuc néu ta biét duoc tha tu duyét sau va
gilra cua cac nut.

1.11. Tim vi du vé hai cy nhi phan khac nhau nhung c6 thir tu trudc cta cac nat
gidng nhau va thir ty sau ctia cac nit ciing gidng nhau trén hai cay.

4. Ky phap tién t6, trung té va hau té
Dé két thiic chuong nay, ching ta noi téi mot timg dung cta ngan xép va cdy nhi
phan: Bai toan phan tich va tinh gia tri biéu thirc.

4.1. Biéu thirc dwdi dang cdy nhi phan

Chiing ta c6 thé biéu dién cac biéu thirc s6 hoc gdm cac phép toan cong, trir,
nhan, chia bang mot cAy nhi phan day du, trong d6 cac nat 14 biéu thi cac toan
hang (hang, bién), cac nat khong phai 13 14 biéu thi cac toan tir (phép toan sb hoc
ching han). Mdi phép toan trong mot nut s& tac dong 1én hai biéu thirc con nam
& cdy con bén trai va cdy con bén phai ctia nut d6. Vi du: Biéu thic (6/2 +
4) x (8 — 3) dugc biéu dién trong cdy & hinh 1.18.

Hinh 1.18. Céy biéu dién biéu thirc

4.2. Cdc ky phdp cho ciing mét biéu thirc
Véi cay nhi phan biéu dién biéu thic trong hinh 4.1,
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e Néu duyét theo tht ty trudc, ta s& dugc X + /624 — 83, day 1a dang
tién t6 (prefix) cua biéu thirc. Trong ky phap ndy, toan tir dugc viét trude
hai toan hang tuwong tng, nguoi ta con goi ky phap nay la ky phap Ba lan.

e Néu duyét theo thu ty giita, ta s& duoc 6 /2 + 4 x 8 — 3. Ky phap nay
bi nhap nhang vi thiéu du ngodc. Néu thém vao thu tuc duyét mot co ché
bd sung cac cap diu ngodc vao mdi biéu thirc con, ta s& thu duogc biéu thic
(((6/2) + 4) X (8 — 3)). Ky phap nay goi 1a dang trung t6 (infix) ctia mot
biéu thirc (Thyc ra chi can thém cac ddu ngodc du dé tranh sy map mo ma
thoi, khong nhat thiét phai thém vao day du cac cip ddu ngoic).

e Néu duyét theo thu tu sau, ta s€ dugc 62 /4 + 83 — X, day la dang hdu
16 (postfix) cua biéu thuc. Trong ky phap nay toan tir duoc viét sau hai toan
hang, nguoi ta con goi ky phdp nay 1a ky phdp nghich dao Balan (Reverse
Polish Notation - RPN)

Chi c6 dang trung t6 méi can c6 ddu ngodc, dang tién t6 va hau t6 khong can

phai co diu ngodc. Chung ta s€ thao luan vé tinh don dinh cua dang tién t6 va

héu té trong phan sau.

4.3. Cdch tinh gid tri biéu thirc

C6 mot van dé can luu ¥ 1a khi mdy tinh gia tri mot biéu thirc s6 hoc gom céc
toan tir hai ngdi (toan tir gdbm hai toan hang nhu +, —,x,/) thi may chi thyc hién
duoc phép toan d6 voi hai toan hang. Néu biéu thirc phirc tap thi may phai chia
nhoé va tinh riéng timg biéu thtc trung gian, sau d6 méi lay gia tri tim dugc dé
tinh tiép". Vi du nhu biéu thic 1 + 2 + 4 may s& phai tinh 1 + 2 truée dugc két
qua 13 3 sau d6 moi dem 3 cong v6i 4 chir khong thé thuc hién phép cong mot
lac ba s6 dugc.

Khi Iuu trir biéu thirc dudi dang cay nhi phan thi ta c¢6 thé coi mdi nhanh con cia
cay d6 biéu dién mot biéu thic trung gian ma may can tinh trude khi tinh biéu
thirc 16n. Nhu vi du trén, mdy s& phai tinh hai biéu thic 6/2 + 4 va 8 — 3 trudc

* Thue ra day 1a viéc cua trinh dich ngon ngit bac cao, con may chi tinh cac phép toan véi hai toan hang
theo trinh tu cta cac Iénh dugc phan tich ra.
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khi 1am phép tinh nhan cudi cung. Pé tinh biéu thitc 6/2 + 4 thi mdy lai phai
tinh biéu thirc 6/2 trudc khi dem cong vai 4.

Vay dé tinh mot biéu thirc luu tritr trong mot nhanh cdy nhj phan géc r, may sé
lam giéng nhu ham d¢ quy sau:

function Calculate(r: Nut): Gid tri;
//Tinh biéu thirc con trong nhdnh cdy goc r
begin
if «nut r chta mdt toadn hang» then
Result := «Gid tri chta trong nut r»
else //Nutr chira mét todn tir ¢
begin
x := Calculate(nut con trdi cua r);
y := Calculate(nut con phai cuaa r);
Result ::= x ¢ y;
end;
end;

(Trong trudng hop lap trinh trén cic hé théng song song, viéc tinh gia tri biéu
thirc ¢ cdy con trai va cdy con phai c6 thé tién hanh dong thoi lam giam dang ké
thoi gian tinh toan biéu thic).

4.4. Tinh gid tri biéu thirc hgu t6
Dé y rang khi tinh toan biéu thirc, may s& phai quan tdm t&i viée tinh biéu thic &
hai nhanh con trudc, r0i méi xét dén toan tr & niit goc. Piéu d6 1am ta nghi t6i
phép duyét cay theo thtr ty sau va ky phap hau t6. Nam 1920, nha 16-gic hoc
ngudi Balan Jan Lukasiewicz dd chimg minh rang biéu thirc hau té khong can
phai c¢6 ddu ngodc van cé thé tinh dugec mot cach dung dan bang cach doc lan
luot biéu thirc tir trai qua phai va dung mot Stack dé luu cac két qua trung gian:
e Budc 1: Khoi tao mot ngan xép rong
e Budc 2: Poc lan luot cac phan tir ciia biéu thirc RPN tir trai qua phai (phan
tir nay c6 thé 1a hang, bién hay toan tir) véi mdi phan tir d6:
= Néu phan tir nay 1a mot toan hang thi day gia tri ctia n6 vao ngan xép.
= Néu phan tir nay 1a mot toan tir #, ta lay tir ngin xép ra hai gia tri (y va
x) sau d6 ap dung toan tir 4 d6 vao hai gia tri vira 13y ra, day két qua
tim dugc (x4y) vao ngin xép (ra hai vao mot).
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e Budc 3: Sau khi két thac bude 2 thi toan b biéu thuc da duge doc xong,
trong ngan xép chi con duy nhat mot phan tir, phan tir d6 chinh 1a gia trj cia
biéu thirc.

Vi du: Tinh biéu thuc 62 /4 + 83 — X twong ung vé&i biéu thuc trung té
(6/2+4)x(8—-13)

Poc Xev ly Ngin xép
¢ | Piyvao6 6

7 bay vao 2 6,2

/ Lay ra 2 va 6, day vao 6/2 = 3 3

4 Pay vao 4 3,4

. |Layra4va3,dayvao3+4=7 |7

8 bay vao 8 7,8

3 Day vao 3 7,8,3

_ Liayra3va8,diyvaio8—-3=5 | 7,5

« | LAiyra5va7,dayvao7 x5 =35 | 35

Ta duoc két qua 1a 35
Duéi day ta s& viét mot chuong trinh don gian tinh gia tri biéu thirc RPN.
Input
Biéu thirc sb hoc RPN, hai toan hang lién nhau dugc phan tach bdi diu cach.
Céc toan hang 1a s6 thuc, cac toan tir 1a +, -, * hodc /.
Output

Két qua biéu thirc

|| Sample Input Sample Output

||62/4+83—* 35.0000

Pé don gian, chuong trinh khong kiém tra 16i viét sai biéu thac RPN, viéc d6 chi
1a thao tac ti mi chtr khong phirc tap 1dm, chi cdn xem lai thuat toan va cai thém
cac 1énh bat 15i tai mdi budc.

2 RPNCALC.PAS v Tinh gia trj biéu thic RPN

{$MODE OBJFPC}
program CalculatingRPNExpression;

type
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TStackNode = record
// Ngdin xép dwoc cai dit bing danh sich méc néi kidu LIFO
value: Real;
link: Pointer;
end;
PStackNode = "TStackNode;
var
RPN: AnsiString;
top: PStackNode;
procedure Push(const v: Real);
//thy m@t todn hang la $6 thwe v vao ngan xép
var p: PStackNode;
begin
New (p) ;
p".value := v;
p”.link := top;
top := p;
end;
function Pop: Real; /Ldyméttoin hang ra khéi ngin xép
var p: PStackNode;

begin
Result := top”.value;
p := top”.link;
Dispose (top) ;
top := p;

end;

procedure ProcessToken (const token: AnsiString);
/Xt Iy mt phén tie trong biéu thirc RPN
var
x, y: Real;
err: Integer;
begin
if token[l] in ['+', '-', '*', '/'] then
//Néu phén tir token la todn tir
begin //Ldy ra hai phéin tir khéi ngdn xép, thwe hién todn ti va déy gid tri vio ngin xép
y := Pop;
X := Pop;
case token[l] of
'+': Push(x + vy);




'-': Push(x - vy);
'*': Push(x * vy);
'/': Push(x / y);
end;
end
else //Néu phin tir token la todn hang thi ddy gid tri ciia né vao ngin xép
begin
Val (token, x, err);
Push (x) ;
end;
end;
procedure Parsing; /Xily biéu thire RPN
var i, j: Integer;

begin
3 1= 0; /jlavitridaxilyxong
for i := 1 to Length(RPN) do /Quétbiéu thirc tiv trdi sang phi
if RPN[i] in [" ', '+', '=', '*', '/'] then
//Néu gap toan tir hodc diu phén cich todn hang
begin
if i > j + 1 then /Truécvitriicé mdttoin hang chua xir ly
ProcessToken (Copy (RPN, 7 + 1, 1 - 3 - 1))
/X ly toan hang do
if RPN[i] in ['+', '=', '*', '/'] then
//Néu vi tri i chiva todn tir
ProcessToken (RPN[1i]); /X lytodn tir do
j := 1; /Baxielyxong dénvitrii
end;

if j < Length(RPN) then
//Truéong hop cé mét todn hang con sét lai (biéu thirc chi ¢é 1 todn hang)
ProcessToken (Copy (RPN, 7 + 1, Length(RPN) - 7j));

/X Iy nét
end;
begin
ReadLn (RPN) ; /Poc biéu thirc
top := nil; /Khditgo ngin xép rong,

Parsing; /Xuwly
Write (Pop:0:4); /Ldyraphin tivduy nhit con lgi trong ngan xép va in ra két qud.
end.
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4.5. Chuyén tww dang trung 16 sang hdu 1o

C6 thé néi rang viéc tinh toan biéu thirc viét bang ky phap nghich dao Balan 1a
khoa hoc hon, may méc va don gian hon viéce tinh toan biéu thirc viét bang ky
phap trung t6. Chi riéng viéc khong phai xtr 1y ddu ngodc da cho ta thiy vu diém
ctia ky phap RPN. Chinh vi ly do ndy, cac chuong trinh dich van cho phép lap
trinh vién viét biéu thirc trén ky phéap trung t theo thoi quen, nhung trude khi
dich ra cac I¢nh may thi tat ca cac biéu thuc déu duge chuyén vé dang RPN. Véan
dé dat ra 1 phai co mot thuat toan chuyén biéu thire dudi dang trung té vé dang
RPN mot cach hi¢u qua, dudi day ta trinh bay thuat toan do:

Thuét toan st dung mot ngan xép Stack dé chtra cic toan tir va ddu ngodc md.
Thii tuc Push(v) dé day mot phan tir vao Stack, ham Pop dé ldy ra mot phan tir
tir Stack, ham Get dé doc gia tri phan tir nim ¢ dinh Stack ma khong 1ay phan
tir d6 ra. Ngoai ra mirc do uu tién ciia cic toan tir dugc quy dinh bang ham
Priority: Uu tién cao nhat 1a ddu nhan (*) va dau chia (/) v6i mutc wu tién 1a 2,
tiép theo 13 dau cong (+) diu (-) véi muac wu tién 13 1, wu tién thap nhat 1a ddu
ngodc mdé véi muce uu tién 1a 0.

Stack := @;
for «phdn tir token doc dugc tu biéu thtc trung tb» do
case token of
/ftoken ¢é thé la todn hang, todn tik, hodic diu ngodc dwoc doc lin lwgt theo thir tw tir trdi qua phdi
' (': Push (token); /Gdp diu ngoic mé thi diy vio ngin xép
\J ) \J .

//Gap diu ngodc déng thi ldy ra va hién thi cdc phin t trong ngin xép cho téi khi liy t6i diu

ngodc mo
repeat
x := Pop;
if x # '(' then Output ¢« x;
until x = ' (';
T, =, RN, Y //Gap todn tik
begin
//Chirng nao dinh ngin X8p c6 phén tir véi mikc wu tién Ion hon hay bing token, liy phén ti d6 ra
va hién thi

while (Stack # @)
and (Priority(token) < Priority(Get)) do

Output <« Pop;
Push (token) ; /Py todn tir token vio ngin xép
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end;
else //Gip todn hang thi hién thi luén
Output <« token;
end;
//Khi dpc xong biéu thirc, ldy ra va hién thi tit cd cdc phén tir con lgi trong ngdn xép
while Stack # @ do
Output <« Pop

Vi du v6i biéu thic trung t6 (6/2 + 4) x (8 — 3)

Poc Xip ly Ngin xép Output Chu thich
( Pay “(” vao ngin xép (
6 Hién thi ( 6
/ Pay “/” vao ngin xép (/ 6 “ps e
» | Hién thi (/ 62
. | Lay “/” khoi ngan xép va hién | (+ 62/ <<
thi, day “+” vao ngén xep
Hién thi (+ 62/4
) Liy “+” va “(” khoi ngin xép, | @ 62/4+
hién thj “+”
% Day “x” vao ngin xép x 62/4+
( Pay “(” vao ngan xép x( 62/4+
3 Hién thi x( 62/4+8
_ bay “-” vao ngan xép x(- 62/4+8 “r >
3 | Hién thi x(- 62/4+83
) Lay “” va “(” khoi ngin xép, | x 62/4+83-
hién thj “-”
Hét | Lay ndt “x” ra va hién thi 0 62/4+83-x

Thuat todn nay c6 tén la thuat toan “xép toa tau” (shunting yards) do Edsger
Dijkstra dé xuat nim 1960. Tén goi nay xuat phat tir mo hinh dudng ray tau hoa:
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(6/2 +4) x (8 —3)

RPN \/ Infix

Stack

Hinh 1.19. M6 hinh “xép toa tau” ciia thudt todn chuyén tir dang trung té sang héu té
Trong hinh 1.19, mdi toa tau twong Gng voi mot phan tir trong biéu thirc trung tb
nam & “dudng ray” Infix. C6 ba phép chuyén toa tau: Tir dudng ray Infix sang
thang duong ray RPN, tir dudng ray Infix xubng dudng ray Stack, hodc tir
duong ray Stack 1én duong ray RPN. Thuiat todn chi don thuan dua trén cac luat
chuyén ma theo céc luat d6 ta s& chuyén duogc tat ca cac toa tau sang duong ray
RPN dé duoc mot thir ty twong Gng véi biéu thie hau t& (vi du toan hang &
Infix s& dugc chuyén thiang sang RPN hay diu “(” ¢ Infix s& dugc chuyén
thang xubng Stack).
Duéi day la chuong trinh chuyén biéu thirc viét & dang trung t6 sang dang RPN:
Input
Biéu thirc trung td
Output

Biéu thirc hau tb

Sample Input Sample Output

(6 / 2+ 4) * (8-3)|62/ 4+ 83-*

E  INFIX2RPN.PAS v Chuyén tir dang trung t6 sang hau t6

| {$MODE OBJFPC}

" Thuc ra thi con thao tac loai bé cac ddu ngodc trong biéu thirc RPN nita, nhung didu nay khéng quan
trong, déu ngodc 1a thira trong bidu thirc RPN vi nhu di n6i vé& phuong phap tinh: biéu thirc RPN ¢6 thé
tinh don dinh ma khéng cin cc ddu ngoic.
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program ConvertInfixToRPN;
type

TStackNode = record

// Ngiin xép dwoc cai dit bang danh sach méc néi kiéu LIFO

value: AnsiChar;
link: Pointer;

end;

PStackNode = "TStackNode;
var

Infix: AnsiString;

top: PStackNode;
procedure Push (const c: AnsiChar); /Pdymgtphén ticv vio ngin xép
var p: PStackNode;
begin

New (p) ;

p".value := c;

p”.link := top;

top := p;
end;
function Pop: AnsiChar; /Ly métphin tiv ra khéi ngin xép
var p: PStackNode;

begin
Result := top”.value;
p := top”.link;
Dispose (top) ;
top := p;
end;
function Get: AnsiChar; /Pocphin tir ¢ dinh ngin xép
begin
Result := top”.value;
end;
function Priority(c: Char): Integer; /Mircwu tién cia cdc todn tir
begin
case c of
txv v /': Result := 2;
'+', '-': Result := 1;
'(': Result := 0;
end;
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end;
//Xik Iy mpt phin tiv doc dwoc tiv biéu thirc trung to
procedure ProcessToken (const token: AnsiString);
var
x: AnsiChar;
Opt: AnsiChar;
begin
Opt := token[1l];
case Opt of
'(': Push (Opt); /tokenla déu ngodc mé
") "': /ftoken la diu ngoic déng
repeat
X := Pop;
if x <> '(' then Write(x, ' ')
else Break;
until False;
Y, Y=, vk Vv roken L todn tiy
begin
while (top <> nil)
and (Priority(Opt) <= Priority(Get)) do

Write (Pop, ' "):;
Push (Opt) ;
end;
else //token li toin hang
Write (token, ' ");
end;
end;
procedure Parsing;
const Operators = [' (', ")', '+', '=', ‘'*', v/'];
var i, j: Integer;
begin
3 1= 0; /jlavitridaxilyxong
for i := 1 to Length(Infix) do
if Infix[i] in Operators + [' '] then
//Néu gap diu ngodc, todn tir hodc diu cdch
begin

if i > j + 1 then /Truécvitriicé mdttoin hang chua xir ly
ProcessToken (Copy (Infix, j + 1, 1 - 3 - 1));
//xe ly todan hang do




if Infix[i] in Operators then
//Néu vi tri i chiva todn tit hodic diu ngogc
ProcessToken (Infix[1i]); /Xalykytwdé
j := 1; //Cép nhat, dixitly xong dén vi tri i
end;
if j < Length(Infix) then /Xiklynottodin hang con sot lai
ProcessToken (Copy (Infix, j + 1, Length(Infix) - j));
//Doc hét biéu thirc trung 18, liy nét cdc phén tiv trong ngén xép ra va hién thi
while top <> nil do
Write (Pop, ' ');
Writeln;
end;
begin
Readln (Infix); //Nhap dili¢u
top := nil; /Khéitgo ngin xép rong
Parsing; /Poc biéu thirc trung to va chuyén thanh dang RPN
end.

4.6. Xay dwng cdy nhi phén biéu dién biéu thirc

Ngay trong phan dau tién, chiing ta da biét ring cic dang biéu thirc trung t6, tién

t6 va hau t6 déu co thé dugc hinh thanh bang cach duyét cy nhi phan biéu dién

biéu thirc d6 theo cac trat ty khac nhau. Vay tai sao khong xay dung ngay ciy

nhi phan biéu dién biéu thirc d6 roi thuc hién cac cong viéc tinh toan ngay trén

cdy?. Kho khan gip phai chinh 1 thuat toan xdy dung cdy nhi phan tryc tiép tir

dang trung t6 co thé kém hiéu qua, trong khi dé tir dang hau t lai co thé khoi

phuc lai cay nhi phan biéu dién biéu thirc mot cach rat don gian, gan giéng nhu

qua trinh tinh toan biéu thirc hau t:

Budc 1: Khdi tao mot ngin xép réng dung dé chira cac niit trén cay

Budc 2: Doc 1an lugt cac phan tir ciia biéu thie RPN tir trai qua phai (phan

ttr nay c6 thé 13 hang, bién hay toan tr) véi mdi phan tir d6:

m  Tao ra mot nut mai z chira phén tir mo1 doc duoc

»  Néu phan tir ndy 1a mot toan tir, ldy tir ngan xép ra hai nit (theo thur tu
la y va x), cho x trd thanh con trai va y tré thanh con phai ctia nut z

= Pay nit z vao ngin xép
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Budce 3: Sau khi két thic bude 2 thi toan b biéu thire d3 duoc doc xong,
trong ngan xép chi con duy nhat mot phan tir, phan tir ¢6 chinh 1a gbc cua
cdy nhi phéan biéu dién biéu thirc.

Bai tap

1.12. Biéu thirc ¢ thé c6 dang phirc tap hon, chang han biéu thirc bao gdm ca

phép 14y sé d6i (—x ), phép tinh lily thira (x¥), ham s voi mot hay nhiéu
bién sd. Chang ta co thé biéu dién nhirng biéu thirc dang nay bang mot cay
tong quat va tir d6 c6 thé chuyén biéu thirc vé dang RPN dé thuc hién tinh
toan. Hay xay dung thuat toan dé chuyén biéu thic s6 hoc (dang phirc tap)
vé dang RPN va thuét toan tinh gid tri biéu thirc do.

1.13. Viét chuong trinh chuyén biéu thtrc logic dang trung t6 sang dang RPN. Vi

du chuyén: a and b or ¢ and d thanh: a b and ¢ d and or.

1.14. Chuyén céc biéu thtc sau ddy ra dang RPN

a) AX(B+0)

b) A+ (B/C)+D

¢) Ax(B+—C)

d) A—(B+C)P/E

e) (AorB)and (C or (D or not E))
f) (A=B)or(C =D)

1.15. V&i mot anh den trang hinh vudng kich thudc 2™ x 2™, nguoi ta ding
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phuong phap sau dé ma hoa anh:
Néu anh chi gom toan diém den thi 4nh d6 c6 thé duwoc ma hoa bang xau chi
gém mot ky tu ‘B’
Néu anh chi gdm toan diém tring thi anh d6 c6 thé dugc ma hoa bang xau
chi gdbm mot ky tu ‘W’
Néu P, Q,R,S lan luot 1a xu ma hoa ctia bon anh vudng kich thudc bang
nhau thi &PQRS 12 x4u mi héa cta anh vudng tao thanh bang cach dat 4
anh vuong ban dau theo so do:



P Q
S R

Vi du “&«B&BWWBW&BWBW” va

“&&BBBB&BWWBW&BWBW” 1a hai xdu ma hoa cua
cung mot anh bén:

Bai toan dit ra 1a cho sé nguyén duong n va hai xdu mé hoa

cta hai anh kich thudc 2™ x 2™. Hiy cho biét hai anh d6 c6 khac nhau
khong va néu chiing khac nhau hay chi ra mot vi tri ¢6 mau khac nhau trén
hai anh.

5. Cay nhij phan tim kiém

5.1. Céu triic chung ciia cdy nhi phin tim kiém

Cdy nhi phéan tim kiém (binary search tree-BST) 1a mot cdy nhi phén, trong d6
mdi nut chira mot phan tir (khoa). Khoa chira trong mdi nut phai 16n hon hay
bang moi khoa trong nhénh con trai va nhé hon hay bang moi khéa trong nhanh
con phai.

O day ching ta gia st rang cac khoéa luu trit trong cy duoc 1y tir mot tap hop S
¢6 quan h¢ thir ty toan phan.

Hinh 1.20. Ciy nhi phén tim kiém

Co6 thé ¢ nhiéu ciy nhi phan tim kiém biéu dién cung mot bo khoa. Hinh 1.20 1a
vi du vé hai cay nhi phén tim kiém biéu dién cung mot b khoa (1,2,3,4,5,6).
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Dinh ly 5.1
Néu duyét cay nhi phan tim kiém theo thu tu gitra, cac khoa trén cay s€ duogc liét
ké theo thir tw khong giam (tang dan).

Chirng minh

Ta chimg minh dinh 1y bing quy nap: RS rang dinh 1y dung véi BST chi c6 mét nut. Gia sir
dinh 1y déng v6i moi BST c6 it hon n nat, xét mot BST bt ky gdm n nat, va & nit gbe
chtra khoa k, thuat toan duyét cay theo thu tu gitta trude hét s& liet ké tt ca cac khoa trong
nhanh con trai theo thir ty khong giam (gia thiét quy nap), cac khoa nay déu < k (tinh chét
cua cay nhi phan tim kiém). Tiép theo thuét toan s& liét ké khoa k cua nit géc, cudi cung,
lai theo gid thiét quy nap, thuat toan s& liét ké tat ca cac khoa trong nhanh con phai theo thir
ty khong giam, twong tu nhu trén, cic khoa trong nhanh con phai déu > k. Vay tit can
khoa trén BST s& duoc liét ké theo thur tw khong giam, dinh 1y dung véi moi BST gdbm n
nat. PPCM.

5.2. Cdc thao tdc trén cdy nhi phéin tim kiém

a) C4u trdc ndat

Chiing ta s& biéu dién BST bang mdt ciu trac lién két cac nat dong va con tro

lién két. M&i nat trén BST s& 1a mot ban ghi gdm 3 truong:

e Truong key: Chua khoa luu trong nut.

e Trudng parent: Chira lién két (con tré) t6i nut cha, néu 1a nit gbc (khong
co nut cha) thi truong parent dugc dat béng mot con tré dac biét, ky hi¢u
nilT.

e Truong left: Chira lién két (con trd) téi nut con trai, néu nit khong cé
nhanh con trai thi truong left dugc dit bang nilT.

e Trudng right: Chira lién két (con tro) téi nut con phai, néu nut khong cé
nhanh con phai thi truong right duoc dit bang nilT.

Néu cac khoa chira trong niit ¢6 kiéu TKey thi cau trac nit caa BST c6 thé duoc

khai b4do nhu sau:

type
PNode = "“TNode; /Kiéu con tré téi mét niit
TNode = record
key: TKey;
parent, left, right: PNode;
end;
var
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sentinel: TNode;

nilT: PNode; /Con tré téi nit dit biét

root: PNode; //Con tré tdi nit gic
begin

nilT := @sentinel;

end.

Cac ngdn ngir lap trinh bac cao thudng cung cip hang con tré nil (hay null) dé
gan cho céac lién két khong ton tai trong cau tric dir liéu. Hing con trd nil chi
dugc str dung dé so sanh véi cac con tro khac, khong duoc phép truy cap bién
dong nil”.

Trong cai dat BST, chung ta st dung con tré nilT c¢6 cong cung tuong tu nhu
con trd nil: gan cho nhiing lién két khong c6 thuc. Chi c6 khac 1a con trd nilT
tré toi mot bién sentinel ¢6 thwe, chi co diéu cac truong cta nilT” 13 vé nghia
ma thoi. Chiing ta hy sinh mot 6 nhé cho bién sentinel = nilT* dé don gian hoa
cac thao tac trén BST .

b) Khéi tao cay rong

Trong ciu trac BST khai bédo & trén, ta quy udc mot ciy rong 1a ciy co gdc
Root = nilT, phép khdi tao mot BST rong chi don gian 1a:

procedure MakeNull;
begin

root := nilT;
end;

¢) Tim khéa l6n nhat va nhé nhat

Theo Dinh 1i 5.1, khéa nhé nhét trén BST nam trong nut dugc tham dau tién va
khoa 16n nhat cia BST nam trong nut dugc tham cudi cung néu ta duyét cay
theo thir ty gitra. Nhu vAy nut chira khoa nho nhat (16n nhat) ctia BST chinh 1a
nat cyc trai (cuc phai) cua BST. Haim Minimum va Maximum duéi diy lan

" Muc dich ctia bién nay 1a d bét di thao tac kiém tra con tré p # nil trwée khi truy cap niit p”.
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luot tra vé nut chira khoa nho nhat va 16n nhat trong nhanh cay BST gbc x (¢

day ta gia thiét ring nhanh BST gbc x khéac réng: x # nilT)

function Minimum (x: PNode): PNode; /Khéa nhé nhitnim é niit cuc trdi
begin
while x".left # nilT do /Pisang nit con trdi chirng nio vin con di dwgc
x = x*.left;
Result := x;
end;
function Maximum(x: PNode): PNode; /Khéalén nhitnim & niit cuc phii
begin
while x".right # nilT do /i sang niit con phdii chirng nio vin con di dwpc
x := x*.right;
Result := x;
end;

d) Tim ndt lién trudc va ndt lién sau

D61 khi ching ta phai tim nat dung lién trude va lién sau ciia mot nat x néu

duyét cdy BST theo thr tu gitra. Trudc hét ta xét viét ham Predecessor(x) tra

vé nit dung lién trude nat x, xét hai trudng hop:
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Néu x c6 nhanh con trai thi tra vé nGt cuc phai cta nhanh con trai:
Result = Maximum(x”". Left) .

Néu x khong c6 nhanh con trai thi tir x, ta di dan 1én phia gdc cay cho t6i
khi gdp mot niit chtra x trong nhanh con phai thi dimng lai va tra vé nat do.

function Predecessor (x: PNode): PNode;
begin
if x*.left # nilT then /x cé nhinh con trdi
Result := Maximum (x”.left) /Trivé nit cuc phdi ciia cdy con trdi
else
repeat

Result := x”".parent;
//Néu x la géc hodc x la nhdnh con phdi thi thodt ngay
if (Result = nilT)
or (x = Result”.right) then Break;
x := Result; //Néukhong thiditiép lén phia géc
until False;
end;




Ham Successor(x) tra vé nut lién sau nat x ¢6 cach lam tuong tu néu ta doi vai
tro Left va Right, Minimum va Maximum:

function Successor (x: PNode) : PNode;
begin
if x*.right # nilT then /x c¢é nhanh con phii
Result := Minimum(x”.right) /Trivé nit cwc trdi ciia ciy con phdii
else
repeat
Result := x”.parent;
//Néu x la gbc hoiic x li nhdnh con trdi thi thodt ngay
if (Result = nilT)
or (x = Result”.left) then Break;
X := Result; /Ditiép lén phia goc
until False;

end;

e) Tim kiém

Phép tim kiém nhan vao mét nut x va mot khoa k. Néu khoéa k c6 trong nhanh
BST géc x thi tra v& mot nat chira khoa k, néu khong tra vé nilT.

Phép tim kiém trén BST co thé cai dit bang ham Search, ham nay dugc xay
dung dua trén nguyén 1y chia dé tri: Néu nat x chira khoa = k thi ham don gian
tra vé nat x, néu khong thi viéc tim kiém s& duoc tién hanh twong tu trén cay
con trai hodc cdy con phai tuy theo nit x chtra khdéa nho hon hay 16n hon k:

//Ham Search trd vé nit chiva khéa k, tri vé nilT néu khong tim thdy khéa k trong nhdnh géc x
function Search (x: PNode; const k: TKey) : PNode;

begin
while (x # nilT) and (x".key # k) do /Chimng nio chwa tim thiy
if k < x*.key then x := x*.left
//k chic chin khéng ném trong cdy con phdi, fim trong cdy con trdi
else x := x*.right;
//k chic chin khéng nim trong cdy con trdi, tim trong cdy con phdi
Result := x;
end;
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f) Chén

Chén mot khoa k vao BST tirc 1a thém mot nut méi chira khoa k trén BST va
moc ndi nut d6 vao BST sao cho van dam bao ciu tric ciia mot BST. Phép chén
cling dugc thyc hién dwa trén nguyén 1y chia dé tri: Bai toan chén k vao ciy
BST s& duoc quy vé bai toan chén k vao cdy con trai hay cdy con phai, tuy theo
khoa k nho hon hay 16n hon hodc bang khéa chira trong niit gbc. Trudng hop co
so 1a k dugc chén vao mot nhanh cay rSng, khi d6 ta chi viéc tao nit moi, moc
ndi nit mai vao nhanh rdng nay va dat khoa k vao nat méi dé.

Hinh 1.11. Ciy nhi phén tim kiém trwée va sau khi chén khéa v = 6

Trudc tién ta viét mot thu tuc SetLink(ParentNode, ChildNode, InLeft) dé
chinh lai cac lién két sao cho nut ChildNode tré thanh ndt con cua nut
ParentNode:

procedure Setlink (ParentNode, ChildNode: PNode;
InLeft: Boolean);
begin
ChildNode” .parent := ParentNode;
if InLeft then ParentNode”.left := ChildNode
//InLeft = True: Cho ChildNode thanh nut con trdi ciia ParentNode
else ParentNode”.right := ChildNode;
//InLeft = False: Cho ChildNode thanh nut con phdi ciia ParentNode
end;

Khi d6 thu tuc chén mot ntiit NewNode” vao BST c6 thé viét nhu sau

| //Chén k vao BST, tré vé nit méi chira k
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function Insert (k:
PNode;

TKey) :
var x, y:
begin

y =

X =

nilT;
root; /Bt diu tir géc
while x # nilT do
begin
y 1= xX;
if k < x*.key then x
else x
end;
New (x) ; //Tao nit méi chiva k
x".key = k;
x".left := nilT;
x*.right := nilT;
SetLink(y, x, k < y".key
if root = nilT then root

Result := x;
end;

PNode;

:= x"~.left //Chénvao nhdanh trai

:= x”.right; //Chén vio nhinh phdai

) ; //Méc néi vio BST
= Xy

//Cip nhdt lgi goc néu la nut dau tién dwoc chén vio

g) Xo6a

Viéc x6a mot nat x trong BST thuc chat 1a x6a di khoa chira trong nat x. Phép

x0a duogc thuc hién nhu sau:

e Neéu x c¢ it hon hai nhanh con, ta 1ay nat con (néu c6) cua x 1én thay cho x

va x0a nut x.

e Neéu x c6 hai nhanh con, ta xac dinh nut y l1a nit cuc phai ciia nhanh con trai

(hodc nut cyc trai cua cay con phai), dua khoa chira trong nat y 1én ntt x ro1

x06a nat y. Cha y rang nut y chac chan khong c6 da hai nit con, viéc x6a

quy vé trudng hop trén. (h.1.22)
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Hinh 1.22. Xoa nut khoi BST

procedure Delete (x: PNode);
var y, z: PNode;
begin
if (x7.left # nilT) and (x*.right # nilT) then

//x ¢o hai nhanh con

begin
y := Maximum(x”~.left); #Tim nitcuc phdicia ciy con trdi
x".key 1= y*.key; //Dwakhéa cianity lén nitx
X 1= y;
end;
//Vin dé bdy gior la xéa niit x ¢6 nhiéu nhit mét nhanh con, xdc dinh y la niit con (néu cé) ciia x
if x*.left # nilT then y := x".left
else y := x".right;
z := x™.parent; /zlachaciax

//cho y lam con ciia 7 thay cho x

SetLink(z, vy, z*.left = x);

if x = root then root := y;

//Trwong hop niit x bi hiiy la géc thi cdp nhit lai géc la y

Dispose (X) ; //Giiiphéng bg nhé cip cho niit x
end;

h) Phép quay cay

Phép quay cdy 1a mot phép chinh lai cau tric lién két trén BST, ¢6 hai loai: quay
trai (left rotation) va quay phai (right rotation).

Khi ta thuc hién phép quay trai trén nut x, ching ta gia thiét rang nat con phai
ctia x 12 y # nil. Trén cdy con gbc x, phép quay trai s& dwa y 1én lam gbc méi, x
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trd thanh nlt con trai cua y va nut con trdi cua y tré thanh nat con phai cua x.

. R
Phép quay nay con goi 1a quay theo lién két x = y.

Nguoc lai, phép quay phai thuc hién trén nhitng cdy con gbc y ma nat con trai

ctia y 13 x # nilT. Sau phép quay phai, x s& duogc dua 1én lam gbc nhanh, y tré

thanh nut con phai ciia x va nlt con phéi cia y trd thanh nat con trai ciia x. Phép

. L
quay nay con goi 1a quay theo lién ket y — x.

D@ thdy rang sau phép quay, rang budc vé quan hé thu tu cua cac khoa chira

trong cAy van dam bao cho cidy méi 1a mot BST.

Hinh 5.4 m6 ta hai phép quay trén cay nhi phan tim kiém.

Quay phai

Quay trai

Hinh 1.23. Phép quay cady

Céc thuét toan quay trai va quay phai c¢6 thé viét nhu sau:

procedure Rotateleft (x: PNode);
var y, z, branch: PNode;

begin
y = x”.right;
z := x”.parent;
branch := y*.left;

SetLink (y, x, True); //Choxtréthinh con triiciiay

end;

SetLink (x, branch, False); //Chobranchtré thinh con phii cia x

SetLink (z, vy, (z”.left = X)) ; /Mécniiyviolim con ciaz thay chox
if root = x then root := y; /Cipnhitlggdc ciynéu trude diy x li goc
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procedure RotateRight (y: PNode);
var x, z, branch: PNode;

begin
x := y~.left;
z := y”~.parent;
branch := x*.right;

SetLink(y, branch, True); /Chobranchtré thinh con trdi ciay
SetLink(x, vy, False); /Choytréthinh con phdi ciax

SetLink(z, x, z".left = y); /Mécnéixviolim con ciazthay choy
if root = y then root := x; /Cipnhitlgigic iy néutruic diyyli goc
end;

D@ thay rang mot BST sau phép quay van 1a BST. Chung ta c6 thé viét mot thao
tac UpTree(x) tong quat hon: V&i x # root, va y = x*.parent , phép
UpTree(x) s& quay theo lién két y — x dé ddy nat x 1én phia gbc cay (d6 siu
ctia x giam 1) va kéo niit y xudng sdu hon mot mirc 1am con niit x.

procedure UpTree (x: PNode);
var y, z, branch: PNode;
begin
y := x”.parent; /y*lanitcha ciax”
z := y”~.parent; /z”*lanitcha ciay”®
if x = y~.left then /Quayphdi
begin
branch := x".right;
SetLink (y, branch, True);
//Chuyén nhénh géc branch” ciia x* sang lam con trdi y*
SetlLink(x, vy, False); //Choy" lam con phdix"
end
else //Quay trii
begin
branch := x*.left;
SetLink(y, branch, False);
//Chuyén nhénh géc branch” ciia x" sang lam con phdi y"
SetlLink(x, y, True); /Choy"lam con trdix"

end;
SetLink(z, x, z".left = y); //Mébcndix" vaolim con z" thay cho y*
if root = y then root := x;

//Cép nhit lai géc BST néu truée dat y™ la goc
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‘ end;

5.3. Hiéu lie ciia cdc thao tdc trén cdy nhi phan tim kiém

Co thé ching minh duogc réng cac thao tac Minimum , Maximum ,
Predecessor, Successor, Search, Insert déu c6 thoi gian thuc hién O(h) véi
h 1a chiéu cao ciia cAy nhi phan tim kiém. Hon nita, trong truong hop x4u nhat,
céc thao tac nay déu c6 thoi gian thuc hién ©(h).

Vay khi luu trit n khoa bang cay nhi phan tim kiém thi cdu trac BST t4t nhét 1a
cAu tric cdy nhi phan gan hoan chinh (c6 chiéu cao thip nhét: h = |lgn]) con
ciu tric BST t6i nhat dé biéu dién 1a cdu tric cdy nhi phan suy bién (co chiéu
caoh=n-1).

5.4. Cdy nhi phan tim kiém tw cén bang
a) Tinh can bang

Dé tang tinh hiéu qua cua cac thao tac co ban trén BST, cach chung nhét 1a ¢
gang giam chiéu cao cia cdy. Voi mot BST gom n nit, di nhién giai phap 1y
tuong 1a giam dugc chidu cao xudng con |lgn| (cAy nhi phan gan hoan chinh)
nhung diéu nay thuong lam anh huéng nhiéu téi thoi gian thuc hién giai thuat.
Ngudi ta nhan thay rang mubén mot cdy nhi phan thap thi phai c6 ging gitr duoc
su can bang (vé& chiéu cao va sd nit) gitra hai nhanh con ciia mot nat bét ky.
Chinh vi vy nhiing y tuong ban dau dé giam chiéu cao ctia BST xuét phat tir
nhimng k¥ thuat cn bang cdy, tir 46 nguoi ta xay dung cac cau tric dir lidu cay
nhi phan tim kiém c6 kha nang fir cdn bang (self-balancing binary search tree)
v6i mong mudn gitt duge chiéu cao ctia BST ludn 13 mét dai luong O(Ign).

b) Mot s6 dang BST tu can bang

U Cay AVL

Mot trong nhitng phat kién dau tién vé cdu tric BST tu can bang 1a cdy AVL
[1]. Trong mdi nhanh cdy AVL, chiéu cao ciia nhanh con trai va nhanh con phai
hon kém nhau khong qua 1. Mdi niit ciia cdy AVL chira thém mot thong tin vé
hé sb can bang (do 1éch chiéu cao giita nhanh con trai va nhanh con phai). Ngay
sau mdi phép chén/x6a, hé sd can bang ciia mot sé nat duge cap nhat lai va néu
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phat hién mot nat co hé sd can bang > 2, phép quay ciy s& dugc thuc hién dé
can bang do cao gitra hai nhanh con cta nut do.

Mot cdy AVL ¢ d6 cao h thi c6 khong it hon f(h + 3) — 1 nat. O day f(h + 3)
1a s6 fibonacci thir h + 3. Céc tac gia ciing chimg minh duoc rang chidu cao cia
cdy AVL c6 n nat trong la mot dai lugng < 1.4404 1g(n + 2) — 0.328.

U Cay do den

Mot dang khac ctia BST tu can bang 13 cay do den (Red-Black tree) [4]. Mdi nut
cta cdy do den chira thém mot bit mau (d6 hodc den). Ngoai cac tinh chat cua
BST, ciy d6 den thoa mén 5 tinh chit sau day:

e Moi nat déu duoc té mau (d6 hodc den)

e Nut gbc root” c6 mau den

e NutnilT” c6 mau den

e Néu mét nut dugc t6 mau d6 thi ca hai nat con cia né phai dugc t6 mau den

e V&i mdi nut, tat ca cac duong di tr ntt do dén cac nat 14 hau dué co cung
mot sb lugng nut den.

Tuong tu nhu cdy AVL, di keém véi cac phép chen/xoa trén cay do den la nhiing

thao tac td mau va can bang cdy. Ngudi ta chimg minh duoc rang chiéu cao cua

cay do den c6 n nut trong khoéng vuot qua 21g(n + 1). Trén thuc té cdy do den

nhanh hon cidy AVL & phép chén va x6a nhung cham hon & phép tim kiém.

Q Cay Splay

Con rat nhiéu dang BST tu c4n bang khac nhung mét trong nhiing ¥ tuong tha vi

nhit 1a cdy Splay [35]. Cay Splay duy tri sy cn bang ma khong can thém mot

thong tin phu trg ndo & modi nit. Phép “lam bep” ciy duoc thue hién mdi khi co

lénh truy cip, nhitng nut thudng xuyén duoc truy cap s& duge ddy dan 1én gan

gbc cdy dé co tde do truy cap nhanh hon. Cac phép tim kiém, chén va xéa trén

cay Splay ciling duoc thuc hién trong thoi gian O(Ign) (danh gia bu trir). Trong

truong hop tan suat thuc hién phép tim kiém trén mot khoa hay mot cum khoa

cao hon han so véi nhiing khoa khac, ciy splay s& phat huy dugc wu thé vé mat

toc do.
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c) Van dé chiang minh ly thuyét va cai dat

Cay AVL va cdy d6 den thudng duoc dua vao giang day trong cac gido trinh ciu
tric dit lidu vi cac tinh chat cia hai cau tric dit liéu kha dé dang trong ching
minh 1y thuyét. Cay Splay thudng dugc st dung trong cac phan mém tng dung
vi tbc do nhanh va tinh chit “nhanh hon néu truy cdp lai” (quick to access
again). Ba loai cdy nay kha phd bién trong cac thu vién hd tro cua cic moi
truong phat trién cao cap dé viét cac phan mém tng dung. Lap trinh vién co thé
tiy chon loai cay thich hop nhat dé cai dat giai quyét van dé caa minh.

Trong truong hop ban 1ap trinh trong thoi gian han hep ma khong co thu vién hd
trg (chang han trong cac ky thi lap trinh), phai noi rang viéc cai dat cac loai cay
ké trén khong hé don gian va dé nham 13n (ban c6 thé tham khao trong cac tai
lidu khac vé co so 1y thuyét va k¥ thuat cai dat cac loai cay ké trén). Néu ban can
sit dung cac cdu trac di liéu nay trong phan mém, theo ti cac ban nén st dung
céc thu vién sin c6 hodc viét mot thu vién 16p mau (class template) that can than
dé su dung lai.

T6i s& khong di vao chi tiét cac loai cAy nay. Diéu ban phai nhé chi 1a c6 ton tai
nhitng cau trac nhu vay, dé khi danh gia mot thuat toan c6 sir dung BST, c6 thé
coi cac thao tac co ban trén BST dugc thyc hién trong thoi gian O(Ign).

Trong bai sau t6i s€ gidi thi€u mot cAu trac BST khac dé cai dat hon, dé tuy bién
hon, va toc d6 ciing khong hé thua kém trén thyc té: Cau tric Treap.

Bai tap

1.16. Qua trinh tim kiém trén BST c6 thé coi nhu mot dudng di xudt phat tir nit
gbc. Gido su X phat hién ra mot tinh chat tha vi: Néu duong di trong qué
trinh tim kiém két thic & mot nat 14, ky hiéu L 13 tap cac gia tri chta trong
cac nit nam bén trai duong di va R 13 tip cac gia trj chira trong cac nut
nam bén phai duong di. Khi d6 Vx € L,y € R, ta ¢6 x < y. Ching minh
phat hién cua gido su X la ding hodc chi ra m¢t phan vi du.

1.17. Cho BST gdm n nGt, bat dau tir nat Minimum”, ngudi ta goi ham
Successor dé di sang nut lién sau cho t&i khi duyét qua nat Maximum?.
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1.18.

1.19.

1.20.

1.21.

1.22.

1.23.

1.24.

67

Chung minh rang thoi gian thyc hién giai thuat nay co6 thoi gian thyc hién
o(n).

Goi y: Thyc hién n 10i goi Successor 1én tiép don gian chi 1a duyét qua
céc lién két cha/con trén BST mdi lién két t6i da 2 1an. Pidu twong tu c6
thé chimg minh duogc néu ta bat dau tir nit Maximum” va goi lién tiép
ham Predecessor dé di sang nut lién trude.

Cho BST c6 chiéu cao h, bit dau tir mot nat p;, ngudi ta tim nat p, 1a nat
lién sau p;: p, = Successor(p,), tiép theo lai tim nit p; 13 nat lién sau
D2,... Chimg minh rang thoi gian thuc hién k 1an phép Successor nhu vay
chi mat thoi gian O(k + h).

(tree Sort) Nguoi ta co thé thuc hién viéc sip xép mot diy khoa bang ciy
nhi phan tim kiém: Chén lan luot cac gia tri khoa vao mot cay nhi phan
tim kiém sau d6 duyét cay theo thir tu giita. Danh gia thoi gian thyc hién
giai thudt trong trudng hop t6t nhat, xiu nhat va trung binh. Cai dit thuat
toan tree Sort.

Viét thuat toan SearchLE (k) dé tim nat chira khéa 16n nhat < k trong
BST.

Viét thuat toan SearchGE (k) dé tim nat chtra khoa nho nhat > k trong
BST.

Viét thu tuc MovetoRoot(p) nhan vao nat p va ding cac phép quay dé
chuyén nit p thanh gdc cua cay BST.

Viét thu tuc MovetoLeaf (p) nhan vao nat p va ding cac phép quay dé
chuyén nut p thanh mot nat 14 cua cay BST.

Radix tree (cdy tim kiém co sb) 1a mot cay nhi phan trong d6 mdi niit c6
thé chira hoic khong chua gia tri khoa, (ngudi ta thudng dung mot gia tri
dac biét tuong trng vo1 nut khong chira gié tri khoa hoac st dung thém mot
bit danh d4u nhitng nut khong chira gia tri khoa)

Cac gia tri khoa luu trir trén Radix tree 13 cac ddy nhi phan, hay tong quat
hon 12 mot kiéu dir lidu nao d6 c6 thé ma hoa bang cac diy nhi phan. Phép
chén mot khoa vao Radix tree duoc thuc hién nhu sau: Bat dau tir nat géc
ta duyét biéu dién nhi phan cta khoa, gip bit 0 di sang nut con trai va gap



1.25.

1.26.

1.27.

bit 1 di sang nhanh con phai, mdi khi khong di dwoc nita (di vao lién két
nilT), ta tao ra mot nat va ndi né vao cy & chd lién két nilT vira 1& sang
roi di tiép. Cudi cung ta dat khoa vao nat cudi cing trén dudng di. Hinh
duoi day la Radix tree sau khi chen céc gia tri 1011, 10, 100, 0, 011. Cac
nut t6 dam khong chira khoa

e
o .
®

1

O @ e

1

Goi S 1a tap chtra cac khoa 1a cac ddy nhi phén, tong d6 dai cac ddy nhi
phan trong S 12 n. Chi ra rang ching ta chi can mat thoi gian O(n) dé xay
dung Radix tree chtra cic phan tir ctia S, mat thoi gian O(n) dé duyét
Radix tree theo thir tu giita va liét ké cac phan tir cia S theo thwr ty tir dién.
Cho BST tao thanh tir n khoa dugc chén vao theo mot trat tu ngéu nhién,
goi Goi X 1a bién ngdu nhién cho chiéu cao ctia BST. Ching minh rang ky
vong E[X] = 0(lgn).

Cho BST tao thanh tir n khoa dugc chén vao theo mot trat tu ngﬁu nhién,
goi Goi X 14 bién ngdu nhién cho d6 sau ciia mot nut. Ching minh rang ky
vong E[X] = 0(Ign).

Goi b(n) 1a s luong cac cdy nhi phan tim kiém chira n khéa hoan toan
phan bigét.

Chung minh rang b(0) = 1 va b(n) = Y22 beby_q1_k
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e Chirng minh ring b(n) = L (= sb catalan thtr n). Tir d6 suy ra x4c suit
g g n+1\n y

dé BST la ciy nhi phan gan hoan chinh (hodc cy nhi phan suy bién) néu n
khéa dugc chén vao theo thir ty ngau nhién.
41’L

e Chung minh cong thirc xap xi b(n) = NRETE (1 + O(l/n))

6. Cay nhj phan tim kiém ngau nhién
6.1. Dy cao trung binh ciia BST

Trong bai trudc ta da biét réng cac thao tac co ban cua BST dugc thuc hién
trong thoi gian O(h) véi h 1a chiéu cao cua cay. Néu n khoa dugce chén vao mot
BST rong, ta s& duoc mot BST g@)m n nat. Chiéu cao cia BST c6 thé 1a mot sd
nguyén nao d6 nam trong pham vi tir |lgn| téi n — 1. Néu thay doi thir tw chén n
khoéa vao cay, ta c6 thé thu duoc mot cAu trac BST khac.

biéu chuing ta mudn biét 13 néu chén n khoa vao BST theo céc trat tu khac nhau
thi do cao trung binh cua BST thu dugc 1a bao nhiéu. Hay néi chinh xac hon,
chung ta can biét gia tri ky vong cta d6 cao mot BST khi chén n khéa vao theo
mot trat ty ngau nhién.

Thuc ra trong cac thao tac co ban cua BST, d¢ sau trung binh cua cac nit mai la
yéu té quyét dinh hiéu sudt chtr khong phai d6 cao cua cdy. Do sdu cua nut i
chinh 13 s6 phép so sanh can thyc hién dé chén nut i vao BST. Tong s6 phép so
sanh dé chén toan bd n nit vao BST co thé danh gia twong tu nhu QuickSort,
bang O(nlgn). Vay do sau trung binh ctia mdi nat 1a 7—110(71 lgn) = O(lgn).
Nguoi ta con chung minh dugec mot két qua manh hon: B§ cao trung binh cua
BST 1a mét dai lugng O(lgn). Cu thé 1a E[h] < 31gn + 0(1) véi E[h] 1a gia tri
ky vong ctia dd cao va n 1a s6 nat trong BST. Chttng minh nay kha phuc tap,
ban c6 thé tham khao trong cac tai liéu khéc .
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6.2. Treap

Chiing ta c6 thé tranh truong hop suy bién ctia BST bang cach chén cac nut vao
cAy theo mdt trat tu ngau nhién’. Tuy nhién trén thuc té rat it khi ching ta dam
bao duoc cac nut dugc chén/xoda trén BST theo trat tu ngau nhién, boi cac thao
tac trén BST thuong do mét tién trinh khac thuc hién va thir tu chén/xéa hoan
toan do tién trinh d6 quyét dinh.

Trong muc nay ching ta quan tim t&i mot dang BST ma c4u trac ctia né khong
phu thudc vao thur ty chén/xda: Treap.

Cho mdi nit cia BST thém mot thong tin priority goi 1a “d6 uu tién”. PO uu
tién cua moi nat 1a mot sé dwong. Khi d6 TreapT [33] duoc dinh nghia 1a mdt
BST thoa man tinh chéit cua Heap. Cu thé 1a:

e Néu nit y ndm trong nhanh con trai ctia nut x thi y. key < x.key.
e Néu nit y nam trong nhanh con phai ciia niit x thi y. key > x. key.
e Néu nit y 1a hau dué cta nat x thi y. priority < x.priority
Hai tinh chét dau tién 1a tinh chét cia BST, tinh chét tha ba 1a tinh chit cua
Heap. Nut gdc cua Treap c6 do wu tién 16n nhét. Dé tién trong cai dat, ta quy
dinh nat gia nilT» ¢6 do wu tién bang 0.
Dinh ly 6-1
Xeét mot tap cac nat, mdi nut chira khoa va do wu tién, khi do ton tai cdu trac
Treap chtra cac nut trén.
Chirng minh
Khdi tao mot BST rong va chén lan lugt cac nit vao BST theo thtr tu tir nat wu
tién cao nhat t&i nut wu tién thap nhat. Hai rang budc dau tién dugc théa man vi ta
st dung phép chén cua BST. Hon nita phép chén ciia BST ludn chén niit méi vao
thanh nut 14 nén sau moi budc chén, nut 14 mdi chén vao khong thé mang d6 vu

tién 16n hon cac nat tién bdi ciia n6 dugc. Piéu nay chi ra rang BST tao thanh Ia
mot Treap.

" Tur “tranh” & day khong chinh xéc, trén thyuc té phuong phap nay khéng tranh dugc truong hop xiu. Co
diéu 1a xac sudt xdy ra truong hop xdu qua nho va rat kho dé “cd tinh” chi ra cu thé truong hop xdu (gidng
nhu Randomized QuickSort).

T Tén goi Treap 1 ghép cia hai tir: “tree” va “Heap”
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Dinh ly 6-2
Xét mot tap cac nut, moi nut chira khoa va do wu tién. Néu cac khoa cling nhu
d6 wu tién ciia cac nat hoan toan phan biét thi ton tai duy nhat céu tric Treap
chtra céc nut trén.
Chirng minh
Su ton tai cia céu tric Treap da dugc chi ra trong chimg minh trong Pinh 1i 6.1,
Tinh duy nhat cua cau tric Treap nay cé thé chung minh bang quy nap: RS rang
dinh ly dung vdi tap gom O nit (Treap rong). Xét tap gom = 1 nuat, khi d6 nut co
d6 uu tién 16n nhat chac chan s€ phai 1a goc Treap, nhitng niit mang khoa nho hon
khoéa cta nut goc phai nam trong nhanh con trai va nhitng nit mang khéa 16n hon
khoa cta nut goc phai nam trong nhanh con phai. Su duy nhat ve cau tric cua
nhanh con trai va nhanh con phai dugc suy ra tir gia thiét quy nap. PPCM.
Trong cai dit thong thuong ctia Treap, 0 uu tién priority ctia mdi nat thuong
duoc gan bang mot s6 ngAu nhién dé vo hiéu hoa nhitng tién trinh “c6 tinh” lam
cay suy bién: Cho du cac nut duoc chén/xéa trén Treap theo tht tw ndo, cau trac
ctia Treap s& ludn gidng nhu khi chung ta chén cac nut con lai vao theo thu tu
giam dan cta Priority (tic 1a thir tu ngau nhién). Hon nira néu biét trudc dugc
tap cac nit s& chén vao Treap, ta con co thé gan do wu tién priority cho cac nit
mot cach hop 1y dé “ép” Treap thanh cdy nhi phan gan hoan chinh (trung vi cua
tap cac khoa s& dugce gan do wu tién cao nhat dé tro thanh gdc cay, twong ty véi
nhanh trai va nhanh phai...). Ngoai ra néu biét trudc tan suat truy cip nut ta cd
thé gan d6 wu tién ciia mdi nat bang tan suat ndy dé cac nut bi truy cap thuong
xuyén s& & gan goc cdy, dat toc do truy cap nhanh hon.

6.3.Cac thao tac trén Treap

a) C4u trdc nat

Tuong tu nhu BST, cdu trGic nit cia Treap chi c6 thém mot trudng priority dé
Iuu @6 vu tién cua nut

type
PNode
TNode = record

~TNode; /Kiéu con tré téi mét niit

key: TKey;
parent, left, right: PNode;

priority: Integer;
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end;
var
sentinel: TNode;
nilT: PNode; //Con tré tdi nut dat biét
root: PNode; //Con tré tdi nit géc

begin
sentinel.priority := 0;
nilT := @sentinel;

end.

Trén 1y thuyét nguoi ta thuong cho cac gia tri Priority 1a so thuc ngiu nhién,
khi cai dit ta co thé cho Priority s6 nguyén duong liy ngau nhién trong mot
pham vi du rong. Ky hi¢u RP 1a ham tra vé mot sb duong ngﬁu nhién, ban c6 thé
cai dat ham nay béng bat ky mdt thuat toan tao ) ngau nhién nao. Vi duy:

function RP: Integer;

begin
Result := 1 + Random(MaxInt - 1);
//Ldy ngéu nhién tiv 1 téi MaxInt - 1

end;

Cac phép khdi tao cdy rong, tim phan tir 1on nhit, nho nhit, tim phan tir lién
trudce, lién sau trén Treap khong khac gi so v6i trén BST thong thuong. Phép
quay khong dugc thuc hién tuy tién trén Treap vi n6 s€ pha v& rang budc tha tu
Heap, thay vao dé chi c6 thao tac UpTree dugc nhiing vao trong mdi phép chén
(Insert) va xo6a (Delete) dé hiéu chinh ciu triic Treap.

Nhic lai vé thao tac UpTree(x)
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x 1a nhanh trai
=  Quay phai

x 1a nhanh phai
= Quay trai

Branch A A ranch

Hinh 1.24. Thao tac UpTree(x)

procedure UpTree (x: PNode);
var y, z, branch: PNode;

begin
y := x”.parent; /H*lanitcha ciax"
z := y”~.parent; /" lanitcha ciay”
if x = y*~.left then /Quayphdi
begin
branch := x*.right;
SetLink (y, branch, True);
SetlLink(x, vy, False);
end
else //Quay trii
begin
branch := x*.left;

SetLink(y, branch, False);
SetlLink(x, y, True);
end;




SetLink (z, x, z".left = y); //Mébcnéix"vio lim conz" thay cho y"

if root = y then root := x;
//Cip nhdt lai goc BST néu trwée dit y™ la goc
end;
b) Cheén

Phép chén trén Treap trudc hét thuc hién nhu phép chén trén BST dé chén khoa

vao mot nut 1a. Nut 14 x» mdi cheén vao s€ duoc gan mot d§ uu tién ngau nhién.

Tiép theo 1a phép hiéu chinh Treap: Goi y” 13 niit cha ctia x*, chirng nao thiy

x™ mang d0 uu tién 1é6n hon y” (vi pham tht tu Heap) ta thuc hién Iénh

UpTree(x) dé day nat x” 1én lam cha nat y* va kéo nat y” xudng 1am con nut

x/\

//Chén khéa k vio Treap, trd vé con tré t6i nit chiva k
function Insert (k: TKey): PNode;
var x, y: PNode;

if (y # nilT)

begin
//Thwc hién phép chén nhu trén BST
y := nilT;
X := root;
while x # nilT do
begin
y 1= x;
if k < x*.key then x := x*.left
else x := x*.right;
end;
New (X) ;
x".key = k;
x*.left := nilT;
x”.right := nilT;
SetLink(y, x, k < y*.key);
if root = nilT then root := x;
//Chinh Treap
x~.priority := RP; /Gdn dj wu tién ngiu nhién
repeat
y := x”.parent;

and (x".priority > y”~.priority)

then UpTree (x)
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else Break;
until False;
Result := x;
end;

Vi du ching ta c6 mot Treap chtra cac khoa A, B, E, G, H, K v6i d9 vu tién la
A:1, B:5, E:2, G:7, H:4, K:3 va chén mét nut khoa chira khoa I va do vu tién 6
vao Treap, trudc hét thuat toan chén trén BST duoc thuc hién nhu trong hinh
1.25.

Hinh 1.15. Phép chén trén Treap truéc hét thue hién nhw trong BST

Tiép theo 1a hai phép UpTree dé chuyén nit I:6 vé vi tri ding trén Treap
(h.1.26)

Hinh 1.26. Sau phép chén BST la cic phép UpTree dé chinh lai Treap

S6 phép UpTree can thuc hién phu thudc vi tri va d6 uu tién cta nit méi chén
vao (Co6 the 1a s6 nao do6 tu 0 t6i h véi h 1a 6 cao cua Treap), nhung nguoi ta da
chirng minh duoc dinh 1y sau:

Dinh ly 6.3

Trung binh sb phép UpTree can thyc hién trong phép chén Insert 1a 2.
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c) X6a

Phép x6a nat x” trén Treap dugc thuc hién nhu sau:

Néu x* ¢6 it hon hai nhanh con, ta ldy nit con (néu c6) cua x” 1én thay cho
x” va x6a nut x”".

Néu x" ¢6 dtng hai nhanh con, goi y” 1a nat con mang d6 wu tién 16n hon
trong hai nut con, thuc hién phép UpTree(y) dé kéo nut x* xudng sau phia
du6i 1a va lap lai cho téi khi x* chi con mot nut con. Viéc x6a quy vé
truong hop trén

procedure Delete (x: PNode);
var y, z: PNode;
begin
while (x”.left # nilT) and (x".right # nilT) do
//Chirng nao x" cé 2 nut con
begin
//Xdc dinh y* la nit con mang d¢ wu tién lon hon
y = x".left;
if y*.priority < x".right”.priority then
y := x".right;
UpTree (y) ; /Biyy lén phia géc, kéo x xuéng phia li
end;
//Bay gio X" chi cé toi da mét niit con, xdc dinh y™ li niit con (néu cd) ciia x
if x*.left <> nilT then y := x*.left
else y := x*.right;
z := x”.parent; /i lanitcha ciax"
SetLink(z, vy, z".left = Xx); //Choy"lam con ciia z" thay cho x"
if x = root then root := y; /Cap nhitlgigic
Dispose (xX) ; //Gidiphéng by nhé
end;

Vi du ching ta ¢c6 mgt Treap chura cac khoa A, B, E, G, H, I, K véi1 dd uu tién la
A:1, B:5, E:2, G:7, H:4, 1:6, K:3 va xo6a nut chira khéa G. Ba phép UpTree
(quay) s€ dugc thuc hién trudce khi x6a nut chira khdéa G
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Hinh 1.27. Thiee hién cdc phép quay diy dén niit cin xéa xudng dwéi ld, khi nit cin xéa con it hon 1

nhénh con thi xéa truc tiép.
Tuong tu nhu phép chen, sb phép UpTree can thuc hién phu thudc vi tri va do
uu tién cua nut bi x6a, nhung nguoi ta da chirng minh dugc dinh 1y sau day.
Dinh ly 6-4
Trung binh sb phép UpTree can thyc hién trong phép x6a Delete 1a 2.

Bai tap

1.28. Tht ty thong ké: Cho mdt Treap, hiy xay dung thuit toan tim khoa ding
thir p khi sap tha ty. Nguoc lai cho mét nut, hdy tim sb thi ty ciia nit do
khi duyét Treap theo thu tu gitra.

1.29. Treap biéu dién tap hop
Khi dung Treap T biéu dién tap hop cac gia tri khoa, (tic 1a cac khoa trong
Treap hoan toan phan biét), phép thir k € T ¢6 thé duoc thuc hién thong
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qua ham Search. Viéc thém mot ph?m tr vao tap hop co thé thuc hién
thong qua mot sira ddi cia ham Insert (Chi chén néu khoa chua cé trong
Treap). Viéc x6a mot phan tir khoi tap hop ciing duoc thyc hién thong qua
viéc stra d6i thu tuc Delete (tim phan tir trong Treap, néu tim thay thi thyc
hién phép xo6a). Ngoai ra con ¢ nhiéu thao tac khac duoc thuc hién rat
hiéu qué vdi cdu tric Treap, hiy cai dit cac thao tac sau ddy trén Treap:
Phép tach (Split): V6i mdt giad tri kg, tach cac khoa < ky va cac khoa
> k, ra hai Treap biéu dién hai tap hop riéng ré.

Goi y: Tim nut chtra phan tir k, trong Treap, néu khong thay thi chén k,
vao mot nit méi. Pat do wu tién cua nat nay bang +oo. Theo nguyén 1y
clia cdu trac Treap, nit ndy sé& dugce day lén thanh gdc cdy. Ngoai ra theo
nguyén 1y ctia cdu trac BST, nhanh con trai ctia gbc cdy s& chira tit ca cac
khoa < k, va nhanh con phai ctia gdc ciy sé& chira tit ca cac khoa > k.
Phép hop (Union): Cho hai Treap chura hai tap khoa, xay dung Treap moi
chtra tit ca cac khoa ctia hai Treap ban du

Phép giao (Intersection): Cho hai Treap chtra hai tap khoa, xdy dung
Treap m&i chira tat ca cac khoa c6 mit trong ca hai Treap ban dau

Phép lay hiéu (Difference): Cho hai Treap A, B chtra hai tap khoa, xay
dung Treap mdi chira cac khoa thuoc A nhung khong thude B.

7. M6t s6 trng dung cta cay nhj phan tim kiém

Ngoai mg dung dé biéu dién tap hop (Bai tap 6.2), ciy nhi phan tim kiém con
c¢6 nhiéu tng dung quan trong khéac nita. Trong bai nay chiing ta s& khao sat mot
vai ing dung khac cua cau tric BST.

Cau trac BST thong thudong c6 thé dung dé cai dit chuong trinh giai quyét
nhimg van dé trong bai, tuy nhién ban nén str dung mot dang BST ty can bang
hodc Treap dé tranh trudng hop xau cua BST.

7.1. Cdy biéu dién danh sdch
Chung ta di biét nhitng cach co ban dé biéu dién danh sach 1a st dung mang

hodc danh sach moc ndi. S dung mang c6 toc do t6t véi phép truy cap ngiu
nhién nhung s& bi chdm néu danh sach luén bi bién dong boi cac phép chén/xoéa.

78



Trong khi d6, sir dung danh sach moc ndi c6 thé thuan tién hon trong cac phép

chén/xoéa thi lai gap nhuge diém trong phép truy cap ngau nhién.

Trong muc nay ching ta s& trinh bay mot phuong phap biéu dién danh sach bang

cdy nhi phan ma céc trén d6, phép truy cap ngau nhién, chén, x6a déu dugc thuc

hién trong thoi gian O(Ign). Ta s& phat biéu mot bai toan cu thé va cai dat
chuong trinh gidi bai toan do.

a) Bai toan

Cho mot danh sach L dé chtra cac s6 nguyén. Ky hiéu Length(L) 1a s6 phan tir

trong danh sach. Xét cac thao tac cdn ban trén danh sach:

e Phép chén Insert(v,i): Néu 1 < i < Length(L) + 1, thao tic nay chén mot
s6 v vao vi tri i ciia danh sach, néu khong thao tac nay khong co6 hi¢u lyc.
(Trudong hop i = Length(L) + 1 thi Value s& dugc thém vao cudi danh
sach).

e Phép x6a Delete(i): Néu 1 < i < Length(L), thao tac ndy x6a phan tir thi
i trong danh sach, néu khong thao tac nay khong c6 hiéu lyc.

Cho danh sach L = @ va n thao tac thudc mot trong hai loai, hdy in ra cac phén

tir theo diing thir tu trong danh sach cudi cung.

Input

e Dong I chira s6 nguyén duong n < 10°

e n dong tiép, mdi dong cho thong tin vé mot thao tac. Mdi dong bat dau bai
mot ky tu € {I, D}. Néu ky tu ddu dong 1a “I” thi tiép theo 1a hai sb nguyén
v,i tuong ung voi phép chén Insert(v, i), néu ky tu dau dong 1a D thi tiép
theo 13 s6 nguyén i twong Gng v6i phép xo6a Delete(i). Cac gia tri v,i 1a sd
nguyén Integer.

Output

Céc phan tir trong danh sach cudi cling theo dung thu tu.
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Sample Input | Sample Output

9165

U HU HHHHH ©
H VO A KB O Jd o0 WU
N WR R R

b) Giai thuat va té chuac di liéu

Chiing ta s& luu trit cac phan tir ciia danh sach L trong mot cau trac Treap sao

cho néu duyét Treap theo thtr tu giita thi cdc phan tir cia L s& duoc liét ké theo

dang tht tu trong danh sach.

Q Nit cam canh cuéi danh sich

Do wu tién cua cac nit 1a mot sé nguyén duong ngiu nhién nhé hon hang sd

MaxInt. Dé tién cai dat, ta thém vao danh sach L mot phan tir gia ding cubi

danh sach va gan d6 vu tién MaxInt dé phan tir ndy tré thanh nat gc cua Treap.

Phan tir gia ndy c6 hai cong dung:

e Moi phép chen hi¢u lyc déu c6 mot phén tir cua danh sach nim tai vi tri
chén, ta bot di duge cac phép xtr 1y truong hop riéng khi chén vao cudi danh
sach.

e Nut gbc root” cua Treap khong bao gio bi thay di, ta khong can phai kiém
tra va cap nhat lai gbc sau cac phép chén hoic x6a.

Theo cach xay dung Treap nhu vy, toan bd cac phan tir ciia danh sach L s& nam

trong nhanh con trai ctia nit goc Treap. Ta chi can duyét nhanh con trai ctia nat

gbc Treap theo thir tu gitra 12 liét ké duoc tat ca cac phan tir theo dung thi tu.

Q Qudn ly so nut
Trong mdi nat r” ctia Treap, ta luu trit 7. size 1 s6 lugng niit ndm trong nhanh
Treap goc r”. Truong size cua cac nit s& dugc cap nhat moi khi co su thay doi
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cAu tric Treap. Cong dung cta trudng size 13 dé quan 1y sb ndt trong mot nhanh

Treap, phuc vu cho phép truy cap ngau nhién.

Q Truy cdp ngdu nhién

Ca hai phép chen va xo6a déu c6 mot tham s vi tri i. Viée chén/xda trén danh

sach triru twong L s& quy vé viéc chén/xda trén Treap sao cho duy tri dugc su

théng nhat giita Treap va danh sach L nhu dd dinh. Vay viéc dau tién chinh 1a

xéac dinh nut tuong ung véi vi tri i 1a nat nao trong Treap. Theo nguyén ly ctua

phép duyét cay theo thtr tu giita (duyét nhanh trai, duyét nat gbc, sau d6 duyét

nhanh phai), thuat toan xac dinh nat tuong ung véi vi trii cd thé dién ta nhu

sau: Xét bai toan tim nut thir i trong nhanh Treap gdc r”:

e Néui=r"left . size + 1 thi niit can tim chinh 1a nat 7.

e Néui <rhleft’. size + 1 thi quy vé tim nut thir i trong nhanh con trai cta
T.

e Néui>r~lefth.size+1 thi quy vé tim nat thir i — r”. left . size — 1
trong nhanh con phai cua r*.

S6 budc lap dé tim nat twong ng v6i vi tri i ¢6 thé tinh bang d6 sau cua nut két

qua (cong thém 1). Phép truy cap ngau nhién duoc cai dit bang ham NodeAt(i):

Nhan vao mdt s6 nguyén i va tra vé nat twong tng vai vi tri d6 trén Treap.

O Chen

Dbé chén mot gia tri v vao vi tri i, trudc hét ta tao nat x" chira gia tri v, xac dinh

nat y” 1a nat hién dang ding thtr i. Néu y» khong c6 nhanh trai thi moc ndi x*

vao thanh ndt con trai cia y». Néu khong ta di sang nhanh trai cia y* va moc

nbi x” vao thanh nit cyc phai ciia nhanh trai nay.

Tiép theo 1a phai cap nhat s6 nat, nit x» chén vao s& trd thanh nat 1a va co

x”.size = 1, truong size trong tat ca cc nut tién bdi ctia x* ciing dugc tang lén

1 dé giir tinh dong bo.

Cudi cung, ta gan cho x. priority mot do wu tién ngau nhién va thuc hién cac

phép UpTree(x) dé day x* 1én vi tri dang. Cha v 1a trong phép UpTree, ngoai

nhitng thao tac xur 1y co ban trén Treap, ta phdi cap nhat lai truong size cta hai

nut chiu anh hudong qua phép quay.
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U Xda

D¢ x6a phan tir tai vi tri i, ta xac dinh nat x” nam tai vi tri { va tién hanh xo6a nuat

x”. Phép x6a dugc thuc hién nhu trén Treap: Chung nao x” con hai nat con, ta

x4c dinh y” 1a nut con mang do wu tién 16n hon va thyc hién UpTree(y) dé kéo

x” sau xudng dudi 14. Khi x* con it hon hai nat con, ta dua nhanh con goc y*

(n€u co) cua x” vao thé cho va x6a nut x”. Sau khi x6a thi toan bg truong Size

trong cac nut tién bdi ctia x» phai giam di 1 dé gitr tinh dong bo.

c) Cai dat

o)

=

DYNLIST.PAS v Cay biéu dién danh sach

{$SMODE OBJFPC}

program DynamicList;

type
PNode = ~TNode; /Kiéu con tré téi mt niit
TNode = record /Kiéu nit Treap

value: Integer;
priority: Integer;
size: Integer;
left, right, parent: PNode;
end;
var
sentinel: TNode; /Linh canh (= nilT")
nilT, root: PNode;
n: Integer; /86 thao tic
function NewNode: PNode; /Ham tao nit méi, tri vé con tré tdi niit moi
begin
New (Result) ; /#Cip phdtbé nhé
with Result” do /Khéitao cic truong trong niit mdi tao ra

begin

priority := Random (MaxInt - 1) + 1;

//Gdn d§ wu tién ngéu nhién

size := 1; //Nutdirng don djc, size =1

parent := nilT;

left := nilT;

right := nilT; //Cdc truwong lién két dwoc gan = nilT
end;
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end;
procedure InitTreap; /Khditao Treap

begin

sentinel.priority := 0;

sentinel.size := 0;

nilT := @sentinel; /Pem con tré nilT tré téi sentinel

root := NewNode;

root”.priority := MaxInt; /reot" dwgc gin dp wu tién cuc dai
end;

//Méc néi ChildNode thanh con ciia ParentNode
procedure Setlink (ParentNode, ChildNode: PNode;

InLeft: Boolean);

begin
ChildNode”.parent := ParentNode;
if InLeft then ParentNode”.left := ChildNode
else ParentNode”.right := ChildNode;
end;
function NodeAt (i: Integer): PNode; /Truy cip ngiu nhién
begin
Result := root; /Bitdiu tiegoc Treap
repeat

if 1 = Result”.left”.size + 1 then Break;

//Néu niit nay dirng thir i thi dirng

if i <= Result”.left”.size then /Lap lai tim trong nhinh con trdi
Result := Result”.left

else //Ldp lai, tim trong nhdnh con phdi

begin
Dec (i, Result”.left”.size + 1);
Result := Result”.right;

end;

until False;
end;
procedure UpTree (x: PNode); /#Pdyx” lén phia goc Treap bing phép quay
var y, z, branch: PNode;

begin
y := x”.parent;
z := y”~.parent;
if x = y~.left then /Quayphdi




begin
branch := x*.right;
SetLink(y, branch, True);
SetlLink(x, vy, False);
end
else //Quay trii
begin
branch := x*.left;
SetLink(y, branch, False);
SetlLink(x, y, True);
end;
SetLink(z, x, z".left = vy);
//Céin thin, phii cdp nhgt y.size trwéc khi cdp nhit x".size

with yv” do size := left”.size + right”.size + 1;
with x” do size := left”.size + right”.size + 1;
end;

procedure Insert (v, i: Integer); //Cheén

var x, y: PNode;

begin
if (i < 1) or (i > root”.size) then Exit;
//Phép chén vo hiéu, bo qua

x := NewNode;
x”~.value := v; //Tao nitx" chiva value
y := NodeAt (i); /Xdc dinh nity” cén chén x* vio trwéc

if y*.left = nilT then SetlLink(y, x, True)

//y™ khong co nhanh trai, cho x" lam nhdnh trai

else
begin
y = y~.left; //Disang nhinh trai
while y".right <> nilT do y := y*.right;
//Téi nut cuwc phdi

SetLink (y, x, False); /Mdcnéix” vio lam niit cwc phii
end;
/ly = x".parent, cip nhit trwong size ciia cdc niit tiv y lén goc
while y <> nilT do

begin
Inc(y”~.size);
y := y~.parent;
end;
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//Chinh Treap bang phép UpTree
while x".priority > x".parent”.priority do
//Chirng nao x" wu tién hon nut cha
UpTree (x); #/Pdyx" lén phia goc
end;
procedure Delete(i: Integer); /Xda
var x, y, z: PNode;
begin
if (1 < 1) or (i >= root”.size) then Exit;
//Phép xoa vo hiéu, bo qua
x := NodeAt (i) ; /Xdcdinh nit cin xéa x
while (x".left <> nilT) and (x".right <> nilT) do
//x" ¢6 hai nut con
begin /Xdc dinh y* la nit con mang dp wu tién lén hon
if x*.left”.priority > x".right”.priority then
y = x*.left
else y := x*.right;
UpTree (y) ; /#/Kéo x" xudng siu phia dwdoi li

end;
/& chi con téi da 1 nit con, xdc dinh y™ 1d nit con néu c6 ciia x*
if x*.left <> nilT then y := x".left
else y := x".right;
z := x".parent; /z"lacha ciax”

SetLink(z, vy, z".left = x); //Choy” violam con ;" thay cho x"

Dispose (X) ; //Gidi phéng by nhé
while z <> nilT do //Cip nhit truong size ciia cdc niit tiv 7" lén goc

begin
Dec(z”.size);
z := z”.parent;
end;

end;
procedure ReadOperators;
//Doc dir liéu, gdp thao tac nao thuc hién ngay thao tic do
var
k, v, i: Integer;
op: AnsiChar;

begin
ReadLn (n) ;
for k := 1 to n do




begin
Read (op) ;
case op of
'I': begin
ReadLn (v, 1);
Insert (v, 1i);
end;
'D': begin
ReadLn (1) ;
Delete (1) ;
end;
end;
end;
end;
procedure PrintResult; /iInkétqui
procedure InOrderTraversal (x: PNode); /Duyétciy theo thir ty giita
begin
if x = nilT then Exit;
InOrderTraversal (x".left); /Duyétnhinh trii
Write (x”.value, ' '"); /lInragidtritrong nit
InOrderTraversal (x".right) ; /Duyét nhanh phdai
Dispose (x); //Duyétxong thi gidi phong by nhé luén
end;
begin
InOrderTraversal (root”.left) ;
//Toédn b danh sdch trivu twong L nam trong nhdnh trdi ciia goc
Dispose (root) ; /Gidi phéng luén nit géc
Writeln;
end;
begin
InitTreap;
ReadOperators;
PrintResult;
end.
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¢) Hoan vi Josephus

Q Bai todn tim hodn vi Josephus

Bai toan l4y tén cta Flavius Josephus, mot sir gia Do Thai vao thé ky tha nhat.
Tuong truyén rang Josephus va 40 chién si bi ngudi La M bao vay trong mot
hang dong. Ho quyét dinh ty van chir khong chiu bi bat. 41 chién si dung thanh
vong tron va bat dau dém theo mot chidu vong tron, ¢t ngudi nao dém dén 3 thi
phai ty van va nguoi ké tiép bat dau dém lai tir 1. Josephus khong mudn chét va
da chon dugc mot vi tri ma 6ng ta ciing voi mot nguoi nira 1a hai nguoi sdng sot
cubi cuing theo luat nay. Hai nguoi séng sot sau d6 da dau hang va gia nhap quan
La Ma (Josephus sau d6 chi néi rang d6 1a sy may man, hay “ban tay ctia Chtia”
moi giup 6ng va nguoi kia sdng sot).

Co rét nhiéu truyén thuyét va tén goi khac nhau vé bai toan Josephus, trong toan
hoc nguoi ta phat biéu bai toan dudi dang mot trd choi: Cho n nguoi dung
quanh vong tron theo chiéu kim dong hd danh sb tir 1 toi n. Ho bat dau dém tur
ngudi thir nhat theo chiéu kim dong hd, ngudi nao dém dén m thi bi loai khoi
vong va ngudi ké tiép bit dau dém lai tir 1. Tro choi tiép dién cho t6i khi vong
tron khong con lai ngudi nao. Néu ta xép s6 hiéu cua n nguodi theo thu tu ho bi
loai khoi vong thi s& duoc mot hoan vi (i, j, ..., jn) ctia ddy s6 (1,2, ...,n) goi 1a
hoan vi Josephus (n,m). Vi du véi n =7,m =3, hoan vi Josephus sé& la
(3,6,2,7,5,1,4). Bai toan dit ra 1a cho truéc hai sé n,m hiy xac dinh hoan vi
Josephus (n, m).

Q Thudt toan

Bai toan tim hoan vi Josephus (n,m) co thé giai quyét d& dang néu sir dung
danh sach dong (Muc 0): Danh sach duoc xay dung c6 n phan tir trong tng véi
n nguoi. Viéc xac dinh nguoi s€ phai ra khoi vong sau d6 xo6a nguoi do khoi
danh sach don gian chi 1a phép truy cdp ngiu nhién va xéa mot phan tir khoi
danh sach dong.

Nhan xét: Néu sau mot lugt nao do, nguoi vua bi loai 1a nguodi tho p va danh
sach con lai k nguoi. Khi d6 nguoi ké tiép bi loai 1a nguoi dimg thu: (p + m —
2) mod k + 1 trong danh sach.
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Tuy bai todn kha don gian nhung lién quan t&é1 mdt ky thuat cai dat quan trong
nén ta s& cai dat cu thé chuong trinh tim hoan vi Josephus (n, m).

Input
Hai sé nguyén duong n,m < 10°
Output

Hoan vi Josephus (n, m)

|| Sample Input | Sample Output

||73 362751414

Xay dyng danh sach gdm n phan tir, ban dau cac phan tir déu chua danh dau
(chua bi x6a). Thuét toan s& tién hanh n budc, mdi budc s& danh diu mot phén
tor trong Ung véi mot ngudi bi loai.

C6 thé quan sat rang néu biéu dién danh sach nay bang ciy nhi phan gom n nut,

thi chiing ta chi can cai dat hai thao tac:

e Truy cép ngiu nhién: Nhan vao mot sd thir tu p va tra vé nat dimg thi p
trong s6 cac nat chwa danh dau (theo tht ty giita)

e Danh diu: Panh ddu mét nat tuong trng v&i mot nguoi bi loai

Vay c6 thé biéu dién danh sich bang mot cay nhi phan gin hoan chinh dung

sin. Cu thé 1a ching ta t6 chirc dit liéu trong cac mang sau:

e Mang Tree[l..n] dé biéu dién cdy nhi phan gom n nat c6 gbc 1a nat 1, ta
quy dinh nat thtr i c6 nit con trai 1a 2i va nut con phai 1a 2i + 1, nat cha cua
nat j 12 nat [j/2]. Cay nay ban dau s& duoc duyét theo thu ty giita va cac
phan tr 1,2, ...,n s& dugc dién 1an lugt vao cdy (mang Tree) theo thtr tu
gitra.

e Ming Marked[1..n] & danh diu, trong d6 Marked[i] = True néu nat
tht i d3 bi danh dau, ban dau mang Marked[1 ...n] duoc khdi tao bang
toan gia tri False.

e Mang Size[1...n] trong d6 Size[i] 1a s6 nut chwa bi danh dau trong nhanh
ciy gbc i. Mang Size[1 ...n] cling duoc khéi tao ngay trong qua trinh dung
cay.
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Phép truy cdp ngiu nhién - nhan vao mot sb thir ty p va tra vé chi s6 nit dung
thir p chua bi danh déu theo thu ty giita - s& duoc thyc hién nhu sau: Bat dau tir
nat gbc x = 1, goi LeftSize 1a s6 nut chwa danh ddu trong cdy con trai cua x.
Néu nit x chua bi danh ddu va p = LeftSize + 1 thi tra vé ngay nit x va ding
ngay, néu khong thi qua trinh tim kiém s& tiép tuc trén cdy con trai (p <
LeftSize) hodc cay con phai cia x (p > LeftSize).

Phép danh diu mot nit x chi don thuin gin Marked[x] := True, sau d6 di
nguoc tir x 1én gdc cdy, di qua nat y ndo thi giam Size[y] di 1 dé giir tinh dong
bo.

Q Cai dat

E  JOSEPHUS.PAS v Tim hoan vi Josephus

{$MODE OBJFPC}
program JosephusPermutation;
const max = 100000;
var
n, m: Integer;
tree: array[l..max] of Integer;
Marked: array[l..max] of Boolean;
size: array[l..max] of Integer;
procedure BuildTree; /Dung sin ciy nhiphin gin hoin chinh gom n niit
var Person: Integer;
procedure InOrderTraversal (Node: Integer);
//Duyét cdy theo thir tw giita
begin
if Node > n then Exit;
InOrderTraversal (Node * 2); /Duyétnhinh trii
Inc (Person);
tree[Node] := Person; /Piénphin tivké tiép vio niit
InOrderTraversal (Node * 2 + 1); //Duyétnhinh phdai
//Xay dung xong nhdnh trdi va nhdanh phdi thi bit diu tinh truong size
size[Node] := 1;
if Node * 2 <= n then
Inc(size[Node], size[Node * 2]);
if Node * 2 + 1 <= n then
Inc(size[Node], size[Node * 2 + 1]);
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end;
begin
Person := 0;
InOrderTraversal (1) ;
FillChar (Marked, SizeOf (Marked), False);
//Tét cd cdc nit déu chwa dinh diu
end;

//Truy cdp ngtfu nhién, nhin vio sé thir tw p, trd vé niit ding thir p trong $6 cdc nit chua dinh

dau
function NodeAt (p: Integer): Integer;
var LeftSize: Integer;
begin
Result := 1; /Bitdiutigéc
repeat

//Tinh sé niit trong nhdanh con trdi
if Result * 2 <= n then

LeftSize := size[Result * 2]
else LeftSize := 0;
if not Marked[Result] and (LeftSize + 1 = p) then
Break; //Nit Result chinh la nit thir p, dieng
if LeftSize >= p then
Result := Result * 2 /Tim tiép trong nhinh trdi
else
begin
Dec (p, LeftSize);
//Trwée hét tinh lgi s6 thir tw twong veng trong nhdnh phi
if not Marked[Result] then Dec (p);
Result := Result * 2 + 1; /Timtiép trong nhinh phdi
end;
until False;
end;
procedure SetMark (Node: Integer); /Pdnh diumjt nit
begin
Marked[Node] := True; /Pdnhdiu
while Node > 0 do /Déng bp héa truong size ciia cdc nit tién béi
begin
Dec (size[Node]) ;
Node := Node diwv 2; /Dilén nitcha
end;
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end;
procedure FindJosephusPermutation;
var Node, p, k: Integer;
begin
p :=1;
for k := n downto 1 do
begin /Danh sich ¢é k ngwoi
p := (p +m - 2) mod k + 1; /Xdcdinh sé thit tw ciia ngwoi bi logi
Node := NodeAt (p); /Tim nitchira ngwoi bi logi
Write (tree[Nodel, ' '); /Inrasé hiéu ngwoibjlogi
SetMark (Node) ; /Bdinh diu nit twong iing trén ciy
end;
end;
begin
Readln (n, m);
BuildTree;
FindJosephusPermutation;
Writeln;
end.

Q Tim nguwoi cudi ciing con lai *

Mot bai toan khac lién quan téi bai toan Josephus 1a cho trudc hai s6 nguyén
duong n,m, hay tim ngudi cudi cung bi loai. Ta co thé s dung thuat toan tim
hoan vi Josephus va in ra phan tir cudi cung trong hoan vi. Tuy nhién c6 thuat
toan quy hoach dong hiéu qua hon dé tim ngudi cudi cung bi loai. Thuat toan
dua trén cong thirc truy hoi sau:

1, néfun=1

. 7.1
(fn—1)—14+m)modn+1,néun>1 7.1

oo -
Trong d6 f(n) 1a chi s6 ngudi bi loai cudi cing trong trd choi véi tro choi gom
n nguoi. Cong thirc truy hoi (7.2) c6 thé giai trong thoi gian O(n) bang mot
doan chuong trinh don gian.

Input — n, m;
f :=1;
for i := 2 to n do
f :(=(f -1+ m mod 1 + 1;
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Output <« £,

7.2. Thir ty théng ké dpng

Nhic lai: Bai toan thu tu théng ké: Cho mdt tap S g@)m n doi tuong, mdi ddi
tugng c6 mot khoa sip xép. Hay cho biét néu sip xép n ddi twong theo thu ty
tang dan cua khoa thi d6i tuong thr k 1a d6i twong nao?.

Chung ta da biét thuat toan tim thir ty thong ké trong thoi gian O(n). Tuy nhién
trong truong hop tap S lién tuc co nhing sy thay doi phan tir (thém vao hay bt
di mot dbi tuong), ddng thdi co rat nhidu truy van vé tht ty théng ké di kém véi
nhitng su thay ddi do6 thi thuat toan nay to ra khong hiéu qua. Ching ta can co
phuong phép tét hon ddi véi bai toan thir ty thong ké dong (Dynamic Order
Statistics).

Cay tim kiém nhi phan 1a mot cach dé giai quyét hiéu qua van dé nay. Chung ta
luu trit cac doi tuong cua S trong mot BST, mdi nat chira mot ddi tuong voi
khoa so sanh chinh 13 khéa cua di tuong chta trong.

M&bi d6i twong i dugc gin voi mot con tro ptr[i] toi nit twong ung trén BST,
con trd ndy dugc cdp nhat mdi khi c¢6 phép thém/bét dbi twong. Tai mdi nit ta
duy tri s6 nit trong nhanh con d6 bang trudng size, truong nay duoc cap nhat
mdi khi cdu trac BST bi thay doi (chén/xéa/quay). Khi d6 phép thém va bét dbi
tuong dugc thuc hién ty nhién béng phép chén va xoa trén BST (0(Ign). Dua
vao truong size mdi nat, mdi truy van vé thir tu thong ké dugc tra 101 trong thoi
gian 0(Ign) (Xem lai muyc 0 vé cach sir dung trudng Size).

7.3. Interval tree
Cay chua khoang (Interval tree) 1a mot cau trac dir liéu dé luu trir mot tap cac
khoéng trén tryc sd.
C6 ba loai khoang trén truc sd: khoang déng (closed interval), khoang mé (open
interval) va khoang nira mé.
[s,fl={x eRis <x < f}
s, )={xeRs<x<f}
[s,f)={xeERs<x<f}
(s,fl={xeR:s<x<f}

92



Khoang dong con co tén goi 1a doan. O nhiing van d¢ trong phan nay ching ta
quan tam t&i khoang dong, néu mudn 1am viéc v6i khoang mé hodc khoang nira
mo can ¢6 mot s sira d6i nho. Chung ta quy dinh thém 14 v6i mot khoang déng
[s, f] batky this < f.

Dinh ly 7-1

Véi hai doan i; = [sq, fi] va i, = [s,, f>], ding mot trong ba ménh dé duéi day
thoa man (interval trichotomy):

e i, vai, gbi nhau (overlap), ttrc 13 hai doan i; va i, c6 diém chung

e i, nambén triii,: f; < s,

e i, ndm bén phai i,: f, < s,

Interval tree ban chat 1a mot BST, mdi nat chira mot doan va khoa so sanh la dau
mut trai ciia mdi doan. Tte 1a néu duyét cay theo thu tu gitra ta s€ liét ké duogc
tat ca cac doan theo thu tu tang dan cua diu mat trai.

Tai mdi nut x, ta luu trir thém mot truong righmost: Gia tri léon nhét cia cac
dau mat phai cta cic doan nam trong nhanh cay gbc x. Nut gia nilT” ¢ truong
rightmost = —oo. Hinh 1.28 1a vi du vé cay chura 10 doan:

[16,21]; [8,9]; [25,30]; [5,8]; [15,23]; [17,19]; [26,26]; [0,3]; [6,10]; [19,20]

[16,21] interval
30 ightmost

Hinh 1.28. Interval tree

Cau tric nut cua Interval tree co6 thé dic ta nhu sau:

type
PNode ~"TNode;
TNode = record

s, f: Real; /&:diu mut trdi, f: ddu mit phdi
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rightmost: Real; //Théong tinphu trg
parent, left, right: PNode;
end;
var
sentinel: TNode;
nilT, root: PNode;

begin
sentinel.rightmost := -<;
nilT := @sentinel;
root := nilT;

end.

Trudng rightmost cia mdi nut x* dugce tinh theo cong thirc truy hoi:

xM. left™. rightmost
xN.rightmost := max< x". f (7.2)
xM.right™.rightmost

Khi mgt nut x” dugc chén vao thanh mdt nut 14 hay bi x6a khoi BST, tat ca cac
truong rightmost trong x™ va cac nut tién bdi cua x" phai dugc cap nhat lai.
Néu ban cai dit Interval tree bang Treap hay mot dang cdy nhi phan tim kiém tu
can bang, can chu ¥ cap nhat lai truong rightmost sau phép quay ciy
(UpTree).

a) Tim doan cé giao v&i mét doan cho truéc

Bai toan dit ra 1a cho mot tdp S gdm n doan. Cho mdt doan [a, b], hdy chi ra
mot doan cua S ¢ giao v6i (hay gbi 1én) doan [a, b]. Mot dang truy van cu thé
hon 1a hdy chi ra mdt doan cia S chira mdt diém x cho trude. Bai toan nay co
thé quy vé bai toan tong quat véi [a, b] = [x, x]

Di nhién ta c6 thé tra 10 truy van nay trong thoi gian O(n): Duyét tit ca cac
doan cuia S va sir dung ham Overlapped dudi day dé tim cling nhu liét ké cac
doan gbi 1én doan it. Him Overlapped nhan vao 2 doan [sy, fil, [S2, fo] va tra
vé gia tri True néu hai doan géi nhau:

function Overlapped(sl, fl, s2, f2: Real): Boolean;
begin
Result := (sl < f2) and (s2 < f1);
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‘end; |

Tuy vay néu tap S lién tuc c6 sy bién dong (thém/bét) cac doan thi phurong phap
nay to ra khong hi€u qua. Str dung Interval tree cho phép thuc hién thém/bdt
doan va tra 10i truy van nay hiéu qua hon.

X4y dung Interval tree chira tit ca cic doan cua tip S. Bit dau tir nit x” =
root™, néu doan trong x" co giao véi [a,b] thi xong. Nguoc lai, néu
x". left™.rightmost > a, ta quy vé tim trong nhanh con trai cia x*, néu khong
ta quy vé tim trong nhanh con phai ciia x*:

//Tri vé niit chita doan giao véi [a, bj, tri vé nilT néu khéng thiy

function IntervalSearch(a, b: Real): PNode;
begin
Result := root; /Bitdiu tivgoc

while (Result # nilT) and
not Overlapped(Result”.s, Result”.f, a, b) do
//Result chiva doan khong giao vdi [a, b]
if (Result”.left”.rightmost 2 a) then
Result := Result”.left /Sangtrii
else Result := Result”.right; /Sangphdi

end;

Tinh dung dén cua thuat toan duoc chi ra trong hai nhan xét sau:

e Néux”. left*.rightmost > a thi chi can tim trong nhanh con tri cta x*
1a di1, boi néu tim trong nhanh con trai cta x* khong thay thi chic chan tim
trong nhanh con phai ciing that bai.

e Néu x".left . rightmost < a thi nhanh con trai ciia x* chic chan khong
chira doan nao c¢6 giao vdi [a, b].

Thoi gian thyc hién giai thuat IntervalSearch 1a O(h) v6i h 1a chiéu cao cua

Interval tree. Cac phép thém/bdt doan trong tap S dugc xu 1y nhu trén BST, sau

do6 cap nhat cac truong rightmost, cling c6 thoi gian thyc hién O(h) (= 0(Ign)

néu st dung mot dang BST tu can béng).

b) Tim doan dau tién c6 giao v6i mot doan cho truéc

Trong mdt sd truong hop ching ta can tim nat dau tién trén Interval tree (theo
tht ty gitra) chtra doan ¢ giao véi doan [a, b]. Piéu nay duoc thuc hién dya trén
mot ham dé€ quy FirstintervalSearch nhu sau:
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//Tim doan déu tién giao vdi [a, b] trong nhanh cdy géc xh
function FirstIntervalSearch(x: PNode;
a, b: Real): PNode;
begin
Result := nilT;
if x = nilT then Exit; /Nhdnh réng thitrdvé nilT
if x*.left”.rightmost 2= a then /Néu cé thi phii cé trong nhdinh trii
Result := FirstIntervalSearch(x".left, a, b);
else //Nhinh trdi chic chin khéng cé
if Overlapped(x".s, x*.f, a, b) then
//Doan trong x" co giao vdi [a, b]
Result := x
else //Néu cé thi chi cé trong nhinh phii
Result := FirstIntervalSearch(x”.right, a, b);

end;

c) Liét ké cac doan c6 giao véi mot doan cho truédc

Bai toan dat ra la cho tap S gém n doan, hay liét ké cac doan c6 giao véi doan

[a, b] cho trudc. Di nhién chung ta co thé duyét tat ca cac doan cua S va dung

ham Overlapped dé liét ké cac doan thoa man trong thoi gian ©(n), trén thuc té

khong co thuét toan nao tdt hon trong truong hop xau nhat: Tat ca cac doan cua

S déu co giao véi [a, b].

Tuy nhién chung ta co thé tim mot thuét toan khac ma thoi gian thuc hién gidi

thuat phu thudc vao sb doan dugc liét ké va it phu thudc vao gia tri cua n.

Trudce hét ta xay dung Interval tree chira cac doan cua S. Sau do sir dung thu tuc

Listintervals(Root,a, b) dé liét ké. Thu tuc ListIntervals dugc cai dat nhu

sau:

//Liét ké cdc doan cé giao véi [a, b] trong nhinh cdy goc x*
procedure ListIntervals(x: PNode; a, b: Real);
begin
if x = nilT then Exit;
if x*.left”.rightmost >= a then /Trong nhinh con trii cé thé cé
ListIntervals (x".left); /Liétkétrong nhinh con trdi

Output <« [x".s, x".f]; /Liétké
if x"~.s <= b then /Trong nhinh con phii cé thé cé

if Overlapped(x”.s, x*.f, a, b) then /Doagn chira trong x" cé giao
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ListIntervals (x".right) ; /Li¢tké trong nhinh con phdi
end;

Thoi gian thyc hién giai thuat 1a 0(Ign + m) véi m 1a sé nat duoc liét ké

7.4. Tom tiit vé ky thugt cai dgt

Con rat nhiéu ung dung khac lién quan t6i cau trac cAy nhi phan, nhung chi véi
mot s6 tng dung ké trén, ta c6 thé thiy rang cdy nhi phan 1a mot cu trac dir lidu
tot dé biéu dién danh sach: Bang co ché danh sb nat theo thr tu giita, chung ta
¢6 hinh anh mot danh sach véi cac nut duoc sép thu tu, qua do co thé cai dat cac
phép chén/xoda va truy cdp ngau nhién rat hiéu qua.

Tai sao lai 1a thr tu gitra ma khong phai thir tu trude hay thir ty sau? Mac du céc
thao tac co ban nay van c6 thé cai dit néu cac nit cua cay duoc danh sé theo tht
tu trude (hodc sau), nhung ching ta sé gap phai kho khan khi thuc hién thao tac
can bang ciy. Hién tai hau hét cac k¥ thuat cin bang cdy nhi phan (trén cay
AVL, cay d6 den, cdy Splay hay Treap) déu dua vao phép quay, ma phép quay
thi khong bdo toan thu ty trudc va thr ty sau cua cac nut. Néu nhu chung ta
khong can sir dung phép quay (nhu bai toan tim hoan vi Josephus) thi hoan toan
c6 thé danh sb cac nit trén cay theo thtr ty trudce hodc thu tu sau.

Mot cha ¥ quan trong nira 1a co ché luu trir va dong bd héa thong tin phu tro.
Thong thuong d6i véi cac bai toan sir dung cdy nhi phan, mdi nat s& c¢6 chua
mot thong tin dé hd trg qua trinh tim kiém trén cdy (tai mdi budc thi di tiép sang
nhanh trai hay nhanh phai). Nhu & vi du cdy biéu dién danh sach chung ta sir
dung trudng size chira s nat trong mot nhanh cdy, hay ¢ vi du Interval tree,
ching ta sir dung truong rightmost dé chira ddu mut phai 16n nhat cia mot
doan nam trong nhanh cdy. Thong tin phu tro s& duoc cap nhat mdi khi co su
thay d6i cu trac dé giir tinh dong bo. Co hai nguyén 1y chon thong tin phu tro:
Tht nhat, thong tin phu tro & mdi nat phai 1a thong tin tong hop tir tat ca cac
nut trong nhanh do, thr hai, tuy 13 su téng hop thong tin tir tit ca cic nut trong
nhanh nhung thong tin phu trg c6 thé tinh dwoc chi bing théng tin & gbc
nhanh va hai nit con.

Nhitng rang budc nhu vady dam bao cho quéd trinh dong bo thong tin phu tro
khong 1am tang cép phic tap cia thoi gian thuc hién giai thuat. Viéc thay doi
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thong tin phu tr¢g & mot nut chi kéo theo viéc cdp nhat lai thong tin phu trg &
nhitng nut tién bdi ma thoi .

Chu y cudi cung 1a néu nhu biét trude cay nhi phan s& chi chira cac phan tir
trong mot tap hitu han S, ddng thdi co cach nao d6 tranh khong phai cai dit phép
chén va xoa thi c6 thé dung sdn mot cdy nhi phan gan hoan chinh gom |S| nut.
Khi d6 ching ta loai bo dugc cac con tro lién két va khong can thuc hién céc
phép can bang cdy — hai thtr dé gdy nham 1an nhat trong viéc cai dit cdy nhi
phan.

Ta xét mot vi du cudi cung trude khi két thic bai.

7.5. Diém giao nhiéu nhit
a) Truong hop mét chiéu

Bai toan tim diém giao nhiéu nhit (point of Maximum Overlap — POM) (mét
chiéu) phat biéu nhu sau: Cho n khoang déng trén truc s, khoang dong thir i 1a
[s;, fi] (s; < f;), hdy tim mot diém trén truc sé thudc nhiéu khoang nhét trong s6
n khoang da cho.

Thuét toan dé giai quyét bai toan POM mot chiéu kha don gian: V&i mot khoang
dong [s;, f:], ta goi s; 1a dau mut mad va f; 13 ddu mat dong. Sap xép 2n dau mut
ctia cac khoang da cho tir trai qua phai (tr nho dén 16n), néu nhidu dau mut &
cung toa do thi tat ca ddu mat mé tai vi tri d6 duge Xép cac dau mat dong. Khoi
tao mot bién dém bang 0 va duyét cac diu mut theo thir tu da sip xép, gip dau
mit mo thi bién dém tang 1 con gip dau mut dong thi bién dém giam 1. Qua
trinh két thic, bién dém trd lai thanh 0, noi bién dém dat cuc dai chinh 1 diém
can tim. Gia tri cuc dai cua bd dém dat duoc chinh 1 sb khoang dong phu qua
diém do.

Tuy vay, thudt toan trén khong thyc sy hi¢u qua néu tdp cac khoang dong lién
tuc bién dong di kém v&i nhitng truy van vé POM. Chung ta can xdy dyng cu

* C6 nhing bai toan cu thé st dung cdy nhi phan ma thong tin phu tro khong tuan theo hai nguyén 1y nay,
nhung can dén mot co ché déng b hoa dac biét.
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trac dit liéu dé hd trg cac phép thém/bét khoang va tra 1oi cac truy van vé diém
giao nhiéu nhat hiéu qua hon.

Giai phap 1a ta luu trit cic ddu mut trong mot BST sao cho néu duyét BST theo
thir ty gitra thi ta s& duoc thir tu sap xép néi trén (ddu mat nho hon xép trude va
dau mut mé duoc xép trude ddu mat dong néu ¢ cung vi tri trén truc sd).

Thong tin phu tro thir nhat trong mdi niit x* 12 nhin sign. O day x*.sign = +1
néu nat chira ddu mat mé va x*. sign = —1 néu nat chira dau mut dong.

Thong tin phu trg thir hai trong mdi nit x* 13 truong sum: Tong cla tat ca cac
nhén trong cac nut nam trong nhanh ciy gbc x*. Truong sum duoc tinh theo
cong thuc:

x™. sum = x". left™. sum + x".sign + x*.right”™. sum (7.3)

Thong tin phuy trg thir ba trong mdi nat x* 13 truong maxsum: Cho biét néu ta
duyét nhanh cdy goc x* theo thir tu giita va cong don lan lugt cac truong sign &
mdi nat thi gia tri 16n nhat dat dugc trong qué trinh cong 1a bao nhiéu. Truong
maxsum dugc tinh theo cong thuc:

xN. maxsum
xM left™. maxsum
= maxJ x". left". sum + x". sign
x™. Left".sum + x".sign + x".right™. maxsum

(7.4)

Cong thirc truy hoi (7.3) kha dé hiéu, ta s& phan tich tinh dung dén cua cong

thtc truy hoi (7.4). RS rang trong qua trinh cong don céc trudng sign & mdi nat

vao mot bién dém, gia tri cuc dai cua bién dém nay co thé béng:

e Gia tri 16n nhat dat duoc khi cong xong nhanh con trdi, khi do
x™.maxsum = x". left maxsum.

e Gia tri dat duoc khi cong té61 nat x* ,  khi dé
x™.maxsum = x". left".sum + x".sign

e (Gia tri dat dugc khi cong té1 mdt nit ndo dé6 ¢ nhadnh con phai, khi do
x™.maxsum = x". left".sum + x".sign + x*.right™. maxsum

Vay ta c6 thé 14y gia tri 16n nhat trong ba kha ning nay dé gan cho x*. maxsum.
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Pé tién hon trong viéc tra 101 truy van POM, tai mdi nat ta luu trit mot truong
POM chira diém ma tai d6 qua trinh cong don cac trudong sign dat cuc dai (bing
maxsum). Phép cap nhat POM dugc thuc hién song song vdi qua trinh tinh
maxsum: Tuy theo maxsum dat tai nhanh trai, chinh nut x* hay nhanh phai, ta
s€ cap nhat lai truong POM cua x”".

C6 thé nhan thiy ring truong sum va maxsum tuy 1a thong tin tong hop tir tat
ci cAc nat trong mot nhanh, nhung cé thé tinh dugc chi dwa vao thong tin trong
nat gbc va hai nut con. Thc 1a ta c6 thé duy tri va ddng bd thong tin phu tro
trong moi nat sau mdi phép chén/xdéa ma khong lam ting cip phuc tap cua thoi
gian thuc hién giai thuat.

Vay thi néu n 1a s6 nut trén BST,

e Chén mot doan [s, f] vao tap triru tugng cac khoang dong tuong ung voi
chén mot dau mat s v6i sign = 1 vao BST va chén mot dau mat f véi
sign = —1 vao BST. Thoi gian O(Ign).

e Xoéa mot doan [s, f] tuong Gmg voi x6a di dau mut s va dau mut £ khoi
BST. Thoi gian O(Ign).

e Tra 10i truy van POM, chi can truy xuit root”. POM. Thoi gian 0(1).

b) Truong hop hai chiéu

Bai toan tim diém giao nhiéu nhét (hai chiéu) dwoc phat biéu nhu sau: Cho n
hinh chit nhat danh sd tir 1 t&i n trong mit phang truc giao Oxy. Cac hinh chi
nhat cé canh song song vdi cac truc toa do. M&di hinh chir nhat dugc cho boi 4
toa d6 xq, V1, X2, y, trong d6 (x4, y,) 1a toa d6 goc trai dudi va (x,,y,) la toa do
goc phai trén (x; < x,,y; < y,). Hiy tim mot diém trén mat phang thudc nhiéu
hinh chit nhat nhat trong s6 cac hinh chit nhat di cho (diém nam trén canh mot
hinh chit nhat van tinh 1a thudc hinh chir nhat do).

Bai toan POM hai chiéu 1a mot trong nhiing vi du hay vé k¥ thuat cai dat, ching
ta s& viét chuong trinh day du giai bai toan POM hai chiéu voi khudn dang
Input/Output nhu sau.

Input

e Dong I chira s6 nguyén duong n < 10°.
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e 1 dong tiép theo, dong thir i chira 4 s6 nguyén duong x4, vy, x5, V. (—10° <
X1 <Xy < 109, -10° < V1 <Y < 109)

Output

Diém giao nhiéu nhét va s6 hinh chit nhat chira diém giao nhiéu nhit.
Sample Input | Sample Output
4 point of Maximum Overlap: (4, 3)
1357 Number of Rectangles: 3
31614
4285
6587

Q Bién déi toa dj

Mbi hinh chit nhat tuong (mg vé6i hai canh ngang (canh day va canh dinh) va hai

canh doc (canh trai va canh phai). Nhu vay c6 tat ca 2n canh ngang va 2n canh

doc. Sap xép hai diy toa d6 nay theo quy tic sau:

e Day 2n canh doc duoc xép theo thir ty tang dan theo hoanh do (trai qua
phai), néu nhiéu canh doc & cung hoanh dg thi nhitng canh trai dugc Xép
trudc nhitng canh phai.

e Diy 2n canh ngang dugc xép theo thir tu ting dan theo tung d6 (dudi lén
trén), néu nhiéu canh ngang & cung tung do thi nhitng canh day duoc xép
trude nhitng canh dinh.
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Sau d6 ta 4nh xa hoanh d6 mdi canh ngang ciing nhu tung do mdi canh doc
thanh chi s6 ctia n6 trong hai day da sip xép.

Toa d6 nhirng hinh chit nhat ban dau s& bi bién ddi qua anh xa nay, tuy nhién ta
6 thé tim POM trong tap cac hinh chit nhat méi va anh xa nguoc toa d6 POM
thanh toa do ban dau. Vi du:

8
7 7
6 6
5 5
4 e e =
3 C iBmns
2 2
1 1
ol v 2 3 4 s 6 7 8 Ol 1 2 3 4 s 6 7 8

Hinh 1.19. Phép danh xa toa dj

Phép bién ddi nay co nhirng cong dung:

e Téit ca cac hoanh do cua canh doc cling nhu tat ca cac tung do cua canh
ngang trd thanh 2n sé nguyén hodn toan phan biét.

e Cho du toa d¢ ctia c4c hinh chit nhét ban dau ¢ thé rat 16n, hodc 1a s thuc,
qua anh xa nay chung ta s€ chi xur ly cac toa do nguyén 1,2, ...,2n.

e Toa d6 POM c6 thé dnh xa nguoc lai dé dang. Béi khi xac dinh dugc diém
giao nhiéu nhit ndm trén duong ngang thir may va duong doc thir may, ta c6
thé chiéu vao hai diy toa do ban dau dé tim toa do trudc khi 4nh xa.

Ban c6 thé thic mic rang POM c6 thé khong nam trén duong ngang ciing nhu
duong doc nao (nhu vi du trén co thé ta tim duoc POM 1a (3.5,3.5) trén ban do
anh xa). Khi d6 ta c6 thé xac dinh POM nam gitta hai dudng ngang lién tiép nao
va nam gitra hai duong doc lién tiép ndo, sau d6 anh xa ngugc lai. Tuy nhién
khong can phai ric réi nhu vay, thuat toan ma ching ta s& trinh bay ludn tim
duoc POM nam trén giao ctia mot dudng ngang va mot dudng doc.
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Q Pwong quét ngang

G diém giao nhiéu nhit c6 toa do (a, b), khi d6 néu ta xét duong thang y = b,
n6 sé cit ngang qua mot sd hinh chir nhat. Giao cia cac hinh chit nhat véi dudng
thang y = b tao thanh cac khoang déng trén duong thing d6. Khi do toa do a
chinh 13 diém giao nhiéu nhét cta cac khoang dong (mot chiéu).

8

7

6

1 2 3 4 5 6 7 8

Vi du nhu v6i ban d6 trén, ta xét dudng thang y = 3, no s& cit ngang qua 3 hinh

chit nhat tao thanh 3 khoang dong: [1,4]; [2,6]; [3,8]. Piém giao nhiéu nhit cia 3

khoang dong nay 1a diém x = 3 (hay bat cir diém nao nim trong doan [3,4]).

Vay POM tuong tng c6 toa do (3,3).

Thuat todn tim POM hai chiéu c6 thé trinh bay nhu sau: Xét tit ca cac dudng

thang nam ngang c6 phuong trinh y = b, v6i mdi duong d6 ta xét cac giao véi

cac hinh chit nhat da cho va tim diém giao nhiéu nhit, ghi nhan lai diém giao

nhiéu nhat trén tat ca cac gia tri b da thir.

Chiing ta s& phai thir voi bao nhiéu duong thang dang y = b?, c6 thé nhan thay

ré“mg chi can thir véi 1an lugt cac gia tri b = 1,2, ...,2n 1a du.

R rang véi b = 0, tap cac khoang dong tao ra trén dudng thang y = 0 1a rdng.

Sau khi xét xong mdi duong thang y = b, xét tiép dén duong thangy = b + 1,

c6 hai kha nang xay ra:

e Néu dudng y = b+ 1 13 mot canh day cta hinh chit nhat (xq,yy, X5, ¥5)
(y; =b+1), ta bd sung [x;,x,] vao tdp cac khoang doéng (thoi gian
O(lgn)) va tim POM (0(1)).
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e Néu dudng y = b+ 1123 mot canh dinh cua hinh chit nhat (x;, yq, X2, V5)
(y2=b+1), ta loai bo [xq,x,] khoi tdp cac khoang dong (thoi gian
0(lgn)).

Q Dung sin BST
Nhic lai trong k¥ thuat cai dat bai todn tim POM mot chiéu, ta sir dung BST
chtra cac ddu muat cua cic khoang doéng. Tuy nhién do cac ddu mat 1a cac sb
nguyén hoan toan phan biét trong pham vi 1,2, ...,2n, nén ta ¢ thé dung sin cay
nhi phan chita 2n nat, moi nut s& chira mot dau mat v4i nhan Si gn=+1 néu do6
1a dau mat mo, Sign = —1 néu d6 1a dau mat dong va Sign = 0 dé danh dau
dau mut d6 khong c6 hiéu luc (do khoang déng tuwong tmg chua dugce xét dén
hodc da bi loai bo). C6 thé thiy ring cich gan gia tri Sign = 0 nay khong lam
anh huong dén tinh ding dén cua cong thirc (7.3) va (7.4).
Cay nhi phan dung sin duoc biéu dién boi mot mang tree[0 ... 2n], mdi phan tu
1a mot ban ghi chira cac truong point: toa do diém, sign: Nhan dau muat
€ {—1,0, +1}, sum, maxsum va POM. Y nghia cua cac truong duoc giai thich
nhu trén. Nut gbc cta cdy la tree[1]. Nut i c6 con trai 1a 2i va con phai la
2i + 1. Hai ham left va right dudi day tra vé nat con trai va con phai ctia mot
nut, (tra vé 0 trong truong hop nat i khong ¢ con trai hodc con phai)

function valid(x: Integer): Boolean;
begin
Result := x <= 2 * n;
end;
function left (x: Integer): Integer;
begin
if IsNode(x * 2)
else Result := 0;
end;

then Result := x * 2

function right (x: Integer): Integer;

begin
if IsNode(x * 2 + 1) then Result := x * 2 + 1
else Result := 0;

end;

Vi néu nat khong ¢ con trai (phai) thi ham left (right) tra vé 0, ta s& gan céc
trudng sum va maxsum cua tree[0] bang 0 cho tién cai dit.
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Q Cai dat
POM.PAS v Piém giao nhiéu nhat

{$MODE OBJFPC}
program PointOfMaximumOverlap;
const max = 100000;
type
TEndPointType = (eptOpen, eptClose);
TEndPoint = record /Kiéu diu mit ciia khodng déng
value: Integer; /Toadj
ept: TEndPointType; /Logi: diu mit mé hay dau mit déng
rid: Integer; //Chisé hinh chiv nhit twong iing
end;
TRect = record /Kiéu hinh chir nhit
x1, yl, x2, y2: Integer; /xl,yl): Trii Dudi, (x2, y2): Phdi Trén
end;
TEndPointArray = array[l..2 * max] of TEndPoint;
//Kiéu danh sich cdc dau mut
TNode = record //Théng tin nit ciia cdy nhi phin
point: Integer;
sign: Integer;
sum, maxsum: Integer;
POM: Integer;
end;
var
%, y: TEndPointArray;
r: array[l..max] of TRect;
tree: array[0..2 * max] of TNode;
ptr: array[l..2 * max] of Integer;
n, ResX, ResY, m: Integer;
procedure Enter; /Nhdp dili¢u
var i, Jj: Integer;

begin
ReadLn (n) ;
for i := 1 to n do /Doc2ntoadpxvalnitoadpy
begin
j =2 *n+ 1 - 1i;

Read (x[1] .value) ;
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x[1i] .Ept
x[1].rid

eptOpen;

1y
Read(y[i] .value);
y[i] .Ept := eptOpen;
y[i].rid := i;
Read(x[j] .value);

x[j].Ept := eptClose;
x[3].rid = 1i;
Read(y[j].value);
y[j].Ept := eptClose;
y[j]l.rid = 1i;

end;

end;
operator < (const p, g: TEndPoint): Boolean;

//p sé dwoc xép trude q néu...

begin
Result := (p.value < g.value) or
(p.value = g.value) and (p.Ept < g.Ept):;
//Open < Close
end;

procedure Sort (var k: TEndPointArray);
//Sip xép danh sich cic dau miit
procedure Partition(L, H: Integer);
var
i, j: Integer;
Pivot: TEndPoint;

begin
if L. > H then Exit;
i := L + Random(H - L + 1);
Pivot := k[i];
k[i] := kI[L];
i = L;
J = H;
repeat

while (Pivot < k[]J]) and (i < j) do Dec(j):
if i < j then
begin
k[i] := k[3];
Inc (i) ;
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end

else Break;

while
if 1 < j
begin
k(3]

(k[1i]

< Pivot) and

then

(i < j) do Inc(i);

= k[i];

Dec(3);

end

else Break;

until i =
k[i] :=

Partition(L, i -
Partition(i + 1,

end;
begin
Partition (1,
end;

37
Pivot;

1);
H);

2 * n);

procedure RefineRects; /Anhxatoadp

var i: Integer;
begin

for i :=

begin

with x[i]

if ept

else r[rid] .x2

with y[i]
if ept
else r|

end;
end;

function valid(x:

begin
Result := x
end;

function left (x:

begin
if valid(x *

else Result

1 to

<=

2 * n do

do
= eptOpen then r[rid].
= 1i;

do

= eptOpen then r[rid]
rid].y2

.yl =1
= iy

Integer) : Boolean; //Nutcé hgp lé khong

2 * n;
Integer):

Integer; //Tim nit con trdi ciia Node

2) then Result := x * 2 //Nutcon trdi hop I¢

:= 0; //Néu khong trivé 0




end;
function right (x: Integer): Integer; /Tim nitcon phdi ciia Node

begin

if valid(x * 2 + 1) then Result := x * 2 + 1
//Nut con phdi hop 1¢é

else Result := 0; /Néukhéng trivéo
end;

procedure BuildTree; /Dungsin BST gom 2n niit
var
i: Integer;
procedure InOrderTraversal (x: Integer);
//Duyét cdy theo thir tw gitia
begin
if not valid(x) then Exit;
InOrderTraversal (x * 2);

Inc (i) ;
tree([x].point := 1i; /Pwa diém ivio nit Node
ptr(i]l := x;  /ptrfi]: Nit chiva diém toa @3 i trong BST
InOrderTraversal(x * 2 + 1);
end;
begin

FillByte (tree, SizeOf (tree), O0); /sum, maxsum :=0
i = 0;
InOrderTraversal (1) ;

end;

//target := Max(a, b, ¢)

function ChooseMax3 (var target: Integer;

a, b, c: Integer): Integer;
begin
target := a;
Result := 1; /Trivél néu Max dat tai a
if target < b then
begin
target := Db;
Result := 2; //Trivé2néu Max dat tai b
end;
if target < ¢ then
begin
target := c;
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Result := 3; //Trivé3 néuMaxdat tgic
end;
end;
//DPdt nhdn sign = s cho niit mang toa dé p trong BST
procedure SetPoint (p: Integer; s: Integer);
var
Node, L, r, Choice: Integer;

begin
Node := ptrlp]; //Xdcdinh mitchira diémp
tree[Node] .sign := s; //Ddtnhdn sign

repeat //Cip nhit théng tin phu tre tir Node Ién géc 1
L left (Node) ;
r right (Node) ; //L:Con trdi; r: Con phdi
//Tinh truwong sum
tree[Node] .sum := tree[Node].sign + tree[L].sum
+ treelr].sum;

//Tinh truong maxsum

Choice := ChooseMax3 (tree[Node] .maxsum,
tree[L] .maxsum,
tree[L].sum + tree[Node].sign,
tree[L].sum + tree[Node].sign

+ tree[r].maxsum);
case Choice of //Tinh POM tiy theo maxsum dat tai ddau

1: tree[Node] .POM := treel[L].POM; //Dattginhdnh trdi
2: tree[Node] .POM := tree[Node].point;
//Dat tai chinh Node

3: tree[Node] .POM := tree[r].POM; //Dattginhdnh phdi

end;

Node := Node diwv 2; //Pilén niitcha

until Node = 0;
end;

//Thém mét doan [x1, x2] vao tip cin tim POM
procedure InsertInterval (x1l, x2: Integer);
begin
SetPoint (x1, +1); //Pdtnhdn diu mitméla+1
SetPoint (x2, -1); //Pdtnhdn diumitdéngla-1
end;
//Loai m¢t doan [x1, x2] khéi tip cin tim POM (dgt nhdn ciia hai dau miit thanh 0)
procedure Deletelnterval (x1, x2: Integer);




begin
SetPoint (x1, 0);
SetPoint (x2, 0);
end;
procedure Sweep; //Sidung cdcdong quét ngang dé tim POM
var
sweepY, POM: Integer;
begin
BuildTree;
m := 0;
for sweepY := 1 to 2 * n do //Xétcdcduwong quéty=1,2,..,2n
with y[sweepY] do
if ept = eptOpen then //Quétvao mjtcanh ddy
begin
InsertInterval (r[rid] .x1, r[rid].x2);
//Thém mét dogn vao tip tim POM
if tree[l].maxsum > m then
//POM méi la giao ciia nhiéu hinh chi¥ nhat hon POM cii

begin
m := treel[l].maxsum;
POM := tree[l].POM;
//Anh xa ngwoc lai, tim toa d¢
ResX := x[POM] .value;
ResY := y[sweepY].value;
end;

end
else //Quétvao mét canh dinh
DeleteInterval (r[rid].x1, r[rid].x2):;
end;
procedure PrintResult;
begin
WriteLn ('Point of Maximum Overlap:
(', ResX, ', ', ResY, ")");
Writeln ('Number of Rectangles: ', m);
end;
begin
Enter; //Nhap ditli¢u
Sort (x);
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Sort (y); //Sdpxép haiddy tea dj
RefineRects; //Anhxasang tea djp méi
Sweep; //Sidung duong quét ngang dé tim POM
PrintResult; //Inkétqua

end.

Thoi gian thyc hién giai thuat tim diém giao nhiéu nhat ctia n hinh chir nhat la
O(nlgn).

Bai tap

1.30.

1.31.

1.32.

1.33.

1.35.
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Cho m¢t BST chtra n khoa, va hai khoa a, b. Nguoi ta mudn liét ké tat ca
cac khoa k cta BST thoa man a < k < b. Hay tim thuat toan O(m + 1gn)
dé tra 101 truy van nay (m 1a s6 khoa duoc liét ké).

Cho n 13 mét s6 nguyén duong va x = (xq, Xy, ..., X,) 12 mot hodn vi cia
day s6 (1,2,..,n). VéiVi:1 <i < n, goit; la s6 phan tir dimg trudc gia
tri  ma 16n hon i trong day x. Khi d6 day t = (t,t,, ..., t,) dugc goi la
day nghich thé cua diy x = (x1, X, ..., Xp,).

Vi du véi n =6, diy x = (3,2,1,6,4,5) thi diy nghich thé cta no la
t =(2,1,0,1,1,0)

Xay dung thuét toan O(nlgn) tim day nghich thé tir diy hoan vi cho trudc
va thuat toan O(nlgn) dé tim diy hoan vi tir diy nghich thé cho trudc.
Trén mat phéng vo1 hé toa do truc giao Oxy cho n hinh chit nhat c6 canh
song song v&i cac truc toa do. Hay tim thuat toan O(nlgn) dé tinh dién
tich phan mit phang bi n hinh chir nhat d6 chiém chd.

Cho n dy cung ciia mot hinh tron, khong ¢ hai diy cung nao chung dau
mit. Tim thuét toan O(nlgn) xac dinh sé cip ddy cung cit nhau bén trong
hinh tron. (Vi du néu n day cung déu 1a duong kinh thi s6 cap 1a (3)).

Trén truc s6 cho n doan dong, doan thir i 1a [a;, b;], (a;, b; € N). Hay chon
trén truc s6 mot sd it nhat cac diém nguyén phéan biét sao cho co it nhat c;
diém dugc chon thudc vao doan thir i. (1 <n < 1050 < a;, b;, ¢; < 10%).




1.36. Ban d6 mot khu dat hinh chit nhat kich thude m x n duge chia thanh luéi
6 vuong don vi. Trén d6 c6 danh dau k 6 trong cay (m,n, k < 10°). Nguoi
ta mudn giai phong mot mit bang nam trong khu dat nay. Ban d6 mit bang
c6 cac rang budc sau:

e Canh mit bang 1 s6 nguyén

o Mait bﬁng chiém tron mot s6 6 trén ban dd

e Canh mit bang song song v&i canh ban do
Hay tra 161 hai cau hoi:

e Néu mubdn xay dyng mit bang véi canh 1a D thi phai giai phong it nhét bao

nhiéu 6 trong cay?

e Néu khong mudn giai phong 6 trong cay nao thi co thé xdy dung dugc mit

bang voi canh 16n nhét 1a bao nhiéu?

1.37. Mot bo n < 10° 14 bai dugc xép thanh tap va mdi 14 bai duoc ghi sb thir ty
ban dau cua 14 bai d6 trong tap bai (vi tri cac 14 bai dugc danh s tir 1 t6in
tir trén xudng dudi).

Xét phép trao ky hiéu boi S(i,j): rat ra 14 bai thir i va chén 1én trén 14 bai
thr j trong sé n — 114 bai con lai (1 <i,j <n), quy udc rang néuj = n
thi 14 bai thtr i s€ dugc dat vao vi tri dudi cung cua tap bai.
Viduvoin==6
5(2,3)
(1,[2]3,456) — (1,3,[2] 4,5,6)
5(1,2)
(1] 3,2,456) — (3,[1],2,4,5,6)
S(4,5)
(3,1,2,[4],56) — (3,1,2,5,[4] 6)

(131 1,2,5,4,6) 28 (1,2,5,4,6,[3])
Nguoi ta trao bd bai bang x phép trao (x < 10%). Ban duoc cho biét x
phép trdo @6, hiy sir dung thém it nhit cdc phép trio nira dé dua cac 14 bai
vé vi tri ban dau. Nhu & vi du trén, ching ta can sir dung thém 2 phép trao
5(6,3) va S(5,4).
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Chuyénad 7

PO THI

1. DPwéng di ngan nhat

1.1. Do thi c6 trong sé

Trong cac tmg dung thyc té, chang han trong mang ludi giao thong, nguoi ta
khong chi quan tdm dén viéc tim dudng di gitta hai dia diém ma con phai lya
chon mot hanh trinh tiét kiém nhét (theo tiéu chuan khong gian, thoi gian hay
mot dai lwong ma chung ta can giam thiéu theo hanh trinh). Khi d6 nguoi ta gan
cho mdi canh ciia 6 thi mot gia tri phan anh chi phi di qua canh d6 va c6 gang
tim mot con dudng ma tong chi phi cac canh di qua la nho nhat.

Do thi c6 trong s6 1a mot bo ba G = (V, E,w) trong d6 G = (V, E) 1a mot dd thi,
w 1a ham trong sb:

wE— R
e — w(e)

Ham trong sb gan cho mdi canh e cua dd thi mét s thuc w(e) goi la trong )
(weight) ctia canh. Néu canh e = (u, v) thi ta ciing ky hiéu w(u, v) = w(e).
Tuong tu nhu dd thi khong trong sb, co nhiéu cach biéu dién d6 thi co trong )
trong may tinh. Néu ta str dung danh sach canh, danh sach ké hay danh sach lién
thudc, moi phan tir cua danh sach s& chira thém mot thong tin vé trong sb cia
canh tuong tmg. Truong hop biéu dién don do thi gdm n dinh, ta con c6 thé sir
dung ma tran trong s6 W = {Wy,,}xn trong d6 wy, 13 trong sé cua canh (u, v).
Trong trudng hop (u,v) € E thi tly bai toan cu thé, wy,, s& duoc gan mot gia tri
dic biét d¢ nhan biét (u, v) khong phai 1a canh (ching han c¢6 thé gén bing +oo,
0 hay —o0).

Puong di, chu trinh trong d6 thi c6 trong sd ciing duoc dinh nghia giéng nhu
trong truong hop khong trong sd, chi ¢ khac 1a do dai duong di khong tinh
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bang s canh di qua, ma duoc tinh bang tong trong sb ciia cac canh di qua. Do
dai ctia mot duong di P duwoc ky hiéu la w(P).

1.2. Duong di ngan nhit xudt phat tir mgt dinh

Bai toan tim dudng di ngin nhat xudt phat tir mot dinh (single-source shortest

path) duoc phat biéu nhu sau: Cho dd thi co trong s6 G = (V, E,w), hiy tim cac

duong di ngan nhét tir dinh xuat phat s € V dén tat ca cac dinh con lai cua dd

thi. P dai cua duong di tur dinh s téi dinh t, ky hiéu 6 (s, t), goi la khodng cach

(distance) tir s dén t. Néu nhu khong ton tai duong di tir s t6i t thi ta s& dat

khoang cach d6 bang +oo. C6 mot vai bién d6i khac cua bai toan tim duong di

ngan nhét xuét phat tir mot dinh:

e Tim céac con dudng ngin nhat tir moi dinh t&i mot dinh ¢t cho trude. Bang
cach dao chiéu cic cung ciia d6 thi, chung ta c6 thé quy vé bai toan tim
duong di ngin nhat xuat phat tir t.

e Tim dudng di ngan nhat tir dinh s t6i dinh t cho trudc. Di nhién néu ta tim
duge dudng di ngin nhit tir s t6i moi dinh khac thi bai toan tim duong di
ngan nhat tir s toi t ciing s& dugc giai quyét. Hon nita, van chua c6 mot
thuat toan nao tim dudng di ngin nhat tir s t6i t ma khong can quy vé bai
toan tim dudng di ngin nhat tir s t6i moi dinh khéc.

e Tim duong di ngin nhét giita moi cip dinh ciia do thi: Mic du c6 nhing
thuat toan don gian va hiéu qua dé tim dudng di ngin nhét gitra moi cap
dinh, ching ta van c6 thé giai quyét bang cach thyuc hién thuat toan tim
duong di ngén nhét xuét phat tr mot dinh v6i moi cach chon dinh Xuét phat.

a) Cau tric bai toan con t6i uu

Céc thuat toan tim duong di ngin nhat ma ching ta s& khao sat déu dwa vao mot
dic tinh chung: Mdi doan duong trén dudng di ngin nhat phai 1a mot duong di
ngan nhit.

Dinh ly 1-1

Cho dd thi ¢o trong s6 G = (V,E,w), g0i P = (vy, vy, ..., V) 12 mot dudng di
ngdn nhat tir vy t6i vy, khi d6 véi moi i,j:1 <i<j <k, doan dudng P;; =

(Vi, Vig1, .-, V) la mOt duong di ngan nhat tir v; t6i v;.
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Chiing ta sé& thdy rang hau hét cac thuat toan tim duong di ngin nhat déu 1a thuat
todn quy hoach dong (vi du thuat toan Floyd) hoac tham lam (vi du thuat toan
Dijkstra) boi tinh chét bai toan con tdi vu néu ra trong Pinh Iy 1-1.

Néu nhu d thi ¢6 chu trinh 4m (chu trinh v&i 6 dai 4am) thi khoang cach giita
mot sb cap dinh nao d6 co thé khong xac dinh, bdi vi bﬁng cach di vong theo
chu trinh nay mot sé 1an du 16n, ta co thé chi ra duong di giita hai dinh nao do
trong chu trinh nay nho hon bat ky mot s cho trudc nao. Trong truong hop nhu
vay, co thé dat van dé tim duong di don ngin nhat. Van dé d6 lai 1a mot bai toan
NP-dﬁy da, hién chua ai chung minh duogc su ton tai hay khong mdt thuat toan
da thic tim duong di don ngin nhét trén d6 thi c6 chu trinh am.

b) Quy vé bai toan do khoang cach

Néu nhu do thi khong ¢ chu trinh 4m thi c¢6 thé chimg minh dugc ring mot
trong nhitng dudng di ngan nhat 1a duong di don. Khi d6 chi can biét duoc
khoang cach tir s toi tat ca nhitng dinh khac thi dudng di ngan nhét tir s toi t co
thé tim dugc mot cach dé dang qua thuat toan sau:

Trude tién ta tim dinh v, # t && §(s,t) = 8(s,v;) + c(vy, t). D& thdy rang ludn
ton tai dinh v; nhu vy va dinh d6 s& la dinh dung lién trude t trén dudng di
ngan nhat tir s t6i t. Néu v; = s thi duong di ngin nhét 1a duong di truc tiép
theo cung (s, t). Néu khong thi van d¢ tr¢ thanh tim dudng di ngan nhat tir s toi
v, . Va ta lai tim dwoc mot dinh v, € {t,1;} dé 8(s,v;) = 6(s,v,) +
c(v,,t)...Ctr tiép tuc nhu vay sau mot sd hiru han bude cho téi khi xét ti dinh
v, =5, Ta c6 day t = vy, V4, Uy, ... Uy = S khong chura dinh 13p lai. Lat nguoc
thir ty day cho ta duong di ngan nhat tir s tdi ¢.

onl “
(%) ()
c) Nhan khoéang céach va phép co

Tat ca nhitng thuat toan chang ta s& khao sat dé tim duong di ngan nhat xuét
phét tir mot dinh déu sir dung k¥ thuat gan nhan khoang cach: Voi mdi dinh
v € V, nhan khoang cach d[v] 1a d6 dai mot duong di nao d6 tur s téi v. Trong
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treong hop chiang ta chua xac dinh duoc duong di nao tu s t6i v, nhan d[v]
dugc gan gia tri +oo.

Ban dau chung ta chua xac dinh dugc bat ky dudng di nao tir s t6i cac dinh khac
nén cac d[v] dugc gan gia tri khoi tao la:

d[v] ={O’“eufzs =12 .1 (1.1)
+oo,n€uv # s
procedure Init;
begin
for Vv €V do d[v] := +«;
d[s] := 0;
end;

Do tinh chat ciia nhin khoang céch, ta c6 d[v] = §(s, v), Vv € V. Céc thuit toan
tim duong di ngin nhét s& cuc tiéu hoa din cic nhén d[.] cho t6i khi d[v] =
5(s,v),Vv € V. Trong cac thut toAn ma ching ta s& khao sat, viéc cuc tiéu hoa
cac nhan khoang cach dugc thuc hién boi cac phép co.

Phép co theo canh (u,v) € E, goi tat 1a phép co (u, v) duoc thuc hién nhu sau:
Gia sur ching ta da xac dinh dugc d[u] la d6 dai mot duong di tir s tGi u, ta ndi
thém canh (u, v) dé duoc mot dudng di tir s toi v véi d6 dai du] + w(u, v).
Néu duong di ndy c6 d6 dai ngan hon d[v], ta ghi nhan lai d[v] bang d[u] +
w(u,v). Piéu nay c6 nghia 1a néu s ~ u ndi thém canh (u,v) lai ngan hon
duong di s ~ v dang c6, thi ta hiy bé duong di s ~ v hién tai va ghi nhén lai
duong di s ~» v moi la duong dis > u - v.

dlu]. %

Hinh 2.1. Phép co

C6 thé hinh dung hoat dong ctia phép co nhu sau: Ciang mot doan day dan hoi
doc theo dudng di s toi v, doan day s& din ra t&i d6 dai d[v]. Tiép theo ta thu
lay doan day d6 cing doc theo duong di tir s t6i u r6i ndi tiép dén v. Néu doan
day bi chung xudng (co lai) hon so voi cach cang cii, ta ghi nhan duong di twong
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g voi cach cing méi, néu doan day khong chung xudng (hodc cing thém) thi

ta van giit doan day d6 cing theo duong cii. Chinh vi phép co khong lam “dai”

thém d[v], ta néi rang d[v] bi cuc tiéu hoa qua phép co (u, v).

Phép co (u, v) dugc thuc hién boi ham Relax, ham nhéan vao canh (u,v) va tra

vé True néu nhan d[v] bi giam di qua phép co (u, v):

function Relax (e = (u,v)€EE): Boolean;
begin
Result := d[v] > d[u] + w(e);
if Result then
begin
d[v] := d[u] + w(e); /ewctiéu héa nhin dfv]
tracel[v] := u; /Lwuvétdwong di
end
end;

M&i khi d[v] bi giam xudng sau phép co (u, v), ta luu lai vét trace[v] = u véi

¥ nghia duong di ngan nhét tir s t6i v cho t6i thoi diém dugc ghi nhan s& 1a

duong di qua u trude roi di tiép theo cung (u, v), vét nay duoc sir dung dé truy

vét tim duong di khi thuat toan két thuc.

d) Mot s6 tinh chat va quy uéc

Céc tinh chét sau ddy tuy don gian nhung quan trong dé chirng minh tinh ding

dan cua céac thuat todn trong bai:
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Bit ding thirc tam giac (triangle inequality): V&i mot canh (u, v) € E, ta c6
6(s,v) < 6(s,u) + w(u,v).

Can dudi (lower bound) va su hdi tu (convergence): Cac d[v] sau mot loat
phép co s& giam dan nhung khong bao gid nhé hon khoang cach &(s, v).
Tac la khi d[v] = 6(s,v) (d[v] dat can dudi) thi khong mot phép co nao
lam giam d[v] di dugc nira.

Cay duodng di ngan nhét (shortest-path tree): Néu ta khoi tao cac d[v] va
thuc hién cac phép co cho t&i khi d[v] bang khoang cach tir s téi v (Vv €
V) thi chung ta ciing xdy dung dugc mot cay goc s trong d6 nut v 1a con cia
nut Trace[v]. Puong di trén cdy tir nit g s téi mot nit v chinh 13 duong
di ngan nhat.



e Su khong ton tai dudng di (no path): Néu khong ton tai duong di tir s toi t
thi cho du chiing ta co nhu thé nao ching nita, d[t] luén bang +oo.

Pé tién trong trinh bay thuat toan, ta dua vao mot quy udc khi cong gia tri oo voi

hing sb C. Boi trong may tinh khong c6 khai niém oo, cac chuong trinh cai dat

thuong su dung mot héng sb dac biét dé thay thé, nhung co thé phai di kém voi
vai stra d6i dé hop 1y hoa cac phép toan:

C+ (+2) = (+00) + € =+

€+ (—o0) = (—o0) + C = —o0

Duéi day ta s& xét mot sd thuat toan tim duong di ngan nhat tir dinh s t6i dinh t

trén d6 thi c6 huong G = (V, E) c¢6 n dinh va m cung, cac dinh duoc danh sb tir

1 t6i n. Trong truong hop do thi vo hudng véi trong sé khong am, bai toan tim

duong di ngin nhat c6 thé quy dan vé bai toan tim duong di ngan nhat trén phién

ban c6 hudng cua do thi.

Input

e Dong 1 chira sé dinh n < 10%, s6 cung m < 10° caa db thi, dinh xuét phat
s, dinh dich t.

e mdong tiép theo, mdi dong co dang ba s u, v, w, cho biét (u, v) 1a mot
cung € E va trong sd cua cung d6 1a w (w 13 sé nguyén c6 gia trj tuyét doi
< 10°)

Output

Puong di ngan nhit tir s ti t va do dai duong di do.
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Sample Input Sample Output

6 71 4 Distance from 1 to 4: 15
121 4<-5<-6<-3<-2<-1

10
2
20
3
5
4

o U1 W W N -
U B oY B W Y N

e) Thuat toan Bellman-Ford
Q Thudt toan

Thuét toan Bellman-Ford[5][14] c6 thé sir dung dé tim duong di ngén nhét xuit
phat tir mot dinh s € V trong truwong hep d6 thi G = (V,E,w) khong c6 chu
trinh Am. Thuit todn nay kha don gian: Khéi tao cac nhan khoang cach
d[s] == 0 vad[v] := +o0,Vv # s, sau d6 thuc hién phép co theo moi canh cua
d6 thi. Cir lap lai nhu vay dén khi khong thé cyc tiéu héa thém bat ky mot nhin
d[v] nao nita.

Init;
repeat
Stop := True;
for Ve €E do
if Relax(e) then Stop := False;
until Stop;

Q Tinh ding va tinh dirng

Goi 6, (s,v) 1a @6 dai ngin nhat cua mot duong di tir s t6i v qua dung k canh,
néu khong ton tai duong di tir s téi v qua k canh thi 8, (s, v) = +oo.

Ta chimg minh rang sau mdi lan lip thtr k cua vong lap repeat...until thi
d[v] < 6x(s,v),Vv EV (1.2)

Tai budc khoi tao, 16 rang d[v] = 8,(s,v) . Gia s bat dang thirc (1.2) dung
trude 1an 1ap thi k, ta chimg minh rang bat diang thic van ding sau lan lip thu
k. That vay, duong di ngan nhét tir s toi v qua k canh s& phai thanh 1ap bang
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cach 1dy mot duong di ngan nhét tir s t6i mot dinh u nao d6 qua k — 1 canh rdi
di tiép toi v bang cung (u, v): s ~ u = v. Vi thé 6%(s, v) c6 thé duoc tinh bing
cong thuc truy hoi:

O, (s,v) = rblgel‘r/l {6_1(s,u) + w(u,v)}
(uw,v)EE
= min {dlu] + w(u, v)} (1.3)
(uw,v)EE

> d[v]

Bit ding thire thir nhit dung do gia thiét quy nap va cac phép co khong bao gio
lam tang d[u]. Bat ding thirc tht hai ding vi sau khi cing theo tat ca cac canh
(..., v) thi khong thé ton tai u dé d[v] > d[u] + w(u, v) dugc nira.

Trong cac dudng di ngén nhét tir s toi v, s& c6 mot dudng di don (qua khong qua
n — 1 canh). Tac 1a §(s,v) = ming.1<x<pn—1 0x(s,v). Sau n — 1 budc lap cua
vong 1ap repeat...until, ta thu dugc cac d[v] thoa man d[v] < &, (s, v) véi moi
v €V va moi s k =1,2,..,n— 1. Diéu nay chi ra rang: d[v] < 8(s,v),Vv €
V. Mit khac d[v] = §(s,v) (tinh bi chan dudi), vay Vv € V:d[v] = 6(s,v) sau
n — 1 budc lap repeat...until, diéu nay ciing cho thay thuét toan Bellman-Ford
s& két thiic sau khong qua n — 1 bude lap repeat. ..until.

Q Cai dat

Cach biéu dién d0 thi tot nhat dé cai dat thuat toan Bellman-Ford 1a st dung
danh sach canh. Danh sach canh cua d6 thi dugc luu trit trong mang e[1...m],
mdi phan tir cia mang 1a mot ban ghi chira chi sé hai dinh dau mat u, v va trong
s6 w tuong Ung véi mot canh

BELLMANFORD.PAS v Thuit toan Bellman-Ford

{$MODE OBJFPC}
program BellmanFordShortestPath;
const
maxN = 10000;
maxM = 100000;
maxW = 100000;
maxD = maxN * maxW;
type
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TEdge = record //Ciu triic biéu dién cung
x, y: Integer; //Pinhdiuvadinh cudi
w: Integer; //Trongsé
end;
var
e: array[l..maxM] of TEdge; //Danh sdch cung
d: array|[l..maxN] of Integer; //Nhdn trongsé
trace: array[l..maxN] of Integer; //Vét
n, m, s, t: Integer;
procedure Enter; //Nhdp diili¢u
var i: Integer;
begin
ReadLn(n, m, s, t);
for i := 1 to m do
with e[i] do Readln(x, y, Ww);
end;
procedure Init; //Khéitao
var v: Integer;

begin
for v := 1 to n do d[v] := MaxD; //Cdcnhdnd[v]:=+c0
d[s] := 0; //Ngogitrird[s]=0
end;
function Relax (const e: TEdge): Boolean; //Phép cotheo canhe
begin
with e do
begin
Result := (d[x] < maxD) and (d[y] > d[x] + w);
if Result then //Codugc
begin
dly] := d[x] + w; //Cuctiéuhéanhdn dfv]
tracely] := x; //Luuvét
end;
end;
end;

procedure BellmanFord;
var

Stop: Boolean;

i, CountLoop: Integer;
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begin

for CountLoop := 1 to n - 1 do //Liptsidan-1lin
begin
Stop := True; //Chwa cé su thay dsi nhéin nao
for i := 1 to m do
if Relax(e[i]) then Stop := False;
if Stop then Break; //Khéng nhdn nao thay déi, dirng
end;
end;
procedure PrintResult; //Inkétqui
begin
if d[t] = maxD then //d[t] =+, khéng c6 duwong
WriteLn ('There is no path from ', s, ' to ', t)
else
begin
WriteLn('Distance from ', s, ' to ', t, ':
', dlit]l);
while t <> s do //Truyvéttirt
begin
Write(t, '<-');
t := tracelt];
end;
Writeln (s) ;
end;
end;
begin
Enter;
Init;
BellmanFord;
PrintResult;

end.

D@ thay rang thoi gian thuc hién giai thuat Bellman-Ford trén d6 thi G(V, E,w)
la O(|VIIE]).
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f) Thuat toan Dijkstra

Q Thudt toan

Trong trudng hop d6 thi G = (V, E,w) ¢6 trong sb trén cic cung khong am,
thuat toan do Dijkstra [8] dé xuat dudi day hoat dong hiéu qua hon nhiéu so véi
thuat toan Bellman-Ford boi qua trinh stra nhan s€ chi xét méi canh t6i da mot
lan. Tai mdi budc, thuat toan di tim dinh u ma nhan d[u] di dat can dudi bang
8(s,u). Nhan d[u] chic chian khong thé cuc tiéu hoa dugc nita, khi d6 thuat toan
méi tién hanh cyc tiéu hoa cac nhin d[v] khac bang cac phép stra nhdn theo
canh (u, v). Céac bude cu thé dugc tién hanh nhu sau:

Budc 1: Khoi tao

Goi thii tuc Init dé& khoi tao cac nhdn khoang cach d[s]:=0 va d[v] =
+00,Vv # 5. Mot nhan d[v] goi 12 ¢6 dinh néu ta biét chic d[v] = §(s,v) va
khéng thé cuc tiéu hoa d[v] thém nira bang phép co, nguoc lai nhan d[v] goi 1a
tw do. Ta s& danh ddu trang thdi nhin bang méang avail[l..n] trong o
avail[v] = True néu nhin d[v] con tu do. Ban dau tat ca cac nhan déu tu do.
Budre 2: Lip, buéde 1ip gdm c6 hai thao tac:

e (b dinh nhin: Chon trong cac dinh c6 nhan tu do, léy ra dinh u Ia dinh co6
d[u] nhé nhét, danh ddu ¢ dinh nhén dinh u (avail[u] := False).

e Sira nhan: Dung dinh u, xét tit ca nhitng dinh v ndi tir u va thuc hién phép
co theo cung (u, v) dé cuc tiéu hoa nhan d[v].

Budc 1ap s€ két thic khi ma dinh dich t duoc ¢d dinh nhin (tim duogc duong di

ngén nhét tur s téi t); hodc tai thao tac ¢ dinh nhan, tat ca cac dinh tu do déu cé

nhin 13 +oo (khong ton tai duong di).

Tai lan ldp dau tién, dinh s c¢6 d[s] nho nhét (bang 0) s& duoc ¢b dinh nhan. Co

thé dat cau hoi tai sao dinh u ¢6 nhin ty do nhé nhéat duoc ¢b dinh nhan tai tung

budc, gia sir d[u] con c6 thé lam nho hon nita thi tit phai c6 mot dinh x mang

nhan tu do sao cho d[u] > d[x] + w(x,u). Do trong s6 w(x, u) khong 4m nén

d[u] > d[x], trai voi cach chon d[u] nhé nhat.

Budre 3: Truy vét
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Két hop voi viée luu vét duong di trén tirng budc sira nhin, thong bao dudng di
ngan nhat tim duoc hodc cho biét khong ton tai duong di.

Q Cai dat

Thuét toan Dijkstra hoat dong t6t nhat néu do thi dugc biéu dién bang danh sach
ké dang forward star. C4u tric danh sach k& dugc khai bao nhu sau:

type
TAdjNode = record //Ciu tric niit ciia danh sdch ké
v: Integer; //Pinhké
w: Integer; //Trongsé canh twong irng
end;
var
adj: array[l..maxM] of TAdjNode; //Ming cdc nit
head: array[l..maxN] of Integer;
//head[u]: Chi sé niit déu tién ciia danh sich ké u

link: array[l..maxM] of Integer;

Mink[i]: Chi s6 niit ké tiép nit adjfi] trong cing mot danh sich ké

Moi dinh u s& twong tng v6i mot danh sach cac niat, mdi nit chira mot dinh v va
trong s6 w cua mot cung (u,v). Tat ca cac nat dugc luu trit trong mang
adj[1..m] va mdi nut s& thudc dung mot danh sach ké. Cac nut thudc danh
sach ké cua dinh u 1a adj[ii], adj[i,], adj[is], trong d6 i, = head[u);i, =
link[i,]; iz = link[i,] ... Day chinh 1a cdu tric dit liéu biéu dién danh sach moc
nbi don, nhung khac vi nhitng phép cai dat truyén thong, ta sir dung mang céc
nut thay cho co ché cap phét bién dong va st dung chi s6 v6i vai trd nhu con tro.

E  DIJKSTRA.PAS v

{$MODE OBJFPC}
program DijkstraShortestPath;

const
maxN = 10000;
maxM = 100000;
maxW = 100000;
maxD = maxN * maxW;
type

TAdjNode = record //Ciu tric niit ciia danh sdch ké
v: Integer; //Pinhké
w: Integer; //Trongsé cung twong iing
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link: Integer; //Chisé niitké tiép trong cing danh sdch ké
end;
var
adj: array[l..maxM] of TAdjNode; //Ming chira tit ci cdc mit
head: array[l..maxN] of Integer;
//head[u]: Chi sé niit diing diu danh sdch ké ciia u
d: array[0..maxN] of Integer; //Nhdnkhoding cdch
avail: array[l..maxN] of Boolean; //Pdnh diutwdo/cédinh
trace: array[l..maxN] of Integer; //Vétdwongdi
n, m, s, t: Integer;
procedure Enter; //Nhdp dili¢u
var i, u: Integer;
begin
ReadLn(n, m, s, t);
FillChar (head[l], n * SizeOf (head[1]), 0);
//Khéi tao cdc danh sdch ké rong
for i := 1 tom do
begin
Readln (u, adj[i].v, adj[i].w);
//Poc mét cung (u, v) trong sé w, dwa v va w vao trong miit adj[i]

adj[i].link := head[ul; //Chén niitadjfi] vio diu danh sich ké ciia u
head[u] := 1i; //Cip nht chisé mitding diu danh sdch ké ciia u
end;

end;
procedure Init; //Khéitao
var v: Integer;

begin
for v := 0 to n do d[v] := MaxD;
//Cdc nhdn d[v] := +c0, d[0]: phin tir cim canh
dls] := 0; //Ngogitricd[s]=0
FillChar (avail[l], n * SizeOf (avail[l]), True):;
//Cdc nhdn déu tw do
end;

procedure Relax(u, v: Integer; w: Integer);
//Phép co theo cung (u, v) trong sé w
begin
if d[v] > d[u] + w then
begin
d[v] := d[u] + w;




end;
procedure Dijkstra; //Thudttodn Dijkstra
var u, v, 1i: Integer;
begin
repeat

//Tim dinh u c6 nhan tw do nhé nhat

u := 0;

for v := 1 to n do

if avail([v] and (d[v] < d[u]) then
u = vy
if (u = 0) or (u = t) then Break;
//u = 0: khéng tén tai dwong di, u = t, xong

avail[u] := False; //Cédinhnhdn dinhu
//Co theo cdc cung néi tir u
i := head[u]; //Duyéttir diudanh sdch ké
while i <> 0 do
begin
Relax(u, adj[i].v, adjl[il]l.w); //Thwc hiénphép co
i := adj[i].link; //Chuyén sang nit ké tiép trong danh sdch ké
end;
until False;
end;
procedure PrintResult; //Inkétqui
begin
if d[t] = maxD then
WriteLn ('There is no path from ', s, ' to ', t)
else
begin
WriteLn ('Distance from ', s, ' to ', t, ':
', dlit]l);
while t <> s do
begin
Write(t, '<-");
t := tracelt];
end;

WriteLn(s);
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end;
end;
begin
Enter;
Init;
Dijkstra;
PrintResult;
end.

Mbéi lugt cua vong ldp repeat...until s€ c6 mot dinh mang nhan ty do bi ¢ dinh
nhan, suy ra sb luot 13p cua vong lip repeat...until 1a O(|V]). Viéc tim dinh u ¢
nhan ty do nhé nhét duoc thuc hién trong thoi gian O(|V]), vy nén xét trén toan
thuat toan, tong thoi gian thuc hién cia cac pha cd dinh nhan 1a O(|V|?).

M&i luogt ciia vong lap repeat...until khi ¢ dinh nhan dinh u s& phai duyét danh

sach cac dinh ndi tir u dé thuc hién pha stta nhan. Vi vay xét trén toan thuat

toan, tong thoi gian thuc hién ctia cic pha stra nhian 1a O(F,ey degt(u)) =

O(|ED.

Vay thu tuc Dijkstra thyc hién trong thoi gian O(|V|? + |E).

Q Két hop véi hang doi wu tién

Dé thuat toan Dijkstra l[am viéc hi€u quéa hon, nguoi ta thuong két hop véi mot

cau trac dir lidu hang doi uu tién chura céc dinh ty do c6 nhan # +oo dé thuan

tién trong viéc lay ra dinh c6 nhin nhé nhét ciing nhu cép nhat lai nhin cia cac

dinh. Hang doi uu tién can hd trg céc thao tac sau:

e Extract: Ldy ra mot dinh uu tién nhat (dinh u ¢6 d[u] nho nhat) khoi hang
doi uu tién.

e Update(v): Thao tac ndy bao cho hang doi uu tién biét rang nhan d[v] da
bi giam di, can to chtc lai (thém v vao hang doi wu tién néu v dang nam
ngoai).

Khi d6 thuat toan Dijkstra c6 thé viét theo mo hinh méi str dung hang doi wu

tién:
Init;
PQ := (s); //Hang doiuwu tién duwgc khéi tgo chi gém dinh xuit phdt
repeat
u := Extract; /Ldyradinhucé dfu] nhé nhit
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if u = t then Break;
for V(u, v) €EE do
if Relax(u, v) then Update(v);
until PQ = @;

if d[t] = 4+« then
Output <« Khdéng cdé dudng
else

«Truy vét tim dudng di tu s tdi t»

Vong lap repeat...until mdi lan s& ldy mot dinh khoi hang doi wu tién va dinh 13y
ra s& khong bao gio bi ddy vao hang doi uu tién lai nita. Vong lap for bén trong
xét trong tong thé ca chuong trinh s& duyét qua tit ca cac cung (u, v) cia dd thi.
Vay thuét toan Dijkstra can thuc hién khong qua n phép Extract va m phép
Update v&i n 1 s6 dinh va m 1a sé cung cua db thi.

Trong chuong trinh cai dat thudt toan Dijkstra dudi day toi st dung Binary Heap
dé biéu dién hang doi wu tién, khi d6 thoi gian thyc hién giai thuat s& la
O(nlgn + mlgn). Ngoai cdu trac Binary Heap, nguoi ta ciing da nghién ctru
nhiéu cau trac dit liéu hiéu qua hon dé biéu dién hang doi uu tién, chéng han
Fibonacci Heap[17], Relaxed Heap[11], 2-3 Heap[39], v.v... Nhiing céu trac
dir liéu nay cho phép cai dat thuat toan Dijkstra chay trong thoi gian O(nlgn +
m). Tuy nhién viéc cai dit cac cdu trac dit liéu nay kha phirc tap, cic ban c6 thé
tham khao trong nhiing tai li¢u khac.

DIJKSTRAHEAP.PAS v Thuat toan Dijkstra va cau tric Heap

{$MODE OBJFPC}
program DijkstraShortestPathUsingHeap;

const
maxN = 10000;
maxM = 100000;
maxW = 100000;
maxD = maxN * maxW;
type

TAdjNode = record //Ciu tric niit ciia danh sdch ké
v: Integer; //Pinhké
w: Integer; //Trengsé cung twong iing

link: Integer; //Chisé nit ké tiép trong cing danh sdch ké
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end;
THeap = record //Ciu triic Heap
Items: array[l..maxN] of Integer; //Cdcphin tichiratrong
nltems: Integer; //Séphan tichiratrong
Pos: array[l..maxN] of Integer;
//Pos[v] = vi tri ciia dinh v trong Heap
end;
var
adj: array[l..maxM] of TAdjNode; //Ming chira tit ci cdc nit
head: array[l..maxN] of Integer;
//head[u]: Chi sé niit ditng dau danh sdch ké ciia u
d: array[l..maxN] of Integer;
trace: array[l..maxN] of Integer;
n, m, s, t: Integer;
Heap: THeap;
procedure Enter; //Nhdp diili¢u
var i, u: Integer;
begin
ReadLn(n, m, s, t);
FillChar (head[l], n * SizeOf (head[1]), 0);
//Khéi tao cdc danh sdch ké réng
for i := 1 to m do
begin
ReadLn (u, adj[i].v, adj[i].w);
//Poc mét cung (u, v) trong sé w, dwa v va w vao trong mit adj[i]

adj[i].link := head[ul; /Chén niitadjfi] vio diu danh sich ké ciia u
head[u] := 1; //Cipnhdtchisé nitdirng diu danh sdch ké ciia u
end;

end;
procedure Init;
var v: Integer;
begin
for v := 1 to n do d[v] := MaxD;
d[s] := 0;
with Heap do //Khéitao Heap chi chira méi phén tir s
begin
FillChar (Pos[1l], n * SizeOf (Pos[1l]), 0);
Items[1l] := s;
Pos[s] := 1;




nlItems := 1;
end;
end;
function Extract: Integer; /Ldydinhu cénhan dfu] nhé nhit ra khéi Heap
var p, ¢, v: Integer;
begin
with Heap do
begin
Result := Items([l]; //Trivédinhé gic Heap
v := Items[nItems]; //Vun lgiHeap bing phép Down-Heap
Dec (nItems) ;
p := 1; //Bitdiu tigéc
repeat
//Tim c la nut con chira dinh mang nhan khodng cdach nhé hon trong hai nut con
c :=p * 2;
if (¢ < nItems)
and (d[Items[c + 1]] < d[Items[c]]) then
Inc(c);
if (¢ > nItems)
or (d[v] <= d[Items[c]]) then Break;

Items[p] := Items([c]; //Chuyéndinhticlénp
Pos[Items[p]] := p; //Cip nhdtvitri
p := c; //Pixuéng niitcon
until False;
Items[p] := v; //Pdtdinhvvao nitp cia Heap
Pos[v] := p; //Cip nhgtvitri
end;

end;
procedure Update (v: Integer); //d[v]virabjcuc tiéu héa, té chiic lai Heap
var p, c: Integer;

begin
with Heap do
begin
c := Pos|[v]; //clavitriciadinhvtrong Heap

if ¢ = 0 then //Néuv chuwa cétrong Heap
begin
Inc(nItems);
c := nltems; //Chovvao Heap 6 vitri mgt nit la
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end;
repeat //Thuc hién Up-Heap
p := c div 2; //Xétmitcha ciac

if (p = 0) or (d[Items[p]] <= d[v]) then Break;

//Dirng néu da xét 1én géc hogc gap vi tri diing

Items([c] := Items[p]; //Kéo dinh tir niit cha xuéng niit con

Pos[Items[c]] := c; //Cipnhgtvjtri
c := p; //Pilén nitcha
until False;
Items|[c] := v; //Pdtvvao nitc
Pos[v] := c; //Cipnhgtvitri
end;
end;

function Relax(u, v: Integer; w: Integer):

//Phép co theo canh (u, v) trong s6 w
begin
Result := d[v] > d[u] + w;
if Result then
begin
dlv] := d[u] + w;
tracelv] := u;
end;
end;
procedure Dijkstra; //Thudttodn Dijkstra
var u, 1i: Integer;
begin
repeat
u := Extract; //Ldyradinhu céd[u] nhé nhit
if (u = 0) or (u = t) then Break;
i := head[u]; //Duyétti diudanh sdch ké ciia u
while i <> 0 do
begin
if Relax(u, adj[i].v, adj[i].w) then
//Néu thuec hign dwgc phép co
Update (adj[i].v); //Té chirclgi Heap

Boolean;

i := adj[i].link; //Chuyén sang mit ké tiép trong danh sdch ké

end;
until Heap.nltems = 0;
end;




procedure PrintResult; //Inkétqui
begin
if d[t] = maxD then
WritelLn ('There is no path from ', s, ' to ', t)
else
begin
WriteLn ('Distance from ', s, ' to ', t, ':

while t <> s do
begin
Write(t, '<-=');
t := tracelt];
end;
Writeln (s);
end;
end;
begin
Enter;
Init;
Dijkstra;
PrintResult;
end.

g) Buong di ngdn nhat trén d6 thi khéng c6 chu trinh

U Thudt toan

Xét trwong hop dé thi c6 hwéng, khong cé chu trinh (Directed Acyclic Graph
- DAG), c6 mot thuat toan hiéu qua dé tim duong di ngén nhét dua trén ky thuat
sap xép To pod (Topological Sorting), co s& cua thuat toan dya vao dinh 1y: Néu
G = (V,E) 1a mot DAG thi cac dinh cua nd c6 thé danh sb sao cho mdi cung cia
G chi ndi tir dinh c6 chi s6 nhé hon dén dinh c6 chi s6 16n hon.
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Hinh 2.2. Phép dinh chi sé lai theo thir tw té pé

Phép danh s theo thir tu t6 pd dd dugc trinh bay trong thuat toan Kosaraju-
Sharir (Error! Reference source not found., Muc Error! Reference source
not found.): Dung thuat toan tim kiém theo chiéu sau trén dd thi déo chiéu va
danh s6 cac dinh theo thir ty duyét xong (Finish).

procedure TopoSort;
procedure DFSVisit (VEV);
//Thugt todn tim kiém theo chiéu sdu ti dinh v trén dé thj dio chiéu
begin
avail[v] := False; /avail[v] = False < v da thim
for VYu €V: (u, v)€EE do /Duyétmidinhv chwa thim ndi dén u
if avail[u] then
DESVisit (u); /Goidé quy détim kiém theo chiéu siu tiv dinh u
«banh sb& v»; /Dinh sév theo thir tw duyét xong
end;
begin
for Vv €V do avail[v] := True; /Pdnh diu moidinh déu chuwa thim
for Vv €V do
if avail[v] then DFSVisit (v);
end.

Mot cach khac dé danh sb theo tht tu to pd 1a sir dung thudt toan tim kiém theo
chiéu rong: Véi mdi dinh v ta tinh va luu trir deg™[v] 12 ban bac vio cta né. Str
dung mot hang doi chta cac dinh c6 ban bac vao bang 0 (dinh khong c¢é cung di
vao). Sau d6 cir 1dy mot dinh u khoi hang doi, danh sé cho dinh u d6 va x6a
dinh u khoi d6 thi. Viéc x6a dinh u khoi do thi twong dwong véi viée giam tat ca
cac deg~[v] ctia nhitng dinh v ndi tir u di 1, néu deg~[v] bi giam vé 0 thi day v
vao hang doi dé cho...Qu4 trinh danh sb s& két thic khi hang doi rdng (tat ca
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cac dinh déu da dugc danh s6 tht ty méi). Phuong phap nay tuy cai dat c6 dai
dong hon va chdm hon mét chiit nhung khong can sir dung dé quy.

Néu cac dinh duoc danh sb sao cho mdi cung phai ndi tir mot dinh téi mot dinh
khac mang chi s6 16n hon thi thuat toan tim duong di nga"ln nhét c6 thé thuc hién
kha don gian:

Init;
for v := s + 1 to t do

for Vu: (u, v) €EE do Relax(u, Vv); //Cotheocdccung néitdiv

C6 thé thdy rang sau mdi budc lip voi dinh v, nhin d[v] khong thé co thém
duogce nira (d[u] = 6(s, u)).

Q Cai dat

Vi muc tiéu ctia chiing ta chi can tim dudng di tir s t6i t, vi thé chung ta chi can
danh s6 thi tu to pd cho nhitng dinh dén duoc t bang 10i goi DFSVisit(t),
nhitng dinh dén dugc tir t (c6 tha tu to pd 16n hon t) s& bi bo qua.

Cach cai dat thong thudng nhat dé tim duong di ngan nhat trén d6 thi khong c6
chu trinh 13 tach biét hai pha: Sap xép t6 pd va t6i wu nhin. Pha sap xép to pd
truée hét thuc hién tim kiém theo chiéu siu trén d6 thi dao chidu bang 10i goi
DFSVisit(t). Mdi khi mot dinh dugc duyét xong (danh sb thir tu to pd), nd sé
duoc déy vao mdt hang doi. Pha tdi wu nhan lan luot léy cac dinh ra khoi hang
doi (theo ding tht tu to pd) va thuc hién phép co theo tit ca cac cung ndi téi
dinh vira 1y ra. Cach cai dat nay c6 vu diém 1a kha sang sua, trong truong hop
ma ta bo qua duoc khau sip xép to pd hodc co thé xac dinh thu tu to pd bang
mot cach don gian hon, chuong trinh tré nén rat gon.

Tuy nhién néu ta phai giai quyét bai toan tong quat bao gém ca hai pha sip xép
t6 pd va toi wu nhan thi c6 thé khéo 1éo 16ng pha tdi wru nhan vao pha sap xép to
po: Trude khi dinh v duoc danh sb (duyét xong), ta thyc hién tat ca cac phép co
theo cac cung (u, v) v6i moi dinh u ndi dén v.

E  SHORTESTPATHDAG.PAS v DPuong di ngin nhét trén DAG

{$MODE OBJFPC}
program DAGShortestPath;
const

maxN = 10000;
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maxM = 100000;

maxW = 100000;

maxD = maxN * maxW;
type

TAdjNode = record //Ciu tric niit ciia danh sdch ké dang reverse star
u: Integer; //Pinhké
w: Integer; //Trongsé cung twong irng
link: Integer; //Chisé nit ké tiép trong cing danh sdch ké
end;
var
adj: array[l..maxM] of TAdjNode; //Ming chira tit ci cdc mit
head: array[l..maxN] of Integer;
//head[u]: Chi sé niit diing diu danh sdch ké ciia u
d: array[l..maxN] of Integer; //Nhdnkhoding cdch
trace: array[l..maxN] of Integer; //Vét
avail: array[l..maxN] of Boolean;
n, m, s, t: Integer;
procedure Enter; //Nhdp dili¢u
var i, v: Integer;
begin
ReadLn(n, m, s, t);
FillChar (head[1l], n * SizeOf (head[1]), 0);
for i := 1 to m do
begin
ReadLn (adj[i].u, v, adj[i].w);
//Poc mét cung (u, v) trong sé w, dwa u va w vao trong niit adj[i]

adj[i].link := head[v]; /Chén niitadjfi] vio diu danh sich ké ciia v
head[v] := 1; //Cip nhdtchisé mitdirng diu danh sdch ké ciia v
end;

end;
procedure Init;
var v: Integer;

begin
FillChar (avail[l], n * SizeOf (avail[l]), True):;
for v := 1 to n do d[v] := maxD;
d[s] := 0;

end;

procedure Relax (u, v: Integer; w: Integer);




begin
if (d[u] < maxD) and (d[v] > d[u] + w) then

begin
dlv] := d[u] + w;
tracel[v] := u;
end;

end;
procedure DFSVisit(v: Integer); //DFStréndé thidio chiéu
var i: Integer;
begin
avail[v] := False;
i := headl[v];
while i <> 0 do //Duyétdanh sdch cdc dinh néi dénv
begin
if availladj[i].u] then
//adj[i].u la mgt dinh néi dén v, néu adj[i].u chwa thdm thi di tham,
DESVisit (adj[i].u); /sauloigeinay dladjfil.u] sé biang (s, adjfi].u)
Relax(adj[i].u, v, adj[i].w);
//Thwe hién luén phép co (adjfil.u, v)
i := adj[i].link; //Nhdiy sang nit ké tiép trong danh sdch ké
end;
end; //Khi thii tuc két thiic, d[v] sé bang &(s,v)
procedure PrintResult; //Inkétqui
begin
if d[t] = maxD then
WritelLn ('There is no path from ', s, ' to ', t)
else
begin
WriteLn ('Distance from ', s, ' to ', t, ':

while t <> s do
begin
Write(t, '<-');
t := tracelt];
end;
WritelLn (s) ;
end;
end;
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begin
Enter;
Init;
DFSVisit (t);
PrintResult;
end.

Thoi gian thue hién giai c6 thé danh gia qua thoi gian thuc hién giai thuat DFS,
tic 14 bang O(|E|) khi d6 thi dugc biéu dién boi danh sach ké.

1.3. Puong di ngin nhdt giita moi cdp dinh

Trong mdt s tmg dung thuc té, d6i khi nguoi ta ta ¢ nhu cau tinh san dwong di
ngdn nhat gitta moi cdp dinh ctua dd thi (all-pairs shortest paths) dé tra 10i
nhanh nhiing truy van tim duong di ngin nhat ma khong can thyc hién lai thuat
toan. RS rang ta co thé ap dung thuat toan tim dudng di ngian nhit xuat phat tir
mot dinh voi n lugt chon dinh xuat phat, nhung nhitng thuat toan trong muc nay
c6 thé thuc hién nhanh hon va don gian hon nhiéu.

a) Thuat toan Floyd

Cho don db thi c6 huéng, co trong s6 G = (V, E) véi n dinh va m cung. Thuat
toan Floyd tinh tt ca cac phan tir ciia ma tran khoang cach D = {d,;, }nxn, trong
d6 d[u, v] 1a khoang cach tir u t&i v. Cach lam tuong ty nhu thuét toan Warshall
dé tim bao doéng dd thi: tr ma tran trong s6 W = {w[u, v]},xn. trong do
w(v,v] = 0,Vv € V, thuat toan Floyd tinh lai cac w[u, v] thanh d6 dai duong di
ngén nhat tir u t6i v theo cach sau: Vi Vk € V duoc xét theo tht tu tir 1 t6i n,
thuat toan xét moi cap dinh u, v va cuc tiéu hoa wlu, v] theo cong thirc:

wlu, v]yi = min{wlu, vl wlu, k] + wlk, v]} (1.4)

Tuc 14 néu nhu duong di tir u téi v dang c6 lai dai hon duong di tir u téi k cong
voi duong di tir k té1 v thi ta huy bo duong di tir u t61 v hién thoi va coi duong
di tir u t6i v s& 14 ndi cua hai duong di tir u téi k roi tir k toi v:

for k := 1 to n do
for u := 1 to n do
for v := 1 to n do
wlu, v] := min(wl[u, v], wl[u, k] + w[k, Vv]);
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Q Tinh ding ciia thudt toan

Goi 6, (u,v) 1a do dai duong di ngan nhat tir u t6i v ma chi di qua cac dinh

trung gian thudc tap {1,2,..,k}. RO rang khi k =0 thi §y(u,v) = wlu, v]

(duong di ngin nhat 13 dudng di truc tiép khong qua dinh trung gian nao).

Néu duong di ngin nhit tir u téi v ma chi qua cac dinh trung gian thudc tap

{1,2, ..., k} lai:

e Khong di qua dinh k, tic la chi qua cac dinh trung gian thudc tap
{1,2, ...,k — 1} thi 6, (u, v) = §,_1(u, v).

e (o di qua dinh k, thi duong di d6 s& 1a ndi cia mot dudng di ngan nhét tir u
t6i k va mot dudng di ngan nhét tir k t6i v, hai duong di nay chi di qua cac
dinh trung gian thudc tap {1,2,..,k — 1}, vay 8,(u,v) = 8p_1(u, k) +
5k—1 (k, U).

Vi ta muén &, (u, v) nho nhét nén suy ra:
8 (u, v) = min{8y_1 (u, v), 8k—1(w, k) + 8—1(k, v)} (1.5)

Cudi cling ta quan tam t6i cac 8, (u, v): P dai dudng di ngin nhét tir u téi v ma
chi di qua cac dinh trung gian thudc tap {1,2, ..., n}, tirc 1a khoang cach gitra u va
v: 6(u,v).

Ta s& chimg minh rang sau mdi budc lap ctia vong lap “for k...”, thi:
wlu, v] < 6, (u,v) (1.6)

Phép chirng minh dugc thuc hién quy nap theo k. Ky hiéu wy[u, v] 1a gia tri
w(u,v] sau vong lap thi k, khi k = 0 thi nhu da chi ra & trén, wylu,v] =
8o(u,v). Gia s bat dang thirc dung véi k — 1, truée hét dé thiy ring cac
wlu, v] s& duge téi vu hoa giam dan theo timg bude. Tir cong thic (1.5), ta co:

6, (u,v) = min{6,_1(u,v),6;_1(u, k) + 6_1(k,v)
2wy (wv) 2wi_q (k) 2wpy_q(k,v)
> wy[u, v]
Mit khac c6 thé thiy thuat toan Floyd tim dwgc wy[u,v]1a d6 dai cua mot

duong di tir u téi v. Thc 1a wy[u, v] = 8,(u, v). Tir nhitng két qua trén suy ra
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khi két thuc thuat toan, wy,(u, v) = 6,(w, v) = 6(u, v) 1a d6 dai duong di ngin

nhét tir u téi v.

Q Cai dat

Ta s& cai dat thudt toan Floyd trén dd thi c6 huéng gdm n dinh, m cung véi

khudn dang Input/Output nhu sau:

Input

e Dong 1 chta s6 dinh n < 103, s6 cung m < 10° ctia d6 thi, dinh xuét phat
s, dinh can dén t.

e m dong tiép theo, mdi dong c6 dang ba sb u, v, w, cho biét (u, v) 1a mot
cung € E va trong sb cta cung d6 1a w (w 1a sd nguyén c6 gia tri tuyét doi
< 10%)

Output

Puong di ngan nhat tir s t6i t va d6 dai duong di do.

Sample Input Sample Output

6 714 Distance from 1 to 4: 15
121 1->2->3->6->5->4

10
2
20
3
5
4

o U1 W W N B
U B oy B W oY N

Thuat toan Floyd chi can thuc hién mot 1an trén do thi va khi can tim duong di
ngan nhit giita mot cap dinh khac, ta chi can do duong dya trén ma tran khoang
cach ma thoi. Trén thyc té nguoi ta thuong két hop vai mot co ché luu vét dé tra
161 nhanh nhiéu truy van vé dudng di ngan nhét: Goi trace[u, v] 1a dinh dtng
lién sau u trén duong di ngin nhat tir u t6i v. Sau mdi phép cuc tiéu hoa
clu,v] = clu, k] + c[k, v] (duong di ngin nhat tir u toi v phai di vong qua k), ta
cap nhat lai vét trace[u, v] = trace[u, k].
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FLOYD.PAS v Thuit toan Floyd

{$MODE OBJFPC}
program FloydAllPairsShortestPaths;

const

maxN = 1000;

maxW = 1000;

maxD = maxN * maxW;
var

w: array[l..maxN, 1..maxN] of Integer; //Ma trintrongsé
trace: array[l..maxN, 1..maxN] of Integer; //Vét
n, m, s, t: Integer;
procedure Enter; //Nhdp di li¢u, cdc cgnh khéng c6 dwoc gdn trong sé +00
var
i, u, v, weight: Integer;

begin
ReadLn(n, m, s, t);
for u := 1 to n do
for v := 1 to n do
if u = v then wlu, v] := 0
else wlu, v] := maxD;
for i := 1 to m do
begin

Readln (u, v, weight);

if w[u, v] > weight then

//Phong trwong hop nhidu cung néi tiv u t6i v (da do thi)

wlu, v] := weight; //Chighinhgn cung trong sé nhé nhit
end;

end;
procedure Floyd;
var k, u, v: Integer;

begin
for u := 1 to n do
for v := 1 to n do tracelu, v] := v;
//Khéi tao dwong di ngén nhat la dwong di tryc tiép
for k := 1 to n do
for u := 1 to n do

if w[u, k] < maxD then
for v := 1 to n do
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if (wlk, v] < maxD)
and (w([u, v] > w[u, k] + w[k, v]) then
begin //Cuc tiéu héa c[u, v]
wlu, v] := wlu, k] + wlk, v];
//Ghi nhdn dwong di vong qua k
tracelu, v] := tracelu, k]; //Luwuvét
end;
end;
procedure PrintResult; //Inkétqui
begin
if w[s, t] = maxD then
WriteLn ('There is no path from ', s, ' to ', t)
else
begin
WriteLn ('Distance from ', s, ' to ', t, ':

while s <> t do
begin
Write(s, '->');
s := tracels, t];
end;
WritelLn(t);
end;
end;
begin
Enter;
Floyd;
PrintResult;
end.

D@ thiy rang thoi gian thyuc hién giai thuat Floyd 1a ©(n®) va chi phi by nh¢ la
0(n?).
b) Thuat toan Johnson

Trong trudng hop G = (V,E) 1a d6 thi thua gdm n dinh va m canh: m < n?,
thuat toan Johnson tim dudng di ngan nhit giira moi cip dinh hoat dong hiéu
qua hon thuat toan Floyd. Ban chét cua thuat toan Johnson 1a thyc hién thuét
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toan Bellman-Ford dé gan lai trong $6 va thuc hién tiép thuat toan Dijkstra dé
tim duong di ngén nhét.
Néu dd thi khong cé canh trong sb am, ta c6 thé thuc hién thuét toan Dijkstra n
lan voi cach chon lan luot n dinh 1am dinh xuat phat. Bang cach két hop v6i mot
hang doi vu tién duoc td chirc dudi dang Fibonacci Heap, thoi gian thuc hi¢n
mot 1an thuat toan Dijkstra 1a O(nlgn 4+ m), va nhu vay ta c6 thé tim dudng di
ngan nhét gitta moi cap dinh trong thoi gian 0(n?lgn + mn).
Néu dd thi co6 canh trong s6 am nhung khong c6 chu trinh am, thuét toan
Johnson thuc hién mét ky thuat goi 1a gdn lai trong s6 (re-weighting). Ttc 1a
trong s6 w: E = R s& dugc bién d6i thanh trong s6 W: E - R théa man hai diéu
ki¢n sau day:
e  Véimoi cip dinh u, v € V, duong di P 1a dudng di ngan nhat tir u t6i v ing

v6i trong s6 w néu va chi néu P ciing 1a dudng di ngan nhét tir u t6i v tmg

v6i trong s6 W
e V&imoicanh e € E, trong s6 W(e) 1a mot s6 khong 4m
Dinh ly 1-2
Cho d6 thi G = (V, E) véi trong sé w: E = R. Goi h: V - R 13 mot ham gan cho
mbi dinh v mét sé thuc h(v). Xét trong sé w: E — R dinh nghia boi:

w(u,v) =w(u,v) + h(u) — h(v)
Xét p = (v, Uy, ..., V) 12 mOt dudng di tir v, t6i vy, khi d6 p 1a duong di ngin
nhat tir v, t6i v, v6i trong sé w néu va chi néu p 13 dudng di ngin nhat tir v, toi
v, v6i trong s6 Ww. Hon nita G ¢6 chu trinh 4am twong Gng véi trong s6 w néu va
chi néu G c6 chu trinh 4m véi trong s6 W.
Chirng minh

Ky hiéu w(p) va w(p) lan lugt 1a do dai duong di p véi trong sé w va w. Ta co
K
D) = ) D, v)
i=1

k
= D Wi, v) + h(vi) = ()
i=1
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Dinh Iy 1-3

k
(Z W(vi—pvi)) + h(vp) — h(vy)
i=1

w(p) + h(ve) = h(v)

Vay qua phép bién dbi trong s6, do dai moi duong di tir v, téi v, s& duoc cong

thém mot lwong h(v,) — h(v,). Hay néi cach khac, duong di ndo ngén nhit véi
trong s6 w ciing 14 dudng di ngan nhét véi trong s6 W.

Néu p 1a mot chu trinh, v, = vy, ta suy ra W(p) = w(p). P dai cua chu trinh
duoc bao toan qua phép bién ddi trong sd, tirc 1a G ¢6 chu trinh 4m vdi trong sé w
néu va chi néu G c¢6 chu trinh 4m véi trong sb W.

Muc tiéu tiép theo 1a chi ra mot phép gan trong sé méi cho dd thi G dé dam bao
cac trong s6 khong am. Néu G khong c6 chu trinh 4m ta thém vao dd thi mot dinh
gia s va cac cung ndi tir dinh s t6i tat ca cac dinh con lai ctia do thi, trong sb cua
cac cung nay dugce dat bang 0. Do dinh s khong c¢6 cung di vao, d6 thi méi tao
thanh cling khong c6 chu trinh &m. Thyc hién thuat toan Bellman-Ford trén dd thi
moi véi dinh xudt phat s dé xac dinh cac h[v] = 8(s,v) 1a d6 dai duong di ngin
nhit tir s t6i v twong Gng véi trong s c.

Trong s&6 W:E — R xac dinh bai w(w, v) = w(u,v) + h[u] — A[v] 12 mot ham
trong s6 khong am.

Chirng minh

Khi thuat toan Bellman-Ford két thiic, s& khong tdn tai mot canh (u, v) ndo ma
h(v) > h(uw) + w(u,v)

hay né6i cach khac, véi moi canh (u, v) cta db thi, ta co

w(u,v) + h(u) —h(w) =0

Céc nhan xét ké trén, dic biét 1a Pinh ly 1-2 va Pinh 1y 1-3, cho ta mo hinh cai

dat thuat toan Johnson:
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Thém vao d6 thi mot dinh s va cac cung trong sd 0 ndi tir s toi tt ca cac
dinh khac, dung thuat toan Bellman-Ford tinh cac h[v] 1a d6 dai duong di
ngan nhét tir s t6i v. Thoi gian thyc hién giai thuat 0(nm)

Loai bo s va cac cung moi thém vao khoi d6 thi, gan lai trong sb
canh w(u,v) == w(u,v) + h[u] — h[v] véi moi canh (u,v) € E. Thoi gian
thyuc hién giai thuat ©(m)



e Lan luot lay cic dinh v € V 1am dinh xuat phat, thuc hién thuat toan
Dijkstra dé tim duong di ngan nhat tir v ti tit ca cac dinh khac. Thoi gian
thuc hién giai thuat O(n? Ign + nm) néu sir dung Fibonacci Heap

Vay thuit toan Johnson tim dudng di ngin nhat gitra moi cip dinh cé thé thyuc

hién trong thoi gian 0(n?lgn + nm). Thuat toan dua trén hai thuat toan da biét

dé tim duong di ngin nhat xuit phat tr mot dinh, viéc cai dit xin danh cho ban
doc.

1.4. Mt 56 chii y

O mot s6 chuong trinh trong bai, doi khi ta st dung ma trén trong s6 va dem
trong sd 4o gan cho nhiing canh khong cé trong dd thi ban dau, hay khi khoi
tao cac nhan khoang cach, chung ta thuong gan d[v] == +oo va cyc tiéu hoa dan
cac nhan do. Trén may tinh thi khong c6 khai niém triru tugng +o0 nén ta sé
phai chon mot sé dwong maxD du 16n dé thay. Nhu thé nao 1a du 16n?. S6 d6
phai da 16n hon tat ca trong sb cua cac duong di don dé cho du dudng di that co
ti té dén dau van t6t hon duong di truc tiép theo canh tuong tuong ra do.

Trong truong hop d6 thi c6 canh trong sd 4m, can can than véi phép cong trong
s6: Néu mot trong hai hang ttr 1a maxD, ta coi nhu téng bang maxD (C + oo =
) va khong can cong nira. Ly do thtr nhét 1a dé han ché 15i tran s6 khi hang s
maxD trong bai toan cu thé qua 16n, 1y do thu hai 1a dé khong bi tinh sai khi
cong maxD v6i mot s am dugc két qua < maxD, khi d6 rat co thé d[t] <
maxD mac du khong ton tai duong di tu s toi t.

Nhiing thuat toan tim dwong di ngan nhit boc 16 rat rd wu, nhuge diém trong
ting trudng hop cu thé (Vi du nhu sé dinh cua d6 thi qua 16n 1am cho khong thé
biéu dién bang ma tran trong so thi thuat toan Floyd s& gap khé khin, hay thuat
toan Ford-Bellman 1am viéc kha cham). Vi vdy can phai hiéu ban chit va thanh
thao trong viéc cai dat tat ca cac thuat toan trén dé c6 thé sir dung chiing mot
cach uyén chuyén trong tirng bai toan thyc té.
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Cho d thi c6 huéng G = (V, E) khong c6 chu trinh 4m, hay tim thuat toan
O(|V||E|) dé tinh tat ca cac 6*(u) = minyey{6(w, v)}
Cho d6 thi ¢6 huéng G = (V, E) gdm n dinh va m cung, hdy tim thuat toan
0(nm) dé xac dinh dd thi c6 chu trinh 4m hay khong va chi ra mot chu
trinh 4m néu co.
Goi y: Thyc hi¢n thuat toan Bellman-Ford (téi dan —1lan quét danh sach
canh va thyc hién phép co), sau do ta quét lai danh sach canh xem co6 thé
thuc hién duoc phép co nao nita hay khong. Néu con cé thé co theo canh
(u, v) nao do, ta két luan do thi c6 chu trinh 4m va thuc hién phép co nay,
sau d6 1an nguoc vét duong di tir dinh v, néu qua trinh lan vét di lap lai
mot dinh x ndo do, ta c6 mot chu trinh bit dau va két thuc & dinh x.
H¢ rang budc: Cho x4, x5, ..., x, 1a cac bién s6, cho m rang budc, mdi rang
budc c6 dang:

Xj — X < Wl'jl (WU € ]R)
Vén dé dit ra 1a hiy tim cach gan gia tri cho cac bién xq, x5, ..., x,, thoa
mén tit ca cac rang budc di cho.
Goi y: Co nhiéu vi du vé hé rang bugc trén thuc té, chéng han mot cong
trinh xay dung c6 n cong doan. Vi ly do ky thuat, mot cong doan x; khong
dugc bat dau mudn hon w; ; thoi gian so véi cong doan x;. Rang budc nay
c6 thé viét dudi dang Xj — x; < w;j. Mot dang rang budc khac la cong
doan x; phai bit dau sau khi céng doan x; bat dau dugc it nhit w; ; thot
gian, rang budc nay ciing c6 thé viét dudi dang Xj — x; = w;j hay x; —
Xj < —W; j
Coi mdi bién 1a mot dinh ciia do thi, mdi rang budc x; — x; < w;; cho
tuong ung véi mot canh (xl-, x]-) c6 trong sb6 w; ;- Khi do néu do thi c6 chu
trinh 4m thi khong ton tai giai phap. That vy, gia st ton tai chu trinh am,
khong giam tinh tong quat, gia st chu trinh 4m d6 1a C =
(x1, X5, v, Xg, X1), ta cO

Xy — X1 < Wy



24.

X3 — X3 < Wp3

X1 — X S Wiy

Tong vé trai ctia cac bat dang thuc trén bang 0 va tong vé phai chinh la
trong s ctia chu trinh (4m), bat dang thic 0 < w(c) < 0 khong thé duoc
théa man.

Néu d6 thi khong c6 chu trinh am, ta thém vao mdt dinh s va cac cung ndi
trong s6 0 tir s toi moi dinh khac. Dung thuat todn Bellman-Ford dé tim
duong di ngin nhat tir s, khi d6 cac nhan d[x;] = 6(s,x;) chinh 1a mét
cach gan gia tri thoa man tit ca cac rang budc. Hon nita cach nay con lam
khoang gia tri gan cho céc bién 1a hep nhat:
sl = min, b} — min

(Cai tién cua Yen cho thut toan Bellman-Ford) Véi d6 thi c6 hudng
G = (V,E) gébm n dinh, ta danh sb cac dinh tir 1 t6i n, chia tap canh E lam
hai tap con: E; gdm céc cung ndi tir dinh c¢é chi sé nho t&i dinh c6 chi s6
16n va E, gdm cac cung ndi tir dinh ¢ chi s6 16n t6i dinh c6 chi s nho.
bit G, = (V,E;) va G, = (V, E,), hai dd thi nay 1a d6 thi c6 huéng khong
¢6 chu trinh duoc biéu dién bang danh sach ké.

Thuat toan Bellman-Ford sau d6 duoc thuc hién nhu sau:

Init;
repeat
Stop := True;
for u :=1 ton - 1 do
for Vv: (u, v)EELl do
if Relax(u, v) then Stop := False;
for u := n downto 2 do
for Vv: (u, v)EE2 do
if Relax(u, v) then Stop := False;
until Stop;

Bén trong vong lap repeat...until 1a hai pha t6i vu nhin: pha thir nhat xét
cac dinh theo thtr tu ting dan con pha th hai xét cac dinh theo thtr tw giam
dan cua chi s6. M&i khi mot dinh dugc xét va thuc hién phép co theo tat ca
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2.5.

2.6.
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cac cung di ra khoi u, mdi pha thuc hién twong ty nhu thuit todn tim
duong di ngdn nhat trén do thi khong c¢6 chu trinh.

Chi ra rang vong lip repeat...until trong cai tién ciia Yen lip khong qua
[n/2] 1an. Cai dat thut toan va so sanh v&i cach cai dat chuan cua thuat
toan Bellman-Ford.

Arbitrage 1a mot cach str dung sy bat hop 1y trong hdi doai tién té dé kiém
16i. Vi du néu 1$ mua duogc 0.7£, 1£ mua dugc 190¥, 1¥ mua duogc 0.009$
thi tir 18, ta c6 thé doi sang 0.7£, sau d6 sang 0.7x190=133¥, rdi d6i lai
sang 133x0.009=1.197$. Kiém duoc 0.197$ 1ai.

Gia st rang ¢ n loai tién té danh sb tir 1 t6i n. Bang R = {rij}nxn cho biét
ti 16 héi doai: mot don vi tién i doi duge ry; don vi tién j. Hay tim thuat
toan dé xac dinh xem c6 thé kiém 1oi tir bang ti gia hdi doai nay bang
phuong phép arbitrage hay khong? Néu c6 thé sir dung arbitrage, hiy chi
ra mot cach kiém 10i.

(Thuét toan Karp tim chu trinh c6 trung binh trong s nhé nhat) Cho db thi
¢6 huong G = (V,E) gébm n dinh, ham trong sé w: E —» R. Ta dinh nghia
trung binh trong sb ciia mot chu trinh € gém cac canh (eq, ey, ..., ;) la:

k
1
R(O) =2 ) wiep

# = min{u(C)}

Khi d6 chu trinh € ¢6 u(C) = u* goi 1a chu trinh ¢ trung binh trong s6
nho nhat (minimum mean-weight cycle). Chu trinh ¢6 trung binh trong s6
nho nhat c6 nhiéu y nghia trong cac thuat toan tim ludng vdi chi phi cuc
tiéu.

Khoéng giam tinh tong quat, gia sit moi dinh v € V déu dén dugc tir mot
dinh s € V (Ta c6 thé thém mot dinh gia s va cung trong s6 0 ndi tir s tGi
moi dinh khac, s khong nam trén chu trinh don nao nén khéng anh huéng
t6i tinh dung dan cua thuat toan). Pat §(v) 1a 46 dai dudng di ngan nhat tir
s toi v. Dat 8, (v) 1a d6 dai duong di ngan nhat trong s6 cac duong di tir s



2.7.

t6i v qua dung k canh (ta c6 thé thém vao cac cung trong sd du 1on dé véi
moi cdp dinh u, v lubn ton tai cung (u,v) va (v,u), viéc tim chu trinh
trung binh trong sd nho nhit khong bi anh huéng boi nhitng cung thém
vao va 6y (v) ludn la gia tri hiru han).

a) Chimg minh rang néu pu* = 0, d6 thi G khong o chu trinh 4m va:

d(v) = Osrllgsirrll_l{c?k(v)},‘v’v eV

b) Chtrng minh rang néu u* = 0 thi

o0,(v) =6, (v
max n(v) K )ZO,VUEV
0<ks=n—1 n—k

(Goi y: Str dung két qua cau a)
¢) Goi C 12 mdt chu trinh trong s6 0, u, v 1a hai dinh nam trén C, gia s
u*=0vaxla do dai duong di tor u téi v doc theo chu trinh C. Ching
minh rang

(v)=6(u) +x
d) Chirng minh rang néu u* = 0 thi trén mdi chu trinh trong s6 0 s& ton tai

mot dinh v sao cho:
5u(v) = 8 () _

OSI}clanq n—k 0
¢) Chimg minh rang néu p* = 0 thi
. 0 (v) — 6, (v)
min max =0
VEV 0<ksn—1 n—k

f) Chi ra rang néu chung ta cong thém mot hang s6 A vao tat ca cic trong
sO canh thi u* tang 1én A. Sir dung tinh chat nay dé chimg minh rang

. . On(v) — 6, (V)
U* = min max
VEV 0<ksn—1 n—k

g) Tim thuét toan O(||V||E|) va 1ap chuong trinh dé tinh u* va chi ra mot
chu trinh c6 trung binh trong s6 nho nhat.

Trén mit phang cho n dudng tron, dudong tron tha i duge cho bdi bo ba sb
thuc (x;,y;,17), (x;, y;) 13 toa 6 tdm va r; 1a ban kinh. Chi phi di chuyén
trén mdi dudng tron bang 0. Chi phi di chuyén giira hai duong tron bang
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2.9.

2.10.

2.11.
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khoang cach giira ching. Hiy tim phuong an di chuyén giita hai duong
tron s, t cho trude voi chi phi it nhat.

Thuat toan Dijkstra c6 thé sai néu dd thi c¢6 canh trong sb am, hay chi ra
mot vi du.
Cho d6 thi vo huéng G = (V, E) ¢6 n dinh va m canh, cac canh c6 trong s6

1a s6 nguyén trong pham vi tir 0 téi k. Hay thay d6i thuat toan Dijkstra dé
duogc thuat toan O(kn + m) tim dudng di ngan nhat xuat phat tir mot dinh
seV.

Goi y: DPé y rang néu mot nhan d[v] < +oo thi nhan nay phai 1a sé nguyén
nam trong khoang [0 ... (n — 1) X k], déng thdi néu xét nhin khoang cach
ctia cac dinh l4y ra khoi hang doi wu tién thi cic nhin khoang cach nay
duoc sip xép theo thtr ty khong giam. Ta to chirc hang doi vu tién dudi
dang bang bam: q[0...(n — 1) X k] trong d6 q[x] 1a chdt cua mot danh
sach moc ndi chira cac dinh v ma d[v] = x. Khi d6 cac phép chén, cép
nhat trén hang doi wu tién chi mat thoi gian 0(1). Phép 1iy ra mot phan tir
trong hang doi uu tién tinh tong thé mat thoi gian 0(kn).

Tuwong tu nhu Bai tdp 2.9 nhung hay tim mdt thut toan O((m + n) log k)

Goi y: Dé ¥ rang tai mdi budc cua thuit toan Dijkstra, c6 toi da k + 2 gia
tri khac nhau cua cac nhan d[v] trong hang doi vu tién. Mdi gia tri x s&
cho twong tng véi mot danh sach moc cac naut v ma d[v] = x, cac chdt
ctia danh sach moéc ndi duge luu trir trong mot Binary Heap, khi d6 céac
phép ddy vao, ldy ra, co nhin khoang cach duoc thuc hién trong thoi gian
O(logk).
(Thuat toan Gabow) Xét do thi G = (V,E) c6 céac trong sd canh 13 sb tu
nhién: w: E — N. Gia st rang tir dinh xuat phéat s c6 dudng di téi moi dinh
khac. Goi k 1a trong sd 16n nhét cia cic canh trong E. Goi z = [Ig(k +
1)], khi d6 trong s6 mdi canh co thé duge biéu dién béng mot day z bit.
Véi mdi canh e € E mang trong sé w(e), ta ky hiéu w;(e) 1a s tao thanh
bang i bit dau tién cua w(e), tirc la:

w;(e) = w(e) div 277, (Vi = 1,2, ..., 2).
Viduz =5vaw(e) =11 =01011(,. Ta co:



Wl(e) = 0(2) = 0

Wz(e) = 01(2) = 1

ws(e) = 010, = 2

W4(€) = 0101(2) =5

ws(e) = 01011 = 11
Dinh nghia 6;(s,v) 1a d6 dai duong di ngin nhat tir s toi v trén d6 thi G
v6éi ham trong sb w;. R& rang w,(e) = w(e) nén 8,(s,v) = 8(s, v) véi
Vv evV.
a) Gia st rang 8(s,v) < |E| v6i moi dinh v c6 dudng di tir s, tim thuét
toan O(|E|) dé xéac dinh tit ca cac §(s,v). (Goi y: St dung hang doi vu
tién nhu trong Error! Reference source not found.).
b) Chting minh rang cac 8;(s, v) c6 thé tinh duoc trong thoi gian O(|E|).
(Goi y: Chu ¥ rang céac trong sd wy (e) € {0,1}).
¢) Chi ra rang véi moi i = 2,3, ...,z: w;(e) = 2.w;_;(e) hoic w;(e) =
2.w;_,(e) + 1. Tir @6 chimg minh rang:

2.6;_1(s,v) < 8;(5,v) <2.8;_1(s,v) + |V]
(Goi y: Bé dai dwong di ngan nhdt tir s téi v sé nhan déi néu ta nhan déi
cdc trong 56 canh)
d) Vi moi canh e = (u, v) € E, dinh nghia:
wi(e) =w;(u,v) =w;(u,v) + 2.8;_1(s,u) — 2.8;,_1(s,v)
Chirng minh rang v&i moi dudng di p:u ~ v, ta co:
wi(p) = wi(p) + 2.6;-1(s,u) = 2.6;-4(s, v)
e) Dinh nghia §;(s, v) 1a d6 dai duong di ngan nhat tir s t6i v trén d6 thi G
v6i ham trong s6 W;. Ching minh rang v6ii = 2,3, ...,z vaVv € V:
5;(s,v) = 6;(s,v) — 2.8;_1(s,v) < |E|

f) Tim thuat toan tinh cac §;(s, v) tir cac 6;_, (s, v) trong thoi gian O(|E|).
Tir d6 ching minh rang c6 thé tim duong di ngan nhét trén dd thi G trong
thoi gian O(|E|.z) = O(|E|1gk).
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Cho mdt bang cac s6 tu nhién kich thuéc m x n. Tor mot 6 co thé di
chuyén sang mot 6 ké& canh véi nd. Hay tim mét cach di tir 6 (x,y) ra mot
6 bién sao cho tong cac sb ghi trén cac 6 di qua 1a nho nhat.

Cho mét diy sé nguyén A = (a,a,, ..., a,). Hiy tim mot diy con gdm
nhiéu nhét cac phén tir ciia diy da cho ma tong ciia hai phan tir lién tiép 1a
s6 nguyén tb.

Mot cong trinh 16n dugc chia lam n cong doan. Cong doan i phai thuc
hién mat thoi gian t;. Quan hé giita cac cong doan duoc cho bai bang
A= {aij}nxn trong do a;; = 1 néu cong doan j chi dugc bat dau khi ma
cong doan i da hoan thanh va a;; = 0 trong truong hop nguoc lai. Mobi
cong doan khi bit ddu can thuc hién lién tuc cho t&i khi hoan thanh, hai
cong doan doc lap nhau cé thé tién hanh song song, hay bd tri lich thuc
hién cac cong doan sao cho thoi gian hoan thanh ca cong trinh 1a sém nhit,
cho biét thoi gian sém nhét do.

Goi y: Dung d6 thi c6 huéng G = (V,E), mdi dinh twong Gng véi mot
cong doan, dinh u c6 cung ndi téi dinh v néu cong doan u phai hoan thanh
trude khi cong doan v bat dau. Thém vao G mot dinh s va cung ndi tir s t6i
tat ca cac dinh con lai. Gan trong sé mdi cung (u, v) ctia dd thi bang t,,.
Néu d6 thi ¢6 chu trinh, khong thé ¢ cach xép lich, néu dd thi khong co
chu trinh (DAG) tim dudng di dai nhat xudt phat tir s toi tit ca cac dinh
ctia dd thi, khi d¢6 nhan khoang cach d[v] chinh 13 thoi diém hoan thanh
cong doan v, ta chi can Xép lich dé cong doan v dugc bat dau vao thoi
diém d[v] — t, 13 xong.

Cho d6 thi G = (V,E), cac canh duoc gan trong sé khong am. Tim thuat
toan va viét chuong trinh tim mot chu trinh c6 d6 dai ngén nhét trén G.

2. Cay khung nhé nhat
Cho G = (V,E,w) 1a d0 thi v hudng lién thong co trong s6. Vi mot cay khung

T cia G, ta goi trong sb cua cay T, ky hiéu w(T), la téng trong sb cac canh trong

T. Bai toan dit ra 1a trong s6 cac cay khung cua G, chi ra cdy khung co trong sb

nho nhét, cdy khung nhu vdy duoc goi 1a cdy khung nhé nhat (minimum
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spanning tree) ctia do thi. Sau ddy ta s& xét hai thuat toan thong dung dé giai bai
todn cdy khung nho nhét cua don d6 thi vo hudng cé trong sb, ca hai thuét toan
nay déu 1a thuat toan tham lam.

2.1. Phwong phap chung

Xét do thi vo hudng lién thong co trong s6 G = (V, E,w). Ca hai thuit toan dé
tim cdy khung ngin nhét déu dua trén mot cach 1am chung: N& dan cdy khung.
Céch lam nay dugc mo tad nhu sau: Thudt todn quan 1y mot tdp cac canh A € E
va c¢b ging duy tri tinh chat sau (tinh bat bién vong lap):

A ludn nim trong tip canh ciia mdt cAy khung nhé nhit.

Tai mdi budc lap, thuat toan tim mot canh (u, v) dé thém vao tap A sao cho tinh
bat bién vong lap duoc duy tri, tic 1a A U (u, v) phdi nim trong tip canh cua
mot cdy khung nho nhat. Ta néi nhitng canh (u, v) nhu vay 1a an todn (safe) d6i

voi tap A.
procedure FindMST; /Tim ciy khung ngin nhit
begin
A = 0;
while «A chua phai cdy khung» do
begin
«Tim canh an toan (u, v) dbi véi Ax»;
A := A U {(u, Vv)}; /Bbsung(uv) vioA
end;
end;

Vén d¢ con lai 1a tim mot thuat toan hiéu qua dé tim canh an toan ddi véi tap A.
Chuing ta can mot s6 khai niém dé giai thich tinh dung dan cta nhiing thuét toan
sau nay.

Mot 14t cat (cuf) trén dd thi 1a mot cach phan hoach tap dinh V thanh hai tap roi
nhau X,Y: XUY =V;XNY = @. Ta n6i mot lat citV=XuUY tuong thich véi
tap A néu khong c6 canh nao cua A ndi gitra mgt dinh thudc X va mot dinh thudc
Y. Trong nhiing canh néi X v6i Y, ta goi nhiing canh c6 trong sd nho nhat 1a
nhing canh nhe (light edge) cua lat citV = X U Y.
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Dinh Iy 2-1

R

2‘/2#3-._141

X ’ Y
Lat cit

Hinh 2.3. Lt cit va canh nhe

Cho db thi vo hudng lién thong co trong s6 G = (V, E,w). Goi A 1a mét tap con

ciia tip canh cua mot cdy khung nho nhat vaV = X UY 1a mot 1at cit tuong
thich véi A. Khi d6 mdi canh nhe cta lat cat V = X U Y déu 1a canh an toan d6i

vl A.

H¢ qua

Chirng minh
Goi (u,v) 1a mot canh nhe cua lat citV = X UY, goi T la cdy khung nho nhét
chtra tit ca cac canh cua A. Néu T chira canh (u, v), ta c6 diéu phai ching minh.
Néu T khong chira canh (u,v), ta thém canh (u, v) vao T s& duoc mdt chu trinh,
trén chu trinh nay c6 dinh thudc X va cling c6 dinh thudc Y, vi vy s€ phai co it
nhit hai canh trén chu trinh ndi X v6i Y. Ngoai canh (u,v) ndi X voi Y, ta goi
(u',v") 1a mdt canh khac ndi X véi Y trén chu trinh, theo gia thiét (u,v) 14 canh
nhe nén w(u,v) < w(',v"). Ngoai ra do lat cit V = X U Y tuong thich véi A nén
W', v) ¢ A.
Cit bo canh (v, v") khoi cdy T, cdy s& bi tach rdi 1am hai thanh phan lién thong,
sau d6 thém canh (u, v) vao ciy ndi lai hai thanh phan lién théng d6 dé dugc cay
T'. Taco

w(T) =w() —w@',v") + wu,v)

<w(T)

Do T 1a cdy khung nho nhét, T’ ciing phai 14 cdy khung nhé nhit. Ngoai ra ciy T’
chtra canh (u, v) va tit ca cac canh cta A. Ta c6 diéu phai chirg minh.

Cho d6 thi v6 hudng lién thong co trong s6 G = (V, E,w). Goi A 1a mét tap con

ctia tap canh ctia mot cdy khung nho nhét. Goi C 1a tap cac dinh ctia mot thanh
phan lién thong trén do thi G, = (V, A). Khi d6 néu (u,v) € E 14 canh trong s6
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nhé nhat ndi tir € téi mot thanh phan lién thong khac thi (u, v) 1 canh an toan
ddi véi A.
Chirng minh
Xét lat catV = C U (V — (), lat cat nay twong thich véi A va canh (u,v) 1 canh
nhe cta lat cit nay. Theo Pinh 1y 3-17, (u, v) an toan ddi voi A.
Chuing ta s& trinh bay hai thuat toan tim cay khung nhé nhat trén don d6 thi vo
hudng va cai dit chuong trinh véi khudn dang Input/Output nhu sau:

Input

e Dong 1 chtra s6 dinh n < 1000 va s canh m cua do thi
e m dong tiép theo, mdi dong chira chi s6 hai dinh ddu mut va trong s cia
mot canh. Trong s6 canh 1a s nguyén co gia tri tuyét ddi khong qua 1000.

Output

Cay khung nho nhit ctia d6 thi
Sample Input Sample Output
6 8 Minimum Spanning Tree: N °
123 (5, 6) =1 3 )
133 (4, 5) = 2 Qf 3 2 @
243 (1, 2) =3 3 |
253 (2, 5) = 3 @4 °
354 (1, 3) =3
4 52 Weight = 12
4 6 2
561

2.2. Thuat toan Kruskal

Thuét toan Kruskal [27] dua trén mé hinh x4y dung cdy khung bang thuat toan
hop nhat, chi c6 diéu thuat toan khong phai xét cac canh vai thr tu tuy ¥ ma xét
céc canh theo thir tw da sip xép: Dé tim cdy khung ngan nhit cia do thi G =
(V, E,w), thuat toan khdi tao cay T ban dau khong c6 canh nao. Duyét danh sach
canh cta d6 thi tir canh c6 trong s6 nho dén canh c6 trong sé 16n, mdi khi xét toi
mot canh va viéc thém canh d6 vao T khong tao thanh chu trinh don trong T thi
két nap thém canh d6 vao T... Clr lam nhu vay cho téi khi:
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e Hoic di két nap duoc |V| — 1 canh vao trong T thi ta duoc T 1a cay khung
nho nhat

e Hoic khi duyét hét danh sach canh ma van chua két nap du |[V| — 1 canh.
Trong trudng hop nay d6 thi G 1a khong lién thong, viéc tim kiém cdy
khung that bai.

Nhu vay can lam rd hai thao tac sau khi cai dat thuat toan Kruskal:

e Lam thé nao dé xét duge cac canh tir canh ¢ trong s6 nho tGi canh ¢6 trong
s6 16m.

e Lam thé nao kiém tra xem viéc thém mét canh c6 tao thanh chu trinh don
trong T hay khong.

a) Duyét danh sach canh

Vi céac canh cia dd thi phai dugc xét tir canh co6 trong s nho téi canh ¢6 trong
sb 1on. Ta co thé thuc hién mdt thuat toan sép xép danh sach canh roi sau d6
duyét lai danh sach di sip xép. Tuy nhién khi cai dit cu thé, ta co thé khéo 1éo
16ng thuat toan Kruskal vao QuickSort hoac HeapSort dé dat hiéu qua cao hon.
Chang han véi QuickSort, ¥ tudng 1a sau khi phan doan danh sach canh bing
mét canh chédt Pivot, ta duge ba phan doan: Poan dau g@)m cac canh co trong )
< w(Pivot), tiép theo la canh Pivot, doan sau g6m cac canh cé trong sb
> w(Pivot). Ta goi dé quy dé sip xép va xur 1y cac canh thudc doan dau, tiép
theo xir 1y canh Pivot, cudi cing lai goi d¢ quy dé sap xép va xur 1y cac canh
thudc doan sau. Dé théy rﬁng thtr ty xr 1y céc canh nhu vay ding theo thu tu
ting dan cua trong s6. Ngoai ra khi thiy da c6 di n — 1 canh duogc két nap vao
cay khung, ta c6 thé ngung ngay QuickSort ma khong can xt 1y tiép nita.

b) Két nap canh va hop cay

Trong qua trinh xdy dung cdy khung, cac canh trong T & cac budc s€ tao thanh
mot rimg (40 thi khong c¢é chu trinh don), mdi thanh phan lién thong cua rimg
nay 1a mot cdy khung. Muén thém mét canh (u, v) vao T ma khong tao thanh
chu trinh don thi (u, v) phai ndi hai cay khiac nhau cua ring T. Diéu nay lam
ching ta nghi dén cdu tric dir liéu biéu dién cac tap roi nhau: Ban dau ta khoi
tao n tap S, S5, ..., Sns moi tdp chira ding mot dinh cua dd thi. Khi xét t&i canh
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(u, v), néu u va v thudc hai tip khac nhau S, S, thi ta hop nhat S, S, lai thanh
maQt tap.
Vay c6 hai thao tac can phai cai dit hiéu qua trong thuat toan Kruskal: phép
kiém tra hai dinh c6 thudc hai tip khac nhau hay khong va phép hop nhat hai
tap. Mot trong nhiing cu tric dir liéu hiéu qua dé cai dit nhiing thao tac nay la
rieng cdc tdp roi nhau (disjoint-set forest). Cau trac dit lidu nay duoc cai dit nhu
sau:
MGdi tap S[.] duoc biéu dién bai mot cdy, trong d6 mdi dinh trong tap twong (ng
v6i mot nat trén cay. Cay dugc biéu dién boi mang con tro t6i nat cha: lab[v] 1a
nut cha ciia nit v. Trong truong hop v 1a nit gde cua cdy, ta dit:

lab[v] := —hang cta cay
Hang (rank) cia mot cay 1a mot sd nguyén khong nhé hon d6 cao cia cdy. Ban
dau mdi tap S[.] chi gdm mot dinh, nén ho cac tip S, S,, ..., S, duoc khoi tao
v6i cac nhin lab[v] = 0, Vv € V tuong ng véi mot rimg gdm n cdy do cao 0.

Pé xac dinh hai dinh u, v c6 thudc 2 tdp khic nhau hay khéng, ta chi can xac
dinh xem gbc ctia cdy chira u va gbc cia cdy chira v ¢ khac nhau hay khong.
Viéc xéac dinh gbc cua cdy chira u duge thyc hién boi ham FindSet(u): Pi tir u
1én nut cha, dén khi gip nat gbc (nat r ¢6 lab[r] < 0) thi dung lai. Pi kém véi
ham FindSet(u) 1a phép nén duong (path compression): Doc trén duong di tir u
t6i nat gbe r, di qua dinh nao ta cho ludn dinh d6 1am con ctia 7:

function FindSet (u: Integer): Integer;
//Xdc dinh goc cdy chiva dinh u
begin

if lab[u] <= 0 then Result := u

//u la goc ciia mét tip S[.] nao do, tri vé chinh u
else //u khéng phii gbc

begin
Result := FindSet (lablul); /Goidéquy tim géc
labu] = Result; //Nén dwong, cho u lim con ciia niit géc luén
end;
end;
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Viéc hop nhat hai tap tirc 13 xay dung cAy méi chira tit ca cac phan tir trong hai
cay ban dau. Gia st va s 1a gbc cua hai cdy twong Gng véi hai tdp can hop
nhét. Khi dé:

Néu ciy gbc 7 co hang cao hon ciy gbc s, ta cho s lam con cua 7, hang cia
cay gbc r khong thay doi, tuong tu cho trudng hop ciy gbc r thip hon cay
gdc s.

Néu hai cdy ban dau c6 cung hang, ta cho ciy gdc r 1am con cia gdc s khi
d6 ciy gbc s co thé s& bi tang do cao, do vay dé hop 1y hoa ta ting hang cta
s 1én 1, tuong dwong véi viéc giam lab[s] di 1.

procedure Union(r, s: Integer); /Hop nhithaitdprvas
begin
if lab[r] < labl[s] then /hang ciarlén hon

lab[s] := r /fchoslam con ciar
else

begin
if lab[r] = lab[s] then Dec(lab[s]);
//Néu hai tdp bang hang, ting hang ciia s
lab[r] := s; //Chorlam con cuas

end;

end;

Hinh 2.4 mb ta hai cay biéu dién hai tp roi nhau, sau khi xét t&i mot canh (u, v)
nbi giita hai tap, hai cay duoc hop nhét lai bang cach cho mét cay lam cay con
ctia gbe cay kia.

A
®\ /®

Hinh 2.4. Hai tdp roi nhau dwoc hop nhit lai khi xét t6i mot canh néi mét dinh ciia tip nay véi mét

O

=
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dinh ciia tdp kia

KRUSKAL.PAS v Thuét toan Kruskal

{$MODE OBJFPC}
program MinimumSpanningTree;




const

maxN = 1000;

maxM = maxN * (maxN - 1) div 2;
type

TEdge = record //Ciu triic canh

X, y: Integer; //Haidinh diu miit
w: Integer; //Trongsé
Selected: Boolean; //Pdnh diucheon/khéng chon vao cdy khung
end;
var
lab: array[l..maxN] of Integer; //Nhdn cia disjoint set forest
e: array[l..maxM] of TEdge; //Danhsdch cgnh
n, m, k: Integer;
procedure Enter; //Nhdp dili¢u
var i: Integer;
begin
ReadLn (n, m);
for i := 1 to m do
with e[i] do
begin
Readln (x, vy, w);
Selected := False; //Chwachgn cgnhnao
end;
for i := 1 to n do lab[i] := 0;
//Khdi tao n tdp roi nhau hang ciia méi tip bing 0
k := 0; //Bién dém sé canh dwgc két nap vao cdy khung
end;
function FindSet (u: Integer): Integer; //Xdcdinh tip chiradinhu
begin
if lab[u] <= 0 then Result := u //ulagéccia mjt tip S[.] nao dé
else //ukhéng phii gic
begin
Result := FindSet (lablu]l); //Goidéquy timgéc
lab[u] Result; //Nénduong
end;

end;
procedure Union(r, s: Integer); //Hopnhithaitiprvas
begin
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if lab[r] < lab[s] then //hang ciiarlénhon

lab[s] := r //choslamconcuar
else

begin
if lab[r] = lab[s] then Dec(lab[s]);
//Néu hai tip bing hang, ting hang ciia s
lab[r] := s; //Chorlamconciias

end;

end;

procedure ProcessEdge (var e: TEdge); //Xirly mytcanhe
var r, s: Integer;

begin
with e do
begin
r := FindSet (x);
s := FindSet (y); //Xdcdinh 2 tip twong itng véi 2 diu miit

if r <> s then //Haidiu miit thujc hai tip khdc nhau
begin
Selected := True; //Canh esédwpc chon vio cdy khung nhé nhit
Inc (k) ; //Tdng bién dém sé canh dwoc két nap
Union (r, s); //Hopnhithaitip thanh mgt
end;
end;
end;
procedure QuickSort (L, H: Integer); //Xilydanh sdch canh e[L..H]
var
i, j: Integer;
pivot: TEdge;
begin
//Néu cdy dd cé dii k canh hodc danh sdch canh réng thi thodt luén
if (L > H) or (k = n - 1) then Exit;
//Chiy L > H, khéng phdi L > H nhu trong QuickSort

i := L + Random(H - L + 1);
pivot := e[i];

e[i] := el[L];

i := L;

J = H;

repeat




while (e[j].w > pivot.w) and (i < j) do Dec(3);
if i < j then
begin
eli] := el[J]1;
Inc (1) ;
end
else Break;
while (e[i].w < pivot.w) and (i < J) do Inc(i);
if i < j then
begin
elj] := e[i];
Dec (J) 7
end
else Break;
until i = J;
QuickSort (L, 1 - 1);
//Cic canh e[L...i — 1] cé trong sé < Pivot.w, goi dé quy xit ly trwdc
e[i] := Pivot;
if k < n - 1 then ProcessEdge (e[i]); /#/Xitlytiép canh efi] = Pivot
QuickSort(i + 1, H);
//Cdc canh efi + 1...H] cé trong sé > Pivot.w, goi dé quy xir Iy sau
end;
procedure PrintResult;
var
i, Weight: Integer;
begin
if k < n - 1 then //Khéng kétnap diin- 1 canh, dé thi khéng lién théng
WriteLn ('Graph is not connected!')
else //Inra cdy khung nhé nhit

begin
WriteLn ('Minimum Spanning Tree:');
Weight := 0;
for i := 1 to m do

with e[i] do
if Selected then //Inra cdch canh dwpc ddnh diu chon
begin
Writeln('(', %, ', ', vy, ") =", w);
Inc (Weight, w);
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end;
WriteLn ('Weight = ', Weight);
end;

end;
begin

Enter;

QuickSort (1, m); //Léng thudttodn Kruskal vao QuickSort

PrintResult;
end.

Tinh dung din cua thuét toan Kruskal dugc suy ra tir Dinh 1y 3-17: Dé y rang
cac canh dugc két nap vao ciy khung sau mdi budc sé tao thanh mét ring (dd
thi khong co6 chu trinh don). Mdi khi canh (u, v) dugc xét dén, no s& chi duogc
két nap vao cay khung néu nhu u va v thudc hai cay (hai thanh phan lién thong)
T, T, khac nhau. Ky hiéu A 1a tdp canh cta T, khi do latcat V =T, U (V —T,)
la tuong thich véi tap A, (u,v) 12 canh nhe cia lat cit nén (u, v) ciing phai la
mot canh trén mot cdy khung nho nhat.

c) Thoi gian thuc hién gidi thuat
Véi hai s6 tu nhién m, n, ham Ackermann A(m,n) duoc dinh nghia nhu sau:

n+ 1,néum =0
A(mn) ={A(m—-1,1),néfum >0van=0
A(m—1,A(m,n—1)),néum > 0van >0

Duéi day la bang mot s gia tri ham Ackermann:
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n 0 1 2 5 4
m:
0 1 2 3 4 5
1 2 3 4 5 6
2 3 5 7 9 1
3 > 13 29 61 125
4 13 65533 265536 _ 3 | 2655 _ 3 | 20550

Ham A(m, n) 12 mot ham ting rit nhanh theo ddi sé n. C6 thé chirng minh duoc
AO,n)=n+1
A(l,n)=n+2
A(2,n) =2n+3
A(3,n) = 23 — 3

2

A(4,n)= 22" -3
—_——
n+3 liy thira
Chang han A(4,2) 1a mot s6 ¢6 19729 chir s, A(4,4) 1a mot sé ma so chit s6 cia
n6 16n hon ca s nguyén tir trong phan vii try ma con ngudi biét dén.
Khin > 0, xét ham a(m,n), goi la nghich dao ctia ham Ackerman, dinh nghia
nhu sau:

a(m,n) = min {k >1:4 (k, l%J) > lgn}

Nguoi ta da chimg minh dugc rang véi cdu trac dir liéu rimg cac tap roi nhau,
viéc thuc hién m thao tac FindSet va Union mat thoi gian O(ma'(m, n)). O day
a(m,n) 1a mot hang sd rt nho (trén tit ca cac dir liéu thuc thé, khong bao gid
a(m,n) vuot qua 4). Piéu d6 chi ra rang ngoai trir viéc sap xép danh sach canh,
thuat toan Kruskal & trén c6 thoi gian thuc hién O(|E|a(|E|, [V])).

Tuy nhién néu phai thuc hién sip xép danh sach canh, ching ta can cong thém
thoi gian thuc hién giai thuat sap xép O(|E|1g|E|) nira.
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2.3. Thuat toan Prim

a) Tu tudng cha thuat toan

Trong truong hop dd thi day (c6 nhiéu canh), c6 mot thuat toan hiéu qua hon dé
tim cdy khung ngan nhat 1a thuat toan Prim [32]. V&i mot cdy khung T va mot
dinh v € T, ta goi khoang cach tir v t6i T, ky hiéu d[v], 13 trong s6 nho nhét cua
mét canh ndi v véi mot dinh nam trong T':

d[v] = min{w(u, v)}

Tu tudng cua thudt toan c6 thé trinh bay nhu sau: Ban dau khaoi tao mot cay T

chi gdbm 1 dinh bat ky cua d6 thi, sau d6 ta cir tim dinh gan T nhat (c6 khoang

cach téi T ngan nhat) két nap vao T va két nap ludn canh tao ra khoang cach gan

nhét do, ctr 1am nhu vay cho t&i khi:

e Hoic da két nap dua n dinh vao T, ta c6 mdt cay khung ngén nhat.

e Hoic chua két nap du n dinh nhung khong con canh nao néi mot dinh trong
T véi mot dinh ngoai T. Ta két luan d6 thi khong lién thong va khong thé
ton tai cdy khung.

b) Ky thuat cai dat
Khi cai dat thuat toan Prim, ta sit dung cac nhin khoang cach d[v] dé luu
khoang cach tir v t6i T tai moi budc. Mdi khi cay T bd sung thém mot dinh u, ta
tinh lai cac nhan khoang céach theo cong thuc sau:

d[v]méi = min {d [v]cﬁf W(u: U)}

Tinh dng d4n cta cong thirc ¢6 thé hinh dung nhu sau: d[v] 1a khoang cach tir
v t6i cay T, theo dinh nghia 14 trong s6 nho nhat trong sd cac canh ndi v voi mot
dinh nam trong T. Khi cdy T “né” ra thém dinh u nita ma dinh u nay lai gin v
hon tat ca cac dinh khac trong T, ta ghi nhan khoang cach méi d[v] 1a trong sd
canh (u, v), néu khong ta van giit khoang cach ci.
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d [U] cil

w(u, v)

Hinh 2.5. Co ché cip nhit nhin khodng cach

Tai mdi budc, dinh ngoai cdy c6 nhin khoang cich nhé nhat s& duoc két nap vao

cdy, sau do6 cac nhan khoang cach dugc cap nhat va lap lai. M6 hinh cai dét cua

thuét toan co thé viét nhu sau:

u «Mot dinh bat ky»;
T := {u};
for Vv ¢ T do d[v] := +x;
//Cédc dinh ngoai T dwoc khdi tao nhan khodng cdch +o
for i := 1 ton - 1 do /Lamn—-1lin
begin
for (Vv ¢ T:(u, v) EE) do
d[v] := min{d[v], w(u, v)};

//Cip nhdt nhén khodng cdch ciia cic dinh ké u ndm ngoai T
u := arg min{d[v]:v ¢ T};
//Chon u la dinh c6 nhan khodng cdch nhé nhit trong sé cdc dinh nam ngoai T
if d[u] = +e then /Pé thi khong lién thong

begin
Output <« "Khoéng tén tai cay khung";
Break;
end;
T := T U {u}; /BésunguvioT

end;
Output <« T;

Cai dit dudi day st dung ma tran trong s6 dé biéu dién d6 thi. Ky thuat danh

dau duoc sir dung dé biét mot dinh v dang nam ngoai (outside[v] = True) hay

nam trong cay T (outside[v] = False). Ngoai ra dé tién lgi hon trong viéc chi

ra cdy khung nhé nhét, v6i mdi dinh v nam ngoai T ta luu lai trace[v] 1 dinh u

nam trong T ma canh (u, v) tao ra khoang cach gn nhit tir v t6i T: w(u, v) =
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d[v]. Khi thudt toan két thuc, cac canh trong cidy khung la nhirng canh
(trace[v], v).

PRIM.PAS v Thuit toan Prim

{$MODE OBJFPC}

program MinimumSpanningTree;

const
maxN = 1000;
maxW = 1000;

var
w: array[l..maxN, 1..maxN] of Integer; /Ma trin trongsé
d: array[l..maxN] of Integer; //Cdcnhin khoing cich
outside: array[l..maxN] of Boolean; /Pdinh diu cdic dinh ngodi ciy
trace: array[l..maxN] of Integer; /Wit
n: Integer;

procedure Enter;

var

i, m, u, v: Integer;

begin
ReadLn (n, m);
for u := 1 to n do
for v := 1 ton do wl[u, v] := maxW + 1;
//Khéi tao ma trdn trong sé véi cac phén tiv +oo
for i := 1 to m do
begin

ReadLn (u, v, wlu, v]);
//Chii y: Pon do thi méi c6 thé doc dir liéu thé nay
wlv, ul]l := wlu, v]; /Péthivé huong
end;
end;
function Prim: Boolean; /Thudttodin Prim, trd vé True néu tim dwgc ciy khung
var

u, v, dmin, i: Integer;

begin
u := 1; //Cayban diu chi gom dinh 1
for v := 2 to n do d[v] := maxW + 1;

//Nhan khodng cich cho cdc dinh ngodi ciy khdi tgo bing +o
FillChar (outside[2],
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(n - 1) * SizeOf (outside[2]),
True) ; /#Pdnh diu cic dinh 2...n nam ngodi ciy
outside[l] := False; /Pinh 1 nim trong ciy
for i := 1 ton - 1 do /Limn-1lin
begin
//Trwdc hét tinh lgi cic nhan khodng cich
for v := 1 to n do
if outside[v] and (d[v] > w[u, v]) then
//Canh (u, v) tgo khodng cich ngin hon khodng cdch cii

begin
dlv] := wl[u, Vv]; /Cdpnhdtnhankhoing cich
trace[v] := u; /Luuvét
end;
//Tim dinh u ngoai cdy cé nhin khodng cich nhé nhit
dmin := maxW + 1;
u = 0;
for v := 1 to n do
if outside[v] and (d[v] < dmin) then
begin
dmin := d[v];
u = v;
end;

if u = 0 then Exit (False);

//Céy khéng cé canh nio ndi ra ngodi, dé thi khéong lién théng, thodt

outside[u] := False; /Kétnap uvio ciy
end;
Result := True;

end;

procedure PrintResult; /Inkétqui trong truong hop tim ra ciy khung nhé nhit
var

v, Weight: Integer;

begin
WriteLn ('Minimum Spanning Tree:');
Weight := 0;
for v := 2 to n do
begin
Writeln(' (', tracelv], ', ', v, ') ="',

)

V] 1
wl[trace[v] v]);
[v v]);

Inc (Weight, wltrace

1,
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end;

WriteLn ('Weight = ', Weight);
end;
begin

Enter;

if Prim then PrintResult

else WriteLn ('Graph is not connected!');
end.

Tinh dung din cua thut toan Prim ciing d& dang suy ra duoc tir Pinh 1y 3-17:

Goi A 1a tap canh cua cay T tai mdi bude, xét lat cit tach tap dinh V lam 2 tap

ro1 nhau, moét tap gém cac dinh € T va tap con lai gém cac dinh ¢ T. Pinh v

duoc két nap vao ciy T tai mdi budc twong tng véi canh (Trace[v], v) 1a canh

nhe cua 1t cit nén no 1a an toan véi tap A, viéc b6 sung canh nay vao A van dam

bao A 1a tip con cua tip canh mot cdy khung ngin nhit.

c) Thoi gian thuc hién gidi thuat

Chuong trinh cai dit thuat toan Prim & trén c6 thoi gian thuc hién ©(n?), hiéu

qua hon thuat toan Kruskal trong trudng hop d6 thi day nhung lai kém hon néu

dd thi thua. Trong truong hop dd thi thua, ta c6 thé cai tién mé hinh cai dat thuat

toan Prim bang cach két hop véi mot hang doi wu tién chira cac dinh ngoai cay

¢6 nhin khoang cach < +oo. Hang doi wu tién can hd tro cac thao tac sau:

e Extract: Lay ra mot dinh uu tién nhat (dinh u ¢6 d[u] nho nhat) khoi hang
doi uu tién.

e Update(v): Thao tac ndy bao cho hang doi uu tién biét rang nhan d[v] da
bi giam di, can to chirc lai (thém v vao hang doi wu tién néu v dang nam
ngoai).

Khi d6 thuat toan Prim c6 thé viét theo mé hinh méi:

T := {Mot dinh bat ky u};

for Vv €T do d[v] := +e;

//Cac dinh ngoai T dwoc khdi tao nhédn khodng cdch +o

PQ := Q; /Hang dyiuwu tién dugc khéi tao rong

for i := 1 to |V| - 1 do //Lamn-1lin
begin

for (Vv €V:(u, v)EE) do /Cip nhitnhin cic dinh ngodi ciy ké véi u
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if (v €7T) and (d[v] > w(u, v)) then

begin
dlv] := w(u, Vv);
Update (v) ;
end;
if PQ = @ then /Db thikhong lién thong
begin
Output <« "Khéng tdén tai cdy khung";
Break;
end;
u := Extract;
//Chon u li dinh c¢é nhan khodng cdch nhé nhit trong sé cdc dinh ndm ngoai T
T := T U {u}; /BésunguvioT
end;

Thoi gian thuc hién giai thuat co thé wdc luong theo sb 101 goi Update va
Extract. Tuong tu nhu thudt toan Dijkstra, c6 thé thiy rang chung ta cin st
dung khong qua n — 1 101 goi Extract va khong qua m 101 goi Update véin la
sb dinh va m 1a s canh cua d6 thi.

Mot s6 cau trac dir liéu biéu dién hang doi wu tién c6 thé s dung dé cai thién
tbc do thuat toan Prim trong truong hop do thi thwa. Chang han néu s dung
Fibonacci Heap lam hang doi uwu tién, thoi gian thuc hién gidi thudt la
O(|V|1g|V| + |E]). Mic du vay can nhin manh rang trong cac tmg dung thuc té
ma danh sach canh c6 thé duoc sap xép trong thoi gian O(|E|) (chang han dung
cac thudt toan siap xép co s6 hodc dém phan phdi), thuat toan Kruskal ludn 1a sy
lya chon hop 1y hon ca vi nd c6 thé tim dugc cdy khun trong thoi gian
O(IEla(IEL IV])).

Bai tap

2.16. Cho T la cay khung nhé nhat ciia do thi G va (u,v) 1a mot canh trong T.
Chung minh rang néu ta trir trong sd canh (u, v) di mot s6 dwong thi T van
1a cay khung nho nhat ctia do thi G.

168



2.17.

2.18.

2.19.

2.20.

2.21.

2.22.

169

Cho G 1a mot dd thi vo huéng lién thong, € 1a mot chu trinh trén G va e 1a
canh trong s6 16n nhat ciia €. Ching minh rang néu ta loai bo canh e khoi
d6 thi thi khéng anh hudng toi trong sé cua cdy khung nho nhat.

Chtng minh rang d0 thi ¢6 duy nhit mot cay khung nho nhat néu voi moi
14t cit cua do thi, co duy nhat mét canh nhe ndi hai tap cua lat cit. Cho
mdt vi du dé chi ra réng diéu nguoc lai khong ding.

Goi T 1a mot cay khung nho nhat cia do thi vo hudng lién thong G, ta
giam trong s6 ciia mot canh khong nam trong cay T, hdy tim mdt thuat
toan don gian dé tim cdy khung cua d6 thi mai.

Goi y: Goi canh bi gidm trong sé la (u,v), thém (u,v) vao T ta sé dwoc
dung mot chu trinh don, loai bo canh trong $6 16m nhdt trén chu trinh don
nay sé dwoc cdy khung nhé nhat ciia do thi méi.

Gia sir rang d6 thi vo hudng lién thong G c6 cay khung nho nhét T, nguoi
ta thém vao dd thi mot dinh m&i va mot sb canh lién thude véi dinh do.
Tim thuét toan xac dinh cdy khung nho nhét cta d6 thi mai.

Gido su X dé& xudt mot thuat toan tim cdy khung ngan nhat dya trén y
tuong chia dé tri: V&i dd thi vo hudng lién thong G = (V, E), phan hoach
tap dinh V lam hai tap ro1 nhau V3, V, ma lyc lugng cua hai tap nay hon
kém nhau khong qué 1. Goi E; 1a tap céac canh chi lién thudc véi cac dinh
€ V; va E, la tap cac canh chi lién thudc voi cac dinh € V,. Tim cay khung
nho nhét trén d6 thi G, = (Vy, E;) va G, = (V,, E,) bang thuat toan dé quy,
sau d6 chon canh trong s6 nho nhét nbi V; v6i V, dé ndi hai cay khung tim
duoc thanh mot cay. Chimg minh tinh dang dan cua thuét toan hodc chi ra
mot phan vi du cho thay thuat toan sai.

(Cay khung nho tht nhi) Cho G = (V, E,w) 1a d6 thi vo huéng lién thong
c6 trong sb, gia st rang |E| = |V| va cac trong sd canh 13 hoan toan phan
biét (w 1a don anh). Goi T 1a tap tit ca cic cdy khung cua G va A 1a cay
khung nh¢ nhat ctia G, khi d6 cdy khung nho thtr nhi duoc dinh nghia 1a
cay khung B € T théa man:

w(B) = Er;li_r{lA}{W(T)}



2.23

2.24.

2.25.

2.26.

Chi ra rang d thi G c6 duy nhit mot cdy khung nho nhat 13 A, nhung c6 thé
¢ nhiéu cdy khung nho tht nhi.

Chtng minh rang luén tén tai mot canh (u,v) € A va (x,y) € A dé néu ta
loai bo canh (u, v) khoi A rdi thém canh (x,y) vao A thi s& duoc cay khung
nhé thir nhi.

VéiVu,v € V, goi f[u, v] 12 canh mang trong sé 16n nhat trén duong di duy
nhat tir u toi v trén cay A. Tim thuat toan O(|V|?) dé tinh tat ca cac f[u, v],
Vu,velv.

Tim thuét toan hiéu qua dé tim cay khung nhé thi nhi cta 6 thi.

. Cho s va t 12 hai dinh ctia mot dd thi vo hudng cé trong sé G = (V, E,w).
Tim mot dudng di tir s t6i t thoa méan: Trong sd canh 16n nhat di qua trén
duong di 12 nho nhét co thé.

Goi y: Co rat nhiéu cach lam: Két hop mot thudt toan tim kiém trén do thi
VGi thudt todn tim kiém nhi phan, hodc sua doi thudt toan Dijkstra, hogc
st dung thudt todn tim cdy khung ngdn nhdt.

(Euclidean Minimum Spanning Tree) Trong truong hop cac dinh cua dd
thi dﬁy du duoc dat trén mat phéng truc chuan va trong s canh nbi gitra
hai dinh chinh 1a khoang cach hinh hoc gitra ching. Nguoi ta c6 mgt phép
tién xtr 1y dé giam bét s6 canh cua do thi bang thudt toan tam giac phan
Delaunay (O(nlgn)), db thi sau phép tam giic phan Delaunay s& con
khong qua 3n canh, do d6 s& lam cac thut toan tim cdy khung nho nhat
hoat dong hiéu qua hon. Hay tu tim hiéu vé phép tam giac phan Delaunay
va cai dat chuong trinh dé tim cdy khung nho nhét.

Trén mot nén phang voi hé toa do truc chuan dit n may tinh, may tinh thi
i dugc dit ¢ toa do (x;,y;). Pa co sdn mot sd diy cap mang ndi gitta mot
s6 cip may tinh. Cho phép nbi thém cac day cap mang ndi giita tirng cip
may tinh. Chi phi néi mot diy cap mang ti 1¢ thuan v6i khoang cach giira
hai may can ndi. Hay tim cach ndi thém cac diy cap mang dé cho cac may
tinh trong toan mang 1a lién thong va chi phi ndi mang 1a nhé nhét.

Hé thdng dién trong thanh phd dugc cho boi n tram bién thé va cac duong
day dién ndi giita cac cip tram bién thé. Mdi dudng day dién e c6 do an
toan la p(e) € (0,1]. P an toan cia ca ludi dién 1a tich do an toan trén céac
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duong day. Hay tim cach bo di mot sé day dién dé cho cac tram bién thé
van lién thong va do an toan ctia mang 13 16n nhat c6 thé.

Goi y: Béng k¥ thuat léy logarithm, d§ an toan trén ludi dién tré thanh
tong do an toan trén cac duong day.

3. Ludng cwc dai trén mang
3.1. Cac khdi niém va bai toan
a) Mang
Mang (flow network) la moét b nam G = (V, E, c, s, t), trong do:
V va E lan luot 1a tap dinh va tdp cung ctia mot d6 thi c6 huéng khéng co
khuyén (cung noi tr mgt dinh dén chinh no).
s va t 1a hai dinh phan biét thudc V, s goi 1a dinh phat (source) va t goi la dinh
thu (sink).
¢ la mot ham xac dinh trén tap cung E:
c:E — [0,+)

e — c(e)
gan cho mdi cung e € E mot s6 khong am goi 14 siee chira (capacity)” c(e) = 0.
Bang cach thém vao mang mot sé cung co sttc chira 0, ta co thé gia thiét ring
mdi cung e = (u,v) € E ludn c6 twong tmg duy nhat mot cung nguogc chiéu, ky
hiéu -e = (v,u) € E, goi 1 cung doi cia cung e, ta ciing coi e 1a cung ddi cua
cung —e (tc 1a - (—e) = e). C6 thé thdy rang sé cung can thém vao mang la
mot dai lugng O(E).
Chu ¥ ring mang 1a mét da dd thi, tirc 13 giita hai dinh c6 thé c6 nhiéu cung
noi.

Dé thuan tién cho viée trinh bay, ta quy udc cac ky hiéu sau:

* Tir nay con c6 thé dich 1a “kha ning théng qua” hay “luu luong”
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Véi X, Y 1a hai tap con cua tdp dinh V va f: E - R 1a mdt ham xéc dinh trén tap
canh E:

Ky hiéu {X — Y} 13 tap cac cung ndi mot tir mot dinh thude X t6i mot dinh thude
Y:

{X->Y}={e=Wwv)EE:ueXyeyY}
Ky hiéu f(X,Y) 1a tong céac gia tri ham f trén cac cung e € {X — Y}:

fEn = ) 1

eEX-Y
b) Ludng
Luong (flow) trén mang G 13 mot ham:
fiE—R
e f(e)

gan cho mdi cung e mot sb thuc f(e), goi la luéng trén cung e, thoa man ba

rang budc sau day:

e Rang budc vé sirc chira (Capacity constraint): Ludng trén mdi cung khong
dugc vuot qua ste chira ciia cung do6: Ve € E: f(e) < c(e).

e Rang budc vé tinh dbi xtmg 16ch (Skew symmetry): Véi Ve € E, ludng trén
cung e va ludng trén cung dbi —e c6 cung gia tri tuyét ddi nhung trai dau
nhau: Ve € E: f(e) = —f(—e).

e Rang budc vé tinh bao tdn (Flow conservation): Véi mdi dinh v khong phai
dinh phat va cling khong phai dinh thu, tong ludng trén cic cung di ra khoi
vbang 0: Vv €V — {s,t}: f({v},V) = 0.

Ttr rang budc vé tinh dbi xtng 1éch va tinh bao ton, ta suy ra duoc: Vi moi dinh

v € V — {s,t}, tong ludng trén cac cung di vao v bang 0: f(V, {v}) = 0.

Gia tri ctia ludng f trén mang G dugc dinh nghia bang tong ludng trén cac cung

di ra khéi dinh phat:

If1 = f{s}V) (3.1
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Bai todn luong cuc dai trén mang (maximum-flow problem): Cho mot mang G
v6i dinh phat s va dinh thu t, ham strc chura ¢, hay tim mdt luéng c6 gia tri 16n
nhat trén mang G.

c) Lubdng duong
Luéng dwong (positive flow) trén mang G 1a mot ham
@:E — [0, +o0)
e — ¢(e)
gan cho mdi cung e mot sb thuc khong am @ (e) goi 1a ludng duong trén cung e
théa man hai rang budc sau day:

e Rang budc vé stc chita (Capacity constraint): Ludng duong trén mdi cung
khong dugc vugt qua strc chira ctia cung do: Ve € E: 0 < ¢ (e) < c(e).

e Rang budc vé tinh bao tdn (Flow conservation): Véi mdi dinh v khong phai
dinh phat va ciing khong phai dinh thu, tong ludng dwong trén cic cung di
vao v bang tong ludng dwong trén cac cung di ra khoi v: Vv € V — {s,t}:
eV, {v}) = p({v} V).

Gia tri cia mot ludng duong duoc dinh nghia bing tong ludng duong trén cac

cung di ra khoi dinh phat trr di tong ludng dwong trén cic cung di vao dinh

phét*:

lol = (s}, V) — @V, {s}) (3.2)

Hinh 2.6. Mang véi cdc sikc chiva trén cung (I phdt, 6 thu) va mét luong dwong véi gid tri 7

* Mot sb tai liéu khac dua vao thém rang budc: dinh phat s khéng cé cung di vao va dinh thu t khéng c6
cung di ra. Khi d6 gia tri ludng dwong bing tong ludng duong trén cic cung di ra khoi dinh phat. Cach
hiéu nay c¢6 thé quy vé mot trudng hop riéng cua dinh nghia.
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d) Méi quan hé gitra lubng va luéng duong
Bé dé 3-1
Cho ¢: E - R 1a mot ludng dwong trén mang G = (V, E, c, s, t). Khi d6 ham
fiE—R
e f(e) = ple) — p(—e)

12 mot ludng trén mang G va |f| = |@|

Chirng minh

Trudc hét ta ching minh f thoa man tat ca cac rang budc vé ludng:

Rang bugc vé sirc chira: Véi Ve € E:

fle) =q(e) —p(=e) < ple) < c(u,v)

=0

Rang budc vé tinh ddi xtng léch: Vi Ve € E
fle) =p(e) —p(=e)
=—(p(=e) = 0(e)
= —f(e)
Rang budc vé tinh bao ton: Vv € V, ta co:

= (0@ -e=e)

eef{{v}-v}

=< > w(e))—( > <p(—e)>
e{{v}-v} ee{{v}-v}

=< > <p(e)>—< > qo(—e)>
ee{{v}-v} —ee{v-{v}}

=o{v},V) — oV, {v})
Néuv#svav+# t, ta co:
fAvLV) = o({v},V) — oV, {v}) =0
(Do tong ludng duong di ra khoi v bang tong ludng dwong di vao v)
Néu v = s, xét gia tri ludng f
IfI = f{shV) = o(({s},V) — oV, {s}) = ||

B6 dé 3-2
Cho f: E — R 1a mot luéng trén mang G = (V,E, ¢, s, t). Khi d6 ham:
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@:E — [0, )
e — @(e) = max{f(e),0} = {f(e)’, néu f(e) = 0
0, néu f(e) < 0

12 mot ludng dwong trén mang va |@| = |f]
Chirng minh
Trudc hét ta ching minh ¢ théa man cic rang budc vé ludng duong:
Rang budc vé sirc chua: Ve € E, 15 rang @(e) 1a sb khong am va ¢(e) =
max{f (e), 0} < c(e).
Rang budc vé tinh bao ton: Vv € V, téng ludng duong ra khoi v trir tong ludng

duong di vao v bang:

PV —oW, D= D fE@- ) f

ee{{v}-v} ee{V-{v}}

f(e)z0 f(e)>0
= D f@+ ) fe=fwV)
ee{{v}-v} —ee{{v}-Vv}

fle)=0 f(-e)<o

Néuv #svav #t, f({v},V) = 0 nén ludng duong di vao v (¢ ({v},V)) duoc bao
ton khi di ra khoi v (@ (V, {v})).

Néuv = s, ta co:

lol = o{shV) — oV, {s}) = f{s} V) = If]
B6 dé 3-1 va B6 dé 3-2 cho ta mot mdi twong quan giita ludng va ludng duong.
Khai niém vé luéng duong dé hinh dung hon so v&i khai niém ludng, tuy nhién
nhimg dinh nghia vé ludng tong quat lai thich hop hon cho viéc trinh bay va
chimg minh cac thudt toan trong bai. Ta s& sitr dung ludng dwong trong cac
hinh vé& va output (chi quan tim t6i cac gia tri ludong duong @(e)), con cac khai
niém vé ludng s& duoc ding dé dién giai cac thuat toan trong bai.
Trong qua trinh cai dat thuat toan, cac ham c va f s€ dugc xac dinh béi tap cac
gia tri {c[e]}oer VA {f[€]}ecr nén ta c6 thé dung 1an cac ky hiéu c(e), f(e) (néu
mudn dé cép t6i gia tri ham) hodc c[e], f[e] (néu mudn dé cap tGi cac bién s6).

e) Mot s6 tinh chat co ban

Cho mang G = (V,E,c,s,t) va mot ludng f trén G. Goi c(X,Y) 13 lwu lieong tir
X sang Y va f(X,Y) la gia tri ludng tir X sang Y.
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Dinh Iy 3-3
Cho f 1a mot ludng trén mang G = (V,E, c, s, t), khi d6:
a)VX V., taco f(X,X) =0.
b)VX,Y SV, tacd f(X,Y) = —F(Y,X).
OVX,Y,ZSVvaXnY=0,taco f(X,2) + f(Y,Z) =F(XUY,2).
dvXcV —{st}taco f(X,V)=0.

Chiing minh

a) VX C V, ta co:

fE0= ) f
ee{X—-X}
nhu vay f(e) xudt hién trong tong néu va chi néu f(—e) ciing xudt hién trong
tong. Theo tinh d6i xtmg 1éch cua ludng: f(e) = —f(—e), ta cd f(X,X) = 0.
b)VX,Y SV, taco:
fEN= D fE@== > f(=e)=—f.X)
ec{X-Y} —ee{Y—X}

OVX,Y,ZcVvaXnY =0, taco:

fRUD= Y f@

ee{Xuy—2}
= ) @+ Y f@
ee{X—7} ee{y-Zz}
fx.z) f.z)
dvxcV —{st} do
x = Jw
uex

Nén theo chirng minh phan c):

FEV) =) Fun V)
uex
M&i hang tir cua tong: f({u}, V) chinh 1a tong ludng trén cic cung di ra khoi dinh
u, do tinh bao ton ludng va u khong phai dinh phat ciing khong phai dinh thu,
hang tir nay phai bang 0, suy ra f(X,V) = 0. Tir chirng minh phan b), ta con suy
ra f(V,X) = 0 nira.
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Dinh ly 3-4

Gia tri ludng trén mang bang tong ludng trén cac cung di vao dinh thu
Chirng minh
Gia st f 1a mot ludng trén mang G = (V, E, ¢, s, t), ta c6:

IfI =f{shV)
=fWV.V)—f(V—-_{s}V)
=—f(V—{s}V)
=fW,V—{sh
=fW N +fV,V—{ist})
=f.{th

H¢ qud
Gia tri ludng duong trén mang bang tong ludng duong di vao dinh thu trir tong
ludng dwong ra khéi dinh thu.
f) Mang thang du
Véi f 1a mot ludng trén mang G = (V, E, ¢, s, t). Ta xét mang Gs ciing la mang G
nhung véi ham stre chira maéi cho boéi:

cp:E — [0, +00)

e cr(e) = c(e) — f(e)

Mang Gf xay dung nhu vy dugc goi la mang thang du (residual network) cia

(3.3)

mang G sinh ra boi ludng f. Strc chtra cia cung (e) trén Gy thuc chat 13 luong
ludng t6i da chung ta c6 thé day thém vao ludng f(e) ma khong 1am vuot qua
sire chira c(e).

Mot cung trén G goi 12 cung bdo hoa (saturated edge) néu ludng trén cung d6
dung bang sirc chira, nguoc lai cung d6 goi 1a cung thang dw (residual edge). Ky
hi€u Ef 1a tdp cac cung thang du trén mang thang du Gy. Mot duong di chi qua
cac cung thang du trén Gy goi 1a duwong thang duw (residual path).

Cung bdo hoa ciia mang G trén mang thang du s€ co suc chira 0, cung nay it co y
nghia trong thudt todn nén ching ta s€ chi v€ cac cung thiang du (€ Ef) trong céc

hinh veé.
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Hinh 2.7. M{t luéng trén mang (sé ghi trén cdc cung la: sivc chiva:luéng dwong) va mang thiing dw
twong wng.
Hinh 2.7 123 mot vi du vé mang thing du. Nhu di quy udc, chung ta chi v& cac
ludng dwong. Db thi c6 cung (2,4) véi stc chira c(2,4) = 6, tic 1a phai ¢6 cung
d6i (4,2) v6i c(4,2) = 0. Ludng duong trén cung (2,4) 1a ¢(2,4) = f(2,4) =5
diéu nay ciing cho biét ludng trén cung (4,2) 1a £(4,2) = —5 theo tinh dbi xtng
1éch. Vay trén mang thang du, ta c6 cung (2,4) véi suc chira ¢(2,4) — f(2,4) =
6 — 5 = 1 ddng thdi c¢6 cung (4,2) véi sic chira c(4,2) — f(4,2) = 0 — (=5) =
5.
Dinh ly 3-5
Cho f 1a mot ludng trén mang G = (V, E, ¢, s, t). Khi d6 néu f’ 1a mot ludng trén
Gy thi ham:
f+fE—>R
e (f + () = f(&) + f(e)

12 mot ludng trén mang G véi gia tri ludng |f + f'| = |f] + |f'].

Chirng minh

Ta chiing minh (f + f’) thoa man ba tinh chat ctia ludng:

Rang budc vé sirc chtra: Véi Ve € E:

(f + (&) =f(e) + f'(e)
< f(e) + (cle) = f(e)
= c(e)
Tinh d6i xtng léch: Vi Ve € E:

(f + 7)) =f(e) +f'(e)
=—f(=e)—f'(-e)

178



=—(f(=e) + f'(=e))
= —(f + (=)
Tinh bao ton: Véi Vu € V, tong ludng f + f' di ra khoi u bang:
F+O@N= Y (FE@+)
ec{{u}-v}
= > @+ Y @
ee{fmr-v} eef(m-v)
= FQbV) + (@, V)
Néuu#svau#t tacé(f+fH)uLV) = F{uL, V) + f ({u},vV) = 0.
Thay u = s, ta co
lf+f 1= +UAsLV)=fAsE V) + Ak V) = IfI + If]
Dinh Iy 3-6
Cho f va f' 1a hai luéng trén mang G = (V, E, ¢, s, t) khi d6 ham:
f'—fE—R
e— (f'=fe)=f'(e)—f(e)
12 mot ludng trén mang thing du Gy v6i gia tri luong |f' = Fl = If'] = If).
Chirng minh
Ta chirg minh rang f' — f théa min ba tinh chit cta ludng
Rang budc vé strc chtra: Véi Ve € E:

(' =) =f'(e) - f(e)
<c(e) —f(e)
= Cf(e)
Tinh d6i xtng léch: Véi Ve € E:
(f' =) =f'(e)—f(e)
=—(f'(=e) - f(=e))
==(f"=N(=e)

Tinh béo tdn: Véi Vv € V

F-pWN= > (FE©-fE)

ee{{v}-v}
= )@= ) f@
ee{{v}-v} ee{{v}-v}

= f,({v}' V) - f({v}, V)
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Néuu#svau=#t taco(f' —f)(w}LV) = f'({(w}V) - f{w},V) = 0.
Thay u = s, ta cod
If' = fl=0"=-NUAsLV) =7F"UsLV) = FUshV) = If'| = If]
3.2. Thudt toan Ford-Fulkerson
a) Buong tiang ludng
Véi f 12 mot ludng trén mang G = (V,E, ¢, s,t). Goi P 1a mot duong di don tir s
toi t trén mang thang du Gy. Gia tri thang duw (residual capacity) cua duong P,
ky hiéu Ap, duoc dinh nghia bang sitc chira nho nhit cua cac cung doc trén
duong P (xét trén Gr):
Ap = min{cf(e): (e) nam trén P}

Vi céc stic chira ¢ (e) 1a s6 khoéng am nén Ap luon 1a s6 khong am. Néu Ap > 0
tac 1a duong di P 1a mot duong thang du, khi d6 duong di P goi 1a mot duwong
tang luong (augmenting path) tuong tmg véi ludng f.
Dinh ly 3-7
Cho f 1a mot ludng trén mang G = (V, E, c, s, t), P 1a mot duong ting ludng trén
Gy. Khi d6 ham fp: E — R dinh nghia nhu sau:

+Ap, nueeP
fo(e) ={—A, néu —e € P (3.4)
0, truong hop khac

12 mot ludng trén Gy v6i gid tri ludng |f»| = Ap > 0.

Chirng minh

Chung ta s& khong chirng minh cu thé vi viéc kiém ching f» thoa mén ba tinh chét
cua ludng kha d& dang. Ban chat cia ludng fp 1a ddy mot gia tri ludng Ap tir s t6i t
doc theo cac cung trén dudng P, dong thdi kéo mot gia tri ludng - Ap tirt vé s
theo huéng nguoc lai”.

* C6 thé hinh dung co ché nay nhu mot qua trinh dién phan: Bao nhiéu ion duong (cation) chuyén dén cuc
am (catot) t thi ciing phai c6 bay nhiéu ion 4m (anion) chuyén dén cyc dwong (anot) s.
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Pinh 1y 3-5 va Pinh 1y 3-7 cho ta mot hé qua sau:

H¢ qua 3-8

Cho f 1a mét ludng trén mang G = (V,E, c,s,t) va P 1a mot duong ting ludng
trén Gr, goi fp l1a ludng trén Gy dinh nghia nhu trong cong thuc (3.4). Khi do
f + f» 1a mot ludng méi trén G véi gia tri |f + fo| = |f| + |fp| = |f| + Ap.

Hinh 2.8. Ting luéng doc dwong ting ludng.

Hinh 2.8 14 vi du vé co ché ting ludng trén mang voi dinh phat 1, dinh thu 6 va
ludng f gia tri 7 (hinh a) (chii y rang ta chi vé& cac ludng dwong cho d& rdi). Voi
mang thing du Gy (hinh b), gia sur ta chon duong di P = (1,3,4,2,5,6) lam duong
tang ludng, gia tri thing du cta P bang Ap = 2 (strc chira cia cung (3,4)).
Ludng fp trén Gr s€ ¢ cac gia tri sau:

fr(1,3) = fp(34) = fp(4,2) = fp(2,5) = fp(5,6) =2

fr31) = fp(4,3) = fp(2,4) = fp(5,2) = fp(6,5) = -2

Cong cac gia tri nay vao ludng f dang cé, ta s& duoc mot ludng méi trén G voi
gia tr1 9 (hinh c).

Co ché cong ludng fp vao ludng f hién co goi 1a tang luéng doc theo dwong
ting luong P.

181



b) Thuat todn Ford-Fulkerson

Thuat toan Ford-Fulkerson [14] dé tim ludng cuc dai trén mang dya trén co ché
tang ludng doc theo dudng ting ludng. Bit dau tir mot ludng f bat ky trén mang
(chiang han ludng trén moi cung déu bang 0), thudt toan tim duong ting ludng P
trén mang thing du, gan f = f + fp dé tang gia tri ludng f va lap lai cho téi khi
khéng tim duoc dudng ting ludng nita.

f := «Mot ludng bat ky»;
while «Tim dugc dudng tdng ludng P» do
f = £ + f5;

Output <« £;

c) Cai dat

Chiing ta s& cai dat thuat toan Ford-Fulkerson dé tim ludng cuc dai trén mang

vo1 khudn dang Input/Output nhu sau:

Input

e Dong 1 chtra s6 dinhn < 103, s6 cung m < 10° ciia mang, dinh phat s,
dinh thu t.

e m dong tiép theo, mdi dong chira ba sé nguyén duong u, v, ¢ twong tng véi
mot cung ndi tir u téi v véi sire chira ¢ < 104,

Output

Ludng cuc dai trén mang (nhu di quy uée, chi dua ra cac ludng duong trén cac

cung).
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Sample Input Sample Output

oo

16 Maximum flow:

6 e[l] = (5, 6):
e[2] = (4, 6):
e[3] = (3, 5):
e[4] = (3, 4):

c
c
c
c
e[5] = (2, 5): c¢ =
c
c
c
9

~

~

~

~

e[6] = (2, 4):
e[7] = (1, 3):
e[8] = (1, 2):
Value of flow:

~

~

R R DN W WA~ O o
N W s 00 U0 0 O
O 0o W W RFr oo &
Hh Hh Hth Hth Hth Hh Hh H
|
o & W N W Rr o Ww

~

o 0000 W W Kk o

Dé cai dat thuat toan dugc hiéu qua can c6 mot co ché td chirc dit lidu hop ly.
Chiing ta can luu trit ludng f trén cac cung, tim duong ting ludng P trén Gy va
cong ludng f» vao ludng f hién co. Viéc tim duong ting ludng P trén Gy s€ dugc
thuc hién béng mot thuét toan tim kiém trén do thi con viéc tang luéng doc trén
duong P doi hoi phai ting gia tri ludng trén cac cung doc trén duong di dong
thoi giam gia tri ludng trén cac cung ddi. Vay céu trac dir liéu can t6 chirc dé tao
diéu kién thuan loi cho thuét toan tim dudng ting ludng cling nhu dé dang chi ra
cung ddi ctia mot cung cho trude.

D6 thi duoc biéu dién boi danh sach lién thude. TAt cam cung cua mang duogc
chura trong danh sach e[1 ...m]. Ngoai ra ta thém m cung ddi cta chiing véi stc
chtra 0. Céc cung ddi nay duoc luu trir trong danh sach e[—m ... — 1], cung ddi
cia cung e[i] 12 cung e[—i], cung e[0] dugc s dung véi vai trd phan tor cAm
canh va khong duoc tinh dén.

MJdi phan tir ciia danh séch e 1a mot ban ghi gdm 4 truong (x, y, c, f) trong d6 x,
y 1a dinh d4u va dinh cudi ctia cung, c 1a sirc chtra va f 14 ludng trén cung. Danh
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sach lién thudc duoc xay dung bdi hai mang head[1 ...n] va link[-m ..m],

trong do:

e head[u] 12 chi sé cung dau tién trong danh sach lién thudc cac cung di ra
khoi u, trudng hop u khong co cung di ra, head[u] dugc gan bing 0.

e link[i] 1a chi s6 cung ké tiép cung e[i] trong ciing danh sach lién thudc cac
cung di ra khoi mot dinh. Trudng hop e[i] 12 cung cudi cing cua mot danh
sach lién thudc, link[i] dugc gan bang 0

Viéc duyét cac cung di ra khoi dinh u s€ dugc thuc hién theo cach sau:

i := headl[u]; /ilachisé cung diu tién trong danh sdich lién thugc cic cung ra khéi u
while i # 0 do //Chirng nio chwa duyét qua cung cudi danh sich lién thugc

begin

«Xu ly cung el[il»;

i := link[i]; //Nhdy sang xét cung ké tiép trong danh sdch lién thujc
end;

Tai mdi budc, ta ding thudt toan BFS dé tim duong di tir s t6i ¢ trén Gy, mdi
dinh v trén duong di dugc luu vét trace[v] 1a chi sé cung di vao v trén duong di
P tim duoc. Duya vao vét nay, ta s€ liét ké duogc tat ca cac cung trén duong di,
tang ludng trén cac cung nay 1én Ap dong thoi giam ludng trén cac cung ddi di
Ap.

Edmonds va Karp [12] d3 dé xuit mo hinh cai dat thuat toan Ford-Fulkerson
trong d6 thuét toan BFS dugc str dung dé tim duong ting ludng nén ngudi ta con
goi thuat toan Ford-Fulkerson v6i k¥ thuat sir dung BFS tim duong ting ludng 1a
thuat toan Edmonds-Karp.

EDMONDSKARP.PAS v Thuat toAn Edmonds-Karp

{$MODE OBJFPC}
program MaximumFlow;

const
maxN = 1000;
maxM = 100000;
maxC = 10000;
type

TEdge = record //Ciu tric mgt cung

X, y: Integer; //Haidinh diu miit
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c, f: Integer; //Sikcchiravaludng
end;
TQueue = record //Hang dgiding cho BFS
items: array[l..maxN] of Integer;
front, rear: Integer;
end;
var
e: array|[-maxM..maxM] of TEdge; //Danh sdch cdccung
link: array[-maxM..maxM] of Integer;
//Méc néi trong danh sdch lién thujc
head: array[l..maxN] of Integer;
//head[u]: Chi sé cung déu tién trong danh sdch lién thugc cdc cung ra khéi u
trace: array[l..maxN] of Integer; //Vétdwingdi
n, m, s, t: Integer;
FlowValue: Integer;
Queue: TQueue;
procedure Enter; //Nhdp dili¢u
var i, u, v, capacity: Integer;
begin
ReadLn(n, m, s, t);
FillChar (head[1l], n * SizeOf (head[1]), 0);
for i := 1 to m do
begin
ReadLn (u, v, capacity);
with e[i] do //Thém cung e[i] = (u, v) vao danh sdch lién thugc ciia u

begin
X 1= u;
y 1= V;
c := capacity;
link[i] := head[ul];
head[u] := 1i;
end;
with e[-i] do //Thém cung e[-i] = (v, u) vao danh sdch lién thugc ciia v
begin
X 1= V;
y 1= u;
c := 0;
link[-1] := head[Vv];
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head[v] := -1i;
end;
end;
end;
procedure InitZeroFlow; //Khéitgo luong 0
var i: Integer;

begin
for i := -m tom do e[i].f := 0;
FlowValue := 0;

end;

function FindPath: Boolean; //Tim dwéng ting luéng bing BFS
var u, v, 1i: Integer;
begin
FillChar(trace[l], n * SizeOf (trace([l]), 0);
tracel[s] := 1; /wacels]#0: dinh di tham, cé thé ding bat cir hing s6 nao khdc 0
with Queue do
begin
items[1l] := s;
front := 1;
rear := 1; //Hang dyichigéomdinhs
repeat
u := items[front];
Inc (front); //Ldy métdinhu khéi hang dei
i := head[u];
while i <> 0 do //Duyétdanh sdch lién thugc ciia u
begin
v := el[i].y; //mite[i] chire mjtcung ditir u téiv
if (trace[v] = 0)
and (e[i].f < e[i].c) then
//V chwa thdm va e[i] la cung thgng dw
begin
trace([v] := 1i; //Luuvét
if v = t then Exit (True);
//Tim thiy dwong ting luéng, thodt
Inc (rear);

items [rear] := v; //Pdyvvao hang dyi
end;
i := 1link[i]; //Nhdy sang nitké tiép trong danh sich lién thuc
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end;
until front > rear;
Result := False; //Khéng tim thiy dwiong ting luong
end;
end;
procedure AugmentFlow; //Tdng luéng doc dwong mgt ting luong
var Delta, v, i: Integer;
begin
//Truwéc hét xdc dinh Delta bing sirc chiva nhé nhét ciia cdc cung trén dwing ting luong
v := t; //Bitdiutirt

Delta := maxC;
repeat
i := tracelv];

// e[i] la mgt cung trén dwong tang lm?ng vai sure chire efif.c - efil.f
if e[i].c - e[i].f < Delta then
Delta := e[i]l.c - e[i1].f;
v := el[i].x; //Pidinvés
until v = s;
//Téing luong thém Delta
v := t; //Bitdiutirt
repeat
i := tracelv]; //e[i]la mjtcung trén duong ting luéng
[1].£f, Delta); //Tdngluéng trén efi] Ién Delta
[ —

v := el[i].x; //Pidinvés

Inc (e
Dec(e[-1i].f, Delta); //Giim luéng trén cung déi twong irng di Delta
until v = s;
Inc (FlowValue, Delta); //Gid triluéng fdwoc ting lén Delta
end;
procedure PrintResult; //Inkétqui
var i: Integer;

begin
WriteLn('Maximum flow: ');
for i := 1 to m do

with e[i] do
if £ > 0 then //Chican inra cdc cung cé luéng > 0

WriteLn('el', i, 'l = (', %, ', ', y, "): c
= 'r C, 'r f= 'r f);
Writeln('Value of flow: ', FlowValue);

end;




begin
Enter; //Nhdp di li¢u
InitZeroFlow; //Khditgo luong 0
while FindPath do //Thuit todn Ford-Fulkerson
AugmentFlow;
PrintResult; //Inkétqud
end.

d) Tinh didng cta thuat toan
Trudc hét dé thiy rang thuét toan Ford-Fulkerson tra vé mot ludng, tirc 1a két
qua ma thudt toan tra vé thoa min cic tinh chét cua ludng. Viéc chimg minh
ludng d6 1a cuc dai d3 xay dung mot dinh 1y quan trong vé mdi quan hé giira
luéng cuc dai va lat cét hep nhat.
Ta goi mot lat cat (X,Y) 1a mot cach phan hoach tap dinh V 1am hai tap roi nhau:
XNY=0vaXuY =V.Lat cit c6s € X vat €Y dugc goi la mot lat cit s —
t.
Luu lugng tir X sang Y (c(X,Y)) va ludng tir X sang Y (f(X,Y)) duoc goi 1a luu
luong va ludng thong qua lat cit.
B6 dé 3-9
V6i f 1a mot ludng trén mang G = (V, E, c, s, t). Khi d6 ludng théng qua mot lat
cit s — t bat ky bang |f].

Chirng minh

V6i V =X UY 1amot lat cat s — t bat ky, theo DPinh 1y 3-3

Ciing theo dinh ly nay ta cd:

0

B6 dé 3-10
Véi f 1a mot ludng trén mang G = (V, E, c, s, t). Khi d6 ludng thong qua mot lat
cit s — t bat ky khong vuot qua luu lugng cua lat cit do.

Chirng minh

V6iV =X UY lamot lat cat s — t bat ky ta co
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fEN= Y fE@= Y @)=y

ee{X-Y} ee{X-Y}

Dinh ly 3-11 (méi quan hé giiva luéng cwe dai, dwong ting luong va ldt cdit

hep nhit)

Néu f 12 mot ludng trén mang G = (V, E, c, s, t), khi d6 ba ménh dé sau 13 tuong

duong:

a) f 1a ludng cuc dai trén mang G.

b) Mang thang du Gy khong c6 duong tang ludng.

¢)Tontai V =X UY lamotlat cat s — t dé f(X,Y) = c(X,Y)
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Chirng minh
“ajb”
Gia st phan chung rang mang thang du Gy c6 duong tang ludng P thi f + fp ciing
1a mot ludng trén G véi gia tri ludng 16n hon f, trai gia thiét £ 1a ludng cuc dai
trén mang.
“b:c”
Néu Gy khong ton tai duong ting ludng thi ta dit X 1a tap cac dinh dén duoc tir s
bang mot duong thang du va Y 1a tap cac dinh con lai:

X ={v:3duong thingdus ~v} Y=V -X
RO rang XNY =0, XUY =V vas€eX,teY (t khong thé dén dugc tir s boi
mot duong thing du boi néu khong thi duong di d6 s& 1a mot duong ting ludng).
Céc cung e € {X - Y} chic chan phai 1a cung bdo hoa, béi néu c6 cung thing du
e=(uv) €{X > Y}thi tir s s& toi duoc v bang mot dudong thing du. Tic 1a
v € X, trai véi cach xay dung lat cit. Tir f(e) = c(e) v6i Ve € {X - Y}, taco

fEN= Y fE@= ) @ =cy
ee{X-Y} ee{X-Y}

113 ”

c=a

B6 dé 16.9 va Pinh 1i 16.17 cho thiy gi4 tri cia mot ludng trén mang khong thé
vuot qua luu lugng cia mot 1at cit s — t bat ky. Néu tdn tai mot lat cit s — t ma
ludng thong qua lat cit dung bang luu lugng thi ludng d6 chic chin phai 1a ludng
cuc dai.

Lat cit s — t ¢6 luu lwong nho nhat (bang gia tri ludng cuc dai trén mang) goi la
Lt cdt hep nhdt ciia mang G.



e) Tinh dimng cda thuat toan

Thuat toan Ford-Fulkerson c6 thoi gian thuc hién phu thudc vao thuat toan tim
duong ting ludng tai mdi budc. Co thé chi ra duoc vi du ma néu dung DFS dé
tim dudng ting ludng thi thoi gian thuc hién giai thuat khong bi chin bsi mot
ham da thirc ciia s6 dinh va sb canh. Thém nita, néu sirc chira cta cac cung 13 sd
thuc, nguodi ta con chi ra dugc vi du ma véi thuat toan tim duong tang luéng
khong tt, gia tri ludng sau mdi budce van ting nhung khong bao giv dat ludng
cwe dai. Tc 12 néu c6 thé cai dat chuong trinh tinh toan sb thuc véi do chinh
xac tuyét ddi, thuét toan s& chay mai khong dung.

10° 10°

10°
10°

Hinh 2.8. Mang véi 4 dinh (I phdt, 4 thu), thugt todn Ford-Fulkerson cé thé mit 2 ti lan tim dwong
ting ludng néu luan phién chon hai dwong (1,2,3,4) vi (1,3,2,4) lam dwong ting ludng, moi lin ting
gid tri luong lén 1 don vi.

Chinh vi vAy nén trong mot s tai liu nguoi ta goi 1a “phwong phap Ford-
Fulkerson” dé chi mot cach tiép can chung, con tur “thuat toan” dugc dung dé chi
mot cach cai dat phuong phap Ford-Fulkerson trén mot ciu trac dir lidu cu thé,
véi mot thuat todn tim dudng tang ludng cu thé. Vi du phuwong phap Ford-
Fulkerson cai dit v6i thut toan tim duong ting ludng bang BFS nhu trén dugc
goi la thuat todn Edmonds-Karp. Tinh dung cua thudt toan Edmonds-Karp sé

dugc chi ra khi ching ta danh gia thoi gian thuc hién giai thuat.

Xét Gy 1a mang thang du cia mt mang G tng voi ludng f nao do, ta gan trong
s6 1 cho cac cung thing du cua Gr va gan trong s6 400 cho cac cung bdo hoa
cua Gy. D@ thay rang thuat toan tim duong ting ludng bang BFS s& tra vé mot
duong di ngin nhat tir s t6i t tuong Gmg v6i ham trong sé da cho. Ky hiéu
8(u,v) 1a d dai dudng di ngdn nhét tir u t6i v (khoang cach tir u téi v) trén

mang thang du.
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Bé dé 3-12
Néu ta khoi tao luéng 0 va thyc hién thuit toan Edmonds-Karp trén mang
G = (V,E) c6 dinh phat s va dinh thu t. Khi d6 véi moi dinh v € V, khoang
cach tir s toi v trén mang thing du khong giam sau mdi budc ting ludng.
Chirng minh
Khi v = s, rd rang khoang cach tir s t&i chinh né ludn bang 0 tir khi bt dau toi
khi két thuc thuat toan. Ta chi cAn chimg minh bd dé ding véi nhirng dinh v # s.
Gia sir phan chung rang ton tai mot dinh v € V — {s} ma khi thuat toan Edmonds-
Karp ting luong f 1én thanh f’ s& lam cho 81(s,v) nhd hon &¢(s,v). Néu co
nhiéu dinh v nhu vay ta chon dinh v ¢ (s, v) nho nhit. GoiP=s~u-vla
duong di ngén nhat tir s t6i v trén Gy, taco (u,v) 1a cung thang du trén Gy va
§pr(s,u) = 6pr(s,v) — 1
Boi cach chon dinh v, do dai dudng di ngdn nhét tir s t6i u khong thé bi giam di
sau phép tang ludng, tirc 1a
§p1(s,u) = 6¢(s,u)
Ta chimg minh rang (u, v) phai 1 cung bdo hoa trén Gy. That vay, néu (u,v) 1a
cung thing du (c6 trong sb 1) trén Gy thi:
8r(s,v) < 6p(s,u) + 1 (bat ding thirc tam giac)
< 8p/(s,u) + 1 (khoang cach tir s t6i u khong giam)
=6p1(s,v)
Tréi v6i gia thiét rang khoang cach tir s téi v phai giam di sau phép ting ludng.
Lam thé nao dé (u,v) 1a cung bio hoa trén Gy nhung lai 1a cung thing du trén
Gp? Chu tra 16i duy nhat 1a do phép ting ludng tir £ 1én f’ lam giam ludng trén
cung (u,v), tirc 1a cung dbi (v,u) phai 1a mot cung trén dudng ting ludng tim
duoc. Vi duong ting ludng tai mdi bude luon 1a dudng di ngin nhat nén (v, u)
phai 1a cung cudi cung trén dudng di ngan nhit tir s toi u cua Gy. T d6 suy ra:
8¢ (s,v) = 6p(s,u) — 1
< 8p:(s,u) — 1 (khoang cach tr s t6i u khong giam)
= 8/(s,v) — 2 (theo cach chon u va v)
Mau thudn v6i gia thuyét khoang cach tir s toi v phai giam di sau khi ting ludng.
Ta c6 diéu phai ching minh: Véi Vv € V, khoang cach tir s téi v trén mang thing
du khong giam sau mdi budc ting ludng.
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Bé dé 3-13

Néu thuat toan Edmonds-Karp thuc hién trén mang G = (V,E, ¢, s, t) voi ludng
khoi tao 1a ludng 0 thi sé lugt ting ludng duge s dung trong thuat toan la
O(IVIIED.
Chirng minh
Ta chia qua trinh thyc hién thuat toan Edmonds-Karp thanh cac pha. Mdi pha tim
mot dudng ting ludng P va ting ludng thém maot gia tri thing du Ap. Gia tri thing
du nay theo dinh nghia s& phai bang sirc chira ciia mot cung thing du e nao do
trén duong P:
de € P:Ap =c(e) — f(e)
Khi ting ludng doc trén dugc P thi cung e s& try thanh bdo hoa. Nhitng cung
thing du trd nén bao hoa sau khi ting ludng goi 1a cung t6i han (critical edge) tai
mdi pha. Mdi pha c6 it nhat mot cung tGi han.
Ta d4nh gia xem mdi cung clia mang c6 thé tré thanh cung t6i han bao nhiéu lan.
Véi mot cung e = (u, v), ta xét pha A dau tién lam e tré thanh cung t6i han va f,
1a ludng khi bit diu pha A. Do e nam trén dudng ting ludng ngin nhét trén Gr,
nén khi pha nay bt dau:
S ,(s,w)+1= 6fA(s, V)

Pha A sau khi ting ludng s& lam cung e s& tré nén bio hoa.

Dé e co thé tré thanh cung t6i han mot 1an nira thi tiép theo pha A phai c6 mot pha
B giam ludng trén cung e dé bién e thanh cung thing du, tic 1a cung - e = (v, u)
phai 1a mot cung trén duong tang ludng ciia pha B. Goi fp 1a ludng khi pha B bit
déu, ciing vi tinh chit cua duong di ngén nhat, ta c6

de(s, v)+1= SfB(s, u)

B6 dé 16.12 di ching minh rang khoang cach tir s t6i v trén mang thang du khong
giam di sau mdi pha, nén 8, (s,v) = &¢,(s,v). Suy ra:
Opp(s,u) = 86,(s,v) +1
> 6r,(s,v) +1
=6p,(s,u) +2
Nhu vay néu mot cung (u,v) 1a cung t&i han trong k pha thi khi pha thir k bat
déu, khoang cach tir s toi u trén mang thang du da tang 1én it nhat 2(k — 1) don vi
s0 voi thoi diém trude pha thir nhat. Khoang cach 87 (s, u) ban dau 1a s6 khong am
va chirng ndo con duodng thing du di tir s toi u, khoang cach 8 (s, u) khong thé

U4}

vuot qua |V| — 1. Piéu d6 cho thdy k < —
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Téng hop lai, ta co:
e  Mang cé tit ca |E| cung.
®  Moi pha c6 it nhat mét cung téi han
e Mot cung c6 thé tré thanh tdi han trong O(|V]) pha
Vay téng $6 pha dugc thyc hién trong thuat toan Edmonds-Karp 1a mot dai luong
O(IVIIED
Dinh ly 3-14
Co thé cai dat thuat toan Edmonds-Karp dé tim ludng cuc dai trén mang
G = (V,E,c,s,t) trong thoi gian O(|V]|E|?).
Chirng minh
B6 dé& 3-15 da ching minh ring thuit toan Edmonds-Karp can thyc hién
O(|V||E]) luot ting ludng. Tai mdi luot thudt toan tim dudng ting ludng bing
BFS va ting ludng doc duong nay cé thoi gian thuc hién O(|E]). Suy ra thoi gian
thyc hién giai thuat Edmonds-Karp 1a O(|V||E]?).
Néu kha ning thong qua trén cac cung clia mang 1 sd nguyén thi con c6 mot
cach danh gia khac dua trén gia tri 1u6ng cuc dai, néu ta khéi tao luéng 0 thi sau
mdi luot ting ludng, gia tri ludng dugc ting 1én it nhat 1 don vi. Suy ra thoi gian
thuc hién giai thuat khi d6 1a O(|f||E|) véi |f] 12 gia tri ludng cuc dai.

3.3. Thudt todn ddy tién luong

Thuat toan Ford-Fulkerson khong nhiing 14 mot cach tiép can thong minh ma
viéc ching minh tinh diing dan ciia n6 cho ta nhiéu két qua tha vi vé mdi lién hé
giita ludng cuc dai va lat cit hep nhat. Tuy vy véi nhitng d6 thi kich thudc rat
16n thi téc do cua chuong trinh twong ddi cham.

Trong phan nay ta s& trinh bay mot 16p céc thuat toan nhanh nhat cho toi nay dé
giai bai toan ludng cuc dai, tén chung ctia cac thuit toan nay 1a thuat toan ddy
tién luong (preflow-push).

Hay hinh dung mang nhu mét hé théng duong dng dan nude tir voi diém phat s
t6i diém thu t, cac cung la cac dudng 6ng, stre chira 1a luu lugng dudng ng co
thé tai. Nudc chay theo nguyén tic tir chd cao vé chd thip. V&i mot lugng nudce
16n phat ra tir s toi mot dinh v, néu c6 cach chuyén lugng nudc d6 sang dia diém
khac thi khong c¢6 van dé gi, néu khong thi ¢6 hién tuong “tran” xay ra tai v, ta
“dang cao” diém v dé lugng nudc d6 d6 sang diém khac (c6 thé d6 nguoc vé s).
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Cu tiép tuc qua trinh nhu vady cho téi khi khong con hién tugng tran & bat ctr
diém nao. Cach tiép can nay hoan toan khac vdi thuat toan Ford-Fulkerson: thuat
toan Ford-Fulkerson ¢d géng tim mgt dong chay phu tur s té1 t va thém dong
chdy nay vao luéng hién c6 dén khi khong con dong chay phu nira.
a) Tién lubng
Cho mét mang G = (V,E,c,s,t). Mot tién luéng (preflow) trén G la mgt ham:
f:E—R
e — f(e)
gan cho mdi cung e € E mot s thuc f(e) théa man ba rang budc:
e Rang budc vé sirc chira (capacity constraint): tién ludng trén mdi cung
khong dugc vuot qua strc chira cia cung do: Ve € E: f(e) < c(e).
e Rang budc vé tinh ddi ximg léch (skew symmetry): Véi Ve € E, tién ludng

trén cung e va cung ddi - e o cung gia tri tuyét ddi nhung trai d4u nhau:
f(e) = —f(—e).

e Rang budc ve tinh du: V6i moi dinh khong phai dinh phat, tong tién luong
trén cac cung di vao dinh d6 1a sé khong am: Vv € V — {s}: f(V,{v}) =
Zee{V*{v}}f(e) = 0.

Véi Vv € V, ta goi luong tran tai v, ky hiéu excess[v], 1a tong tién ludng trén

cac cung di vao dinh v:

excesslv] = fV, o) = Y f(e)
ee{V-{v}}

DPinh v € V — {s,t} goi 1a dinh tran (overflowing vertex) néu excess[v] > 0.

Khai niém dinh tran chi c6 nghia v6i cac dinh khong phai dinh phat cting khong

phai dinh thu.

function Overflow (VEV): Boolean;
begin

Result := (v # s) and (v # t) and (excess[u] > 0);
end;
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Pinh nghia vé tién ludng twong tu nhu dinh nghia ludng, chi khac nhau & rang
budc thur ba. Vi vay chung ta cling ¢6 khai niém mang thang du, cung thing du,
duong thing du... Gmg véi tién ludng tuong ty nhu dbi vai ludng.

b) Khéi tao

Cho f 1a mot tién ludng trén mang G = (V,E,c,s,t). Ta goi h:V - N la mot
ham d6 cao tng véi f néu h gan cho mdi dinh v € V mot sé ty nhién h(v) thoa
man ba diéu kién:
e h(s)=|V].
e h(t)=0.
e h(u) < h(v)+ 1 vbi moi cung thang du (u, v).
Nhitng rang budc nay goi la rang budc dj cao.
Ham d6 cao h khi cai dat sé dugc xac dinh bai tap cac gia tri {h[v]},ey nén tuy
theo ting trudng hop, ta co thé st dung ky hiéu h(v) (néu mudn néi t6i gia tri
ham) hodc h[v] (néu mudn ndi téi mot bién sb).
Thao tac khdi tao Init chiu trach nhiém khéi tao mot tién ludng va mot ham do
cao tuong ung. Mgt cach khoi tao 1a dat tién lu(‘A)ng trén moi cung e di ra khoi s
dung bang strc chira c(e) cia cung d6 (di nhién s& phai dit ca tién ludng trén
cung d6i - e bang - c(e) dé thoa man tinh ddi xtmg 1éch), con tién ludng trén
cac cung khac bang 0. Khi d6 tat ca cac cung di ra khoi s 14 bio hoa.

c(e),néue € E*(s)

f(e) ={—c(e),néu —e € E*(s)

0, truong hop khéc

Ta khai tao ham d6 cao h: V — N nhu sau:
V], néuv =s
h(v) =<0,néuv =t
1, néuv # {s, t}

RS rang moi cung thiang du (u, v) khong thé 13 cung di ra khoi s (u # s) nén ta
c6 h(u) <1 < h(v) + 1. Ham do cao trén 1 thich tng véi tién ludng f.

Viéc cudi cung 1a khai tao cac gia tri excess|[. | tng véi tién ludng f.

‘ procedure Init;

195



begin
//Khéi tgo tién luong
for Ve €E do fle] := 0;
for Vv €V do excess[v] := 0;
for Ve =(s,v)EE"(s) do
begin
fle] := c(e);
fl-e] := -c(e);
excess[v] := excess[v] + c(e);
end;
//Khdoi tao ham do cao
for Vv €V do hiv] := 1;
his] := [VI;
h[t] := 0;
end;

c) Phép ddy ludng

Phép day ludng Push(e) co thé thuc hién trén cung e = (u, v) néu cac diéu kién
sau duoc thdéa man:

e uladinhtran:u €V — {s,t} va excess[u] > 0

e e lacung thing du trén G¢: ¢r(e) = c(e) — f(e) >0

e ucaohonv: h(u) > h(v)

Rang budc h(u) > h(v) két hop v6i rang budc d6 cao: h(u) < h(v) + 1 ¢o thé
viét thanh h(u) = h(v) + 1.

Phép Push(e = (u,v)) s& tinh lugng ludng tbi da c6 the thém vao theo cung e:
A = min{excess[u], cf(e)}, thém lwong ludng niy vao cung e va bot mot lugng
ludng A tir v vé u theo cung - e dé giir tinh dbi xtmg 1éch cua tién ludng. Viéc
cudi cung 1 cdp nhat lai excess[u] va excess[v] theo tién ludng méi. Ban chat
cua phép Push(e = (u, v)) la chuyén mot lugng ludng tran A tir dinh u sang
dinh v. D& thy ring cac tinh chat cia tién ludng van dugc duy tri sau phép
Push:

procedure Push(e = (u,v));
begin
A := min(excess[ul, ce(u, Vv)); /Tinhlwong lubng téi da cé thé diy
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fle] := fle] + A; f[-e] := f[-e] — A; /Piyluéng
excess[u] := excess[u] - A;
excess[v] := excess|[v] + A; /Cdp nhit micc tran

end;

Phép Push bao ton tinh chat ctia ham d6 cao. That vay, khi thao tac Push(e =
(u, v)) dugc thyc hién, né chi c6 thé sinh ra thém mot cung thing du —e =
(v, u) ma thoi. Phép Push khong 1am thay doi cac d6 cao, tirc 1a trude khi Push,
h[u] > h[v] thi sau khi Push, h[v] van nho hon h[u], tic 1a rang budc do cao
h[v] < h[u] + 1 van dugc duy tri trén cung thing du —e = (v, u).

Phép Push(e = (u, v)) day mot lugng ludng A = min{excess [u], cf(e)} tran tur
u sang v. Néu A dung bang ce(e) = c(e) — f(e) co nghia 1a khi phép Push ting
f(e) Ién A thi cung e s& bao hoa va khong con la cung thing du trén G, nira, ta
goi phép day ludng nay 1a ddy bdo hoa (saturating push), nguoc lai phép day
luéng do goi la déy khong bdao hoa (non-saturating push), sau phép déy khong
bao hoa thi excess[u] = 0, tirc 1a u khéng con 1a dinh tran nira.

d) Phép nang

Phép nang Lift(w) thyc hién trén dinh u néu cac diéu kién sau dugc thoa mén:

e uladinhtran: (u # s), (u # t) va excess[u] > 0.

e u khong chuyén duoc ludng xudng noi nao thap hon: Véi moi cung thing
due = (u,v) € E¢: h(u) < h(v).

Khi d6 phép Lift(u) nang dinh u 1én bang cach dat h[u] bang do cao thip nhat

cua mét dinh v nd c6 thé chuyén tai sang cong thém 1:

hlu] = min{h[v]: A(u,v) € Ef} +1

procedure Lift (u€ev);
begin
minH := +;
for Vv:(u,v)€EE: do
if h(v] < minH then minH := h[v];
h{u] := minH + 1;
end;
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Néu u 1a dinh tran thi it nhat phai c6 mot cung thing du di ra khoi u, diéu nay
dam bao cho phép lay min{h[v]: (u,v) € Ef} duoc thuc hién trén mot tap khac
rong. Tht vy, do u 1a dinh tran, ta c6 excess[u] = Xoefy_uy) f(€) > 0 tuc la it

nhat c6 mot cung e € {V - {u}} dé f(e) > 0. Cung dbi - e chic chin 1a mot
cung thang du di ra khdi u boi:

cr(—e) =c(—e) — f(—e) =c(—e) + f(e) >0
Phép Lift khong dong cham gi dén tién ludng f. Ngoai ra phép Lift chi ting
dd cao ciia mdt dinh va bao ton rang budc do cao: Voi mot cung thing du
(v,u) di vao u, rang budc d6 cao h(v) < h(u) + 1 khong bi vi pham néu ta
nang d6 cao h(u) cua dinh u. Mat khac, vdi mot cung thang du (u, v) di ra khoi
u thi viée dat h[u] == min{h[v]:3(w,v) € Ef} + 1 ciing dam bao rang h(u) <
h(v) + 1.

e) Mo hinh chung va thuat toan FIFO Preflow-Push
Q M6 hinh chung
Thuat toan ddy tién ludng c6 mo hinh cai dat chung kha don gian: Khai tao tién
ludng f va ham do cao, sau d6 néu thay phép nang (Lift) hay day ludng (Push)
nao thyc hién dugc thi thyc hién nga... Cho té1 khi khong con phép nang hay
day nao c6 thé thyc hién duoc nita thi tién ludng f s& tro thanh ludng cuc dai
trén mang.
Chinh vi tht tu cac phép Push va Lift dugc thuc hién khong anh hudng téi tinh
dung ddng cua thuat toan nén ngudi ta da dé xudt rat nhiéu co ché chon thir ty
thuc hién nhim giam thoi gian thyc hién giai thuét.
Bé dé 3-15
Cho mang G = (V,E,c,s,t) co tién ludng f va ham do cao h. V&i mot dinh tran
u, ludn co thé thuc hién dugc thao tac Push(e) trén mot cung e di ra khoi u
hodc thuc hién dugc thao tac Lift(u)
Chirng minh
Néu thao tac Push khong thé 4p dung duoc cho cung thing du nao di ra khoiu
tirc 1a véi moi cung thang du (u,v) € Ef, h(u) khong cao hon h(v), diéu do6 chinh
1a diéu kién hop 1¢ dé thyc hién thao tac Lift(u).
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Q Thudt toan FIFO Preflow-Push

Pinh 1y 3-17 1a co s& cho thuat toan FIFO Preflow-Push. Thuat toan duogc
Goldberg dé xuat [18] dua trén co ché xir 1y dinh tran ldy ra tir mot hang doi.

Tai thao tac khoi tao, cac dinh tran s€ dugc luu trir trong mot hang doi Queue

hd tro hai thao tac: PushToQueue(v) dé diy mot dinh tran v vao hang doi va

PopFromQueue dé 1ay mot dinh tran khoi hang doi. Thuat toan s& xir Iy ting

dinh tran z 1iy ra khoi hang doi theo cach sau: Trudc hét cb ging diy ludng trén

cac cung thing du di ra khoi z bang phép Push. Néu day duoc hét luong tran

(excess[z] = 0) thi xong, néu khong ta ding cao dinh z bang phép Lift(z) va

day lai z vao hang doi chd xir 1y sau. Thuat toan sé& tiép tuc v6i dinh tran tiép

theo trong hang doi va két thuc khi hang doi réng, boi khi mang khong con dinh
tran thi khong con thao tac Push hay Lift nao co thé thyc hién dugc nita.

Gia sir rang ching ta ¢c6 mot dinh tran u va mot cung e = (u, v) khong thé day

luéng duoc, tirc 12 it nhit mot trong hai diéu kién sau day dugc thoéa man:

e (u,v)lacungbao hoa c(e) = f(e).

e u khong cao hon v: h(u) < h(v).

Khi do6:

e Sau bt ky phép Push nao, ching ta van khong thé diy ludng duoc trén
cung e = (u,v). That vay, néu u khong cao hon v, phép Push khong lam
thay d6i ham d6 cao nén sau phép Push thi u van khong cao hon v. Néu u
cao hon v thi e phai 1a cung bdo hoa, 1énh Push duy nhat c6 thé bién no
thanh cung thing du 1a 1énh Push(—e) lam giam f(e). Nhung 1énh
Push(—e) khong thé thuc hién duoc vi cung - e = (v,u) cb v thap hon u.

e Sau bat ky phép Lift nao ngoai trir Lift(u), ching ta ciing khong thé day
luéng duoc trén cung e = (u,v). Boi phép Lift khong 1am thay doi tién
ludng trén cac cung, tinh bdo hoa hay thing du cia cic cung duoc giit
nguyén. Nhu vay néu (u, v) dang bio hoa thi sau phép Lift né van bao hoa
va khong thé day ludng dugc. Néu (u, v) 1a cung thing du thi u dang khong
cao hon v, 1énh Lift duy nhét c6 thé khién u cao hon v 1a 1énh Lift(u).

Hai nhan dinh trén cho phép ta xdy dung mét cdu trac dit liéu hiéu qua dé cai dat

thuat toan:
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Tuong tu nhu chuong trinh cai dat thuat toan Edmonds-Karp, ta st dung mang
e[—m ..m] chtra cac cung, mang link[m ...m] chtta méc ndi trong danh sach
lién thudc va mang head[1 ...n] chira chi sé cung dau tién cua cac danh sach
lién thudc. Ngoai ra thuat toan duy tri mot mang chi sé current[1...n], & day
current[v] 1 chi s6 cia mot cung nao dé trong danh sach lién thudc cic cung
di ra khoi v, ban ddu current[v] duoc gan bang head[v] vi moi dinh v € V.

type
TEdge = record //Ciu tric mgt cung
X, y: Integer; //Haidinh diumit
c, f: Integer; //Sikcchiravaluéng
end;
var
e: array|[-maxM..maxM] of TEdge; //Danh sdch cdccung
link: array[-maxM..maxM] of Integer;
//Mébc noi trong danh sdich lién thugc
head, current: array([l..maxN] of Integer;

Trén céu trac dir liéu nay, danh sach méc ndi cac nut chira cac cung di ra khoi z
la:

eli1], e[iz], e[is], -
Trong d6 i; = head|z], i, = link[iy], i3 = link[i,],...
Thuat toan FIFO Preflow-Push s& xir 1y lan luot ting dinh tran 13y ra khoi hang
doi. Véi mdi dinh tran z 1y khoi hang doi, cung e[current[z]] 14 mot cung di
ra khoi z, gia sir cung d6 1a (z, v). Néu phép ddy ludng (Push) trén cung dé cd
thé thuc hién duoc thi thuc hién ngay, dong thoi day v vao hang doi néu v chua
c6 trong hang doi. Néu phép ddy ludng nay lam z hét tran thi chuyén sang xu Iy
dinh tran ké tiép trong hang doi, nguoc lai néu z van con 1a dinh tran (tac la
khong thé dy ludng trén cung e[current[z]] nita), ta dich chi sé current|z]
sang cung ké tiép trong danh sach lién thudc (current[z] := link[current[z]])
dé chuyén sang xét mot cung khac...Khi dich chi sb current[z] dén hét danh
sach lién thudc ma z van tran, dinh z s& dugc nang l1én bang phép Lift(z), chi sb
current[x] dugc dat tré lai bang head[z] dé n6 tro lai vé dau danh sach lién
thudc. Pinh z sau d6 duoc ddy lai vao hang doi cho xir 1y sau. ..
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Tinh hop 1y ctia thuat toan nam & chd : khi dinh tran z bit dau duoc xu 1y, tit ca
nhiing cung ding trudc cung e[current[z]] déu khong thé day ludng dugc. Tuc
1a néu muén day ludng ra khoi z thi chi cin xét cac cung tir e[current[z]] tro di
1a du, khong can duyét tir ddu danh sach lién thudc.

procedure FIFOPreflowPush;
begin
Init; /Khéitao tién luong, dp cao, hang doi Queue chira cic dinh tran
while Queue # 0 do
begin
z := PopFromQueue; /Xilydinh trin x ldy ra tic hang doi
while current[z] <> 0 do //Céging diy luéng khéi z
begin /Xét cung (z, v) chira trong niit e[current/z]]

v := el[current(z]].y;
if «C6 thé diy ludng trén cung (z, v)» then
begin
NeedQueue := (v # s) and (v # t)

and (excess[v] = 0);
Push (z, Vv); /Diylubng
if NeedQueue then
//Sau phép ddy, v dang khéng tran tré thanh tran
PushToQueue (V) ; #/Piy v vio hing doi cho xik Iy
if excess[z] = 0 then Break;
//Sau phép ddy ma z hét tran thi dieng ddy
end;
current[z] := link[current[z]];
//z chwa hét tran, chuyén sang xét cung lién thudc tiép theo
end;
if excess[z] > 0 then /Duyét hétdanh sich lién thujc ma x vén trin
begin
Lift (z); /Déingcaoz
current[z] := head[z];
/Dt lai chi 56 current|z] vé niit dau danh sdch lién thujc
PushToQueue (z) ; /#/Péy z vio hing dgi cho xii Iy sau
end;
end;

end;
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Tt nhan xét trén, c6 thé nhan thay rang nhimg phép Push va Lift trong mé hinh
cai dat dam bao dugc goi tai nhirng thoi diém ma nhirng diéu kién can dé thuc
thi chung dugc thoéa man.

f) Tinh ding cua thuat toan

Sau mdi budc ctia vong lap chinh, hang doi Queue luén chira danh sach cac
dinh tran va thuat toan s& két thiic khi khong con dinh tran ndo trén mang. Véi
Vv €V — {s, t}, ta co:

fEv}V) = —f(V,{v}) = —excess[v] =0

Tuc 14 v6i Vv € V — {s, t} thi tong ludng trén cac cung di ra khoi v bang 0, diéu
nay chi ra rang khi thuat toan két thuc, tién ludng ching ta duy tri trén mang tré
thanh mot ludng.
Dinh ly 3-16
Cho f 1a mét tién ludng trén mang G = (V, E, ¢, s, t), néu ton tai mot ham do cao
h:V — N ng v6i f thi mang thang du Gy khong c¢6 dudng tang ludng.

Chirng minh

Nhiéc lai vé rang budc dd cao: h(s) = |V|, h(t) = 0 va v6i moi cung thing du

(u,v) thi h(u) < h(v) + 1. Gia sir phan chung ring c6 duong ting ludng (s =

Vg, Vy, -, Vg = t) trén mang thdng du Gy di qua k cung thng du. Khi do:

h(vg) <h(v)+1<h(y)+2<--<h(w)+k
hay

h(s) < h(t) +k
14 0

Ta ¢6 |V| < k, nhung duong ting ludng phai 1a duong di don, tirc 1a qua khong

qua V| — 1 canh, viy k < |V| — 1. Didu ndy mau thudn, nghia la khong thé ton tai

dudng tang ludng trén Gy.
Dinh 1y 3-17 va Dinh 1y 3-11 (mdi quan hé giita luéng cuc dai, dudng ting
ludng va lat cat hep nhat) chi ra rang: thuat toan day tién ludng tra vé mot ludng
va mot ham d6 cao tng véi ludng d6 nén ludng tra vé chic chan 1a ludng cuc
dai.
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g) Tinh dimng cda thuat toan

Tinh dirng cua thudt toan déy tién ludng & trén s& duoc suy ra khi ching ta phan

tich thoi gian thuc hién gidi thuat. Tuong tu nhu thuat todn Ford-Fulkerson,

ching ta s& khong phan tich thdi gian thyc hién trén mé hinh téng quat ma chi

phén tich thoi gian thuc hién giadi thuat FIFO Preflow-Push ma thoi.
Dinh ly 3-17

Cho f 12 mot tién ludng trén mang G = (V, E, c, s, t), khi d6 v6i moi dinh tran u,

ton tai mot duong thang du di tur u to1 s.

H¢ qua

Chirng minh
Véi mot dinh tran u bat ky, xét tp X 1a tip cac dinh c6 thé dén duoc tir u bing
mot dudng thing du. PatY = V — X 1a tap nhiing dinh ndm ngoai X. Trudc hét ta
chi ra rang tién luong trén cac cung thudc {Y — X} khong thé 1a s6 dwong. That
viay néu coe € {Y » X} ma f(e) > 0thi-e € {X > Y} va f(—e) < 0. Suy ra co
cung thiang du -e ndi modt dinh thude X véi mot dinh vy nao d6 thudc Y. Theo cach
xdy dung tap X, y s& phai la dinh thuoc X. Mau thudn.
Tién ludng trén cac cung thudc {Y — X} khong thé 1a sé dwong thi f(¥,X) < 0.
Ta xét tong muc tran cta cac dinh € X:

excessX)=f(WV,X)=fX,X)+f¥,X) <0

0 <0

Luong tran tai mdi dinh khong phai dinh phat déu 1a s khong am, ngoai ra u la
dinh tran € X nén excess[u] > 0, diéu nay cho thiy chic chan dinh phat s phai
thudc X dé excess(X) < 0. No6i cach khac tir u dén duoc s bﬁng mot duong thing
du.

Cho mang G = (V,E,c,s,t). Gia st chung ta thuc hién thuat toan day tién ludng

v6o1 ham do cao h: V' — N thi d§ cao cta cac dinh trong qué trinh thyc hién giai

thuat khong vuot qua 2|V| — 1.

203

Chirng minh
Mang phai c6 it nhit mot dinh phat va mot dinh thu nén |V| > 2. Ban déu,
h(s) = |V], h(t) = 0 va h(v) = 1,Vv & {s,t} nén d6 cao cia cac dinh déu nho
hon 2|V| — 1.
Do cao cua s va t khong bao gid bi thay dbi va véi mdi dinh u € V — {s, t} thi chi
phép Lift(u) c6 thé lam ting do cao cua dinh u. Pidu kién dé thuc hién phép



Lift(u) 1a u phai 1a dinh tran. Phép Lift khong thay dbi tién ludng nén sau phép
Lift(u) thi u van tran. Ap dung két qua ctia Pinh 1y 3-17, ton tai duong di don
tr u téi s (u=vyvy,.., 0 =5) chi di qua k cung thing du
(v, v1),(v1, V2),...,(Vg_1, Vi). T rang budc dd cao ta co:

h(w) =h(wy) <h(v)+1<h()+2<--<h(v)+k<|V|+k

Puong di don thi khéng qua nhidu hon |V| — 1 canh nén ta c¢6 k < |V| — 1, két
hop lai ¢ h(w) < 2|V| — 1. DPCM.

Dinh ly 3-18 (thoi gian thuc hién gidgi thudt FIFO Preflow-Push)

Co thé cai dat giai thuat FIFO Preflow-Push dé tim luéng cuc dai trén mang
G = (V,E,c,s,t) trong thdi gian O(|V |3 + |V||E]).
Chirng minh
Ta s€ chiing minh mé hinh cai dat thuat toan FIFO Preflow-Push & trén c6 thoi
gian thuc hién 1a O(JV|® + |V||E]). Vong ldp chinh cua thudt toan mdi luot ldy
mot dinh tran z khoi hang doi va c¢b ging thao luong cho dinh z bang cac
phép Push theo cac cung di ra khoi z. Néu z chua hét tran thi thyc hién phép
Lift(z) va day lai z vao hang doi. Nhu vay thudt toan FIFO Preflow-Push s& thuc
hién mét day cac phép Lift va Push:
Lift(.), Push(.), Push(.) ..., Push(.), Lift(.), Push(.), ...

Trude hét ta chimg minh ring sé phép Lift trong day thao tac trén 1a O(|V|?) va
tong thoi gian thuc hién ching 1a O(|V||E|). That vay, Mdi phép Lift s& nang d6
cao ciia mot dinh 1én it nhit 1, ngoai ra do cao ciia mdi dinh khong vugt qua
2|V| — 1 (theo hé qua cua dinh 1y DPinh 1y 3-17). Ct cho 1a moi dinh € V —
{s, t} khi két thiic thuat toan déu c6 do cao 2|V| — 1 di nita thi do chung dwoc khoi
tao bang 1, tong s6 phép Lift can thuc hién ciing khong vuot qua:

(vi-2lvi=2) = o(v|*

Mdi cung (u, v) s& duoc xét dén dung mot 1an trong phép Lift(w), phép Lift(w)
lai duoc goi khong qua 2|V| — 2 1an. Vay téng cong trong tit ca cac phép Lift thi
mdi cung s& duge xét khong qua 2|V| — 2 1an, mang c6 |E| cung suy ra tong thoi
gian thuc hién cta cac phép Lift trong giai thuat 1a |E|(2|V]| — 2) = O(|V]|E]).

Tiép theo ta chimg minh ring sé phép ddy bdo hoa ciing nhu téng thdi gian thuc
hién chung 1a O(|V||E|). Sau phép diy bdo hoa Push(e), néu mudn thyc hién tiép
phép ddy Push(e) nira thi trude d6 chic chan phai co phép day Push(—e) dé lam
giam f(e) va bién e tré lai thanh cung thang du. Gia stte = (u,v) va -e = (v, u)
thi dé thuc hién phép Push(e), ta phai co6 h(u) > h(v). Dé thuc hién Push(—e),
ta phai c6 h(v) > h(u) va dé thuc hién tiép Push(e) nita ta lai phai c6 h(u) >
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h(v). B6i do cao cua cac dinh khong bao gid giam di nén sau phép Push(e) thir
hai, d6 cao h(w) 16n hon it nhit 2 don vi so v6i h(u) & phép Push(e) thir nhét.
Vay néu mot cung e = (u, v) ciia mang dugc ddy bao hoa k lan thi d6 cao cua
dinh u s& tang 1én it nhat 1a 2(k — 1). Vi d6 cao cua cac dinh khong vuot qua
2|V| — 1 nén sb phép dy bio hoa trén mdi cung e 1a k < |V|. Mang c6 |E| cung
va thoi gian thyc hién phép Push 1a 0(1) nén sb phép dy bio hoa 1a O(|V||E|) va
thoi gian thuc hién chung ciing 1a O(|V]|E]).

Déi voi cac phép déy khong bao hoa, viéc danh gia thoi gian thyc hién giai thuat
dugc thuc hién bang ham tiém nang (potential function). Dinh nghia ham tiém
ning @ 1a d6 cao 16n nhét cia cac dinh tran:

@ = max{h[v]: v1a dinh tran}

Trong truong hop mang khong con dinh tran thi ta quy uéc ® = 0. Vay ® < 1 khi
khai tao tién luéng va tro lai béng 0 khi thuat toan két thuc.

Chia day céc thao tac Lift va Push 1am cac pha lién tiép. Pha thir nhat bat dau khi
hang doi dugc khéi tao gdm cac dinh tran va két thic khi tit ca cac dinh do (va
chi nhitng dinh d6 thoi) da duoc lay ra khoi hang doi va xir 1y. Pha thr hai tiép tuc
v6i hang doi gdm nhitng dinh duoc day vao trong pha thir nhit va két thic khi tat
ca cac dinh nay duoc l1ay ra khoi hang doi va xir 1y, pha thir ba, th tu... dugc chia
ra theo cach tuong ty nhu vay.

Nhén xét rang phép Push chi ddy ludng tir dinh cao xudng dinh thip, viy nén
nhitng dinh dugc ddy vao hang doi sau phép Push ludn thdp hon dinh dang xét
vira lay ra khoi hang doi. Suy ra néu mot pha chi chira phép Push thi gia tri ham
tiém nang @ sau pha d6 giam di it nhat 1 don vi.

Gia tri ham tiém ning & chi ¢ thé ting 1én sau mot pha néu pha d6 c6 chira phép
Lift va gia tri ® ting lén phai bang mot d cao ctia mot dinh v nao d6 sau phép
Lift(v) trong pha. Xét muc tdng cua ® sau pha dang xét:

@i — P = MW moi — P < AW mei — h(V)cq

Tirc 1a sau mdi pha lam ® ting 1én, ludn tdn tai mot dinh v ma mirc tang do cao
ctia v 16n hon mirc ting ciia ®. Xét trén toan bo giai thuat, d6 cao cuia mdi dinh
v € V — {s,t} dugc khoi tao bang 0 va dugc nang 1én tdi da bang 2|V| — 1 nén
tong toan bo mirc ting cua cac dinh khéng vuot qua (V]| —2)Q2|V|—-1) =
o(vI®).

Vay néu ta xét cac pha lam & ting thi tbng murc ting cia & trén cac pha nay la
0(|V]?), tirc 12 sé cac pha 1am @ giam ciing phai 1a O(|V|?). Néi cach khac, s& chi
¢6 0(|V|?) pha c6 chira phép Lift va O(|V|?) pha khéng chira phép Lift. Cong lai
ta c6 s6 pha can thyc hién trong toan bo giai thuat 1a O(|V[?).



Mot pha s& phai 14y khoi hang doi t6i da |V| — 2 dinh dé xir Iy. V6i mdi dinh 14y
tir hang doi, viéc thdo ludng s& chi st dung tdi da 1 phép ddy khong bdo hoa vi
sau phép day nay thi dinh s& hét tran va qué trinh xir 1y s& chuyén sang dinh tiép
theo trong hang doi. Vay trong mdi pha c6 khong qua |V | — 2 phép dy khong bio
hoa. Vi tong sd pha 1a O(|V|?), ta ¢6 sb phép ddy khong bdo hoa trong ca giai
thuat 1a O(|V|3) va tong thoi gian thyc hién chung ciing 1a O(|V|3?).

Cubi cung, ta danh gia thoi gian thuc hién nhirng thao tic duyét danh sach lién
thudc bang cac chi sé current[.] trong thuat toan FIFO Preflow-Push. V&i mdi
dinh z, chi sé current[z] ban dau s& ung v6i nat ddu danh sach lién thudc va
chuyén dan dén hét danh sich gom deg*(z) nat. Khi duyét hét danh sach lién
thudc ma z van tran thi s& c6 mot phép Lift(z) va con tro current|[z] dugc dat lai
vé dau danh sach lién thudc. SO phép Lift(z) trong toan bo giai thuat khong vuot
qua 2|V| — 1, nén s6 lugt dich chi sé current[z] khong vuot qua 2|V|deg* (2).
Suy ra néu xét tdng thé, s phép dich cac chi sb current|.] trén tit ca cac danh
sach lién thudc phai nhé hon:

(2IV|)Z deg®(z) = 2|VIIE| = O(IVIIE])

zev

Két luan:

Tong thoi gian thuc hién cac phép nang: O(|V||E]).

Téng thoi gian thuc hién cac phép day bao hoa: O(|V||E]).
Tdng thoi gian thuc hién cac phép day khong bao hoa: O(|V]3).

Toéng thoi gian thwc hién cac phép duyét danh sach lién thudc bing chi sb
current[.]: O(JV||E]).

Thoi gian thuc hién giai thuat FIFO Preflow-Push: O(|V |3 + |V||E]).

h) M6t s6 ky thuat tang toc do gidi thuat

Ta di ching minh rang thuat toan Edmonds-Karp cé thoi gian thyc hién
O(|V|IE|?) va thuat todan FIFO Preflow-Push c6 thoi gian thyc hién O(|V|3 +
|[VI|E|). Nhitng dai lugng nay thoat nhin 1am chung ta ¢ cam giadc nhu thuat
toan FIFO Preflow-Push thuc hién nhanh hon thuat todn Edmonds-Karp, dic
biét trong trudng hop d6 thi day (|E| > |V)).

Tuy vay, nhitng danh gid nay chi la can trén cua thoi gian thuc hién giai thuat

trong truong hop xau nhat. Hién tai chua c6 cac danh gia chit vé can trén va can

duéi trong trudng hop trung binh. Nhitng thtr nghiém bang chwong trinh cy thé

cling cho thiy rang cac thuat toan day tién ludng nhu FIFO Preflow-Push, Lift-
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to-Front Preflow-Push, Highest-Label Preflow-Push... khong c6 c6 cai thién gi

vé téc do so v6i thuat toan Edmonds-Karp (tham chi con cham hon) néu khong

st dung nhiing meo cai dat (heuristics).

Chua c6 danh gia 1y thuyét chit ché nao vé tic dong cua nhitng meo cai dit 1én

thoi gian thuc hién giai thuat nhung hau hét cac thir nghiém déu cho thay viéc sir

dung nhitng meo cai dat trén thuc té gén nhu 13 bét buoc ddi véi cac thuat toan

day tién ludng.

Q Bin chit ciia ham dé cao

Nhic lai vé rang budc do cao: Xét mot tién ludng f trén mang G = (V,E, c, s, t),

ham d0 cao h:V —» N goi 1a tuong ung véi tién ludng f néu h(s) = |V|;

h(t) = 0; va véi moi cung thang du (u, v) thi h(u) < h(v) + 1.

Néu ta gan trong sb cho cac cung ctia mang thing du Gy theo quy tac: Cung

thang du c6 trong s6 1 va cung bdo hoa c6 trong sb +o0. Ky hiéu 8r(u,v) la do

dai dudng di ngdn nhat tir u t6i v trén G, v6i cach gan trong s6 nay. Khi do

khong kh6 khan kiém ching dugc rang voi Vv € V — {s, t}:

® h(v) < &(v,t), the 1a h(v) ludn 14 can dudi cla do dai dudng di ngén nhat
tir v toi dinh thu.

® Trong trudng hop h(v) > |V|, tir v chic chin khong co dudng thing du di
téi t va h(v) — V| < 6;(v,s), tuc 1a h(v) — [V] trong truong hop nay la
can duéi cua do dai duong di ngan nhét tir v vé dinh phat.

Nhiing meo cai dit dudi diy nham diy nhanh cac do cao h(v) trong tién trinh

thyc hién giai thudt dua vao nhirng nhan xét trén.

Q Gdn nhan lai toan bé

Noi dung cta phuong phap gén nhan lai toan b (global relabeling heuristic)

dugc tom tit nhu sau: Xét 14t cat chia tap V 1am hai tip roi nhau X va Y: Tap Y

gbém nhitng dinh dén dugc t bang mot dudng thang du va tap X gém nhiing dinh

con lai. Chic chan khong c6 cung thing du ndi tir X sang Y, ta cos € X,t €Y.

Phép gén nhan lai toan bd s€ dat:

e V6iVv €Y, ta gan lai d0 cao h[v] :== 6,(v,t).

o VéiVu € X vade(u,s) < +oo, ta gan lai do cao hlu] = |V| + 6 (u, s)
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e VoiVu € X va §f(u,s) = +oo, ta gan lai d0 cao hu] == 2|V| -1

Khéng kho khin dé kiém chimg tinh hop 1y ctia ham do cao méi. C6 thé thay
rang cac do cao mdi it ra 1a khong thip hon cac do cao cil.

Cac gia tri 6¢(v,t) cling nhu &6(u, s) co thé duoc xac dinh bang hai luot thyuc
hién thuat toan BFS tir t va s. Boi ta can thoi gian O(|E|) cho hai luot BFS va
gan lai cac do cao, nén phép gan nhan lai toan b thuong duogc goi thuc hién sau
mot loat chi thi so cip dé khong lam anh hudng t6i danh gia O 16n cia thoi gian
thuc hién giai thuat (chang han sau mdi |V| phép Lift). Cha y 1a khi nang do cao
h[z] ctia mot dinh z ndo d6, can cap nhat lai current[z] :== head|z].

Q Pdy nhan theo khe

Phép day nhian theo khe (gap heuristic) dugc thyc hién nho quan sat sau:

Gia str ta c6 mot sd nguyén 0 < gap < |V| ma khong dinh nao c¢6 do cao gap
(s6 nguyén gap nay dugc goi 1a “khe”), khi d6 moi dinh z c6 h[z] > gap déu
khéng c6 dudng thang du di dén t.

Nhan dinh trén c6 thé ching minh bang phan ching: Gia st tir z ¢6 dudng thing
du di dén t, véi mot cung (u, v) trén dudng di ta c6 h(u) < h(v) + 1, tic 1a trén
duong di nay, tir mot dinh u ta chi co thé di sang mot dinh v khong thap hon
hodc thap hon u dung mot don vi. Tir h(z) > gap > 0 va h(t) = 0, chic chin
trén duong thing du tir x t&i ¢t phai c6 mot dinh d6 cao gap. Mau thuan véi gia
thuyét phan ching.

Phép day nhin theo khe néu phat hién khe 0 < gap < |V| s& xét tit ca nhiing
dinh z € V — {s} c6 gap < h(z) < |V| va dat lai h[z] = |V| + 1.

Ta sé& chi ra rang phép day do cao nay van dam bao rang budc do cao ctia ham h.
Do cao cua dinh phat va dinh thu khong bi dong cham d&én, tirc 1a h[s] = |V| va
h[t] = 0. Truéc khi thyc hién phép ddy theo khe, ta chia tip dinh V thanh hai
tap roi nhau: Tap X gdm nhitng dinh cao hon gap va tap Y gém nhiing dinh thap
hon gap. Do rang budc do cao h(u) < h(v) + 1 v4i moi cung thang du (u, v),
khong ton tai cung thing du nbi tir X t6i Y. Phép day theo khe chi ting d6 cao
ctia mot vai dinh x € X va nhu vay rang budc do cao néu bi vi pham thi chi bi vi
pham trén nhiing cung thang du di ra khoi x. Nhu 1ap luan trén, cung thang du di
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ra khoi x chic chin phai di vao mot dinh x” € X ¢6 do cao it nhat 1a |V| sau phép
day theo khe. Tir h(x) = |[V| + 1 tacé h(x) < h(x') + 1.

Phép ddy nhin theo khe str dung mang count[0 ...2|V| — 1] dé dém count[k] 1a
s6 dinh c6 do cao k. Mbi khi c6 sy thay doi do cao, ta phai dong bo lai mang
count theo tinh trang ham d6 cao méi. Sau moi phép Lift(u), do cao cil cua
dinh u duoc luu trit lai trong bién OldH va phép Lift thyc hién nhu binh
thuong. Sau d6 néu 0 < OldH < |V| va count[0ldH] = 0, phép diy theo khe
OldH s& duoc goi va thuc hién trong thoi gian O(|V|). Boi sb phép Lift can
thuc hién trong toan bd giai thuat 1a O(|V|?), téng thoi gian thuc hién cac phép
day theo khe s& 1a O(|V|®) nén khéng anh huong t6i danh gia O-16n cua thoi
gian thuc hién giai thuat FIFO Preflow-Push.

Duéi day la bang so sanh tdc do cua cac chuong trinh cai dat cu thé trén mot sd
bo dir li€u. V&1 mot cap sb n,m, 100 dd thi véi n dinh, m cung dugc sinh ngau
nhién véi stc chira 1a s6 nguyén trong khoang tir 0 téi 10%. C6 4 chuong trinh
dugc thir nghiém: A: Thudt toan Edmonds-Karp, B: thuat todn FIFO Preflow-
Push, C: thuét toan FIFO Preflow-Push v&i phép gan nhan lai toan bo va D:
thuat toan FIFO Preflow-Push v&i phép ddy nhan theo khe. Mdi chuong trinh
dugc thir trén ca 100 d6 thi va do thoi gian thyc hién trung binh (tinh bang gidy):

n =100 n =200 n = 500 n = 800 n = 1000
m = 10000 | m = 30000 | m = 40000 | m = 90000 | m = 100000

A 0.0688 0.5925 0.6598 1.7158 2.7629
B 0.0983 0.7395 3.4377 9.9014 25.0723
C 0.0313 0.0624 0.0857 0.1809 0.2433
D 0.0282 0.0577 0.0828 0.1575 0.1889

Q Cai dat

Dudi day 1a chuong trinh cai dat thuat toan FIFO Preflow-Push két hop véi k¥
thuat déy nhan theo khe, viéc cai dat va danh gia hiéu suét cua phép gan nhan lai
toan b chung ta coi nhu bai tap. Cac ban c6 thé thir cai dat két hop ca hai k¥
thuat tang tde nay dé xac dinh xem viéc do c6 thuc su can thiét khong.
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Input/Output c¢6 khuén dang gidng nhu ¢ chuong trinh cai dat thudt toan

Edmonds-Karp. Hang doi chira cac dinh tran duoc t6 chic dudi dang danh sach

vong: Cac chi s0 dau/cudi hang dgi s€ chay xudi trong mot mang va khi chay

dén hét mang sé& ty dong quay vé dau mang.

=

FIFOPREFLOWPUSH.PAS v' Thuét toan FIFO Preflow-Push

{$MODE OBJFPC}
program MaximumFlow;

const
maxN = 1000;
maxM = 100000;
maxC = 10000;
type

TEdge = record //Ciu tric mgt cung
X, y: Integer; //Haidinh diu miit
c, f: Integer; //Sikcchiravaluéng
end;
TQueue = record //Ciu tric hang doi
items: array[0..maxN - 1] of Integer; //Danh sdchvong
front, rear, nlItems: Integer;
end;
var
e: array|[-maxM..maxM] of TEdge; //Ming chira cdc cung
link: array[-maxM..maxM] of Integer;
//Méc néi trong danh sich lién thupc
head, current: array[l..maxN] of Integer;
//con tré téi ddu va vi tri hién tai ciia danh sdch lién thugc
excess: array|[l..maxN] of Integer; //mirctran cia cdcdinh
h: array[l..maxN] of Integer; //hamdj cao
count: array[0..2 * maxN - 1] of Integer;
//count[k] = sé dinh c6 dé cao k
Queue: TQueue; //Hang dgichira cdc dinh tran
n, m, s, t: Integer;
FlowValue: Integer;
procedure Enter; //Nhdp di li¢u
var
i, u, v, capacity: Integer;
begin
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ReadLn(n, m, s, t);
FillChar (head[l], n * SizeOf (head[1]), 0);
for i := 1 to m do
begin
ReadLn (u, v, capacity);
with e[i] do //Thém cung e[i] = (u, v) vao danh sdch lién thugc ciia u

begin
X 1= u;
y 1= V;
c := capacity;
link[i] := head[ul:
head[u] := 1i;

end;

with e[-i] do //Thém cung e[-i] = (v, u) vao danh sdch lién thugc ciia v

begin
X 1= v;
y 1= u;
c := 0;
link[-1] := head[Vv];
head[v] := -1i;

end;

end;
for v := 1 to n do current[v] := head[v]:

end;
procedure PushToQueue (v: Integer); //Pdy mgtdinhvvao hang doi
begin

with Queue do

begin
rear := (rear + 1) mod maxN;
//Dich chi sé cuéi hang doi, rear = maxN - 1 sé tré lgi thanh 0
items[rear] := v; //Pitvvao vitricuéi hang doi
Inc (nItems); //Tdng bién dém sé phan tir trong hang doi
end;
end;
function PopFromQueue: Integer; //Ldy métdinh khéi hang doi
begin
with Queue do
begin




Result := items|[front]; //Trivéphén tiédiu hang doi
front := (front + 1) mod maxN;
//Dich chi sé ddu hang doi, front = maxN - 1 sé tré lgi thanh 0
Dec (nItems); //Giim bién dém sé phén tir trong hang doi
end;
end;
procedure Init; //Khéitao
var v, sf, i: Integer;

begin
//Khéi tao tién luéng
for i := -m tom do e[i].f :=

0;
FillChar (excess([1l], n * SizeOf (excess[1l]), 0);
i := headl[s];
while 1 <> 0 do

//Duyét cac cung di ra khéi dinh phdt va ddy bio héa cdc cung do, cdp nhdt cdc mirc tran excess|.|

begin
sf = e[i].c;
e[i].f := sf;
e[-1].f := —-sf;

Inc (excess[e[i].y], sf);
Dec (excess|[s], sf);

i := 1link[i];
end;
//Khéi tao ham dé cao
for v := 1 to n do hiv] := 1;
h(s] := n;
h[t] := 0;

//Khéi tgo cdc bién dém: count[k] la sé dinh c6 d¢ cao k
FillChar (count[0], (2 * n) * SizeOf(count[0]), 0);
count [n] := 1;

count[0] := 1;

count[1l] :=n - 2;

//Khdi tao hang doi chira cdc dinh tran

Queue.front := 0;

Queue.rear := -1;

Queue.nltems := 0; //Hang dyiréng

for v := 1 to n do //Duyéttip dinh
if (v <> s) and (v <> t) and (excess[v] > 0) then
//vtran
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PushToQueue (v) ; //ddyvvao hang dyi
end;
procedure Push (i: Integer); //Phép diy luéng theo cung efi]
var Delta: Integer;
begin
with e[i] do
if excess[x] < ¢ - f then Delta := excess|[x]
else Delta := ¢ - f;
Inc(e[i].f, Delta);
Dec(e[-1].f, Delta);
with e[i] do
begin
Dec (excess[x], Delta);
Inc (excess[y], Delta);
end;
end;
procedure SetH(u: Integer; NewH: Integer);
//Bdt dj cao ciia u thanh NewH, dong by héa ming count

begin
Dec (count[h[ull);
h[u] := NewH;
Inc (count [NewH]) ;
end;
procedure PerformGapHeuristic (gap: Integer);
//Pdy nhdn theo khe gap
var v: Integer;
begin
if (0 < gap) and (gap < n) and (count[gap] = 0) then
//gap diing la khe thdt
for v := 1 to n do
if (v <> s) and (gap < h([v]) and (h[v] <= n) then
begin
SetH(v, n + 1);
current[v] := head[Vv];
//Ndng d¢ cao ciia v cin phdi cip nht lai con tré current[v]
end;
end;

procedure Lift (u: Integer); //Phépndngdinhu
var minH, OldH, i: Integer;




begin

minH := 2 * maxN;

i := head[u];

while i <> 0 do //Duyétcdc cung dira khéi u
begin

with e[i] do
if (¢ > f) and (h[y] < minH) then
//Gdp cung thing dw (u, v), ghi nhén dinh v thip nhdt

minH := hly];
i := 1link[i];
end;
OldH := hlul; //Nh¢lgih[u] cii

SetH(u, minH + 1); //ndng cao dinhu
PerformGapHeuristic (01dH) ; //C6 thé tao ra khe OldH, diy nhdn theo khe
end;
procedure FIFOPreflowPush; //Thudttodn FIFO Preflow-Push
var
NeedQueue: Boolean;
z: Integer;
begin
while Queue.nItems > 0 do //Chirng nao hang dyivin con dinh tran
begin
z := PopFromQueue; //Ldy mgtdinh tran x khéi hang dgi
while current[z] <> 0 do //Xétmétcung dira khéix
begin
with e[current[z]] do
begin
if (¢ > f) and (h[x] > h[y]) then
//Néu c6 thé diy luéng dwgc theo cung (u, v)
begin
NeedQueue := (y <> s) and (y <>
and (excess[y] = 0);
Push (current[z]); //Pdyluéng luén
if NeedQueue then
//v dang khéng tran sau phép ddy tré thanh tran
PushToQueue (y) ; //Pdyvvao hang dgi

o

if excess([z] = 0 then Break;
//x hét tran thi chuyén qua xét dinh khdc ngay
end;
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end;

current[z] := link[current[z]];

//X chuwa hét tran thi chuyén sang xét cung lién thuéc tiép theo
end;

if excess|[z]
begin
Lift (z); //Ndng caox
current[z] := head[z]:;
//Bit con tré current[x] tré lai vé diu danh sdch lién thuc

PushToQueue (z) ; //Piy lgi x vao hang dgi ché xik Iy sau
end;

> 0 then /Duyét hét danh sich lién thujc ma x vén tran

end;
FlowValue := excess|[t]:;

//Thudt todn két thiic, gid tri luéng bang téng luéng di vao dinh thu (= - excess[s])
end;

procedure PrintResult; //Inkétqui

var i: Integer;

begin

WriteLn ("Maximum flow: ') ;

for i := 1 to m do
with e[i] do

if £ > 0 then //Chicinin ra cic cung cé luong >0
WriteLn('e[', i, '] = (', %, ', ', y, "): cC
="', ¢ ', £ =" £);

WriteLn('Value of flow: ', FlowValue);

end;

begin

Enter; //Nhdp dili¢u
Init; //Khditgo
FIFOPreflowPush; //Thuc hién thudt todn ddy tién luéng

PrintResult; //Inkétqua
end.

Dinh Iy 3-19 (dinh Iy vé tinh nguyén)
Néu tat ca cac strc chira 1a sb nguyén thi thuat toan Ford-Fulkerson cling nhu

thudt todn day tién luong ludén tim dugc ludng cuc dai vai ludng trén cung la céac
sO nguyén.
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Chirng minh

Dbi vai thuat toan Ford-Fulkerson, ban dau ta khoi tao ludng 0 thi ludng trén cac
cung 12 nguyén. Mdi lan ting ludng doc theo dudng ting ludng P, ludng trén mdi
cung hodc giit nguyén, hodc tang/giam mot lugng Ap ciing 1 sb nguyén. Vay nén
cudi cung ludng cuc dai phai co gia tri nguyén trén tit ca cac cung.

Déi véi thuat toan déy tién luéng, ban dau ta khéi tao mot tién luéng trén céc cung
1a s6 nguyén. Phép Lift va Push khong lam thay ddi tinh nguyén cua tién ludng
trén cac cung. Vay nén khi thudt toan két thuc, tién luéng tré thanh luéng cuc dai
v6i gia tri ludng trén cac cung 1a s6 nguyén.

3.4. Mjt s6 mé réng va ieng dung ciia luong
a) Mang véi nhiéu dinh phéat va nhiéu dinh thu

Ta mo rong khii niém mang bang cach cho phép mang G c¢6 p dinh phat:
S1,S2, -, Sp va q dinh thu t;,t,, ..., t4, cac dinh phat va cac dinh thu hoan toan
phan biét. Ham stc chira va ludng trén mang dugc dinh nghia twong ty nhu
trong truong hop mang c6 mot dinh phat va mot dinh thu. Gia tri ciia ludng duoc
dinh nghia bang tong ludng trén cac cung di ra khoi cac dinh phat. Bai toan dat
ra 1a tim ludng cuc dai trén mang c6 nhiéu dinh phat va nhiéu dinh thu.

Thém vao mang hai dinh: mdt si€u dinh phét s va si€u dinh thu t. Thém céc
cung ndi tlr s téi cac dinh s; c¢6 sirc chira +oo, thém cac cung ndi tir cac dinh ¢

toi t véi stre chira +00. Ta dugc mot mang méi G = (V,E") (h.2.9).

Hinh 2.9. Mang véi nhiéu dinh phdt va nhiéu dinh thu

C6 thé thay rang néu f 1a mot ludng cuc dai trén G, thi f han ché trén G ciing 1a
luéng cuc dai trén G. Vay dé tim luéng cuc dai trén G, ta s€ tim luéng cuc dai
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trén G' roi loai bo siéu dinh phat s, siéu dinh thu t va tat ca nhirng cung gia moi
thém vao.

Mot cach khac co thé thuc hién dé tim ludng trén mang c6 nhiéu dinh phat va
nhiéu dinh thu 1a loai bo tat cac cac cung di vao cac dinh phat ciing nhu cac
cung di ra khoi cac dinh thu. Chap tat ca cac dinh phat thanh mot siéu dinh s va
chap tat ca cac dinh thu lai thanh mét siéu dinh thu t, mang khong con cac dinh
S1,S2,-+,Sp Va ty, by, ..., tg nlta ma chi ¢6 thém dinh phat s va dinh thu t. Trén
mang ban dau, moi cung di vao/ra s; dugc chinh lai dau mut dé no di vao/ra dinh
s, moi cung di vao/ra tj cling dugc chinh lai dau mut dé no di vao/ra dinh t, ta
dugc mot mang méi G

Khi d6 ta ta c6 thé tim f 1a mot ludng cuc dai trén G va khoi phuc lai ddu mat
ctia cac cung nhu cii d@é f tré thanh ludng cuc dai trén G.

b) Mang véi stc chira trén ca cac dinh va cac cung

Cho mang G = (V,E,c,s,t), mdi dinh v € V — {s, t} duoc gan mot s6 khong am
d(v) goi 1a stc chta cua dinh d6. Ludng duong ¢ trén mang nay dugc dinh
nghia véi tit ca cac rang budc cua ludng duong va thém mot diéu kién: Tong
ludng dwong trén cac cung di vao mdi dinh v € V — {s, t} khong duoc vuot qua
d(): Yece-w) @(e) < d(v). Bai toan dit ra 1a tim ludng dwong cuc dai trén
mang c6 rang budc strc chtra trén ca cac dinh va cac cung.

Tach moi dinh x € V — {s, t} thanh 2 dinh m&i Xy, Xoye VA MmOt cung (Xin, Xour)
v6i ste chira d(x). Cac cung di vao x duoc chinh lai ddu mat dé di vao x;, va
cac cung di ra khoi x duoc chinh lai dau mat dé di ra khoi x,,,, (h.2.10). Ta xdy
dung dugc mang G' = (V', E") vdi dinh phat s va dinh thu t.

HOSHENOSE

d(x)

Hinh 2.10. Tach dinh
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Khi d6 viéc tim luéng duong cuc dai trén mang G co thé thuc hién béng cach
tim ludng duong cuc dai trén mang G', sau d6 chap tat ca cac cap (Xin, Xoye) tro
lai thanh dinh x (Vx € V — {s, t}) dé khoi phuc lai mang G ban dau.

) Mang véi rang budc ludng duong bi chan hai phia
Cho mang G = (V,E,c,s,t) trong d6 mdi cung e € E ngoai stc chia (luu
lugng) ti da c(e) con duge gan mot sé khong 4m d(e) < c(e) goi 1a luu lwong
tdi thiéu. Mot luong duwong twong thich ¢ trén G duoc dinh nghia véi tit ca cac
rang budc ciia ludng duong va thém mot diéu kién: Ludng duong trén mdi cung
e € E khong dugc nho hon stic chira t6i thiéu ctia cung do:
d(e) < ¢(e) < c(e)
Bai toan dit ra 1a kiém chung su ton tai ciia ludng duong twong thich trén mang
v6i rang budc ludng duong bi chin hai phia.
Xay dyng mot mang G’ = (V',E") tir mang G theo quy téc:
e Tap dinh V' c6 dugc tir tdp V thém vao dinh phat gia s’ va dinh thu gia t':
V' =vV+{s't'}
e Mobicung e = (u,v) € E sé& tuong ing v&i ba cung trén E': cung e; = (u, v)
cé suc chira c(e) — d(e), cung e, = (s',v) va cung e; = (u, t") cé stc chira
d(e). Ngoai ra thém vao cung (t,s) € E' vdi stic chira +0

—+ o0

c(e) — d(e)/—\
v

d(e) d(e)

Hinh 2.11.
Goi D = ¥, cp d(e) 1a tong stc chira tdi thiéu cia cac cung trén mang G. Khi d6
trén mang G', tong sic chira cac cung di ra khoi s’ ciing nhu tong sic chira cac
cung di vao t’ bang D. Vi vay voi moi ludng duong trén G’ thi gia tri ludng d6
khong thé vuot quéa D.
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T d6 suy ra rang néu ton tai mot ludng duong ¢’ trén G’ c6 gia tri ludng
l@'| = D thi ¢’ bit budc 1a ludng dwong cuc dai trén G'.

B6 dé 3-20 cho phép ta kiém ching sy ton tai ludng duong twong thich trén G
béng vigéc do gia tri luéng cuc dai trén G'.

Bé dé 3-20

Piéu kién can va du dé ton tai ludng duong twong thich ¢ trén mang G 1a ton tai
ludng duong cuc dai ¢’ trén G’ v6i gia tri ludng |@’| = D.
Chirng minh
Gia st ludng duong cuc dai ¢’ trén G' ¢ |p| = D = Yoepd(e). Ta xdy dung
ludng ¢ trén G bang cich cong thém vao ludng ¢’ trén mdi cung e mot lugng
d(e):
@:E - [0, +0)
e pe)=¢'(e) +d(e)
Khi d6 c6 thé dé dang kiém ching dugc ¢ théa mén tit ca cac rang budc cua
ludng duong tuwong thich trén mang G.
Nguoc lai néu ¢ 13 mot ludng duong tuwong thich trén G. Ta xdy dung ludng
duong ¢’ trén G' bang cach trir ludng ¢ trén mdi cung e di mot lugng d(e), ddng
thoi dat ludng ¢’ trén cac cung di ra khoi s’ ciing nhu trén cac cung di vao t’ dung
bang stc chira ciia cung d6. Khi d6 ciing dé dang kiém chimg duoc ¢’ 1a ludng
duong cuc dai va |¢| = D.

d) Mang véi stc chira am

Cho mang G = (V,E,c,w,s,t) trong d6 ta md rong khai niém stc chira bﬁng
cach cho phép ca nhiing strc chira am trén mot s6 cung. Khai niém ludng dugc
dinh nghia nhu binh thudng.

Néu nhu c6 thé khéi tao duge mot luéng thi thuat toan Ford-Fulkerson van hoat
dong ding dé tim luéng cuc dai trén mang c6 suc chira am. Vén dé khéi tao mot
ludng bat ky trén mang khong phai don gian vi chiing ta khong thé khoi tao bang
luéng 0, boi néu nhu vay, rang budc suc chira tdi da sé& bi vi pham trén cac cung
c0 strc chira am.

Gia st mot cung e € E ¢6 stic chira c(e) < 0. Theo tinh dbi ximg 1éch cuia ludng
f(e) = —f(—e) va rang budc sirc chira téi da f(e) < c(e), ta c6:
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f(=e)=—f(e) = —c(e) >0 (3.5)
Nhu vy rang budc sirc chta tdi da f(e) < c(e) tuong dwong v6i rang budc vé
stre chira t6i thiéu - c(e) trén cung ddi - e. Viéc chi ra mot ludng bat ky trén G
c6 thé thyc hién bang cach tim ludng duong trén mang véi rang budc ludng
duong bi chin hai phia sau d6 bién d6i ludng duong nay thanh ludng can tim.

e) Lat cit hep nhat

Ta quan tam téi dd thi vo huéng lién théng G = (V, E) v6i ham trong sé (hay
luu lugng) c: E = [0, +00). Gia st [V| = 2, ngudi ta mudn bo di mot sb canh dé
d6 thi mat tinh lién théng va yéu cau tim phuong 4n sao cho tong trong sb cac
canh bi loai bo 14 nhé nhat.

Bai toan ciing c6 thé phat biéu dudi dang: hdy phan hoach tap dinh V thanh hai
tap khac rdng rdi nhau X va Y sao cho tong luu luong cac canh ndi gitra X va Y
1a nho nhit ¢6 thé. Cach phan hoach nay goi 1a lat ct tong quat hep nhat cia G,
ky hiéu MinCut(G).

c(X,Y) -» min
X0, Y+0;XNY=0;,XUY =V,

Mot cach té nhét c6 thé thuc hién la thu tat ca cac cap dinh s,t. Voi mdi 1an thir
ta cho s lam dinh phat va t lam dinh thu trén mang G, sau do6 tim luéng cuc dai

va lat cat s — t hep nhat. Cudi ciing 1a chon lat cit s — t ¢6 luu lugng nhé nhat

nxn-1) ,x N hy
(n-1) lan tim ludng cuc

L, 2 s 1A , , \ P AL
trong tat ca cac lan thu. Phuong phap nay can (2) =
dai, c6 toc do cham va khong kha thi véi dir liu 1on.
Bé dé 3-21
Vi s va t 1a hai dinh bat ky. Tir d0 thi G, ta xdy dung db thi G, bang cach chap
hai dinh s va t thanh mot dinh duy nhat, ky hi¢u st, cac canh ndi s véi t bi huy
bo, cac canh lién thudc v6i chi s hodc t duge chinh lai ddu muat dé tré thanh
canh lién thudc vé6i st. Khi d6 MinCut(G) co thé thu dugc bang lay lat cit co
luu lugng nho nhét trong hai 1at cat:
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e Lat cits — t hep nhat: Coi s 1a dinh phat va t 1a dinh thu, 1at cat s — t hep
nhat c6 thé xac dinh bang viéc giai quyét bai toan ludng cuc dai trén mang
G.
e Lat cat tong quat hep nhét trén Gy: MinCut(Gg,).
Chirng minh
Xét lat cit tong quat hep nhit trén G c6 thé dua s va t vao hai thanh phan lién
thong khac nhau hoac dwa chung vao cung mot thanh phan lién thong. Trong
truong hop thir nhat, MinCut(G) 1a lat cit s — t hep nhét. Trong trudng hop thi
hai, MinCut(G) la MinCut(Gg).
B d& 3-21 cho phép chung ta xay dung mot thuat toan tt hon: Néu d6 thi chi
gém 2 dinh thi chi viéc cit roi hai dinh vao hai tap. Néu khong, ta chon hai dinh
bt ky s, t lam dinh phat va dinh thu, tim ludng cuc dai va ghi nhén 1at cits — t
hep nhét. Tiép theo ta chap hai dinh s, t thinh mot dinh st va lap lai véi do thi
Gge... Cudi cung 1a chi ra lat cat s — t hep nhat trong sd tt ca cac lat cat dugc
ghi nhan. Phuong phap nay doi hoi phai thuc hién |V| — 1 1an tim ludng cuc
dai, tuy da co su cai thién vé téc do nhung chwa phai that tét.
Nhan xét réng tai moi budc cua cach gidi trén, ching ta co thé chon hai dinh s, t
bat ky mién sao s # t. Vi vay nguoi ta mudn tim mot cach chon cap dinh s, t
mot cach hop 1y tai mdi budc dé co thé chi ra ngay lat cat s — t hep nhat ma
khéng can tim ludng cuc dai. Thuét toan dudi day [37] 1a mot trong nhiing thuét
toan hi¢u qua dya trén y tudng do.
Véi A la mot tap con cua tdp dinh V va x 1a mét dinh khong thudc A. Pinh nghia
lue hit cia A d6i véi x 1a téng trong sb cac canh ndi x vé6i cac dinh thude A:

cAtp= > o
e=(x,y)EE
yEA

Bo dé 3-22

Bit dau tir tap A chi gdm mot dinh bat ky a € V, ta ctr tim mot dinh bi A hut
chat nhat két nap thém vao A cho t&i khi A = V. Goi s va t 13 hai dinh duoc két
nap cudi cung theo cach nay. Khi d6 lat cat (V — {t},{t}) 1a lat cit s — t hep
nhat.
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Chirng minh

Xét mot lat cét s — t bit ky k, ta s& chimg minh ring luu luong cua lat cit
(V = {t}, {t}) khong 16n hon luu lwong cua 1t cit k.

Mot dinh v dugc goi 1a dinh hoat tinh néu v va dinh dugc dua vao A lién trude v
bi roi vao hai phia cua lat cit k. Goi A, 124 t3p cac dinh duogc két nap vao A trudc
dinh v, K, 1a 1at cit x han ché trén A, U {v} (Lat cat k, ding dung cich phan
hoach cua lat cit k nhung chi quan tdm t6i tap dinh A, U {v}). Goi c(k) 13 luu
lugng cua lat cit k, c(k,) 1a luu luong cua lat cét k.

Trude hét ta sir dung phép quy nap dé chi ra rang néu u 1a dinh hoat tinh thi:

c(Ay, {ud) < c(iy) (3.6)

Néu u 1a dinh hoat tinh dau tién dugc két nap vao A, lat cit K, s€ chia tap
A, U {u} 1am hai tap, mot tap 1a A,, va mot tap 1a {u}, khi @6 ta c6 c(4,, {u}) cling
chinh 1a c(k,,). Gia thiét ring bit ding thirc (3.6) dung véi dinh hoat tinh u, ta s&
chimg né6 ciing dung véi nhimg dinh hoat tinh v dugc két nap vao A sau u. That
vay,

c(Ay, {v}) = c(4y, (v} + (4, — Ay, {v}) (3.7
Do A, phai hut u manh hon v, két hop véi gia thiét quy nap, ta cé:

c(Ay, (v} < c(4y, {ud) < i)
Hang tir c(4, — A, {v}) 1a téng trong sb cac canh ndi gitta v va 4, — A,,. Do u va
v 1a hai dinh hoat tinh lién tiép, cac canh nay s& ndi giita hai phia cua l1at cit x,, va
c6 dong gop trong phép tinh c(i,,), mat khac do v € A, U {u} nén nhiing canh nay
khong dong gdp trong phép tinh c(k,,). Vay tir cong thire (3.7), ta suy ra:

C(A,,, {17}) = C(Auv {U}) + C(Av — Ay, {U})
< c(iy) +c(4, — A, {v}) (3.8)
< c(ky)

Vi k 12 mot 14t cat s — t nén chic chan s va t nim & hai phia khac nhau cua lat cat
k, hay néi cach khac, t 1a dinh hoat tinh. Bat dang thic (3.6) ching minh & trén
cho ta két qua:
c(V—{t}{t}) = c(4.{t})
< c(xy) (3.9)
= c(K)

Ta chirng minh dugc lat cat (V — {t}, {t}) 1a 1at cit s — t hep nhat.
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Dinh Iy 3-23

Viéc tim lat cat tong quat trén do thi vé hudng lién thong véi ham trong sd

khong am c6 thé duoc thyc hién bang thuat toan trong thoi gian O(|V|? log|V| +

IVIIED.

Bai tap

Chirng minh

Bit ddu tir tap A chi gom mot dinh bt ky, ta mo rong A bang cach lan lugt két nap
vao A dinh bi hat chat nhat cho t6i khi A = V. Viée nay duoc thuc hién véi ky
thut twong tu nhu thuit toan Prim: v6i Vv € A, ta ky hiéu nhin d[v] 14 lyc hat
cua A d6i véi dinh v. khi A duoc két nap thém mdt u thi cdc nhan lgc hut cia
nhitng dinh v khac s€ dugc cap nhét lai theo cong thurc:

A[V]msi = d[V]eq + c(w,v),V(u,v) EE

Bing viéc td chirc cac dinh ngoai A trong mot hang doi wu tién dang Fibonacci
Heap, viéc mé rong tdp A cho téi khi A =V dugc thuc hién trong thoi gian
O0(|V|log|V| + |E|). Trong qua trinh d6, s va t 1a hai dinh cudi cung duoc két nap
vao A ciing duge xac dinh va MinCut(G) duoc cdp nhat theo lat cit s — t hep
nhat. Sau do hai dinh s, t dugc chap vao va thuat toan lap lai véi dd thi Gy Téng
cong ta ¢6 [V| — 1 1an lap, suy ra lat cit tdng quat hep nhit c6 thé tim duoc trong
thoi gian O(|V|? log|V| + |V||E]).

Mic du tinh dung ding cua thuat toan dwgc ching minh dya vao 1y thuyét vé
luéng cuc dai va lat cat hep nhét, viéc cai dat thuat toan lai kha don gian va khong
dong cham gi dén ludng cuc dai.

2.27. Cho f; va f, 1a hai ludng trén mang G = (V,E, c,s,t) va a 1a mot sb thuc

nam trong doan [0,1]. Xét 4nh xa:

foiE-R
e fo(e) =afi(e) + (1 —a)fy(e)

Chung minh rang f,, cling 1a mot ludng trén mang G v&i gia tri ludng:

fal = alfil + (1 = DIf]

2.28. Cho f 1a mot ludng trén mang G = (V,E,c,s,t), chimg minh rang voi
Ve € E, ta co:
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2.29.

2.30.

2.31.
2.32.

cr(e) +cs(—e) = c(e) + c(—e)
Cho f 12 ludng cuc dai trén mang G = (V,E,c,s,t), goi Y 1a tip cac dinh
dén duoc t bing mot dudng thing du trén Gf vaX =V —Y. Ching minh
rang (X,Y) 1a 1at cat s — t hep nhit ciia mang G.
Viét chuong trinh nhan vao mot do thi ¢6 huéng G = (V, E) véi hai dinh
phan biét s va t va tim mot tap gdm nhiéu dudng di nhat tir s tdi t sao cho
cac duong di trong tap nay d61 mot khong c6 canh chung.
Goi y
Coi s 1a dinh phat va t 1a dinh thu, cdc cung déu c6 sirc chira 1. Tim ludng
cuc dai trén mang béng thuat toan Ford-Fulkerson, theo Dinh 1y 3-19 (dinh
1y vé tinh nguyén), ludng trén cac cung chi c6 thé 1a 0 hodc 1. Loai bo cac
cung c6 ludng 0 va chi gitr lai cac cung c6 ludng 1. Tiép theo ta tim mot
duong di tir s t6i t, chon duong di nay vao tap hop, loai bo tat ca cac cung
doc trén duong di nay khoi d6 thi va lap lai..., thuat toan sé& két thac khi d6
thi khong con canh nao (khong con dudng di tur s toi ).
Vé ky thuét cai dit, ta c6 thé tim mot dudng di tir s t&i ¢ trén dd thi G, dao
chidu tit ca cac cung trén duong di nay va lap lai cho t6i khi khong con
duong di tir s t6i t nira. C6 thé thiy rang dd thi G tai mdi bude chinh 13 d6
thi cac cung thing du va duodng di tim duoc & mdi budc chinh 13 duong
tang ludng.
Do thi G gio day khong con duong di tir s t6i t, ta tim mot dudng di tir t
vé s, két nap duong di theo chiéu nguoc lai (tu s tdi t) vao tap hop, x6a bo
tat ca cac cung trén duong di va cr tiép tuc nhu vay cho t6i khi khong con
duong di tir t v& s nira.
Tuong ty nhu Bai tap 2.29 nhung yéu cau thyc hién trén d6 thi v hudng.

(H¢ dai dién phan biét) Mot 16p hoc c6 n ban nam va n ban nit. Nhan ngay
8/3, 16p c6 mua m moén qua dé cac ban nam ting cac ban nit. MGi moén qua
c6 thé thudc s& thich cua mot sd ban trong 16p.

Hay lap chuong trinh tim cach phan cong tdng qua thoa man:
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2.33.

2.34.

225

Mbi ban nam phai ting qua cho diing mot ban nit va mdi ban nit phai nhan
qua cua ding mdt ban nam. Mén qua dugc tang phai thudc so thich cua ca
hai nguoi.

Mobn qua nao da dugc mdt ban nam chon dé tang thi ban nam khac khong
duoc chon nira.

Goi y: Xay dung mot mang trong d6 tip dinh V gdém 3 16p dinh S, X va T:

Lép dinh phat S = {s;, 55, ..., S, }, mdi dinh twong tmg véi mot ban nam.
Lép dinh X = (x4, x5, ..., X,) mdi dinh twong tmg véi mot moén qua.
Lép dinh thu T = {ty, t,, ..., t,,} mdi dinh twong tng v&i mot ban nit.

Néu ban nam i thich mén qua k, ta cho cung ndi tir s; ti x;,, néu ban nif j
thich mén qua k, ta cho cung ndi tir x;, t6i tj. Suc chira cua cdac cung dat
be“mg 1 va suc chua cua cac dinh vy, v,, ..., v, cling dat béng 1. Tim luéng
nguyén cuc dai trén mang G c6 n dinh phat, n dinh thu, dong thoi c¢6 ca
rang budc sirc chira trén cac dinh, nhitng cung ¢ ludng 1 s& ndi gitra mot
moén qua va nguoi tang/nhan tuong ung.

Cho mang dién gdm m x n diém nam trén mot ludi m Q l I Q
hang, n cot. Mot sd diém ndm trén bién cua luéi la © O_% O_% Q
ngudn dién, mot sd diém trén ludi 1a cac thiét bi st © Q
dung dién. Nguoi ta chi cho phép nbi day dién giita © q
hai diém nam cung hang hodc clng cot. Hy tim cach © E_% o—e
dat cac day dién ndi cac thiét bi st dung dién véi © o o
ngudn dién sao cho hai duong day bat ky ndi hai thiét bi str dung dién véi
ngudn dién twong tmg ctia ching khong duoc c6 diém chung.

(K¥ thuat gian stc chira) Cho mang G = (V,E,c,w,s,t) vGi sttc chua
nguyén: ¢: E —» N. Goi C := max,¢g c(e).

a) Chirg minh rang lat cit s — t hep nhat cta G c6 luu luong khong vuot
qua C|E|

b) Vi mot sb nguyén k, tim thuat toan xac dinh duong ting ludng co gia
tri thang du > k trong thoi gian O(|E]).

¢) Ching minh rang thuat toan sau day tim dugc ludng cuc dai trén mang
G:



procedure MaxFlowByScaling;
begin
f
k
while k > 1 do
begin

«Ludng O»;

C; //kla sikc chiva l6n nhét ciia mét cung trong E

«T&ng ludng doc theo dudng Px»;
k := k div 2;
end;

end;

while «Tim dugc dudng tdng ludng P

cd gia tri thang du =2 k» do

d) Chirng minh rang khi budc vao mdi luot 13p ctia vong lip:

| while k > 1 do...

Luu luong cia lat cat hep nhit trén mang thing du Gy khong vuot qua

2k|E|.

e) Ching minh rang trong mdi luot l3p ciia vong lap:

| while k > 1 do...

Vong lap while bén trong thyc hién O(E) 1an véi mdi gia tri cua k.

f) Ching minh riang thuat toan trén (maximum flow by scaling) c6 thé cai

dat dé tim ludng cyc dai trén G trong thoi gian O(|E|? log €).

4. B6 ghép cwc dai trén do thi hai phia
4.1. Do thi hai phia

Do thi vo huéng G = (V, E) dugc goi 1a do thi hai phia néu tap dinh V cta nd ¢

thé chia lam hai tdp con ro1 nhau: X va Y sao cho moi canh cua do thi déu noi

mot dinh thudc X véi mot dinh thudc Y. Khi d6 nguoi ta con ky hi¢u G =
(X UY,E). Bé thuan tién trong trinh bay, ta goi cac dinh thudc X 1a cac X dinh

va cac dinh thudc Y la cac Y_dinh.
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X Y
Hinh 2.12. Pé thi hai phia

Mot dd thi vo hudng 1a d6 thi hai phia néu va chi néu timg thanh phan lién thong
ctia n6 13 do thi hai phia. Dé kiém tra mot dd thi vé hudng lién thong cé phai do
thi hai phia hay khong, ta c6 thé sit dung mot thuat toan tim kiém trén do thi
(BFS hoic DFS) bat dau tir mot dinh s bét ky. Dit:

X = {tép cac dinh dén duoc tir s qua mot s6 chin canh}

Y = {taip cac dinh dén duoc tir s qua mot sb 1é canh}
Néu ton tai canh ctia d6 thi ndi hai dinh € X hodc hai dinh € Y thi d thi da cho
khong phai db thi hai phia, ngugc lai d6 thi da cho 1a d6 thi hai phia voi cach
phan hoach tap dinh thanh hai tap X,Y & trén.
D6 thi hai phia gip rat nhiéu mo hinh trong thyc té. Chang han quan hé hén
nhan gitra tap nhiing nguoi dan 6ng va tap nhing nguoi dan ba, viéc sinh vién
chon trudng, thay gido chon tiét day trong thoi khoa biéu v.v...
4.2. Badi todn tim b ghép cwe dai trén dé thi hai phia
Cho db thi hai phia G = (X UY,E). Mot bg ghép (matching) ciia G 1a mot tap
cac canh ddi mot khong co dinh chung. C6 thé coi mot bo ghép 1a mot tap
M S E sao cho trén db thi (X U Y, M), mdi dinh c6 bac khong qua 1.
Vén dé dat ra 13 tim mét bo ghép 16m nhdt (maximum matching) (c6 nhiéu canh
nhat) trén d6 thi hai phia cho trudc.

4.3. M6 hinh luong
Pinh hudéng cac canh cua G thanh cung tir X sang Y. Thém vao dinh phat gia s
va cac cung ndi tr s t6i cac X _dinh, thém vao dinh thu gia t va cac cung ndi tir
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cac Y _dinh t&i t. Strc chtra cua tit ca cac cung dugc dit bang 1, ta duoc mang
G'. Xét mot ludng trén mang G’ c6 ludng trén cac cung 1a sé nguyén, khi d6 c6
thé thiy rang nhitng cung c6 ludng bang 1 tir X sang Y s& twong Gmg v4i mot bd
ghép trén G. Bai toan tim b ghép cuc dai trén G c6 thé giai quyét biang cach tim
ludng nguyén cuc dai trén G'.

Hinh 2.13. M6 hinh ludng ciia bai todn tim b ghép cwe dai trén do thi hai phia.

Chiing ta s& phan tich mot sé dic diém cua dudng ting ludng trong truong hop
nay dé tim ra mot cach cai dit don gian hon.

Xét dd thi hai phia G = (X U Y, E) va mot bd ghép M trén G.

e Nhing dinh thudc M goi 1a nhitng dinh da ghép (matched vertices), nhitng
dinh khong thudc M goi 1a nhiing dinh chua ghép (unmached vertices).

e Nhirng canh thudc M goi 1a nhitng canh da ghép, nhitng canh khong thude
M dugc goi 1a nhitng canh chua ghép.

e Néu dinh hudng lai nhiing canh cua dd thi thanh cung: Nhirng canh chua
ghép dinh hudng tir X sang Y, nhitng canh da ghép dinh huéng nguoc lai tur
Y vé& X. Trén db thi dinh hudng d6, mot duong di dwoc goi 1a dwong pha
(alternating path) va mot duong di tr mot X dinh chua ghép té1 mot
Y dinh chua ghép goi 1a mot dwong mo (augmenting path).

Doc trén mot duong pha, cac canh da ghép va chua ghép xen k& nhau. Puong

mé cling 1a mot duong pha, di qua mot s6 1é canh, trong d6 sé canh chua ghép

nhiéu hon sé canh di ghép diing mot canh.

Vi du v6i d6 thi hai phia trong hinh 2.14 va mét bo ghép {(xy, 1), (2, v2)}.

Puong di (x5, ¥2, x5, y1) 1a mot duong pha, duong di (x3, V5, X5, Y1, X1, ¥3) 18 mot
duong mo.

228



X Y
Hinh 2.14. Dé thi hai phia va cdc canh dwoc dinh hwong theo mot by gheép

Puong mé thyc chat 1a duong ting ludng véi gia tri thang du 1 trén mo hinh
ludng. Pinh 1y 3-11 (mdi quan hé giira ludng cyc dai, duong ting ludng va lat
cit hep nhét) di chi ra rang diéu kién can va da dé mot bo ghép M 1a bo ghép
cuc dai 1a khong ton tai duong mé Gmg véi M.

Néu ton tai duong mo P g voi bo ghép M, ta md rong bd ghép bang cach: doc
trén duong P loai bo nhiing canh da ghép khoi M va thém nhiing canh chua
ghép vao M. B ghép méi thu duoc s& c6 luc lugng nhiéu hon b ghép cii dung
mot canh. Day thyuc chéat 1a phép tang ludng doc trén duong P trén md hinh
ludng.

4.4. Thudt toan dwong mao

T mo6 hinh luéng cua bai toan, chung ta co thé xay dung dugc thuat toan tim bo
ghép cuc dai dya trén co ché tim dudng mé va ting cdp: Thuét toan khoi tao
mot bd ghép bt ky trude khi bude vao vong lap chinh. Tai mdi budc lap, dudng
mo (thyc chat 1a mot duong di tir mot X_dinh chua ghép t6i mot Y_dinh chua
ghép) duoc tim bang BFS hoic DFS va bo ghép s& dugc mé rong dua trén
duong mé tim dugec.

M := «MO6t bd ghép bat ky, chdng han: 0O»;
while «Tim dugc duong md P» do
begin
«Doc trén duong P:
- Loai bd nhiing canh d& ghép khoéi M
- Thém nhng canh chua ghép vao M
»

end;
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Vi du v6i @ thi trong hinh 2.14 va bd ghép M = {(x4, y1), (x5, ¥,)}, thuat toan s&
tim dugc dudng mo:

X3 > Y2 D X2 Y1 23 X1 Y3
EM EM
Doc trén duong md nay, ta loai bo hai canh (y,, x,) va (y,,x;) khoi bd ghép va
thém vao bd ghép ba canh (x3,v,), (X2, v1), (x1,¥3), duoc bd ghép mai 3 canh.
Do thi v6i bo ghép méi khong con dinh chwa ghép (khong con duong mo) nén day
chinh 1a bo ghép cuc dai (h.2.15).

>

X Y X Y

Hinh 2.15. M¢ rong b ghép

4.5. Cai dat

Chung ta s€ cai dat thuat toan tim bo ghép cuc dai trén dd thi hai phia G =
(X UY,E), trong d6 |X| =p, |Y| = q va |E| = m. Cac X_dinh duoc danh sd tur
1 téi p va cac Y dinh dwoc danh sé tir 1 t6i g. Khudén dang Input/Output nhu
sau:

Input

e Dong 1 chira ba sd nguyén duong p,q, m lan luot 12 s6 X dinh, s6 Y dinh
va s6 canh cua d6 thi hai phia. (p, ¢ < 10%;m < 10°).

e mdong tiép theo, moi dong chtra hai s6 nguyén duong i, j twong Gng véi
mot canh (xi, yj) ctia do thi.

Output

B ghép cuc dai trén dd thi.
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Sample Input | Sample Output

335 1: x[2] - yI[1]
32 2: x[3] - yl2]
2 2 3: x[1] - yI3]
21
13
11

a) Biéu dién d6 thi hai phia va bo ghép

D6 thi hai phia G = (X UY,E) s& duoc biéu dién bang cach danh sach ké cia
cac X_dinh. Cuy thé 1a ta s& stir dung mang head[1 ...p] véi cac phan tir ban dau
duoc khoi tao bang 0, mang adj[1...m] va mang link[1...m]. Danh sach ké
duoc xay dung ngay trong qué trinh doc danh sach canh: mdi khi doc mot canh
e; = (x,y) ta gan adj[i] =y, dat link[i] := head[x] sau d6 cadp nhét lai
head[x] == i. Khi doc xong danh sach canh thi danh sach ké ciing dugc xay
dung xong, khi d6 dé duyét cac Y _dinh ké vi mot dinh x € X, ta c6 thé st dung
thuat toan sau:

i := headl[x]; /Tirdiudanh sich méc néi cic dinh ké x
while i # 0 do
begin
«Xu ly dinh adj[il»;
i := 1link[i]; //Nhdysang phin tir ké tiép trong danh sich méc noi
end;

Bo ghép trén dd thi hai phia dugc biéu dién boi mang match[1 ...ny], trong do
match[j] 1a chi s6 cua X dinh ghép véi dinh Y. Néu yj la dinh chua ghép, ta
gan match[j] = 0.
b) Tim dudéng m&

Puong mo thyc chat 1a mot duong di tir mot X_dinh chua ghép t6i mot Y _dinh
chua ghép trén dd thi dinh huéng. Ta s& tim dudng mo tai mdi bude b?mg thuat
toan DFS:
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Bit dau tir mot dinh x € X chua ghép, trude hét ta danh dau cac Y_dinh bang
mang avail[l ...q] trong d6 avail[j] = True néu dinh yj €Y chua tham va
avail[j] = False néu dinh y; € Y da tham (chi can dénh dau cac Y_dinh).

Thuét toan DFS dé tim duong md Xuat phat tor x duogc thuc hién be“mg mot thu
tuc dé quy Visit(x), thu tuc nay s& quét tit ca nhitng dinh y € Y chua tham nbi
tir X (di nhién qua mot canh chua ghép), véi mdi khi xét dén mot dinhy € Y,
trude hét ta danh ddu tham y. Sau d6:

e Néuy di ghép, dua vao sy kién tir y chi di dén duoc match[y] qua mot
canh di ghép hudng tir Y vé& X, 151 goi dé quy Visit(match[y]) dugc thuc
hién dé tham ludn dinh match[y] € X (tham lién hai budc).

e Nguoc lai néu y chua ghép, tirc 1a thuat toan DFS tim dugc duong mé két
thic &y, ta thoat khoi ddy chuyén dé quy. Qua trinh thoat day chuyén dé
quy thuc chit 1a 1an nguoc duong md, ta sé loi dung qua trinh nay dé mo
rong bo ghép dua trén duong mé.

Pé thuat toan hoat dong hiéu qua hon, ta sir dung lién tiép cac pha xir Iy 16: Ky
hiéu X* 13 tap cac X_dinh chwa ghép, mdi pha s& cd ging mé rong bd ghép dua
trén khong chi mot ma nhiéu dudng mé khong c6 dinh chung xuat phat tir cac
dinh khac nhau thudc X*. Cu thé 1a mot pha s€ khoi tao mang dénh dau
avail[l...q] boi gia tri True, sau d6 quét tat ca nhimg dinh x € X*, thir tim
duong mé xudt phat tir x va md rong bo ghép néu tim ra duong mo. Trong mot
pha c6 thé c6 nhiéu X _dinh duoc ghép thém.

procedure Visit (x €X); //Thugttodn DFS
begin
for Vy: (x, y)€EE do //QuétcdcY.dinhkéx
if avail([y] then //ychwa thdm, chiiy (x,y) chic chin la canh chwa ghép
begin
availly] := False; //Pdnhdiuthimy
if match[y] = 0 then Found := True
//y chiea ghép, duwng co bdo tim thiay dwong mé
else Visit (matchly]); //yddghép, geidéquy tiép tuc DFS
if Found then //Ngay khi duwong mé duoc tim thiy
begin
match([y] := x; //Chinhlaibé ghép theo duwong mé
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Exit; //Thodtluén, Ignh Exit dit ¢ ddy sé thodt ci ddy chuyén dé quy
end;
end;
end;
begin //Thudt todn tim bj ghép cuc dgi trén do thi hai phia
«Kh#i tao mét bd ghép bat ky, chdng han @»;
X* := «Tap cac dinh chua ghép»;
repeat //Ldp cdc pha xitly theo 16
0ld := |X*|; //Lwusédinh chwa ghép khi bit diu pha
for Vy €Y do availly] := True; /PdinhdiumeiY dinh chwa thim
for Vx €X* do
begin
Found := False; //Cobdo chwa tim thiy dwong mé
Visit (x); //Tim dwong mé bing DFS
if Found then X* := X* - {x};
//x da dwoc ghép, logi bo x khoi X*
end;
until |X*| = 01d; //Lap cho téikhi khéng thé ghép thém
end;

BMATCH.PAS v Tim bd ghép cuc dai trén do thi hai phia

{$MODE OBJFPC}
program MaximumBipartiteMatching;

const
maxN = 10000;
maxM = 1000000;
var

p, d, m: Integer;
adj: array[l..maxM] of Integer;
link: array([l..maxM] of Integer;
head: array[l..maxN + 1] of Integer;
match: array[l..maxN] of Integer;
avail: array[l..maxN] of Boolean;
List: array[l..maxN] of Integer;
nList: Integer;

procedure Enter; //Nhdp dili¢u

var i, x, y: Integer;

begin




ReadLn (p, g, m);
FillChar (head[1l], p * SizeOf (head[1l]), 0);

for i := 1 to m do

begin
ReadlLn (x, y); //Pocmgtcanh (x,y), diway vao danh sdch ké ciia x
adj[i] := y;
link[i] := head[x]:
head[x] := 1i;

end;

end;

procedure Init; //Khéitgo by ghép ring
var i: Integer;

begin
FillChar (match[1l], g * SizeOf (match[1l]), 0);
for i := 1 to p do List[i] := i;
//Ming List chira nList X_dinh chwa ghép
nList := p;
end;

procedure SuccessiveAugmentingPaths;
var
Found: Boolean;
0ld, 1i: Integer;
procedure Visit (x: Integer); //Thudttodn DFS tirxeX
var i, y: Integer;

begin
i := headl[x]; //Tirdiudanh sdch ké ciiax
while i <> 0 do
begin
y := adj[il; //XétmptdinhyeY kéx
if avail([y] then //y chwa thidm, hién nhién (x,y) la canh chwa ghép
begin
availly] := False; //Pdnhdiuthimy
if match[y] = 0 then Found := True

//y chira ghép thi bdo hiéu tim thiy dwong mé
else Visit (matchly]):
//Thdm luén match[y] eX (thdam lién 2 buéc)
if Found then //Tim thiy duwong mé
begin
match([y] := x; //Chinhlaibé ghép
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Exit; //Thodtddy chuyén déquy
end;
end;
i := 1ink[i]; //Chuyén sang dinh ké tiép trong danh sich cic dinh ké x
end;
end;
begin
repeat
0l1d := nList; //Lwulgisé X dinh chwa ghép
FillChar(avail[l], g * SizeOf(avail[l]l), True);
for i := nList downto 1 do
begin
Found := False;
Visit (List[i]); //Céghép List[i]
if Found then //Néughép duoc
begin //Xéa List[i] khéi danh sdch cdc X_dinh chuwa ghép
List[1i] := List[nlList];
Dec (nList) ;
end;
end;
until 0l1d = nList; //Khéng théghép thém X_dinh nao nira
end;
procedure PrintResult; //Inkétqui
var j, k: Integer;
begin
k := 0;
for 7 := 1 to g do
if match[j] <> 0 then
begin
Inc (k)
Writeln(k, ': x[', match[j], '] - vI[', 3, '"1");
end;
end;
begin
Enter;
Init;
SuccessiveAugmentingPath;
PrintResult;




‘ end.

Néu db thi c6n dinh (n = p + q) va m canh, do mang danh dau avail[1 ...q]
chi dugc khai tao mét 1an trong pha, thoi gian thuc hién cua mot pha sé€ be“mg
O(n + m) (suy ra tr thoi gian thyc hién giai thuat cua DFS).

Cac pha sé duogc thuc hién 13p cho téi khi X* = @ hodac khi mot pha thuc hién
xong ma khong ghép thém dugc dinh nao. Thuét toan can khong qua p 1an thuc
hi¢n pha xur 1y 16, nén thoi gian thyc hién giai thuat tim bd ghép cuc dai trén dd
thi hai phia 1a 0(n? + nm) trong trudng hop xau nhat. Con trong trudng hop tot
nhét, ta c6 thé tim duogc bo ghép cuc dai chi qua mot lugt thuc hién pha xtr 1y 16,
tic 1a bang thoi gian thuc hién giai thuat DFS. Can luu y rang day chi 1a nhimng
danh gia O 16n vé can trén cua thoi gian thuyc hién. Thuat toan nay chay rat
nhanh trén thyc té nhung hi¢n tai chua c6 danh gid nao chét hon.

Y tuéng tim mot lic nhiéu dudng mé khong cé dinh chung di duoc nghién ctu
trong bai toan ludng cuc dai boi Dinic[10]. Dua trén y tudng nay, Hopcroft va
Karp[21] da tim ra thudt toan tim bd ghép cuc dai trén dd thi hai phia trong thoi

gian O (\/ |VIIE |). Thuét toan Hopcroft-Karp trudc hét sir dung BFS dé phan 16p

céc dinh theo d¢ dai duong di ngan nhat sau d6 méi sir dung DFS trén rimg cac
cay BFS dé xtr 1y 16 twong tu nhu cach 1am cta ching ta & trén.

Bai tap

2.35. C6 p thg va q viéc. Mdi tho cho biét minh c6 thé 1am duoc nhimng viéc
nao, va moi viéc khi giao cho mot thg thyc hién s& dugc hoan thanh xong
trong ding 1 don vi thoi gian. Tai mot thoi diém, moi tho chi thuc hién
khong qua mot viéc.
Hay phan cong cac thg lam céc cong viéc sao cho:

e  Mobi viéc chi giao cho dung mot tho thuc hién.

e Thoi gian hoan thanh tit ca cac cong viéc 1a nhé nhat. Chii ¥ 14 cac tho co
thé thuc hién song song cac cong viéc dugc giao, viéc cua ai nguoi néy lam,
khong anh hudng td1 nguoi khac.
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Mot bo ghép M trén do thi hai phia goi 1a t6i dai néu viéc bd sung thém bat
ctr canh nao vao M s€ lam cho M khong con 1a bg ghép nira.
a) Chi ra mot vi du vé bo ghép t6i dai nhung khong 13 bo ghép cuc dai trén
d6 thi hai phia
b) Tim thuat toan O(|E|) dé xac dinh mot bo ghép tdi dai trén d6 thi hai
phia
¢) Chung minh réng néu A va B 1a hai bd ghép tdi dai trén cung mot dd thi
hai phia thi |A| < 2|B| va |B| < 2]A|. Tir d6 chi ra rang néu thuat toan
duong mo duoc khoi tao bang mot by ghép tdi dai thi sd lugt tim duong
mo giam di it nhat mot nira so v6i viée khai tao bang bo ghép rong.
(Phui dinh — Vertex Cover) Cho db thi hai phia G = (X UY, E). Bai toan
dat ra 1a hay chon ra mét tap C gém it nhat cac dinh sao cho moi canh € E
déu lién thudc véi it nhat mot dinh thuge C.
Bai toan tim pha dinh nhé nhét trén do thi tong quat 1a NP-day du, hién tai
chua c6 thuat toan da thic dé giai quyét. Tuy vay trén dd thi hai phia, pha
dinh nho nhét c6 thé tim duoc dyva trén bd ghép cuc dai.
Dya vao md hinh ludng ctia bai toan bd ghép cuc dai, gia s cac cung
(X,Y) cé strec chlra +o0, cac cung (s, X) va (Y, t) c6 stc chira 1. Goi (S, T)
13 14t cit hep nhat ctia mang. Pat C = {x € T} U {y € S}.
a) Ching minh rang € 1a mot phu dinh
b) Chirng minh rang C 1a pha dinh nho nhat
¢) Gia sir ta tim dugc M 13 bo ghép cuc dai trén d6 thi hai phia, khi d6 chic
chan khong con ton tai duong mé twong ing voi bo ghép M. Pat:

Y* = {y € Y:3x € X chua ghép, x dén duoc y qua mot duong pha}

X* = {x € X:x da ghép va dinh ghép vai x khong thudc Y™}
Chtng minh rang (X*,Y*) 14 1t cat hep nhat.
d) Xay dung thuat toan tim phu dinh nho nhat trén db thi hai phia dya trén
thuat toan tim b ghép cuc dai.
Cho M 1a mdt by ghép trén do6 thi hai phia G = (X UY,E). Goi k 1a sb
X _dinh chua ghép. Chiing minh rang ba ménh d¢ sau day 1a twong duong:
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M 1a bd ghép cuc dai.
G khong c6 duong mé tuong ung véi bo ghép M.
Ton tai mot tip con A cia X sao cho |[N(A)| = |A] — k. O day N(4) 1a tap
cac Y _dinh k& v6i mot dinh nao d6 trong A (Goi y: Chon A la tdp cdc
X dinh dén dwoc tir mét X _dinh chwa ghép bang mét dweong pha)
. (Pinh 1y Hall) Cho G = (X UY, E) 1a d5 thi hai phia c6 |X| = |Y]. Chtng
minh ring G c6 bd ghép day du (bd ghép ma moi dinh déu dugce ghép) néu
va chi néu |4] < |N(A)| véimoitap A € X.
(Phu duong t6i thiéu) Cho G = (V,E) 1a dd thi c6 hudng khong c6 chu
trinh. MOt phu dwong (path cover) 1a mot tap P cac duong di trén G thoa
man: V6i moi dinh v € V, ton tai duy nhit mot duong di trong P chira v.
Puong di co thé bat dau va két thiic & bat cir dau, tinh ca duong di do dai 0
(chi gdm mot dinh). Bai toan dit ra 1a tim phu dwong toi thiéu (minimum
path cover): Phit dudng goém it dudng di nhat.
Goinla s6 dinh cua dd thi, ta danh s6 cac dinh thude V tr 1 t61i n. Xay
dung d6 thi hai phia G’ = (X U Y, E") trong do:

X ={xq, x5, .. Xp}

Y ={y1,¥2, . Yn}
Tap canh E’ duoc x4y dung nhu sau: V6i mdi cung (i, j) € E, ta thém vao
mot canh (xi,yj) € E' (h.2.16)
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E> P, =(1,3,5)
P, = (2,4,6)

O

Hinh 2.16. Bii todn tim phii dwong téi thidu trén DAG cé thé quy vé bai todn bg ghép cuc dai trén do
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thi hai phia.

Goi M 1a mot bd ghép trén G'. Khdi tao P 1a tip n duong di, mdi duong di
chi gém mot dinh trong G, khi d6 P 1a mot phu duong. Xét lan luot cac
canh ctia bd ghép, mdi khi xét tdi canh (xl-,yj) ta dat canh (i,j) ndi hai
duong di trong P thanh mdt dudong...Khi thuat toan két thuc, P van 1a mot
phu duong.

a) Chung minh tinh bat bién vong lap: Tai mdi budc khi xét téi canh
(xl-,yj) € M, canh (i,j) € E chic chin s& ndi hai duong di trong P: mot
duong di két thic ¢ i va mot duong di khac bat dau & j. Tir d6 chi ra tinh
ding dén cta thuat toan. (Goi y: mdi khi xét tdi canh (xl-,yj) € M va dat
canh (i, ) ndi hai duong di cua P thanh mot duong thi |P| giam 1. Vay khi
thuat toan trén két thuc, |P| =n — M|, tac 1a muén |P| = min thi
|[M| - max).

b) Viét chuong trinh tim phi dudng cuc tiéu trén d6 thi c6 hudng khong
c6 chu trinh.

¢) Chi ra vi du dé thay rang thuat toan trén khong dung trong trudng hop G
c6 chu trinh.

d) Ching minh rang néu tim dugc thuét ton giai bai toan tim phu duong
cuc tiéu trén do thi téng quét trong thoi gian da thic thi co thé tim duoc
duong di Hamilton trén d6 thi d6 (néu co) trong thoi gian da thirc. (Ly
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thuyét vé do phuc tap tinh toan da ching minh dugc rang trén do thi tong
quat, bai toan tim duong di Hamilton 1a NP-ddy du va bai toan tim phu
duodng cuc tiéu 1a NP-kho. Co nghia 1a mgt thudt toan vdi do phuc tap da
thire dé giai quyét bai toan phu dudng cuc tiéu trén do thi tong quat sé 1a
mot phat minh 16n va dang ngac nhién).

Ty tim hiéu vé thuat toan Hopcroft-Karp. Cai dat va so sanh tdc do thuc té
v6i thuat toan trong bai.

(B ghép cuc dai trén d6 thi chinh quy hai phia) Mot d6 thi vo hudng
G = (V,E) goi 1a dé thi chinh quy bdc k (k-regular graph) néu bac cua
moi dinh déu bang k. Db thi chinh quy bac 0 1a do thi khong c6 canh nao,
dd thi chinh quy bac 1 thi cac canh tao thanh bg ghép dﬁy du, do thi chinh
quy béc 2 ¢6 cac thanh phan lién thong 14 cac chu trinh don.

a) Chimg minh rang d6 thi hai phia G = (X U Y, E) 1a d6 thi chinh quy thi
1X| = 1YI.

b) Chting minh rang ludn ton tai bo ghép ddy du trén dd thi hai phia chinh
quy bac k (k = 1).

¢) Tim thuat toan O(|E|log|E]) dé tim mot bo ghép ddy du trén dd thi
chinh quy bac k > 1.
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