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Chuyen dé 8

'HINH HQC TiNH TOAN

~ Hinh hoc tinh todn (computational geometry) 12 mdt nhanh ctia nganh khoa hoc
mdy tinh, chuyén nghién ctru vé thust todn gidi quyét c4c bai toan lién quan téi cic
661 twong hinh hoc. Trong toén hqc va cOng nghé hién dai, hinh hoc tinh todn c6
img dyng khé réng rai trong cic Hnh wvirc vé d6 hoa may tinh, thlét ké, mé
phéng...

Do gldl han ndi dung cia cuén séch, chiing ta s& chi khao sat mOt sb bai toan va
thudt todn cin ban. Pé gitap cho ngub'l doc nhanh chéng ndm bit dugc y tuong va
cai 44t thudt to{m da sb cong thuc hinh hoc du'qc thira nhén, khong chimg mmh

. Mot sd khai niém co ba‘n'
I HE¢ tog dp Pé-cdc
Trong mit phang, chon mot diém O va ha1 vecto don vi (vecto c6 do dax nLj

vudng gé¢ véi nhau Khi d6 bd ba (0,7 *) duoc goi 12 hé toa d6 Pé-cac vudng
gbc (hay con goi 1a m§t muc tiéu Oclit hai chiéu, muyc txeu truc chuén).

" Pon vi 46 dai 1a mOt khai ni¢m quy uéc, c6 thé 1a cm, mm, inch... Rang bujc vé
ha1 vecto 7,J c6 thé viét duéi dang biéu thuc cia tich vd huéng (t1ch chim):
=2=1vaij=0.

- Ta cling ki hléu muyc tiéu dé 1a Oxy véi Ox va Oy 13 hai tia géc O c6 vecto chi
' phu'(mg lan lu'qt latvaj.
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Hink 8.1. Muc tiéu Oclit



Piém O goi 1a gbc toa 4o, du'émg thang Ox duqc ng l1a truc hoanh va Oy duqc
goi 14 tryc tung.

Trong ki thuat v& hinh hai vecto 7 va J thudmg duoc vé sao cho chleu quay tir 7 tOl :
J ngugc véi chidu kim ddng hd. Ta goi chiéu quay tir v;oio #16i vecto J 13 chiéu -
thudn, chiéu ‘quay trdi hay nguoc chzeu kim dong ho (counterclocszse-ccw)
Ngu’qc lai, ta goi chiéu quay tr vecta J t6i vecto T 14 chiéu nghzch chiéu quay
phdi hay chiéu kim dong ho (clockwise-cw). *

2. Toa dp

Xét miit phing truc chuan (0, l,D vai mot vecto ¥ bat K cua mﬁt phang, ton tai
duy nhit mot cap sé thuc (x; y) sao cho ¥ = x7 + yJ. Cap s6 (x; ) khi d6 dugc
goi 1a toa d9 cua vecto ¥ dbi véi myc tiéu da cho, ki hidu 7 = ).

Cac két qua sau c6 the dé dang chu'ng minh bang dmh nghxa toa do

o Vecto 7 cé toa dd (1;0) va vecto J c6 toa dd 0;1).

e Néuii= (xw Yu) va U= (x5 9) thl u ‘,‘.V khl vé}chjkhl Xy = Xy va
Yu = Yo A

o Néuil = (x4;%) va b = (x,;y,) thi tong vecto i + B = (xu + x,,, Y + V)
va tich v hudmg . v = Xy Xp + Yu Vo | ‘ ‘ :

e Néuv= (x, y) vik € R th kv = (kx, ky)

Trén mit phang tru'c chuén (0 t,f) ta lay mot diém M, khi dé toa a6 (x, y) cua

vecto O _1\-4' du‘qc ng lé. toa d6 cua dlem M, ki hléu M= (x; y)

Ta c6 mbi lién he gitta toa do cua vector va toa 46 cia dlem L _
 Néu M=(xp; yp) VAN = (xn; yn) thi MN ON - OM = (XN — X yN Ym)-
3. Déi hé tog dp | |
Cho hai h¢ toa 4§ tryc chuén trén mat phéng (0 1,7) va (0 t,) ) Gia sir dlem/

M c6 toa dd (x; y) d6i v6i hé toa'do (O Uy ),_bm toan d4t ra 1a xac dinh toa 49
diém M d6i véi hé toa da. (0 t,}') :’ |

'Glé sit trong hé toa. .do (0, l,f) dxém 0 = (p, q), vecto l = (a b), vecto
| ] = (¢; d). Khi d6 theo dinh nghla '



00'=pi+qf ‘
C U=at4b @D
7:ci’+'df - - | |

Diém M c6 toa 46 (x; y) dbi v6i hé toa d6 (07,7,7), tic1a |
OM=xi+y]
- Suyra ‘ R
OM=00"+0M
: ‘—pf+qj’+x(ai'+bj')+y'(c?+dj') LB
z(ax+cy+p)+](bx+dy+q) |

‘ Cong thirc (8.2) cho biét ring didm M c6 toa 46 (ax + cy +; bx +. dy + q) dbi
- voi h¢ toa d6 (0, ). Néu ta goi (%; 7) 1a toa do diém M §101 véi hé toa dd
(0 t,j') thi cong thie (8.2) c6 thé viét duéi dang ma tran:

O-¢ 900 e
Chuy Céngthucdmtoadé e
f#ax+cy+p
= bx +dy +q.

Ta c6 the nhé nhu sau cho dé: céc he, sb6 & phu'orng trinh thir nhét 1a hoanh dg-cia

" ba vecto 1, ] va 00’ trong khi céc h¢ s & phuorng trmh thu' hax la tung do cua ba
vector do

4. Xay du'ng cong thiec bten dot tog do

Trong hinh hoc phing, mét trong nhimg ki thut quan trong 1a xdy dung cong

_thirc bién ddi toa d6 cho céc phép ddng dang (tinh tién, quay, déi xung truc,

+vi tw...). K1 thuft chung c6 thé mé ta nhu sau: .

e Trén hé toa do tryc chudn ban dau (0,7,)), xéc. dmh dlem I=(1,0) va
diém J = (0; 1)



e Véi mdt phép déng dang f, ta thyc hién f trén ba diém 0,1,] @& nhan dugc
ba 4nh tuong tmg cﬁa chung theo thir ty la o,r ,J'. Tir 46 xac d;nh toa dd
diém 0' = (p; q) vecto 1 = 0T = (a; b) va vecto} = 0] = (¢ d)
e Nhin xét ring néu diém M cé toa dé (x;y) d6i véi hé toa do truc chuén 43
cho (0,7,)) thi sau phép bxen dof f, diém M s bién thank didm M’ cling cé
toa 49 (x; y) nhung véi hé toa 86 truc chuén tryc chuin (0 ) )

o Ap dung cong thic (8.2) hoac (8.3) @& xay dyng cong thire toa do cua dlem
M theo hé toa d5 ban dhu. '

a) Phép quay
M=y

J'= (~sina;cosa) §/=(0;1) O M=(xy)

" = (cosa;sina)

1=(1,0)

Hink 8.2. Phép quay tim 0 gdc a

Ta xét phép quay quanh tam 0 mét géc a. Phép quay néy gitt bit bién dlem 0, tirc
12 0" = (0;0), diém I =(1;0) bién thanh I = (cos & ;sin a) diém ] =(0;1)
bién thanh J' = (— sina; cos a) Nhu viy:
. "= (0;0);

0'1 = (cos a‘;si‘n a);

07 = (~sina; cosa).
~ Ap dung cbng thirc (8.2) hoac (8.3), phép quay t&m 0 géc a s& bxen diém (x;y)
thanh diém (%; #), trong de: '



(5)= (e o) G)

(¥ =xcosa—ysina
y=x sma+ycosa

tirc la:
8.4

Truomg hop dic biét: . .
Néu géc @ =-90°, ta c6 cos@ = 0 va sina = 1. Céng thirc (8.4).tr& thanh

X =-y
: {y-—x )

Néu géc a = 180°, day 1a phép a6i Xng tdm 0, cos a=-1va sin a=0. C(’mg |
- thirc (8.4) tré thanh ,
b=
— &-—y.
b) Phép tinh ti€n ‘
Ta xét phép tinh tién theo vecto (a; b). Phép tinh tién ndy bin diém 0 = (0; 0)

thanh 0" = (a; b) Piém I = (1;0) bién thinh I'(a+1:b) va diém ] = (0;1)
bién thanh J = (a; b + 1). Nhu vdy:

0’ = (a; b);
-'1"-‘ (1; 0);
07 = (0;1).

“Ap dung céng thire (8.2) hodic (8.3), phép tmh tién theo vecto (a; b) s& bién
diém (x; ) thénh diém ( ;9), trong 46: \

0-6 96+0

f=x+a
y=y+b.

ture 1a:

(8.5)



c) PAhép quay quanh mot-diém cho truéc

Cong thitc phép quay goc a quanh m6t didm A c6 thé xay dung bﬁng phuong
phap tuong tu trén, tuy nhién ta c6 thé lam theo cach sau:

Thyc hién phép tinh tién theo vecto A0, sau d6 thuc hién phép quay tém 0 géc a,

1di thye hién tiép phép t;nh tién theo vecto OA.

Cong thirc cu thé nhu thé nao xin danh cho ban doc.

d) Phépvity

pé thuc hién phep vi ty tim A =. (xA, yA) ti s6 k, ta c6 the dung phu’omg phap
nhur sau:

10

Tinh tién theo vecto A0: Diém (x;y) s& bién thanh diém (x';y') thoa

man:
{;‘(:: X = Xp
=y -y,

Thuc hién phép vi ty tam O ti sé k. Phép vi ty ndy gift bét bién diém 0,
diém I = (1;0) bién thanh I' =(k;0), dlem ] = (0 1) bién thanh

‘ ] = (0; k) Nhuvay

0'= (0;0);
0T = (k; 0);
07 = (©; k).

Ap dung cong thu'c (8.2) hoac (8 3), sau phep vitu tam 0 ti sb k, diém
(x; y) s& bién thanh diém (x";y") thoa mén:

. {x, = kx'-
Wy =ky.
Cubi cing, ta thyc hién phép tinh tién theo vecto 04:

{j - x+xA ‘
=y +ya



Téng hop lai ta dugc:

xX= k(x _xAj + x4
- oA 8.6) .
{y =k = ya) + ya- (8.6)
5. Mt s khdi nigm khdc
‘a) Tich ch&ni

Tich cham (dot product) hay tich v6 huéng cua hai vecto i va %, ki hidu i & 13
mdt so thyc duqc tinh bang tich d6 dai hai vecto # va # nhan véi cosin cua goc
" xen gifra hai vecto d6. Goc xen giira hai vecto nay la géc khong dinh huéng, c6
sé do tir 0 tou . :

Ham sé cosin la ham ngh;ch bién trong khoang [0; ], n6 dat gia tri 16n nhit
bing 1 khi géc gifta hai vecto béng 0 (hai vecto cung chiéu), dat gia trj nho nhit
bing —1 kh1 goc gifta hai vecto béng m (hai vecto nguoc chidu) va dat gia trj 0
khi hai vecto vudng géc (truc giao).

Biéu thirc cua tich chdm giita hai vecto & = (xy; yu) va ¥ = (x,;¥,) c6 thé dién
giai nhu sau: ' '

Ta cé:
T U = x,0+ y,]
P =x,0+ 7
Vay:
C @s=( ut+yuf) (i + ;vvf)
=ma L 2+ ] L+ (uys + 2u%) 7_7 )

= xuxv + Yu}’v

- Ciing tir dmh nghla txch chdm, ta suy ra cong thirc tfnh cosin ciia gé¢ a hop boi
hai vecto i = (xy; V) va P = (s v):

&L

U XuXy + YuVy | o
3= 8.8

cosa =
‘ NCESRICESD)

E

11



Tich v6 hudng c6 thé coi nhu mét d do vé mirc dd cing chiéu gitta hai vecto.
Quan trong hon, né 12 co s& &é xdy dung cac khai niém vé khoang cach va géc.
Vi du néu A = (x,4;y4) va B = (x5; ) thi d¢ dai doan thing AB duoc tinh
bing: k

VAB2 = V(xg = x2)%(yg — ya)?
b) Tfch chéo

Tich chéo (cross product) cia hai vecto # va ¥, ki hiéu @ X # 12 mét sé thuc
duoc tinh bing tich 43 dai hai vecto # va # nhan véi sin cia géc xen gifra hai
vecto d6. Géc xen giﬂ'ia hai vecto ndy 13 géc dinh huéng, cé s do tir —n téi m,
sé 40 mang déu duong néu chidu quay tir i t6i ¥ 14 chidu thudn (ngugc chidu
kim d8ng hd) va mang d4u &m néu chidu quay tir t6'1 71 chleu nghxch (theo
chiéu kim dong hd).

<

N A
{)

‘ ‘ Hinh 8.3. Gdc c6 hudng _
Tich chéo 14 mdt khai niém suy ra tir khai niérh tich c6 huémg trong khéng gian
vecto Oclit nhiéu chiéu. Bing céc cong cu dai s6 tuyén tinh, ngudi ta da chimg
minh duge cdng thirc cia tich chéo gitta hai vecto & = (x,;y,) VA B = (%, y»):

t‘ixiz‘:xuy,, = (8.9)

~XvYu = Yu Yo

‘tu'c 1a gxé tri cia tich chéo bing dmh thirc ciia ma trén (}’u }’v)

Ta <iing suy ra cong thic tinh sin cua géc dinh hu'ong a giltta hai vecto
i = (xy yu) va v = (%, yp):

sina =

ii XV ___‘l‘ XYy = xvyi;'
il. Wl JEEZ+yDGE+¥d)
12



V& mt hinh hoc, gid trj tuyét déi cua tich chéo il X ¥ 1a dién tich hinh binh hanh
OABC trongdoOIagoctoadQ, OA =1, OC—vvaOB-u+v '
" Tich cheo co mot mg dung quan trong trong viéc khao sat chidu: Glé sir ta di tir

diém A sang diém B theo duong thing va di tiép sang dxem C theo dudong thing,
khi d6: ‘

e Tich cheo AB x BC s& la sé duong néu cho ré tal Bla “ré& trai” (hay néi
~ dling hon 14 bé géc ngugc chidu kim ddng ho)
e Tich chéo AB x BC 1a s6 4m néu chd r& tai B 1a “ré phéx”, _

e Tich chéo AB X BC = 0 c¢6 nghia 12 ba dxcm AB,C \thang hang.

Hinh 8. 4. Re¢ trdi va ré phai

Ta lay vi du vé mdt Gmg dung cua tich chdm va tich cheo Trén mit phéng cho
ba diém A = (x4;y4), B = (xp;y5) va C = (xc:¥c)s hay cho biét diém C c6
nim tren doan thﬁng AB hay khong. '

.Dxeu kién can va du dé C nidm trén doan thang AB 1a: A, B, C thang hang va hai

vecto AC, BC kh6ng cung hu(mg hoac mot trong s6 ching 13 vecto 0. Didu kxen
nay c6 thé viét boi

ACxBC=0 vaE_EE <0.
©) Dudng thing

C6 nhidu céch biéu dxen mét duong thang vé. do d6 ¢ nhxcu cach biéu dién
duong thing trong may tinh. Sau day la mot sb cach bleu dién thuong duqc su
. dung khi giéu quyet céc bai toan tin hoc:

e Dang:y=ax+b. M3i dudng thing dugc dgic tru'ng b&i mft cp hai h¢ sba
va b, tuy nhién dang biéu dién nay khong thé hién dugc cic duong thing
song song vdi tryc Oy.

\‘.
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o Dang tdng quét: ax + by = c. M3i dudng thing c6 thé dugc biéu dién bsi bo
ba hé sb (a, b, ¢). Py vin 1a cach luu triy théng dung nhét do tinh téng quat -
va tryc quan ctia né (gin giii v6i dd thi ham sd). Vecto phép tuyén 7i(a; b)

~ ¢6 thé dugc ding dé viét mot phuong trinh dudng thing tuong duong ngén

| gon hon: fi. OP = (a; b): (x;¥) =ax + by = c v6i moi P(x; y) nam trén
duong thing. Dang téng quat ndy con duoc ki hiéu la (i, ¢).

o Dang tham s: (P, d), trong @6 P 13 mot diém trén duomg thing con d la
vecto chi phuong cua duong ‘thfmg véi toa dd la: (—b; a). Nhu vay, mot
dudmg thing dugc xac dinh bdi bd bdn s xo, yo, @ va b trong 46 (xo; yo) la
toa do didm P con (~b; a) 12 toa dp caa vecto d. Biéu dién nay c6 y nghia:
duong théng 13- tap cac dlem c6 toa d§ chinh 1a toa do cua vecto OoP + sd

véi moi s E R. g

Chuyén dbi glua'cac biéu dién dugc thuc hién dya trén bién dbi tixong duang dai

sd, cing véi cong thirc chuyen dbi gitra vector ch1 phuong d( b; @) va vecto
phap tuyen n(a, b)

d) Goéc

Géc thé hién su khac nhau vé hudng cﬁé"céc vecto va duqé bidu dién bai mdt sb
thuc. Géc c6 nhidu don vi khéc nhau: °, rad... Trong l4p trinh, 4 giam sai s6 va.
taxig téc d6 tinh tean, ngu;‘ii ta tranh dung arcsin, arcos ma thay vao d6 bé‘ing cac |
dai lugng ¢6 cung tinh thir ty nhu goc: sin/cos/tang cua mét goc c6 thé dugc tinh

nhanh hon bé.ng toan tir +, —, *,/ co sén trong céc ngén ngf’r 18p trinh.

e) Pagiac
Da giac 1a mot du'omg gép khuc khép | km Trong 18p trinh, mot da glac duoc luu
boi mot day cac dmh lién tlep nhau 4,, 43, ..., 4,.
Dién tich dai sb cua mot da giac khéng tu cit c6 thé duqc Xac d;nh boi cong
thie: -
na (o =) (1 + y2) + (xz — x3)(¥2 + ¥3) + -+ o (xn = 21) O + ¥1)
S| chinh Ia dién tich cia da giac.

14



Day dmh cua da gidc c6 thé dugc lvu cing hodc nguqc chleu kim ddng hd. Ta
c6 thé biét thir ty luvu dinh nho du cua S: S > 0 cé nghia la dinh cua da giac
dugc liét ké nguoc chidu kim ddng hd (va nguoc lai).

_ Dé hinh dung cdng thitc trén, ta c6 thé d\mg Cac duorng thing dung xudng truc
hoanh. Mdi hang tir s& 1a dién tich dai sé cua mot hinh thang thanh phﬁn Dién
tich céc hinh thang phla trén s& nguoe ddu véi cac hinh thang bén dudi, tir d6
cho ta d1¢n tich dai sb ctia da giac khi lay téng cia chung.

Néu 'van phan vén vé 10 giai thiéu tinh xay dung trén, ta c6 thé xay dung lai
cdng thirc tinh dién tich bing cach khac: tinh tong dién tich cac tam giac 4;4,4;,
A1A3As, ..., A\ApaA,. Dién tich mdi tam gidc duoc tinh béng tich ¢6 hudéng cua -

hai vecto A14,_; va A;A,,i = 3; n, do d6 day la di¢n tich c6 d4u. Téng cua cac
di¢n tich nay sau khi rat gon s& dua vé bleu thirc tren déay va do d6 ciing i giai
tai sao S lai 13 dién tich dal s6.

Duéi day la chuong trinh tlnh dién tich da glac voi khuén dang Input/Output'
nhu sau:

Input .

o Dong déu tién chua sb dlnh n cia da glé.c (1 <n <10°); 4

* n dbng tlep theo dong thir { chira hai so thuc x;, y; 1a toa 4§ dinh i cia da glé.c

Output ‘ ,
Chiéu cua da gidc (CCW/CW) va dign tich da gidc -

Polygon direction:. CCW% I : l I {
Area = 18,5000

Nowaoa s N+ 9N
B Ao W N O :

15



B * POLYGONAREA PAS v Tinh dién tich da gidc

{SMODE OBJFPC}

program PolygonArea;

uses Math; o

const maxN = 1000000;

var
x, y: array[0..maxN + 1] of’ Float, s
i, n: Integer; s: Float;

begin

.ReadLn (n);

for i := 1 to n do ReadLn(x[ll, y[l]),~
x[0] := x[n]; x[n + 1] := x[1];

s 1= 0; . T I "
for i := 1 to n do ,’_ ' \
s =5 + yli] * (x[i - 1] = x[i + 1]);

if s > 0 then WriteLn('Polygon direction: CCW')-
else Writeln('Polygon direction: CW')}
WriteLn('Area = ', Abs(s)/2:0:4);

end.

f)auongtron : ) P

Dudng trén (O; R) la tép hop céc diém céch deu tam o(x; y) mot khoang cach R.
Pudng tron duqc hoan toan xac dinh bon bd ba sd (x ¥, R) (R> 0)

Il. MGt s bai toan co bén

1. Biéu dién tuyén tmh

Bai toén ‘dAu tién ta xét den la cho ba vecto d, b vé c, hay tim hai sé thucp, q.
dé: - .

c—pa+qb
Hai sb p.qcé thé tinh béng cong thic:
_ExE_Dx.
vp.-iz"xz_—D—'
_dxé Dy
q—&xB_—E-'

16



o NéuD=idx b * 0 thi co duy nhit mét cach bleu dién tuyén tmh vecto ¢
qua hai vecto @ va b (nghiém (p; q) 14 duy nhét). -

e NéuD =0, haivectodvab song song véi nhau, khi d6:
s (p;q) = (Nan; Nan) néu ¢ song song v6i cadva b;

s (p;q) = (Inf; Inf) néu ¢ khong song song véi @ va b,

Ta viét ham .
function SolveSLE (const a, b, e: TVector) : TVector;

- nhén vio ba vecto a,b, ¢ va tra vé mdt vecto c6 toa do (x, y) tuong Ung véi hé
s6 (p;, q) cén tim:

function SolveSLE(const a, b, c: TVector): TVector;
var ' '
D: Float;
| begin
D = a >< b; ) ‘ . 2
Result := Vector((c >< b)/D, (a >< ¢)/D);
end; _ Cto ,

2. Tt‘m giao diém cia hai duong thing
Trén mat phang v6i hé toa d6 Dé-cac vudng goc cho hai dudng thé.ng véi
phuong trinh tdng quat: ) , _ .
. Ayx+ By + €, = 0;
A2x+Bzy+Cz = 0.
Ba1 toan ditra la Xac dmh giao diém cua hai dubng thing d3 cho.

Dﬁt u= (Ali Az) V= (Bl' Bz) vaw = ( Cl' "‘Cz) bai todn tré thanh bal toén
biéu dién vecto W qua td hop tuyén tinh cua hai vecto U va W

Y

W=x.i+y.9.

" Viée con la1 chi 1a bién luan cho gxa trj giao dlem tim duqc\ :

{$MODE OBJFPC}
program LlneIntersectlon,
uses math;

type
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" | END.

- TPoint = record :
'x, y: Float;

end;

TVector = TPoint;
var ' .

al, bl, cl, a2, b2, c2: Float;

p: TPoint; '
funection Vector (x, 'y: Float):;Tvector;
begin

Result.x := X; Result.y := y;
end; '

//Tich chéo cua hai vecto

operator ><(const u, v: TVector): Float;

begin ) N

Result := u.x * v.y —u.y * v.x;

end;

//Biéu dién tuyén tinh .
function SolveSLE(const a, b, c: TVector): TVector;

var .

' D: Float;

begin
| D:=a>xb; _ - :

Result := Vector((c >< b)/D, (a >< c)/D);
end; ’
ﬂChmnm%ﬁnhcth'
BEGIN
_SetExceptlonMask([Low(TFPUExceptlonMask) High(TFPUExcéptionMask)]);
ReadLn(al, bl, cl, a2, b2, c2); : : ST
//Tim giao diém cia hai duong thing ‘ :
P = SolveSLE(Vector(al a2) Vector(bl b2) Vector(cl,c2));
if IsNan(p.x) then A%kudhdngﬂﬂhghwngnhau
" WriteLn('Two lines are coincident')

else if IsInfinite (p x) ‘then /Hai dwong thing song song
WriteLn('Two ‘lines. are parallel®)

else /Hai du'orng thdng co giao diém duy nhat T .
erteLn('Intersectlon p01nt(',p x:0: 4 f, p.y:0:4,')");
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3. Tim giao diém cha hai dogn thd’ng
Bai to4n tiép theo ta xét 12 cho bén diém A, B, C, D trén mat phing, hay cho biét

hai doan thing AB va CD c6 giao diém duy nhit khong, néu c6 cho biét toa 46
giao dlem :

Hinh 8.6

Dé tim giao diém cua hai doan thing AB va CD ta c6 thé:

e  Viét phuong trinh tdng quat cia hai dudng thing AB va CD;

o Tim giao diém M cua hai dudng thing; ‘

° Klem tra M c6 nam trén doan thing AB va trén doan théng CD hay khong.
Phuong trinh cia dudng thﬁng di qua hal diém phﬁn bigt A (xA, Ya) va

B =(xpys) 12 <

(x —x4) * (¥ — }'A) = —ya)* (xg — x4).

Ta c6 thé bién déi phuong trinh trén vé phuong trinh tdng quat va sir dung ham

SolveSLE dé tim giao diém M cua hai dudng thing AB va CD, sau d6 klem tra
M c6 ndm trén hai doan thang AB va C D hay khéng.

Cach lam nay kéo theo nhiéu phép tinh .khong hi¢u qué,‘ ta s& s\t dung cong thirc
khac.

Neu Mla glao diém duy nhét cua hax doan théng AB va CD thi s& tén tai duy
nhat mét cip sb thuc p,q € [0 1] dé | . _

{AM:pIﬁ

CM = qCD.
* Trir tuong (mg hai vé, ta c6 "

—— —— ——

“AC =pAB +qDC.
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Nhu vay, ta chi cin tim biéu dién tuyén tmh cia AC qua AB va DC sau khi ¢6
cap sb p, g, ta kiém tra: diéu kién p, q € [0; 1] va tinh toa 40 giao dlem M theo

cong thite: - .« - .- \
W=(T/f+pﬁ.'
Thuét toan nhu sau: :

Input — A, B, C, D: TPoint;

r := SolveSLE(B - A, C - D, C - A);
" if not InRange(r.x, 0, 1) or not InRange(r.y, 0, 1) then
//Kiém tra nghiém €[0,1]

Output ¢« Khéng cé giao dlem duy nhét

else

begin L

p :=A + (B - A) * r.x;

Output ¢ Giao ‘diém ‘duy nhét (p X, p.y)

end;

4. Tim giao‘di"é"m giita mpt dogn thing va mpt tia
Pé-tim giao diém duy nhét gitta doan thing AB va tia CD, ta c6 thé sir dung
phuorng phép tuong ty nhu trén: Néu M la giao diém duy nhét cua doan théng‘

'AB va tia CD thi 8 tdn tai duy nhat mét cap sb thye p,q, trong d6 p € [0; 1],
q € [0; +o)saocho -

{A_M = ph—-ﬁ”
CM=qCD. “\

Ap dung thuft todn nhu triéc, ch1 c6 diéu sau khi tim duoc cép sép,q,ta khong
kiém trap,q € [0; 1] ma kiém tra p € [0; 1] v& q> 0.

Céch tim gido diém cua dudng thang AB v6i du(mg théng €D, tia AB véi t1a CD,
du‘ong thing AB véi doan théng CD... ¢6 the thyc hu;n theo céch tuong ty, chi
_ cAn sira d6i pham vi cia tham s6 p, ‘ |

5. /Do goc giika hai vecto

~ Bai toan Cho hai vecto khac 0: % va #. Cén t1m s do goc dinh hu'orng tir 4 i
. #.8bdo géc dinh hu'c’mg nim trong pham vi (- ; n]
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Thu vién math cung cép ham ArcTanZ (y,x) tra vé goéc dinh hudng tao boi
vecto (1; 0) véi vecto (x; y). Tacé the su dung ham nay dé tmh gla tr1 goc dinh
huéng tir & t6i ¥ bing cach viét: ~ '+ -

| ArcTan2(1'i X U, U.9).
“Thii tuc nhu sau: ' ’

function Rad (const u, v: TVecto): Float:
begin : :

Result = ArcTan2(u >< v, u * v);

end;

6. Tinh dién tich |
a) Dign tich tam giac

HMh87

Tuy thong tin duqc cho ma ta Sur. dung cong thuc g1a1 thh thlch hqp de tmh d,len‘
tich tam gic: o o v TN I .
- Néu biét dp dai mét canh cta tam giac la a va chiéu cao tuong img véi
canh d6 14 h thi dign tich tam gidc c6 thé tinh bai cong thirc:
‘ L ._a+th :
, . SET
- Néu biét do dai hai canh tam gidc 13 b va.c, ddng thoi géc xen gitra hai
canh d6 14 A thi dién tich tam gidc c6 thé tinh boi cong thirc:

bcsinA

g 2 L :
Neu ta biét do da1 ba canh cuia tam giac 14 a, b c thi dlen tlch tam gidc ¢
thé tinh boi cong thirc Hé-rong:

S=vp-a)p-b)p-0),

c‘ HS,’
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+b+c

trong d6p= (nua chuvi).
- Néu biét hai vecto AB va AC thi dién tich tam gidc cé the tinh bing cong‘
thic tich chéO’ : :
AE x AC

Cong. thuc nay co the viét lai khi ta biét toa d6 ba diém A= (x,q, ya) s
B = (x5;y5) va C = (x¢; y¢):

(XB XA)(}’C ya) — (x¢ = x4)(yp — }’A)|>

S= N o (8.;0)

Ch § riing néu b6 déu gié trj tuyét dbi, cong thirc tinh dién tich & trén s& cho gid
tri duong néu hué'ng quay tir vecto AB t6i vecto AC 1a huéng thuin. Ngugc lai,

cdng thirc s& cho gid m &m néu hu('mg quay tir vecto AB tdi vecto AC 12 huéng
nghich. ;

b) Dién tich da giac

‘Trén mit phing véi h¢ toa dé Pé-cac vuong géc, cho da gidc P = PP, ..B,,
trong 46 diém P; c6 toa 46 (x;y,). B sung thém diém P, = P, va diém
Pn+1 = Py, khi d6 dién tich da gidc duge tinh theo cong thirc (8.11): o

n

1
Szi ZOHXOP;.H
e (8.11)
1
. 7 Z(xt— - xi+1)}’;
i==1 )
Cht'mg minh

- Gid sir ring cédc dinh cﬁa da guic duqc d4nh sb theo huéng thuén (nguoc chidu kim
© ddng hd)*, ta nbi c4c didm Py, P,, ..., P, véi g6c toa 9 0, duoc n tam gidc:

* Cuahdabméu ta di doc theo céc canh cua da gibc theo thir ty Py, P, ..., Py, Py thi phia tay tréi 1a mién da

—

22



P,OP;, P,OP;, ..., Py_1OPy, P,OPy.

o 5

' Hinh 8.8

Trong hinh 8.8, ta xét mdt t& gidc v6i bbn dinh P,, P;, P;, P,. Dién tich cta ttr gi4c

ndy cd thé tinh l;iing‘: ' ‘ : : . :

S S = —=5,(P,OP;) — 55(P;0P5) + S,(P30P,) + Sy(P,OP,)
tirc 12 dién tich da gidc c6 thé tinh qua c4c dién tich céc tam gidc Sa(POP,, ). Khi
'm0t hang tir S,(P;OP;.4) xuft hién trong tdng, né s& dugc mang_déﬁ “ néu chiéu
quay tir vecto OP, t6i vecto 0P, 12 huéng thudn, ngugc .lai‘,’ h;mg tir ndy s& mang
du “-». That may mén, gié trj (c6 dfu) ca céc hang tir S;(POP4y) €6 thé tinh
‘bing cdng thirc tich chéo (8.9) nhung bo dfu gid tri tuyét d6i. Tuc 12 dién tich (c6
déu) ctia tam gidc P,OP,,; s& dugc tinh bing: .

) V 1——' ) e—)
 Sa(PiOPy4y) = EOP; X 0Py

va nhu vdy ta ¢ cong thirc tinh dién tich da gidc P:
S= E'('o‘F{ x OP; + OP, X OP; + -+ 0P, % OPpi1)

1 SENERSI— s '
;E(ZORxoP,+1)~ I
L 2\& _ ] » o = -

(quy “697’:1&{15 = Py).

Khi c4c dinh cia da gidc dugc danh sé thea chiu nghich (theo chiéu kim ddng
~ hd), bing l4p ludn tuong ty, ta c6 cong thirc dién tich da gisc l1a
1 \ D 5 - 5

1 & a— e ‘ ' .
s= _E(Z OF x opm). A (8.13)

_ Téng hop lai, cong thirc tinh dién tich da giéc c6 thé viét thanh:
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NID—'

(8.14)

n oo .
Z H-l
i=1 .

ma khéng cin quan tdm t6i da gidc dwgc danh so theo chidu thuin hay chiéu
nghich. :

Béy glb ta s€ su dung t6i toa do dé xay du'ng cong thirc tinh dién tich da giac dya

trén céc toa d6 dinh. Vecto OP c6 toa dé (i yt) dya vao cong thuc toa 4§ cua
tich chéo, ta cé

s=1

Z(xtyHl = xH-lYt)

Z(’Qq k759,71 B

i=1

(8.15)
T
=3

Vigc chimg minh ding thirc thir hai c6 thé sir dung vai phép bién déi dai sb. & day

_tac6 thé hinh dung nhu sau: Do co ché quay vong sé thir ty (dinh 0 tring véi dinh

n va dinh n + 1 trung vél dinh 1), véi m51 dinh i s& c6 dung mét hang tr+x_qy;
va m(’)t hang tt?r —x“Lyi xuéit hi¢n trong téng Zlgl(xlylﬂ ~x;41Y1). Ta c6 thé

~ ghép hai hang tir ndy lai v6i thira s chung i :

_Néu nhu viéc tinh. -dang 1 thue thi nhét cﬁn 2n phép nhﬁn thi & dang thirc thr hai ta
chi cdn n phép nhin ma théi (sé phép céng va phép trix khdng thay déi). Chinh vi
viy, ding thuc thir hai hléu qua hon khi lép trinh tinh dién tich da giac. |

Chii y: Khi sir dung cong thirc (8:11): -

24

Ta c6 thé x4c dinh phép dénh sd c4c dinh da gisc 1a thuan hay nghich
dya vao cdng thirc tinh dién tich: Bo déu gia tri tuyét déi trong céng thirc
(8.11), khi d6 S >0 twong ung véi phép dénh so thudn va S < 0 tuorng
img véi phép dénh sé nghich. '

Duong bién da giac phax 12 mét dudmg gép khitc khep kin, khong tyr cit.
Cong thirc (8.11) s& sai néu dir liéu vao khong thoa man didu kién nay.
Hinh 8.9 1a mét Vi dy vé mét “da gidc” gom bén dinh 0;0), (1; 1)
(0 1) va (1 0) BN



Iﬂnh89

Cong thuc (8 ll) s& tmh duqc dne;n tich mién mat phang gioi han baoi duong gip
~ khuc nay 1a 0, tuy nhién trén thu’c té th1 dién tlch mlen nay 1a 0. 5

¢) Dién tich duong cong

Trén mét phing cho C 1a mét dudng cong khep km khong tu cit, tron timg
khuc co phuong trinh tham sb:
\ (o
y= y(t)

voit € [a b}, x(a) = x(b) vé y(a) = y(b).
Ta c6 thé hinh dung khi t chay tir a t6i b thi céc didm (x(t) y(t)) vé& ra trén mit
: phéng tryc chuin mét duomg cong f(hep kin khong ty cat C. Budng cong C tron

timg khiic tire 1a ta c6 thé chia khoang [a; b] thanh mét sé dem dugc céc khoéng
~con ma trén mdi khoang con 44, cac dao ham x'(t) vay'(t) 1a cac ham lién tuc.

Khi d6, dién tich ciia mién mat phing D gwl han b&i dudng cong € ¢6 thé t1nh
qua mdt hé qua cua cong thirc Green trong giai tich ham:

-y
S = -2- f xdy ydx

- (8.16)
f (x(ery'(®) - —yOx W) o
Chu y: Cong thirc (8.16) cho két qua 1a dién tich co déu cua mlen D (1a s6 am

néu mién D dugc dinh huéng nghich). C6 the them vao cdng thirc ddu gia tri
tuyq:t d6i néu chi can biét dién tich.
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- Thuc ra ééng thire tinh dién tich da giac ma ta trinh bay ¢ muyc truée chi 1a
trudng hop riéng cua cong thirc (8.16). Viée chimg minh cong thic (8.16) cin
phai sir dung nhiu kién thirc ciia todn cao cép, ta chi cAn nhé va 4p dung.

Vi dy' Xét dudng tron tdm O ban kmh R, dudmg trdn ndy cé phuong trinh tham s6

{x = Rcost
y = Rsint
véi t € [0; 27]. ‘
Ap dung cong thic (8.16), ta c6 dién tich hinh tron: '
1 2w o 1 2
S=3 (R? cos2 t + R? sin? t)dt = -Z-Rz» dt = nR?,

0. ’ s ) 0 .

. Mot sé bél toan thong dung khac

1. Tam gidc

Xét mdt tam giac xac dinh béi toa d9 ba dinh 1a ba diém A(A x; A.y), B(B X3 By),
C(C.x; C.y). Kihiéu a, b, c 1a 49 dai ba canh cua tam-gidc ABC.

a) Duong tron ngoai fié’p tam gidc

- Tém dudng tron ngoai tiép tam gidc ABC 1a giao diém cua hax dudng trung tryc

thudc hai canh cua tam giéc. Dudng trung trirc cua canh 4B duge xéc dinh théng

qua trung diém M (A-x—?ﬁ,i?%';-’-') cua canh AB va vector chi phuong 13 vecto

phé.p tuyen cla duémg thang AB
b) Budng phafn gidc | '

Duong phan gidc cia goc AB Z dugce Xéc dinh thong qua dang bléu dién (P d)
trong d6 P chinh 13 diém B con vecto d x4c dinh theq cdng thic sau:

', BA BC
= e
[BA|  |BC|
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c) Dudng tron noi ti€p tam giac

Tam clia dudng tron ndi tiép tam gidc ABC c6 thé xac dinh bing cach tim giao
diém cta hai duong phan giac. ‘Tuy nhién, ta c6 the st dung cong thirc toan hoc
dé xac dinh toa d6 tAm cua dudng trén ndi tlep chmh Ié toa d6 cua vecto

aOA+bOB+c0€
a+b+c

trong d6 O 1a gbc toa d9.

Bén kinh dudng tron noi tiép bang
' v s
| o ‘ TS a¥b+c
v6i S 1a dién tich tam gic.
2. Kiém tra diém nam trong da gidc
Bai todn. Trén' mit phang v6i h¢ toa do Pé-cic vudng géc cho da giic
P = P,P, ... P, vd mjt diém A. Hay cho biét diém A c6 ndm trong da giéc hay
khong.
- Thudt todn
Neu A thuéc mot canh da gxéc thi két luan ngay A ndm trong da giic. ‘Néu khéng,

tir diém A, x4c dinh mét tia géc A khong di qua dinh nao cia da giac, goi tia nay
1a tia AB. C6 nhiéu cé4ch chon tia nay, ching han nhu chon ngu nhién n + 1 tia
d6i mgt khac nhau, khi d6 chic chén s& c6 mét tia khong di qua dinh nao cua da
glac Tuy nhién trén. thl,rc té, phuong phép thyc dung t6 ra hiéu qua hon: sinh
ngau nhién mot tia, néu tia 46 di qua mét dinh cta da gic thi sinh ngau nhlen
m(’)t tia khac va thir lai.. : ‘

Néu tia AB ct canh da gidc mét sé 1é 1in thi diém A nim trong da glé.c, nguec
lai thi diém A nim ngoai da gi4c.

Tht ca nhing ki thut tim giao diém, x4c dinh tia 4% duoc néi dén trong céc bai
trude, ta chi tong hop lai cac k1 thuﬁt nay dé lap trinh giai bai toan diém nim
trong da giéc.

~Input -

‘ Dong thu nhat chira s6 nguyén n < 106 13 sé dinh cia da gléc va hai s6 thuc
xA, yA twong tmg 1 hoanh 6 va tung d9 diém 4;



o 1 dong tiép theo, dong thit i chira hai s6 thye x;, y; 1a toa dg dinh P; cla da giac.
Output | o
_ Cho biét diém A c6 ném trong da gidc P hay khong‘7 ‘

B PTINPOLYGONPAS ¥ Kilm ron

($MODE OBJFPC}
program PointInPolygon;
uses Math;

const

maxN = 1000000; epsilon = 1E-6;
type o
TPoint = record

X, y: Float;
end;

TVector = TPoint;
var S :
. p: array(l..maxN + 1] of. TPoint;

n: Integer; A, B: TPoint;

Inside: Boolean;
function Vector(x, y: Float): Tvector;

begin _ o .
Result.x := x; Result.y i= y;
'l end; : : v
//Phép trix vecto , . , S
operator —(const u, v TVéctox)E‘TVector}
begin T o
Result.x := u.x = V.X;
Result.y := u.y.- V.y;
end; ' '
' //Tich chdm cia hai vecto .
operator *(const u, vi TVector): Float; SRR P C.
begin \ : : ' '
Result := u.x * v.x + u.y * v.y;
‘end; R e Co
/[Tich chéo ciia haivecto - -
operator ><(const u, v: TVector): Flpat;
begin v ‘
Result :% u.x * v.y -\u.y * v.x;
end;" 7 i ,




procedure Enter;
var i: Integer;

begin ,
ReadLn(n, A.x, A.y);
for i := 1 to n do

with p[i] do
begin
Readlni(x, y);
end; .
pln + 1] :=pl[l]);
end;

//Kiém tra diém ndm trén doan thing .
function OnSegment (const P, Q: TP01nt) Boolean;
begin )
Result := IsZero(P >< Q, epsilon) and (P * Q <= 0)
end; e
//Tao tia
procedure MakeRay;
var

OK: Boolean;

i:" Integer;
begin

repeat ‘ . )

OK := True; B.x := Random; B.y := Rardom;
for i := 1 to n do’ o ’ :
if IsZero((B - A) >< pli], epsilon) then
begin ’
OK = Ealse;@
Break;
end;

until OK;

end;

//Biéu dién tuyén tinh

function SolveSLE(const a, b, c: TVecto): TVecto;
var D: Float; ' '

begin
"D := a >< b; )

Result := Vecto((c >< b)/D, {a >< ¢)/D);
end;

' //Kiém tra tia cdt canh da gidc. 4
functlon Cut (const C D TP01nt) Booléan;'
var r: TVecto; ' ;‘ o
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begin
r := SolveSLE(B - A, C - D, C - A); 7
Result := (r.x >= 0) and InRange(r.y, 0, 1):
end; ‘ :
function Check: Boolean;
var i: Integer;

begin - !
for i := 1 to n do .
if OnSegment (p{i], pl[i + l]) then Exit (True);
MakeRay; '
 Result := False;
for i := 1 to n do- 3
" if Cut(p[l], pli =+ 1]) then Result := not Result:;
end;
//Chwong trinh chinh
BEGIN '
SetExceptlonMask([Low(TFPUExceptlonMask) .High (TFPUExceptionMask)]);
Enter;

_ if Check then WriteLn('Inside the polygon')
else erteLn( Outside the polygon');
END. -

3. Tim hai diém gan nhat

Cho mét tap diém Q (c6 the trung nhau). Tim cip diém trong Qchd khoang cich
nho nhét.

Néu kiém tra tat ca cac cap dlem ta s& cd mét thuat toan véi do phu'c tap O(Nz)

Thujt todn sau ddy c6 d9 phirc tap O(NlogN) gléu quyét vén-dé bang cach chia
dé tri. Voi mQt bai todn kich thuéc N, ta dua vé thuat toan glél hai bai todn nhé

kich thuéc =, va két hop két qua trong thoi gian O(N).

Q dugc bléu dién boi hai mang d3 sap xer (theo hoanh do) va Y (theo tung d6).

Thuét toan nhu sau:

Buoc 1. Dung mdt duimg théng ding d, ta c6 the chia dm Q thanh Q, va Q5. Cac
diém ndm ding trén d c6 thé phén b tuy ¥y sao cho Q; va 0, cn bing.

Budc 2. Goi 4§ quy tim khoang cch ngén nhét d; trong Q1 va d> trong Qz bit
dy = min(d,,d2). '

Budc 3. Két qua trd vé s& I3 do, hoic mdt gid trj nho hon ’do néu tdn tz_ti mot diém
. trong Q1 va mdt diém trbng (2 c6 khoang cich nhé hon dy. Céc diém nhu
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* vdy chi ¢6 thé ndm trong khoang céch dy tir duong théng d. Tim tap hop
Qo céc diém thoa man dudng thing d6, ciing véi ¥, tuong tmg cia Q,.
Bubc 4. V6i mbi didm P, trong Qo, ta xét kha ning P, 13 dhu mut phia trén cia
“c3p diém gin nhau nhit. Nhu vdy, diém con lai phai nim trong hinh
chir nhat dy x 2dy 6 canh trén di qua P,. Hinh chit nhit nay c6 tdi da
bén diém trong Q) va bén diém trong Q>. Do d6 n6 c6 t6i da tam diém
trong Qo Nhu vdy, ta chi can kxem tra khoang cach cua P; dén bay diém
theo sau né trong Y.
Buéc 5. Travé khoang cach ngin nhat tim dugec.
Tai budc 2 ta cén X1, Xz, 1, T tuong (mg cho Ql, Q. Cac mang nay c6 thé
dugc sinh ra trong thoi gian O(N) :

. Tai buéc 3, Y, ciing duge sinh ra trong O(N) bang cich doc tuln ty mang Y va
loai ra céc diém céch xa d.

Céc buéc 1, 2, 3, 4 ddm béo chi phi xu I O(N) tai mdi i 1An de quy, tir 6 cho ta
thuat toén c6 dQ phuc tap O(NlogN).

""""""""

Khong thé dua ‘
thém mt diém

[ ]
ndc vao bén
trong ma vin
dam bao khoing s

2

@

. . céch toi thiéu do
Hinh 8.10. Khodng cdch xémiéu N N T

| _Mmk hog Do cic diém trong Q1 ¢o khoang cach t6i thiéu do, tr P, tro xudng chi
co tbi da bén diém thujc vé 0;. o \

4. Mpt so thﬁ_ tuccobin
a) Kiém soatsais§ '

- Khi tinh ton céc cdng thirc hinh hoc trén méy tinh, c6 rt nhidu phép tinh khong
the dat duqc d6 chinh x4c tuyet d01 nhu phep chla phep kha1 cin béc 2... Ngay
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ca nhitng phep cong va nhan ) thuc trén may tinh ciling phai chiu sai sb6 & chir

s6 c6 nghia cudi cung.

Sai sb trong cac phép tinh ¢6 thé din t6i nhidu phién todi, vi thé phai c6 phuong

phap dé kiém soat sai sb nay trong qua trinh trinh toan. Kinh nghiém chung la:

e Néu dir lidu vao 1a cac so nguyén, ta cd ging sir dung cac phep tinh toan sb

- nguyén d&én chimg nao con c6 thé duoc. : ‘

e Néu bit buoc phai tinh toan sb thye, trong mot s6 truong hop ta can phai dy
kién sai sé tinh toan. Chéng han, chon mét hing sb € ¢4 nhod (ching han
€ = 1076 ), sau d6 thay vi so sanh p = g;ta viét |p —ql<e. .

Vi dy, ta s& viét ham OnSegment(xA, yA, xB,yB, xC,yC) dé kiém tra xem diém

C = (xC;yC) ¢b nﬁm trén doan thing AB vou A (xA yA) B= (xB yB) hay’

khéng:

Const epsilon = 1E-6; . ‘ )

function OnSegment (xA, VA, xB; yB, xC, yC: 'Float): Boolean;

var ; i N H aua ey . . i i ; B

x1l, yl, x2, y2: Float;

begin ‘

xl := xC - xA; yl := yC - yA; Mxl, yl) = vecto AC

x2 := xC - xB; y2 i= yC - yB; Mx2, y2) = vecto BC

Result :=

(Abs(xl G y2 = x2 b yl) < eps:Llon) and

(xl*x2+y1*y2<0)

end; .

Vige klem soét sai sb khong phai luc nao cﬁng cén thuc hién. Cu thé trong
. truong hqp trén, ta chi kiém soat sai sd trong phép so sénh AC x BC = 0 ma

khong cin klem soét sai sb trong phep so sanh AC.BC < 0. Li do 12 bai vi ham
OnSegment ban thian n6 da cé sai sb (ndu diémC. ndm rit sat doan thing AB
nhung khong nim trén doan thing AB, ham van c6 thé tra vé gia tri True) va sai

s6 ctia phép so sanh AC. BC < 0 dugc tinh ludn vao sai sé ciia ham,
b) Cac thd tyc, ham thuong dung

Mot trong nhiing khé khidn gap phai khi giai quyet céc ba1 toan hmh hoc tinh
todn la ta phai lam vi¢e véi sb thyc va thuong gdp nhiéu sai sét trong khi lap
trinh vi chuong trmh thuong rit dai va can phai cai dat ti mi, chi tiét. Nhl”rng thu
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tuc nay gitp ban trénh dugc nhimg sai st déng tiéc va giup ban cai dét nhanh
cac thudt toan cho bai toan hinh hoc

Type Real=Extended;

TPoint=Record

X,yrreal;
end; )
Const_Eps: Real=le~-3;
. ZeroPnt: TPoint=(X:0; Y:0);

/* so sénh hai sé thuc ¥/ s
Function RealEg(Const a, b: real) Boolean;
Bagin »
RealEq:=Abs(a-b)<=_Eps;
End; ’ : R
Function RealMax (Const a, b:Réal):Real;
Begin

If RealMore(a b) Then RealMax =a Else RealMax =b;
End;
/* Kiém tra hai dtem trung nhau */
Function EqP01nt(Const A, B:TPoint): Boolean,
Begin C 4
EqPdint: —RealEq(A X, B x) And RealEq(A.y, B.y):
End;
| /* Khodng cdch hai diém %/ :
Function Dist (Const A, B:TPoint) :Real;
Begin _ ' R
Dist:=Sqrt (Sqr (A.x~B.x)+Sqr (A.y-B.y));
.| End;

/*Téng vecto ¥/
“Type TVecCart= TPomnt, . .
Procedure AssVecCart(Const a, b:TVecCart;Var c:TVecCart);
Begin : ‘

c.X:=a.xtb.x;

c.y:=a.ytb.y;

End;
/* Tich vé huéng ¥/
Function’ SkMulCart(Ccnst a, b: TVecCart) :Real;
'Begxn _ :
SkMulCart:=a. x*b x+a. y*b vi
End;

Type TVecPol=Record
rst, angle:Real
End;
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/* Géc véi tryc Ox, do bangradian® . . . S ¥

Function GetAngle(Const X, y:Real): Real
Var rs, c:Real;
B?gin ' &
rs:=Sqgrt (Sqr (x)+Sqr(y))
If RealEqg(rs, 0) Then GetAngle:=0
Else
Begin
ci=x/rs; : -
1f RealEq(c, 0) Then c:=Pi/2
Else c:=ArcTan(Sqrt (Abs(1-Sqr{c)))/c);
If Realless(c, 0) Then c:=Pi+c;
If Realless(y, 0) Then c:=2*PiEc;
GetAngle:=c; S -
End;
End;
/* tog dé Pé-cdc chuyen sang tog do cuc*
Procedure CartToPol{Const a:TVecCart;Var b:TVecPol); -
Begin ' '
b. rs-=Sqrt(Sqr(afx)+Sqr(afy));
b.angle:=GetAngle(a.x, a.y); ' ; .
End; L

| 7* Toa d6 cuc chuyén sang toa do Dé-cdc*/

Procedure PolToCart (Const a: TVecPol; Var b: TVecCart)
Beg;n :

b.x:=a.rs*cos(a'.angle);

b.y:=a.rs*sin(a.angle);

End; 8
Type TLine=Record ;
A,B,C:Real; ,
End; - .

/¥ Viét phweong trinh dwong thing d’t qua hai diém */ ,
Procedure P01nt2ToL1ne (Const v, W Tp01nt Var L: TLlne) ;

| Begin

L.A:=vV.y =W.¥;
L.B:}=w.x-— V.Y’
L.C:=-(v.x*L.A+v.y*L.B);

'End;
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/* Hai dun'ng thdng cé khéc phwong hay khéng */
Functlon CrossLlne(Const L1,L2:TLine): Boolean,
Var st: Real,
Begin ’
st:=L1.A*L2.B-L2.A*L1.B;
CrossLine:=Not RealEq(st,0);
End; .
/* Giaa diém hai dwong thing */ : /
Procedure Line2ToPoint (Const L1,L2: TLlne Var P: TP01nt),
Var st: Real;
Begin
st:=L1.A*L2.B~L2.A*L1.B;
P.X:=(L1.C*L2.B~L2.C*Lq.B) /st;
P.Y:=(L1.A*L2.C-L2.A*L1.C)/st;
End; '
/* Tim giao diém hai duong thing %/ : : :
Procedure FindPointCross(Const fL, fR sL, sR: TP01nt Var rs: T901nt),
Var 1L1,L2:TLine;
Begin o cLe .
P01nt2ToL1ne(fL fR,L1); Point2ToLine (sL, sR,L2);
If CrossLine(Ll,L2) Then Llne2ToP01nt(Ll ‘L2, rs)
Else rs:=ZeroPnt;
| End; S
/* Input: 2 dogn thdng ndm trén cung duong thing’
Nhiém vu: Kiém tra vi tri tuong déi :
Output: 0: ¢6 1 diém chung; 2: c6 1 doan chung; |: khéng giao nhau -
*/ . , C .
Function SegmLineCross{Const fL,fR,sL,sR:Tpoint):Byto;
Var Minf,Maxf,Mins,Maxs:Real;
Begin
Minf:=RealMin (Dist (£L, ZeroPnt) DlSt(fR ZeroPnt))
, Maxf5~RealMax(Dlst(fL ZeroPnt),Dist (fR, ZeroPnt));
Mins:—RealMln(Dlst(sL ZeroPnt),Dist (sR, ZeroPnt)),
MaXs:=RealMax(Dist(sL;ZeroPnt),Dist(sR,ZeroPnt));
If RealEq(Minf,Maxs) or RealEq(Maxf,Mins)
Then SegleneCross —O
Else .
If RealMore(Mlns Maxf) Or RealMore(Mlnf Maxs)
Then SegmLineCross:=1
-Else SegmLineCross:=2;
End}
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7% Kiém tra doan thing cit nhau
. Thuat todn: tim giao diém, sau do kiém tra giao diém ndm tren doan thdng

Trd vé mot s6 nguyen ddnh sé cac truomg hgp vj tri twong ddi dogn thing-doan th&ng

Hai'doan thing cdt nhau sé tra vé 7

w7
Fuhction Sengross(Connt fL,fR,sL,sR :TPoint);
Var rs:TPoint; : 2
L1,L2:TLine;
Begin
P01nt2ToL1ne(fL fR,L1);
Point2ToLine(sL, sR,L2);
If CrossLine (L1, L2)Then
Begln
Line2ToPoint (L1,L2, rs)
If EgPoint (rs,fL) Or EqPoint (rs, fR)
Or EqgPoint (rs,sL) Ot'EqPoint(rs,sR)
Then SégmCross: =5 - o :
Else :
If AtSegm(fL, fR,rs) And AtSegm(sL sR,rs) Then SegmCross:=7
Else )
If AtSegm(fL, fR,rs) Or AtSegm(sL R, rs) Then SegmCross:=6
Else SegmCross:=4; ’
"End ? :
Else :
If EqPoint (L1.A*L2.B,L2.A*L1.B)
And Not (EgPoint(L1.C,L2.C)
Then SegmCross:=3
Else SegmCross:=SegmLineCross(fL, £R, sL, sR),
End;
/* Puong thdng viéng géc */
Procedure PerLlne(Contt n:TLine; Ccnst P:TPoint;Var L: TLine);
Begin
L.A:=n. B;
L.B:=n.A; ‘
L.C:=L.A*P.X-L. B*P Y
End;
/* Khoang cdch tir mjt diém dén mot dwong thdng 7/
Function DlStPOlntToLlne(Const P TP01nt,Const L: TLlne) Real,
‘Begin
DistPointToLine :=
Abs((L A*P . .x+L. B*P y+L C))/Sqrt(Sqr(L A) +Sqgr (L. B)),‘

End;




/* Kiém tra diéu kién bdt déng thirc tam gide */
Function IsTrian(Const a,b,c:Real):Boolean;
Begin
IsTrlan.—RealMore(a+b,c) And RealMore(a+c b)
And RealMore (b+c; a);
End;
/* Dign tich tam guic bdng céng thirc Hé-rong */
Function Sqg(a,b,c: Real).Real
| Var p:Real;
Begin ‘
p:=(a+b+c)/2;‘Sq:¥Sqrt(p*(p—a)*(p-b)*(p—c});
End;
/* Dién tich tam gidc khi biét toa d¢ ba dinh */ _
‘Function SquareTrian (Const pl,p2,p35TPoint);
Bagin | o o
SquareTrian := Abs(pi.x*(pZﬂy—p3.y)—pl.y*(pZ.x—p3.x5_ |

End; .
/* Chiéu cao tam gidc umg véi canh a */
Function GetHeLght(COnat a,b,c: Real) Real;
Var p: Real;
Begin
p:=(a+b+c)/2 GetHelght —2*Sqrt(p*(p a)*(p-b)*(p-c))/a,
End;
/*Tﬁndbdﬁinwnguoéh*/
Functzon GetMed (Const a,b,c: Real) Real;
Begln ;
GetMed: —Sqrt(Z*(b*b+c c)-a*a)/2
End;
/* B¢ dai du'ang phdn gidc xuét phdl‘ tir mét dinh tGi canh doi dzén c6 d6 dai bdng at
Function GetBls(CQnst a,b, e Real) iReal;
Var p: Real (
Begin ' U
—(a+b+c)/2,»GetBls-=2*Sqrt(b* *p*(p—a))/(b+c),

s

- | . End;"

| /* Bdn kinh dwa’ng tron nét nep */
.Function" GetRadIns(Const a b c: Real) Réal
Var p: Real'- g e g ~
Begin
p:=(at+b+c)/2; GetRadlIns: =Sqrt((p a)*(p-b)*(p c)/p),
End; - .

+(p2.x*p3.y-p3.x*p2.y))/2);
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/* Ban kinh duong tron ngogi tiép */
Function GetRadExt{Const a,b,c:Real):Real;
Var p:Real;
Begin
p:=(a+b+c)/2; .
GetRadExt: =a*b*c/(4*Sqrt(p*(p a) *(p—b)*(p c))):
End; -
/* Kiém tra da gidc khong tu cdt ¥/
Function IsPoligonSimple

Var i,73: Integer,
pp:Boolean; -

Begin
pp:=True;
ii=1;
Whilae (i<=N-1) And pp Do
Begin ’
Je=i+1; ,
While (j<=N) And PP Do
Begin
. Case Sengross(A[J.] A11+1] 1,A051, A[3+1]) Mod N
of 0,2,6,7: ppt= False,
. End; '
Inc(j):
: End;
§ Inc(i);
End; :
IsPoligonSimple:=pp;
End,v

(Const A:Array Of TPoint;Const N: Word) : Boolean,

'©) Thu vién Math va cc hing 6 khOng X4C d;nh

Free Pascal cung céip thu vién Math dé h3 trg cho céc phép tinh toan hoc chuyen
dyng. Ngo&x mét hé théng phong phu céc thi tuc va ham, thu vién Math cung

cdp ba hing sé dic bu;t Nan, Infinite va NegInfinite.

e Nan tuong g v&i mot sb thuc khéng xéc dinh (Not a Number) trong thu

vién Math, hang Nan duqc khai b4o bing 0.0/0.0.

o Infinite tuomg {mg v6i hing sb thuc +oo, phép chia mot sé thuc ducng cho

0 s& cho két qué bang Inf inite.

38 B



o Neglnf inite tuong mg véi héng s6 thuc ~00, phep chia’ mot sb thuc am
cho 0 s& cho két qua bing Neglnf inite. '

Vi du doan chu'orng trmh sau '

program TestD1vO,»v%
uses math; '
var ; o
%, Y, z: Float;
‘ zero: Float =.0;
begin S : o :
SetExceptlonMask([Low(TFPUExceptlonMask) .High (TFPUExceptionMask) 1) ;
x := 0/zero; : '
y 1= 1/zero;
z 1= =2/zero;
WritelLn(x}; /InraNan
.Writeln(y); /Inra+Inf
WriteLn(z); /Inra-Inf
end. : :

Ba hiing sb nay rét tién dyung trong viéc lap trinh céc bai todn hinh hoc, ching
han khi tim giao diém cua hai dudng thang, neu hai du'bng thang d6 tring nhau,
ta co the g4n toa do giao dlem la (Nan, Nan), cbn neu ha1 duo'ng th%ing song
song vou nhauy, ta c6 thé gén toa d6 giao dlem la (Inf lmte Inf lnlte) Chuorng
- trinh chinh chi v1¢c goi ham de lay toa do. glao dlem, sau d6 kxem tra céc toa do
c6 khac Nan va khéc Inf mlte hay khong de xu' 11 t1ep |

Nhimg chu y sau rat quan trong kh1 s dung céc hang Nan Intfmtte va
Neglnfzmte :

- Cha y:

- Vlc;c chia cho'0 daé 14y hﬁng Nan Infinite, NegInfinite, ¢ling nhu viéc
TS0 sénh tryc tlep vai céc hang s6 nay, chi thuc hién dugc trong lic chay

‘ (run-tlme) néu ta'dat lai thiét 1ap trong bd ddng xtr 1i toan hoc bing Iénh:

v SetE;capglonMask([Low(TFPUExcaptlonMask) H;gh(TFPUExcept1onMa-k)]),
- Viéc chia tryc tiép cho 0, gan, so sanh céc hé’mg Nan, Infinite,
~ Neglnfinite véi mot bién sb thyc chi dugc phép viét khi dich: chwong
_trinh é ché 46 {$R-,0- }, tirc 13 tit ca céc. ché 49 kiém tra tran pham vi va
tran sb hoc phéu duqc t4t. Tuy nhién, viéc, tat hoén toan ché do kiém tra
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tran pham vi va tran sé hoc ¢6 thé rat nguy hiém va khé gﬁ rdi, vi viy ta.
nén lam theo cach khac nhur sau:

e Sir mét bién zero gin bing 0 va thu'c hi¢n phép chia cho zero thay vi
chia cho 0, ki thuat ndy nhim d4nh lira trinh bién dich.

e Khong so sénh tryc ti€p mét biéu thirc sb thuc véi cic hing
Nan, Infinite, Neglnfinite ma st dung cdc ham cung cép s&n trong
thu vién Math: ;

'w Ham IsNan(x): Boolean: Kxem tra sb thye x c6 phax bang Nan
" hay khéng.
. w Ham IsInifinite(x): Boolean: Kiém tra s6 thuc x c6 phai bing
" Infinite hay Neglnifinite hay khong.
s Ham IsZero(x,c): Boolean: Kiém trax = 0, cu thé 13 |x| c6 nho
hon & hay khéng, ham ndy c6 thé ding de X\ li sai s. & 12 sai s6
chép nhin do ngu'm dung tuy chQn

d) Thu vién Matrix

Trong céc bai todn vi dy, ching 161 chi sir dung thu v1én Math d& hd tro cho viée
“tinh todn duec ngén gon. Néu muén thyc hlen céc tinh toan hinh hoc phirc taip,,
~ trén khdng gian nhléu chiéu, ban c6 thé sir dung thém thu vién Matrix. Thu vién
‘ndy cung cAp céc Phép toan thao téc trirc tiép trén cac vectcr va ma tran tinh tlch

ma trén, nghich ddo ma tran, d;nh thifc cia ma trAn v.v..

Hxén tai, cAc thufit toan trong thu vién Matrix vén 12 nhimg thudt toan tuln t.
'Tuy nhién trong tuong lai, s& ¢6 nhﬁ'ng phién ban véi thuat todn song song, sir ?
dung ki thugt da xir 1f dé ting tbc qué trinh tinh todn. Mot sé dy 4n dang viét lai
thu vién Matrix, diing sitc manh cuia hang nghin GPU trong card dd hoa dé tinh
toén thay vi sit dung CPU, céc phép todn ma trin dugc ting tbc 1én hang trdm

13n vA cac chuong trinh sir dung thu vién ndy theo d6 ciing duqc tang 1én dang
ké. S ,

7

Bal tap

8.1. Trénmit phang cho mét tam gidc va mét doan thang Tmh do dai cia doan
thing ndm trong tam gléc :
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8.2,

8.3.

8.4.

8.5.

8.6.

Trén mat ﬁhéng cho hai tam giéc, Tinh dién tich phan chung cua hai tam

giéc.

Cho hai hinh chir nhét véi c4c canh song song véi hé truc toé d6. Mdi hinh
chir nhft x4c dinh béi toa d hai dinh dbi. Tim dién tich phin mit phing

- duoc phi béi hai hinh chit nhét va dién tich phin chung cia ching.
_ Trén mit phang cho N diém. Tim hai dxem xa nhau nhat trong N diém d6.

Goi y: Ha1 diém cén tim 12 hai dinh cua da gidc bao 101

~Trén mit phang cho N d;em._‘Hay phén hoach N diém the\nh Ktp S, 8, ..., Sk

sao.cho dudmg kinh 16n nhit cia X tap 1a nhé nhit, trong d6 dudng kinh
ciia tap ; 12 khoang cach 16n nht gifra c4c cip dinh thudc S,. :

‘Trén mt phing cho N diém déi mot khéc nhau‘ Hay tim hai trong N didm

sao cho dudong thang di qua hai diém d6 chia mt phing thanh hai phin ma

56 diém thuéc hai mra mit phang lq:ch nhau it nhét.

8.7.

8.8.

Trén mit phang cho N diém. Hay tim tap it nhét cac dudmg thing sao cho

mdi diém trong N- dxem d4 cho thudc it nhit mét dudng thang

Trén mit phéng cho N diém. Hay néi N diém thanh mét mang lién thong
" bing céc doan thing néi cac cap diém sao cho tong do dai céc doan thang

* duoc néi 1a nho nhat

8.9.

Trén mat phéng cho N hinh chit nhit cé cac canh song song v6i hai truc
toa d§. Hinh thir i x4c dmh boi hai dinh d6i (x; y,) va (z;; 1). Toa 46 cac

| _ diém 1a nguyén; c6 gié trj tuyét déi khéng vuet qua 104 Khi t6 cic hinh

chir nhit nay bing mQt mau xanh, ta nhéan dugc mét. s6 phin mit phing

_ du'oc t6 mau xanh. Tmh tong d6 dal céc dudng bao ‘quanh céc vung mau

8.10.

xanh.

Tém nhm

Trén mat phing cho N doan théng (l SN< 1000) Toa d6 cic ddu mut cia

cac doan thang 12 céc s6 nguyén khéng &m khéng vuot qua 20000. Cac dudng
thing thu duoc bang céch kéo dai céc doan théng da cho ludn cat hai truc toa
dd va hai giao diém cung goc toa do tao thanh mot tam gléc vudng cén,

o Khong co hai doan thing nao glao nhau
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8.11.

‘Ta néi mot doan thdng la nhin thdy duoc tir goc toa do O, néu tim dugc

diém X trén né sao cho doan thing OX khéng cdt bdt cir doan nao khac
trong so cdc dogn thang da cho.

Hay viét chuorng mnh dém s6 doan thang nhm thay duoc tir goc toa d¢.

Input: Vio tir tép VPOINT. INP:
. 'Dong dau tién chira s6 doan théng N

e M3i mét trong s& N dong t1ep theo chua bén sé nguyén khéng am X,
Y, Xhva Yz, phén céch nhau bdi ddu cach, trong d6 (X, Y1) 1a toa dd
cua dﬁu mut thu nhét con. (Xz, Yz) 1a toa do cua d3u'mut thir hai cia
doan théng tuong u’ng :

Output: Ghi ra trén mét dong cua tep VPOINT. OUT s6 doan thang nhin thﬁy
duoc tir gc toa db.

Vi du:
VPOINT. INP , VPOINT.OUT
3 - 13 11 5 S
14 1 10 5
10 14 20 4,
5 -6 10 1
Khéi phuc da gzac :

Bom v& trén mat phang mot hinh da gléc tong quat (duorng gép khitic khép

o .. kin khong tw cét) véi céc canh song song véi cac truc toa d6 va céc dinh cé

toa d§ nguyén. Sau d6, vi vo y Bom da xo4 mét tit ca cic canh thing ding
(canh song song véi- truc tung) clia da gidc. Ban hdy tim cach tir nhing

- thong tin con lai trén hmh vé& gitip Bom tinh dién tich cia da gidc da vé

ban dau /

- Input; Véottrtépvénbé.nmyconm o

e Ddng dau tién chira Nla s6 canh ném ngang (canh song SOIlg Vél tryc

' hoénh) clia da glac da cho W= 1000)

e M01 dong trong sb N dong t1ep theo chua thong tin vé mét ca.nh nim

)

gang cua da gic bao gbm bdn sb nguyén x, y, u, v duoc ghi cach nhau
boi ddu cach, trong d6 (x, %) va (u, v) 1 hai cap toa d6 cta hai diu mut



8.12.
~ Dinh ni ¢6 the nhm thay dugc or chan tl‘Ol chi khi né khong bi che khuét

ciia canh nim ngang. Gia thiét ring céc toa d¢ 1a céc s& nguyén cé gia
trj tuyét d6i khong vuot qua 100.

Output: Ghi ra tép vin bén POLYGON.OUT:

o Dong déu tién ghi dlen tich cua da giac.

e. . Dong tha i trong- sé 2*N dong tiép theo chtra toa d¢ dinh thu' icua da
- giac dugc 11et ké theo thir tu di vong quanh da giac theo chiéu kim déng
hd (dinh bét dau dugc chon tuy y).

Vi du.
| POLYGON.INP ' | POLYGON.OUT -
2 4.
1131 11
1333 13
o 133
31
Dmhnuz ’

boi mét ngon nui khac hay la ducmg v1en cua né khong bi 4n trén nén mot
ngon nui khac. Gia thiét réng tit ca céc doc nui déu c6 goc nghleng 1a 45°
ddng thoi cho biét toa 46 va d6 cao dmh cua tat ca céc ngon nui. Cn xéc
dinh s lugng dmh nidi nhin thay duoc. o

o Input: Vao tir tép vén ban MOUNT.INP:

. Dong dAu tién chira sé nguyen N (1 < N < 10000)

o MJdi dong trong N dong tiép theo chua hai s6 nguyen duoc ghi cach -
nhau béi d4u céch: do 1a toa do x cua dinh ndi (0 <x< 30000) va d§ cao
cua dinh nu1 1y as< y< < 10000)

Outpnt th ra tép van bén MOUNT ouT so luong dmh noi nhm thay duqc
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8 13. Dai phun nudc
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Vi du:

MOUNT . INP | MOUNT.OUT

21 4

4 2
65
12 3
16 9

Hinh 8.11

pé lam de¢p canh quan, Ban gidm doc mét Cong ti-‘quyét dinh xay dung o
san tién sanh tru s& cong ti mot dai phun nuéc. Pai phun murée phaéi c¢6 dang
mdt hinh trdn véi kich thuéc 16 nhét c6 thé duoc. Nha thiét ké duge biét 12
s&n tién sanh coa cong ti c6 dang mét hinh chit nhét kich thuéc X x Y. Tuy
nhién, khi lya chon vij tri cho dai phun nuwéc nha thiét ké gip phai mét vén
dé phurc tap: .Trong sdn tién sanh c6 N cét hinh try tron xoay khong dugc
phép di chuyén. Vi véy vén d& dit ra cho nha thiét ké 1a: Cn dat dai phun

nuéc & vi tri ndo dé né c6 béan kinh 16n nhét c6 thé dugc déng thdi khéng

duqc c6 dién tich. chung khac 0 vél céc cét Ban hdy ldp trinh gitp nhav
thlet ké gxéx quyet van de trén.

’ Input Vo tir tép vin bén FONTAN. m

. Dbng dAu tién chira hai s6 thyc X, ¥, 1 <X, ¥ < 10“ Gia thiét ring sén
tién sanh 13 hinh chir nhit tren mat phéng toa do c6 toa dQ cac dinh la
(0, 0), (X, 0), (X, 1) va (0, Y), : :

e Déng thi ha1 chu'a so nguyen N (0 < N < 10)1asé lu'ong cot trong sin

tién sénh

0  Déng thir i trong sO N dong t1ep theo chu'a ba s6 thuc Xis Y, va R; cho biét
toa d6 ciia tim v ban kinh cua cot- thir i i (R; < X SX-R,R < Y <Y-R,

o.j sR,-s:gmn(i;—,-}zi), \/(X,'fXj) +(¥,-v) 2R +R, vmmox_i;ej).

Cac s‘é trén mét dbng trong tép dir liéu dugc ghi cach nhau boi déu
cach. | | o '



" Output: Ghi ra t¢p vin ban FoNTaN.out ba sé thuc Xp, Yp, Rp 1a toa do tam
va ban kinh cua dai phun nuéc.

Chu y: Déx phun nuéc phai dugc dit trong sén, dugc phép txep xuc véi

' tuong cia sin hoac cét ‘nhung khong dugc c6 dién tich chung khéc khong
véi-céc’ ‘cft. Néu c6 nhidu- vi tri cx‘mg cho’béan kinhi 16n-nhét chi cin dua ra
mot trong ) chung

Vidy:
FONTAN. INP | FONTAN.OUT
10 20 - | 5.000 5.000 5.000
0 ,- o

FONTAN.INP | FONTAN.OUT
20 20 - 10.000 10.000 9,314
. ‘ et ; ,
222
18 2 2
218 2
18 18 2

FON_'I'AN.INP | FONTAN. QUT

20 20 9.510 7.054 7.053
a ' o
222

18 2 2
317 2
1616 4
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'HUGNG DAN GIAI BAI TAP

Chuyén dé 8

8.1.

8.2.

8.3.

8.4.

8.5.

Tim tap céc diém thoa man mdt trong hai tinh chét sau:
a) La giao diém cua doan théng va tam giac.
b) La diu mut cua dban thfing nim trong tam giac.
Néu tap trén gdm hai diém, két qua 1a khoang cach giita hai diém do, nguqc
lai két qua bing 0.

Tim tap cdc diém thoa man mot trong hai tinh chit sau:

a) La glao diém cua hai doan thﬁng, mdi doan thudc mot tam giac.
b) La dinh ciia mét tam gi4c nadm trong tam gléc con lai.
Tinh dién tich bao 15i cia tip. dlem trén. :

Céc dudng thang chira céc canh cua cac hinh chit nhat ch1a mit phing toa 9
thanh mét luéi hinh chir nhat. Ta xét 14n luot cic khe ngang cua ludi, véi
mbi khe, xét cac canh doc ciia cac hinh chit nhét theo thir tyr toa d6 x ting
dan. Chi quan tim dén c4c canh phu hét khe dang xét. Ta c6 bién dém s. Néu
g3p canh trai cia mét hinh chir nhat thi tang s 1én 1. Néu gip canh phai thi
giam s di 1. Khi s tang tir 0 1én 1, d4nh d4u lai toa d6 x cua canh dang xét,
goi 12 x;. Khi s giam vé 0, d4nh déu toa d6 x clia canh dang xét, goi 1a x,. Lay
x2 — x; nthan v6i d§ rong khe ngang dang xét rdi cong vao két qua.

Do phirc tap 13 N%, v6i N 14 s6 hinh chir nhit.

pé dat duoc 49 phrc tap NlogN c6 thé sir dung chu triic Segfheﬁt tree.
D4 bai va b test 6 tai web31te http IIwww. SpO_] pI/problems/N KMARS.

Tim bao 16i cua tap dlém Ha1 diém can tim 1a hax dinh xa nhau nhat cia
bao 16i.-

Gia sir két qua dang la 5. Phan tip dlem thanh cac tap con sao cho khoang céch
gitra hai diém bét ki thugc cing mét tap khong vuot qua s. Neu phén dugc
ahleu hon K tap thi ting 5. Néu phan duoc it hon hoic bing K tap thi giam s.
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8.6.

8.7,
8.8,

8.9.

Xét timg cip diém, mbi cip diém viét phuong trmh duémg thang di qua hai
diém. Sau 46 dém sé diém nim ¢ hai nira mit phang chia béi dudng thing.

Ap dung ludng min-cost.

X8y dung db thi day du véi céc dinh 13 cic diém trong tdp, trong s cia
.mdt canh la khoang céch gitta hai dlem ung véi hai dau mit cua canh T1m
cdy khung cia do thi.

Tuong ty nhu bai 8.3 tinh dién tich c4c hinh chu' nhat bai nay 14 tinh chu vi.

8.10. Xét tap cé4c tia gbm Ox, Oy, che tia goc O di qua mat trong cac ddu mut

cta cic doan thing. Sép xép c4c tia trong tap theo géc tao bai tia va tryc
hoanh (theo tan). Xét cac géc tao boi hai tia lién txep Véi mdi géc, xét cac
doan thing phu hét géc va dénh ddu doan gin géc O nhit 13 nhin thay dugc
(18y khoang céch gin nhét trong sb hai khoéng cach tir O d&én hai giao diém
cia hai tia va doan thang) Két qua ]a s c4c doan thing dwgc danh dbu.

8.11. M3i diém chi c6 thé nédi duoc véi mét trong hai diém sau:

a)  Cung toa d9 x, toa do y 16m hon va gén nhit.
b) Cung toa d6. x, toa do y nhé horn va gan nhét. ;
Véi mox dxem ta dém xem c6 bao. nhleu diém cung toa do x mé toa do y Ion

~ hon toa do y cua né. Neu s6 luqng d6 1a 1, ta ndi diém dang xét véi diém

loai a, néu khong, ta ndi véi diém loai b.

8. 12. Biéu didn mdi dinh nti bing mdt doan thing nim trén truc hoanh thé hién

chan nti (canh huyén cia tam gidc vudng). Sip xép cac doan thang theo
thir ty toa d x clia diumut bén trai tang din. Xét timg doan thang, néu diu
mut bén tréi cia n6 khéng vugt qué ddu mut bén phai xa nhét cia céc doan
thing da x¢t thi ddnh déu ngon m.n ng véi dogm thang d6 nhin thay duoc.

8.13. Vi mbi két qua s, cin klem tra xem c6 ton tai mot hinh tron trong san sao

cho n6 khéng giao véi bt ctt hinh tron ban kinh R, ndo. Piéu nay twong
duong véi viéc kiém tra xem c6 tdn tai mot 'didm trong sén sao cho né
khéng nim trong bat cit hinh tron ban kinh Riss ndo. ‘

le hinh chit nhat 16n ban déu, kiém tra xem trong tdm cua 06 c6 phai diém .
cdn tim khéng Neu khéng, chia hinh chit nhat thanh bén hinh chu nhétcon

h bang nhau rdi txep tuc kiém tra ttmg hinh bang cach tuong ty;
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