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Chuyen as 9

LI THUYET TRO CHOT

I. M6t s6 khai niém
1. Vitri |

La tap thong tin'vé tro chm tai tung 12h01 dlem Nhfmg vi tri chira dyng nhiéu kha
ning din t6i chién thing cho ngudi nao di t6i duge nd goi 1a nhitng vi tri c6 loi
(cho ngudi choi chiém duogc loi thé). Nguroc lai ¢6 nhitng vi tri chira dung nhiéu
kha ning din ti thét bai cho i ngudi ndo di téi n6 goi 13 nhitng v1 tri khong co loi
(nguoi choi bi vao the bt loi).

2. Lugt choi .

La nhitng quy dinh cho phép nguoi ch(n thuc hién cac phep bién ddi chuyén trd
choi tir mdt vj tri hién tai t&i mot vi tri khac. Mot bude di hop 1€ 1a mét phép bién
déi theo diing luat choi. Vi tri két thuc 1a vj tri tir n6 khong thé di chuyén tiép.
3. Tro choi doi khdng
La tro choi hai ngudi, khi mdt ngudi choi dugc loi thé thi ngudi choi kia s& gip
bét lgi. Nhitng trd-choi nay chia lam hai loai: trd choi c6 théng tin diy da va trd
choi c6 théng tin khong diy du. Sy phén chia nay dua trén co s& ngudi choi cé
 biét ddy di moi théng tin vé vj tri hién tai cua dbi phuong hay khéng. Chéng
han, c4c trd choi véi thong tin dily di nhu c& card, c& tuéng, c& quédc té; céc tro
choi véi thong tin khong day da nhu tré choi danh bai (ngudi chorl che déu
nhimg quéan bai khéng cho ddi thu biét). '

4. Trong moi trd choi, qua trinh choi ¢6 thé duge biéu dién dudi dang cu tric
cdy c6 hudng (d6i khi 1a dd thi cé. hu'orng) g01 la cay tro choi. Nut cua cac ciy
nay biéu dién mot vi tri tro choi (nat goc 1a vi tri khoi dau nit 14 13 vj rri két

thuc). Cung (1 ) trén céy thé hién mdt bude di hop 18 chuyen tr. mQt vi tri i dén
vi tri j ké tidp.
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Il. Tré choi t& hop can bing

1. Mota ' . .
Tro choi tb horp can bing lé‘tr‘c‘)‘chdi déi khéhg 'thoé mén nh\"mg diéu'kién sau:

-C6 hai nguoi choi (nguorl di dau ki higu la 4, ngudi kia la B);

Cé mot tap hfi'u han céc vi trf 66 thé xay raX (céc trang thal) cua tro choi.
C6 quy luat choi Q. Quy lut ChOl ap dung cho hai ngu’bl choi 1a can
bing nghia 12 mé&i ngum choi den lugt mlnh deu cd quyen chon mét phép
di chuyén hoplg tuyy.

Hai ngudi choi 14n luot, m&i 14n thuc hién mét phép di chuyén hop 16.
Tro choi két thiic khi dat t6i vi tri két thiic. Thong thudong quy dinh ngudi
di chuyen dugc cubi cing 1a nguoi thé.ng, ngudi nao den lugt ma khong
thé di chuyén dugc nita thi thua (mot sb tro choi cling c6 thé quy dinh
nguoc lai). ‘ v

Néu trd choi khong bao gw ket thuc s& ¢o mot thong bao rat tham. Cé
thé b6 sung thém didu kién nao d6 dé tro choi két thic khong can thong
’ béo rut tham nhu: Trod choi s& két thic khi-da c6 da mdt sé 13n di chuyén
nhat dinh (ke ca trudong hop con budce di chuyen tiép, ...) ma khéng diu
thu nao théng thi hai dau thu 1a hoa.

a) Tap P, t&p N-va cach tim

bé thudn tién cho viéc x4y dung thuat toén (glanh thing) cua tro choi, nguoi ta
dua ra khai mém tdp P va tdp N. D6 13 hai tap thoa man céc tinh chét sau:

(a)Ta at ca cac v; tri két thic deu thuge P.

(b) Tir mbi vj tri thuoc N Iuon co. t’t nhdt mot di chuyen tGi vz tri thuoc P

(c) T uw moz vi tri thuoc P, moi dz chuyen deu toi vi tri thuoc N.

Hinh 9.1. Tgp P va tﬁp N
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" T dinh nghia trén, d& dang suy ra thudt toan giénh thing nhu sau:

Thugt todn gianh chién théng cho ddu thii A khi ban ddu A nhin vi
tri thugc N la: dau thi A luén di chuyen tdi cdc v; tri thu()c P bugc
ddu thi B chi c6 thé di 16i vi ‘tri thupe N.

“Néu ban dau d4u thu 4 bj nhan vj tri thuoc P thi 4 cin kéo da1 trd choi cho dén
mdt thoi diém nao 6 trong qua trinh choi do B vd ¥ sao cho 4 ¢c6 duge vi tri
thudc N thi din den A4 luon di vao v; tri thuqc P (vay trong truémg hop nay 4
théng phy thudc'vao sy v ¥ cta B). ‘

Taco the tim tap’céc vi tri thuoc P va thuge N bi«."mg dé quy nhu sau:
‘Buoc 1.Gén P = - @. Gan N = @. Nap céc vi tri két thuc vao P.

Bude 2. Tim céc: vi tri c6 thé di chuyén dén mot vi tri nao dé thudc tap P, nap |
. chiing véo N \ s '

Buoc 3. Tim nhfmg vi tri chz ¢ thé chuyen dén céc vi tri thugc N nap chung
‘vaio P. v

Bude 4. Dimg tim kiém.

b) Mot s6 vidy |

Vi du 1. Trd.choi Lam réng va phdn chza : )
Phat biéu: Co hai chiéc hop, mét hop dung m quén ¢d, hop con lai dyng n quéti
c& (m, n € N"). Hai du thu 13n uot choi. M&i lin dén luot choi cta minh, ddu
tha d6 14y hét quén co trong mdt hop rdi dem cac quan ¢ trong hdp con- lai chia -
vao hai hop sao cho mbi th phai c6 it nhét mdt quan, RS rang trd choi két thic

khi mm hdp con mdt quan Diu thi nao duqc choi luot cu01 s& gianh chxén
thing: Hay tim céc vi tri thuoc tap P, cac vj tri thuoc tap N o :

Phdn tich. Trong trd choi nay, mdi vi trf choi 1a mot cap s thé hién sb quﬁn co
' trong hai hop Vij tri khm dau 1 (m, n). Ching ta s& chimg minh tip :

{(m n’)l m'van' lasb nguyen lé}

J

1a tap céc vj tri thuoc P va tap {(m n ) m' hoé.c n la sb nguyen chﬁn} la tap céc

. vi tn thudc N That: vay

Trudc hét, thiy vj tri két thac 1a (1, 1) € P.
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Béy git gia sit (m’, n’) € N thi hodc m' chin hoic »' chin. Khéng mét tinh chét
téng quat, gia st m’ chin. Tix vi trf ndy, chiing ta chon phép chuyén Ja: ]am rdng
th thir hai (chira #') va chia m' quén c6 trong hop thir nhét thanh hai phﬁn véi
56 quan c& trong ca hai phin déu 1& cho vao hai hop, di t6i vi tri (s, m' — 5) v6i s -
la: so lé(1<s<m-1),nghiala(s,m' —s) e P. Vay tir mét vi tri thugc N, luﬁn
tim duqc it nhét mot phép chuyén téi v1 tri thudc P

T1ep theo, gia st (m’, n') € P nghia la m’ van' d¢u 1¢. Néu lam rdng hop thi
- nhét (chia m') va lay n' quan cia hdp thit hai chia vao hai hdp va chuyén t6i v
tri(s,n —s)véil <s<n-1,thisvan —skhong thé cung 1¢ (do tdng cua
~ chung bang »’ 1a sé 1), do d6 (s, n' —5) € N. Tinh trang twong ty khi lam réng
hop th hai (chia n ) Viy moi phép chuyen tir vj tri thuQc P deu chuyén t6i vj
Cotri thuoc N.

Vidy 2. Tro choi Ldy bét qudn &

Phat biéu, Trén ban ¢6 C quéin c&. C6 hai ddu thi chou lan luot. M&i 14n, ngudi
choi dén luot s& lay ra khéi ban tir 1 dén M quan co. Ngum thing 1a nguoi 14y
dugc quén cd cudi cing. Chuong trinh doc hai s§ nguyén duong C va M tir tép
. vin ban vidu2.txt (C trong khoéng tir'1 dén 10%, 1< M < C), 1p trinh vé6i giao
dién trén man hmh dé ngudi choi véi may (u'u tlen cho nguoi di trudc) véi thuit
toan gianh thing cho may. '

Phdn tich. Chiing ta dung phuong phép phan tich ngugec, xét tir vij trf két thic d&n
~vi tri khéi dau. Vi tri két thuc 1a vj trf ng véi s quén co bang 0, day 1a vj tri
thuqc P. Néu trén ban con 1 ho¥c 2... hodic M quén co thi dén luot dhu thii nao lay
hét s6 quén co trén ban co thi s& ti vj tri két thuc va thing cujc; vay céc vj tri nayA
thugc N. Néu con lai M + 1 quin cd, ngudi dén lugt du lay kleu ndo cling phai dé
lai trén ban sb quén c¢ 13 1 hoic 2 ... hodic M, nghia 1 tir vj tri M + 1 quén ¢ chi
c6 thé di t6i cac vj tri thudc N, vay vi tri M + 1 quan co 14 vj trf thudc P. Bing
cach Ii giai twong ty, di dén két luan chung 1a: c4c vi tri gdm 0, M + 1, 2(M +1),
3(M + 1) quan ¢, ... 13 c4c vj tri thude P, céac vj tri con lai. (phan du cta phep
- chia s6 quan co h1¢n tai cho M + 1 14 khéac 0) thuqc tap N. :

Chién thuat gianh chién thdng. Neu s6 quén c& C ban diu khong chia hét cho’
"M + 1 (nghfa 13 d4u thi 4 ban diu nhén v; tri thudc tip N), thi 4 thang mdi l4n
4 cén l4y sao cho luén dé lai trén ban sb quén chia hét cho M + 1 (nghia 1a 4
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luén bugc ddu thi B phai nhan vi tri thude P d& B chi ¢6 thé di tiép dén vi tri
thudc N). Nguoc lai, néu sb quan C ban dau chia hét cho M + 1 (4 ban du & vi
tri thugc.P) thi A chi nén lay 1 quén c& dé kéo dai trd choi, dgi vd ¥ (néu cd) ciia
B sao cho A4 vao dugc vi tri thugc N, khi d6 4 phai di chuyén t6i vi tri thudc P.
fﬂ% ::wcﬁhiﬁ&sl i g nf;bétéﬁ&ﬂféfi_?; :Qﬁ&kﬁft’7_f¢§§f“§Y 

uses crt;
const fi = 'vidu2.txt'; _
var c, (56 qudn banddu}

m, &m%ﬁqm&w. ‘
move, {s6 qudn dugc chuyén ciia mot legt)

ml : integer; ﬁh#]}«

OK : boolean;
procedure nhap;
var £ : text;
begin

assign(f, fi); reset(f);

’read(f, c, m); ml := m+l;

Writeln(’Tong so quan:',c,'.Quan chuyen toi da la:',m);

close (f);
end;
procedure thuatthang;
begin ’

move := c mod ml; -

dec(c, move); ) ) _

writeln('May chuyen so quan:',move,' so quan con:', c);

OK := not OK; ‘
end} o
procedure keodai;
begin

dec(c,1); .
~writeln('May chuyen so quan: 1, so quan con: ', c);

OK := not Ok; '
end; : .
procedure nguoidi;
begin :

J»

write('Ban chuyen so quan:  '); readln(move);
dec(c, mové);y ' o
writeln('So quan con lai la: ', c);

OK := not OK; B '

end;
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BEGIN
clrscr;
" nhap;
OK := True;
while c>0 do
bégin
nguoidi;
if c=0 then break;
if c mod ml <>0 then thuatfhang else keodai; "~
end; '
if OK then writeln('May thang ')
. else writeln('Ban thang ');
readln;
END.

Sau day 1a thuit todn lép trinh tro choi d6i khang glanh théng cho méy khi tién
hanh trd choi giita ngudi va may tinh: : :

1. Thé hlcn giao dién chon d4u thu di truéc;
\ {blén OK = True 1a ngudi di truge; OK =F alse 1a méy di truéc)
. OK := False

Tao vj tri ban dau;
Thé hién vitribanddu; -
While (chura 1a vi tri két thiic) do
begin
If OK then Ngu-oz di;
* If (két thic) then Thoat khoi while;
If (la vi tri thugc P) then May di keo dai tro choi
else qu di theo thudt thing; '
End; ‘ _ : o s
. 6. If OK then théng tin Nguoi tha'ng else thong tin Mdy thiing;
Trong mdi chuong trinh con Nguoi di, Mdy di kéo dai tré choi, Mdy di theo
thudt thdng déu c6 chung noi dung 13: Thé hién budc di va vj tri sau khi di, ddi

gi4 tri bién OK. Riéng trong chuong trinh con Mdy di theo thudt thdng con tuy
thudc trd choi, dAu tién cin tim budc di gianh thing cho thich hep.

“woA W
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Vi du 3. Trd choi Trir dan.

Phdt biéu. Cho tap S gbm hfru han céc sb nguyen duong, goi la tap trir. Trén
mdt coc ¢6 N quén, hai dAu tha 14n luet choi, mdi 14n chuyén di s quan khoi coc
(s € S). Pdu tht nao dugc chuyén lan cubi cing thi thing. Vlet chuong trinh
- théng bo cho biét ddu thu di diu c6 chic thﬁng khéng? ~

Input: Tép vzdu3.mp gdm hai dang:
" o Dong th nhit ghi s6 nguyén duong N;

e Dong thir hai ghi c4c sé nguyén duong trong tép trir S (sip tang dan).
Output: T¢p vidu3.out nhu sau: Néu déu thi di ddu chic thing thi ghi s§ 1, néu
khong chic thing thi ghi s6 0.

Phdn tich. Xét trd choi trir déin véi tdp trir 1a S = {1, 3, 4):

Trong trd choi ndy, mdi vj tri ctia trd choi 1a mot sé quin con trén coc .tai ti‘mg
thoi diém: Chung ta tim tip P cta trd choi ndy: C6 dling mdt.vj tri két thic 1a 0
~d6 1a vj tri P. Do d6 cac v; tri 1, 3,48 thuQc N vi tir ching c6 thé chuyén t6i 0.
Nhung vi-tri 2 thuQc Pvity 2 ¢6 duy nhit mdt phép chuyen den 1 (la vj tri caa N).
Con 5 va 6 phai thudc N vi n6 cé the chuyén dén 2... Chung ta s€ mo rQng két
~ luin bing quy nap va tim dugc P = {0 2,7,9, 14, 16,...} la tap céc so ‘nguyén

khong am khi chia cho 7 con du 0 ho3c 2..Con N chia cac s6 con lal )
N={1,3,4,5,6,8,10,11,12,13,15,..}

Nhdn xét. Khi 1@p trinh, dé tim dugc cac vitri P va N trong tro choi néy chung ta
c6 thé dang phuong phap d4nh dAu trén mang mot chleu A

 Jo[1[2]3]«]s]s]7[s]o 10 ui2]13]14 1516
P|N|P|N|N|N|N|P|N|P|N|N|N|N|P|N|P
aiff1]of1]{o]ojofol1jof1]{o]o ofof1|o|1

Vcn vitrii thuéc tdp P thi ghi nhén 4[i] = 1, néu i thuoc t4p N thi ghi nhin
A[i] = 0. Ngodi ra céc sb thudc:tdp trir'S dugc.luu vao mang mdt chidu S (gia sir -
com sothuéctaptrtr) Ban diu khéi trj 4[0] = 1; sau d6 xét c4c vi tri i tir 1 dén n. ,
Véi mdi vi tri i, ching ta duyet tat ca céc vj tri ¢ thé di, tiép theo tir i, 46 1a céc
vi tri i — S[].¢ tir 1 dén m), néu thay tAt c& cdc vi tri i — S[]] déu thuéc tap N
(nghia 13 A[i —s[j]} = 0) thi vi trii. chmh lé vi;tri thudc. tap P. Nguqc lai neu cé
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mdt vi tri trong cac vi tri i — S[j] 1a vi tri thudc P thi két lugn ngay vi triila vi tri

thudc N.
2

const fi = 'vidu3.inp';
fo = 'vidu3.out';

max =:100000;
var n,m : longint; .-

a : array[O..max]vpf-longint;

s : array[0..max] of longint;

f,9 : text;

IS lohgint; YIER ]
funection la P(i : longint): boolean;
var j: longint; AL A ’
begin

la;P := false;
for ji=1 to m ‘do’

‘if i-s[3]> 0 then

if ali- s[J]] =1 thcn QXIt,

. la_P := true;
- end;

BEGIN

.. assign(f,fi); reset(f);-

readln(f,n); ‘ -
m := 0; S
while not eoln(f) do
begin -
inci(m); ,
*read(f;s[m]);
and, . s
'close(f),- .
for i:=0 to n do al[i] := 0;
af0] := 1; :
for i:=1 to n do I R
if a[i]=0 then
‘if la P(i) then a[l]
assign{g, fo); - A
‘rewritetq);

if a[n]=1 then: wrlte(g,O) elae wrlte(g,l),

close(g),
END.
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2. Tong Nim va tro choi Nim :

. P& c6 thuat chién thing trong nhimg trd choi ddi khang ta cAn xéc dinh dugc tap
P va tgp N Céng viéc néy co the dugce gidi quyét dé dang hon nh& khéi mem
tébng Nim. .

a) Téng Nim |

Tong Nim cta hai 56 nguyén khéng am 1a két qua phép cong khong nhd cia hai
s6 d6 trong hé co sb 2 (con ng la CQng theo modun 2). :

Vidul

S& 14 hé thap phén viét duéi dang cos621a 1110

S6 55 hé thap phén viét dudi dang co sé 21a 110111,

Téng Nim cua ching la: ' 111001, (12 57 trong hé thap phan)
Vay 1455 = 57 Thu'émg ki hi¢u phép toan cong theo modun 2 1a ®.

Vidy2 - |

S6 3 hé th@p phﬁn viét dudi dang co s621a 11

S4 5 hé thap phan viét dudi dangcosé21a  101q

S5 8 hé thap phan vit dudi dang cosb21a 1000,

Téng Nim cia ching la: 1110, (1a 14 trong hé thap phan)

Viy3®s5® 8=14. | : ‘ ¢

’Trong ngon ngt’r lﬁp trinh Pascal ki higu phép todn @ (tinh tong Nlm) 13 xor,
trong C/C++1a” ,

Phéptodn @ c6 tinh chat ket hqp, giao hoén. bic b1¢t

0@a= a,aea 0,dod6 néua®b=adcthib=c.

Cé the tao ra tdng Nim cta hai s nguyen khong ém x va y bang cach 14p bang
“nhu sau: Tai 6 giao diém cua cft x va dong y ghi x®y; d6 1a sb nguyén khong
am nhé nhit chua c6 trong tip céc sb @4 c6 tai céc 6 (¥, ) v6i 1 < x' <x va cac
s dacotaicdcd (x,)) véil <y <y.Chiy 0@y=yvax®0=x.
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y o 12 3 4 5 6 7 8 9 101 12
o o 1 2z 3 4 5 6 7 8 9 10 11 12
1l1 0o 3 2 s 4 7 6 9 8 11 10 13
2 |2 3 o 1 6 7 4 '5 10 11 8 9 14
3 3 2 1 ©8 7 6 5 4 11 10 9 8 15
4|l 4 s 6 72 0 1 2 3 12 13 14 15 8
s {s 4 7 6 1 0 3 2 13 12 15 14
6l 6 72 4 5 2 3 0 1 14 15 12 13 10
7 2 6 5 4 3 2 1 0 15 14 13 12 11
g8 | 8 9 10 11 12 13 14 '35 0 1- 2 3 4
9 | 9 8 11 10 13 12 15 14 1 ©0 3 2 5
\ 10 |10 11 8 14 15.12 13 2 3 0 1 6
\ 11 /11 10 s 8 15 14 13 12 3 2 1 0 7
42 |12 13 14 15 8 9 10 1 4 5 6 7 O

b) Trd choi Nim chudn

Trd choi Nim chudn nhu sau: Cé ba coc 1an lugt chia
x1, X2, X3 quén. Hai nguoi choi lan luqt tao ra cac budc
di chuyén quan. M&i budc di chuyén 1a: chon mét coc
tuy y con quéin va 14y b6t mot s6 quin & coc nay (tir
mot quén cho dén toan bo quan). Ngudi chién thing la
ngubx 14y duoc quan cu01 cung Trubng hop tong quat
6 sb coc tuy y.

Hinh 9.2.
Trd choi Nim chudn

c) Dinh If Bouton : | » R

Méi vi tri (x), x2, x3) trong tro choi Nim ba coc la vi tri P khi va chi
khl tongNlm xPx;®x3=0 '

Vidy Vi tri (5, 7, 9) trong Nim ba coc Umg véi tongNlm 56799=11>0nén
né 1 vi tri N. Cé thé kiém tra thiy vi tri (4, 12, 8) 1a vi trf P.

Dinh If con 4p dung véi trd choi Nim c6 sb coc nhiéu hon.
" T dinh 1i suy ra chién thuat glanh thing trong trd choi Nim chuén nhu sau:

\ Gia st vj tri hle;n tai Ia (x],xz, »X,) tuong ung vai tong Nim la

g—xl@xz‘@..,@xn >0.
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C6 thé chu'ng minh s& tdn tai thanh phan X, ma x =g®x, <x;. Cich d1 dé
gxé.nh chién thing 12 giam coc x, thanh x.

Vi tri méi (xy, x2, ..., Xi-1, ‘x,- s Xit1s , x,,) cé tong Ni’m lag =0vi
g=50x0..0x.,0 5 0xu®..0x, |
‘ =x1®x2$...€3x,~_1$[g@x,]@xm@.‘.@x,,

=(x, ®x, 9,..69?,_1 S x, @x,+,...®in)$ g=g®g=0.

Nguge lai ciing c6 thé chimg minh: néu vi tri hién tai 12 (xy5%5,...,%,) tuong Ung
v6i tdng Nim 12 g =x, ®x,D.. @x =0 thi sau phép di chuyen bét ki déu din
t6i vi tri méi c6 tong Nim duong

Do 46 néu vj trf ban dﬁu (%1,%5 5 ,x )cé tbng Nim du'ong thi ngubl A luén thang

Trong trudmg hep néu tdng Nim bing 0 (v trf bit lgi) thi ngudi 4 chm cém,ch\mg
kéo dai trd choi ching han m3i l4n gidm di 1 (hoc sé nglu nhién) & mot cot bat
- kidé ché saf lam cﬁa d6i thﬁ B khién A nhin duqc vi tri c6 tdng Nim duong.

3. Trb choi trén do thg

Mét s8 trd choi ¢ thé mé ta bang db thj c6 hu'érng M3i vi trf cua trd chm dugc coi
nhu _mgtginh clia 45 thj va m61 phép di chuyén hop 1é duge xem nhir mdt cung din
tir dinh ndy sang dinh khéc. Chung ta s& dinh nghia ham Sprague-Grundy (SG) dé
xéc dinh dwoc c4c vi tri thudc tip P hodic N cia trd choi trén dd thi. .

- a) D8 thitrd choi | |

Db thi cia mot trd chox 13 do thi cé hu'drng G = (X F) v6i X 1a tap dinh khong
rdng - 46 13 tép céc vi trf cta tr6 choi va F 13 ham trén tdp X sao cho véi mdi
x € Xthi F(x) 1a mét tap con thude X tuc la x€ X = F(x)c X . Céc dinh thuoc
| F(x) dugc goi 1a nhimg dinh cb. the toi tir dinh x. Neu F(x) rOng thi x 1a dmh
két thiic. Mot phép di chuyen hop 1¢ 12 di tir dinh x t6i mqt dinh thuoc F(x)

Trd choi td hop cﬁn bang c6 hai ngu’én choi duwoc méd phong trén do thl
G = (X, F) véi dinh xuét phét x, € X va tuéin theo céc quy tc sau:

(1) Ngudi choi thir nhét di trude va bit déu tr dinh x,;
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) Hai ngudi choi 14n lugt thuc hién phép di chuyén trén db thi;
(3) Tai vi tri x, ngudi choi dugc di chuyén dén batki y e F(x);
@) Ngu'bi choi nao dén luqt,phéi nhan dinh két thic 13 ngudi thua.

Hinh 9.3

Vi du trd choi trir s6 véi tap trir lé {1,2, 3} bt dau v(n coc cé n=10, c6 the mo
ta nhur méot do thi cé huéng (X, F) nhu sau:

Tap X = {0, L...,lO}.Héchécéc gid tri cu thé 1a: ,
F(O);= 8, F(1) = {0}, F(z) ={0,1} vd F(x)={x-1,x-2,x-3{n2x>2}.

b) Ham Sprague-Grundy

Ham Sprague-Grundy (SG) cia mét d4d thi G = (X, F) duqc dinh nghia nhu sau:
mdi dinh x clia 45 thj dwgc gin mot sé g(x) 12 sé nguyén khong 4m nhé nhét
khong ndm trong tip cic gié “tri g(y) cua cac dinh y téi duge tr x:
g(x)=min{n20:Vye F(x),n # g(y) } . Dinh x néu.Ja dinh két thic thi g(x) = 0.
- Déi khi con ding ki hiéu: g(x) max{g(y)|Vy € F(x)}.

' Khi trén d& thi trd choi xéc dmh duoc ham Sprague-Grundy chung ta s& x4c
- dinh dinh x lé bét 1(;1 neu g(x) =0 va 13 dinh c6 l¢i néu g(x) > 0. That vay, vic

e Ngudi nhan dinh két thuc (céd g(x)= 0) thi khong cod phép di chuyen txep
‘ theo nita nén thua (thudng quy dinh 1a thua). ' \

e Néu nhén dinh x c6 g(x) =0 va khong 14 dinh két thic thi moi céch di
ddu dén dinh y ¢b g‘v( y)>0 chua "la'dinh ké‘t"th\ﬁé nén ngudi ﬁép theo
vin con di tiép dugc. Vay nhan dinh x ¢ g(x) o va khong 13 dinh két
thic thi 461 tha chua thua, -

;; . v Neu nhan dinh g(x) >0 thi luén ton tai mot dinh y e F(x) ma g( y) 0

budc dbi thu phéi nhén, cir tiép tuc nhu the cuél cing budc dbi thi phéu
nhan dinh két thuc va thua.

\
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Vi dy. Trong trd choi Trir ddn véi ‘tajli) trirlaS={1,2,3,..,q} thi 46 thi tro choi
¢6 ham Sprague-Grundy 14 g(x) = x mod (a +1).
c) Téng trd choi ’ : _

- Gia sir chung ta ¢6 nd6 thi trd choi aGi= X, Fi), 2= (X, F), ..., Gy = (X,,, F,).
Néu méi luot di duoc chon choi trén mot trong 7 tré choi nay thi chung ta td hop
ching thanh dd thj trd chou méi 1a: G = (X, F) goi 1a dd thj tong ctia cac db thi
thanh phan G, Ga, ..., Gy Ki hituG=Gi+ Gy + ... + G, Pd thi G ¢6: Tép dinh.
Xla mét tich Pé«cac X = X x X5 x...x X, gom tht ca céc\bé X =(X1,X2, ..., Xp) VOi
xi€X,i=12,. v M. Véi m01 dmhx € X, tdp cac dmhtheo sauxlé
F(x) F(X1, X2 oney ) )

- =Fi(x) x {xz} Xoo X {Xn} U {x1} X Fa(02) XX {Xa} U oo U {1} X {32} X, x Fi() ”
Do mét phep di chuyen tu x chira ding mét phép di chuyén tir x; téi mot diém
thudc Fi(x,) nén c6 thé v1et F(X) = {(Xy50 s X1, X5 X 1500 X ) 1 X € F(x;)}.

Vt’ dy Trb chou Nxm ba cgc, c6 thé coi nhu tdng cua ba trd choi Nim mdt coc.
Chiing ta cén mét phuong phép tinh ham Sprague-Grundy trén dd thi tdng cac ‘
tro choi khi blet ham Sprague- -Grundy trén timg d6 thi tro choi thanh phan

d) Dinh I Sprague-Grundy , k
Néu g, la cdc ham Sprague-Grundy trén dé thi cua tro chai thanh "
phdn G, voii=1, 2, .., n, thidé thi tong cua ching la -'
- G=G;+Gy+ ..+ G, |

5€ ¢6 ham SG la: g(xp, x3 ..., Xn)=81(x1) D g:x2)® ... D gn(xn) .

Vi dy 1. Ki hiéu G(m) 1a trd choi trie ddn mét coc véi tap trix 13 Sy = ={1,2,...,m}
6 thé trir b6t tir 1 dén m quén trén coc, ta ki hiéu ham Sprague-Grundy cua trd b
choi nay 13 g,,(x) thi gn(x) = x mod (m + 1) va 0 < gn(x) < m. ;

Cho ba tro choi trir dan trén mét coc cy the la: tro choi G(3). véi sb quan trén
mdt coc 12 9; trd choi G(5) véi sb quén trén mot cpc 1a 10 va tro chcn G(7)véi sé
quan trén mdt coc 1a 14 : ; j
~ Xét trd choi tong G= G(3) + G(S) + G(7) cé vi tri khoi dau 1a 9, 10, 14) Ham '_

Sprague- Grundy cua vi tri- kh(’n dau la: |

B
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209,10, 14) = g3(9) @ gs(10) ® gy(14)=1 © 4 ® 6=3.

Mot phép chuyén tbi wu 1a: trong trd choi G(7) chuyen dén vi tri 13 vi g7(13) 5
nén g(9, 10,13) = g3(9) @ gs5(10) & g1(13)=1 ® 4 & 5=0.

Sau day 1a mdt s6 vi du vé nhing trd choi c6 tén 1a Ldy va phdn chia la nh\"mg
trd choi trén cdc coc ma phép di chuyén 1 13y bét quan khéi coc hogc phén chia
mét coc thanh nhiéu coc khac rong theo nhirng didu klen nao d6.

Vi du 2. Tro choi Kayles .

Phit biéu. Hai ngudi choi tro lan béng (bowing). Trude hai ngudi 14 mét hang

quéa bowing ma qua thir hai da bi danh db. Gia sir ca hai ngudi choi thanh thao

dén mirc c6 thé lan db bAt ki mot qua bowing ndo hodc 1an db hai qua bowing

- bat ki canh nhau. Hai ngum lan luot 1dn béng. Quy dmh ngudi lan d6 qué
bowing cudi cling s& thing. ‘

Phdn tich. Khi danh 46 mét hodc hai qua bowing & céc dAu hang chinh 1a phép
liy di khéi coc (hang) mot hoic hai quan. Khi d4nh dé mét hoic hai quén (¢
gitta hang) chia coc thanh hai thi d6 1a phép phén chia coc.

‘Ching ta hay tim ham Sprague-Grundy cho tro choi nay. Chi c6 mét vi tri két
thuc 1a coc rdng, viy g(O) 0.

A\
\

x | Céc dinh y ké tiép x | S Céc_gié tri g(y) . g(x)
[1To — o T
2|1,0 " Lo 2
302,1,(1,1) . 2,1,1®1=0 3
413,2,0,2,(1,1) 3,2,182=3, 1@1—0 | BE
514,3,3, i)~(22)(12) 1,3,30 1-2,262-0,102-3 |4

Khi x2>72, céc gia tri g(x) bét dAu tudn hoan véi chu ki 12, day gia trj g(x) sau
duoc l3p mai:

N 5

x |..]72|73 74175 |76 | 77 78 79 | 80 8182183
gx)|...l4 |1 |2|8(114]7]2111]8 2|7
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Vi du 3. Trd choi Treblecross

Phat biéu. Trén mét ha‘mg cond Vuong dé tréng. Hai ngudn chm lan luot ghi X
vdo mét & trong khéong ké véi 6 da cé X, Ngudi ghi ¢hit X cudi cung 1a ngudi
théng Tinh ham Sprague- Grundy cua trd choi nay.

Phdn tich. Trd choi ndy cé the mb ta nhu trd choi trén mdt coc ma c() thé bé bért;
céc quén trén coc hodic chia coc thanh hai coc.

Néu n =1 c6 diing mét phép chuyén t&in=0. , .
Véi n> 1. Mot phép ghi X vao 6 & mét trong hai dhu déng I tuong Ung loai trir
hat quin ér dhu 46 khéi coc. Dt X tai 6 cach 6 & mdt trong hai d4u véi khoang
céch 13 mét 6 thi twong duong loai trir ba quan & dau @6 khoi coc. Dt X tai 0
khéng phéx 8 & hai d4u (va khéng phai tai 6 ké 6 X ¢4 c6) twong duong loai trir
ba quin & diu dé khéi coc va chia coc thanh hai coc méi. Vay quy luft di
chuyén trong trd chm nay la:

(1) Néu coc chi c6 mét quén thi loai bo quén néy,

* (2) C6 thé logi bé hai quan;

’ (3) Cé the»loal bo ba quén; , } .

(4) Chia coc @6 thanh hai coc c6 thng sé quan giam di 3. ;
Gia str 44 tinh dugc éié‘tr‘i ham SpfaguerGrundy c_ﬁa'céc coc0,1,2,...,9. Bay
gid can tinh g(11). V6i quy lujt trén, tir coc 11 s& di t6i coc 9, coc 8, hai coc
(1, 7), hai coc (2, 6), hai coc (3, 5) va hai coc (4, 4). Coc 9 ciing c6 thé coi nhu
hai coc (-1 9), coc 8.coi nhr hai coc (0, 8) va quy u6c thém g(-1)=0thita cév
thé d€ viét cong thirc tinh g(11) 14 sb nguyén khéng 8m nho nhat chua c6 trong
cécsog(a)@g(b)méa+b =11-3=8. ‘ ’

a |-1]0]1|2]|3]4]5]|6[7]|8]9
~ |e@|ofo|1{1|2]0f3|1|1]0]3
lew |3 ol i]1]sol2]1]1

b |9(8|7]6]5[4]|3]|2(1

Vaycé.cglétnmag(a)QBg(b)(véla+b 8)1& 3,0, 0 0 1,0, 1, O 0 nén-
g(11)=2.
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| uses crt; .

var g,c : array[-1..1000] of integer;
n,k : integer;

procedure tinh(m: integer);

var i, j, k : integer;

begin '
i:=—1} jr= m-i-3;

while i<=j do

for k:=3 to n do
begin
fillchar(c, sizeof{c),0);
tinh(k); write(g([k]:4)
end;
readln;
END.

= 0; write(g[0]

begin
clgli] xor g[j]] := 1;
inc(i); dec(j);
end;
i:= 0;
while c[i]=1 do inc(i): ¢
glm] := 1i;
end;
BEGIN
clrscr; n := 100;
g[-1] := 0; write(g[-1}:4); g[0]
gf{l] := 1; write(g(1l]:4); g(2] := 1;

:4);

write(g[2]:4);

Vi dy 4. Xét trd ‘choi Nim m{t coc v&i quy ludt chuyén it nhat 1a mét quan va

nhiéu nhét 13 nira s quén trén coc (A1-Most-Half). Viét chucmg trinh xay dung

ham Sprague-Grundy véi tro choi nay.

Input. Tép vidu4.inp gdbm 10 dong mdi dong 13 mjt gia trj cua n (1 <n<10000).

- Output. Tép vidu4.out gbm 10 dong cho biét gia tri ham SG tai vi tri ban ddu n
cua dong tuong u'ng trong te;p vidud.inp..

uses crt;
const max = 10000; )
f1 = 'vidu3.inp'; f2 = 'vidu3.out';
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type mang = array{0..max] of longint;
var v,g : mang; )
n : longint;

fi,fo : text;

procedure sg;

var i,Jj,k : longint;
begin

for i:=0 to max do g{i]
g(0] := 0;

for i:=2 to max do
begin

-for j:=0 to max do Vv[j] 0;

for k:=1 to (i div 2) do v{[g[i-k]] := 1;
1ke= 0; ' : ‘
while v[k]=1 do inc(k);

gli] := k;

end;

end;

BEGIN

s9;

assign(fi, f£1); réset(fi);

assign(fo, f2); rewrite(fo); ‘

while not eof (fi) do ‘ o
begin ‘ =

readln(fi, n);

writeln(fo, gln]);

end; .

close(fi); close({fo);

END. ) '

"
o
~

It

4. Cic tro choi lgt xu
a) Lat xu mot chiéu

Phdt biéu. Cho mot hang gdm hiru han ddng xu dit ngira hoic sdp. Mot luot di
1a mot thao téc ddi trang thai ngira thanh sip hodc nguoc lai cia toan bd céc
ddng xu ‘thudc mdt tip céc ddng xu thod mén céc luét quy dinh cua tung tro
choi. Tré choi két thic khi céc dong xu déu sip. Ai duoc thyc hién bude 1at cubi
cung thi ngudi do6 chién thing. Tro chcn lat rua (Turnmg Turtles) cling 13 mét
dang cua trd choi 14t xu.
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Cha y rang mot trang thai véi & déng Xu ngua tai vitri x,,...,x, co thé coi 1a
tbng cta £ trd choi j (j "717)* M3i trd choi J dugc mb ta la mot day x, ddng
xu trong d6 cac déng xu tir 1 dén x,, dat sip va ddng xu thir X, ‘dat ngtra. Vi dy

véi trang thai SNNSSN (S ki hiéu cho sdp va N ki hi¢u cho ngira) la tong cua ba
trd choi SN, SSN va SSSSSN. Vi thé:

: g(SNNSSN )=g(SN)® g(SSN)® g(SSSSSN) .
Vi dy 1, Tro choi Twins

Quy luat choi 1a phai 1at dung hai dong Xu trong d6 dong xu bén phai dang ngira
bi 14t thanh sip, ddng xu thr hai 1a mét trong céc ddng xu bén trai cia ddng xu
tha nhit va phai 14t thanh ngira. Néu ta danh sé cac ddng xu tir 1 thi ham
g(x)=x Vi tr vi tri x c6 thé di dén cdc vi tri tir 0 dén x — 1 (vi tri 0 quy wéc la

trang thai cac ddng xu déu sép).

Vi dy 2. Tro choi Mock Turtles

Phdt biéu. C6 mot hang ddng xu, phép di chuyén 1a 1at mdt nhom téi da ba ddng
Xu véi diéu kién ddng xu bén pha1 nhét cia nhém dang ngira. Khi moi ddng xu
déu sap 1a két thic.

Phdn tich. Vi tri két thic 1a moi déng xu déu sdp. Ki hiéu vi tri nay la -1, thi
g(~1) = 0. D thusn tién cho tinh toan ta danh d4u cc ddng xu tir 0. Vi ddng xu
ngura tai O thi 18 rang véi g(0) =1 vi lat sép n6 s& dén vi tri két thuc. Déng Xu ngura
tai vi tri 1 c6 thé di dén vi tri ngira tai 0 (4p xu 1, 14t ngira xu 0) hoac vi tri két thic
(4p xu 1) nén gié tri g(1) = 2. Vi tri ngira 2 c¢6 thé di dén vi tri ngira 1, hogic vi tri
ngura 0, hodic cac vi tri ¢6 2 xu ngira tai 0 va 1 (g(0, 1) = g(0) ® g(1) = 3) nén
g(2) = 4. Tuong ty ta c6 dugc bang gia tri:

x j0[1}2]3]|4]|5 6'178,9‘1011 1213 [14]..

g(x) 1{2(4|7(8]11|13|14}16]19]|21]22]25]26]28

Khl nhin vao bang tren dy doan gié tri g(x) thdy g(x) 2x hodc 2x +1. Ngudi
ta phat hi¢n rang gia tri d6 phy thudc vao ) luo'ng s6 1 ‘trong khai trién nhj phén
cta 2x. Mot so tu nhién dwoc goi 12 bit 1¢ néu sb bit 1 trong kha1 trién nhi phan
lalé va goi 1 bit chin trong truong hop nguoc lai. Chang han, sb 1, 2, 4, 7 1a bit



1¢ do kha1 trlen nh; phén tuong ung. la 1,10, 100, va 111. Céc gia trj 0, 3, 5 1a bit
chin vi kha1 trxen nhi phan tuorng tmg la 0, 11, 101. Co thé chimg minh-
g(x) 2x néu 2x 12 bit 1¢ va g(x) =2x+1 trong trudng hqp 2x 1 bit chin.

Vi du 3. Trd choi Ruler

Cho mét hang gbébm n dbng xu. Mot lugt di c6 the 14t mgt nhém gbm sb ddng xu :
lién txep néu ddng xu bén phai nhét ciia nhém dang ngua Néu ching ta danh sé
céc ddng xu tir 1, d& thdy ham SG la: '

g(n) = max{0, g(n-1), g(n-1)® g(n—2),...g(1-H® g(n 2)..©gl)j. -
Tir @6 c6 thé tinh duqc ham g nhu sau:.

“x |1(213]4|5|6]7|8]9|10]11|12|13]14
gx) [1|2|t]al1|2|1|8f1|2]1]4]|1]2

b) Tro choi tich
' Tro choi G duge goi 1a tro chm tich cua céc trd choi thanh phan Gl, Gy, ..., Ga néu‘
mdi budce di chuyen trong G pha1 choi dong thoi tat CA CéC trd chm thanh phan

Gia st chung ta c6 n dd thi trd choi 1aG; = (Xl, Fl), G =X, Fz), cous = (X, F,,)f
Néu choi ddng thoi ca n trd choi nay thi chung ta t6 hgp chiing thanh dd thi tro-
choi méi la: G = X, F).KihiguG= G.l x Gy % ... x G,. Db thi G ¢o: Tap dinh X
14 mdt tich Bé-cac X=X x X x...x X, gbm 'tat ca céc bd x = (x1, X2, ..., Xn) VOi
X € X,i=1,2,...,nVé&i m01 dinh x € X, tép céc dinh theo sau x lé.

\ F(x) = F(x1, %2, ..., %) = {(Fx(xn), Fy(x), ..., Fu(xn))}-
¢) L4t xu hai chiéu

Day l1a trd choi thyc hién trén mt béng hai chiéu (hang va cdt dugc danh sO tir 0)
C6 mot sb dong xu.dugc dat tai mot sb 0 cia bang. Mot lugt d1 la 14t dong Xu tai:
6 (%) tu ngira thanh sip va 14t mot hoic nhiéu dong Xu khac trong hinh chit

nhét {(0, 0), (x,y)} cb goc tréi trén 13 6 (0, 0) va goc phai dudi 1a6 , y)
Vi dy. Trd choi 13t xu bbn goc Turmng Corners : ~
Mot 1in di 13 14t bén dong Xu ta1 bén goc clia mjt hinh chﬁ nhat {(a,b), (x y)}
thoamin 0<a < X, 0< b<y. ang xu tai v; tri (x, y) dang ngu'a duogc 14t thé.nh
~ sép, ba ddng Xu kia dang sép dugc l4t thanh ngtra. Ham Sprague-Grundy:
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g(x,y) = max{g(x, b)Dg(y,a)® g(a',b) :0<a<x, 0Sb<y}.

S& di ¢6 cong thuc trén vi trén bang hai chiéu tmg voi mox 6 (x, y) ¢ xu ngira 1a
mot trd choi 14t xu hai chiéu chi co Xu tai (x, y) la ngtra, con cé4c xu khac déu sép
Véi diéu kién hinh chit nhét khong réng thi g(x,0)=g(0,y)=0, g1,1)=1 va
'g(x )= max{g(a 1: 0<a<x} x; g(l y) =max{g(1,b): 0<b<y} =y.

Bang sau day cho céc glé tri SG cua céc vx tri (x, y) trong trd choi nay

0123,45'67}8910111213141‘5
0[0 0-0 0 0 0 0 000 00 0 0 00
1101 2[3]4 5 6 7 8 9 1011 12 13 14 15
720002 3 1 8 1011 9 12 141513 4 6 7 S
300 312 121513 14 4 7 5 6 8 11 9 10
4o 4 8 12[6|2 1011153 7 139 5 1
slos 1015 2 7 8 133 6 9 121 4 11 14
60 6 11 13 14 8 5 3 7 1 1210 9 15 2 4
7007 9 141013 3 4 158 6 1 5 2 12 11
810 8 124 113 7 1513 5 1 9 6 1410 2
olo o 147 156 1 8 5 1211 2 10 3 4 13
10{0 10155 3 9 12 6 1. 11 14 4 2 8 13 7
1o 1113 6 7 1210 1 9 2 4 1514 5 3 8
Q20012 4 8 131 9 5 6 10 2 14 11 7 15 3
1310 13 6 11 9 4 15 2 143 8 5 7 10 1 12
140 14 7 9 5 11 2 1210 4 13 3 15 1 8 6
1s5{015 5 10 1 14 4 11 2 137 8 3 12 6 9

* Xét trd choi 1t xu bén géc véi trang théi ban déu nhu bang a) duéi day:
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S 5 S S S S s S S S
S S S N § .. § S SN S
s s s s°s > 5§ S S S S
s s N|s]|s s s N[N[N
s S S|S|N| - ' S‘SSNS‘Q
,Bénga)Vi_tribgnda;\u:kSG=4 o "Béngb)Vitrisaukhilét:SG=0

Gi4 trj ham SG \mg v6i trang thai ban d4u ctia bang 1a3@1© 6 =4, day 1a vj tri
N c6 thé di chuyén dén vi tri P bing céch 14t bon dén’g Xu tai bdn géc cua hinh
chit nhat {(3, 3), (4,4)}. Gidtriham SGcua vitriméi 1a3® 1920 120 12=0.
d) Tich Nim
Tich Nim 14 phép toan c6 ki hiéu 13 ® thoa mén nhimng tinh chit sau:
‘ ' x®0=0®x=0,

x®1=180x=x,

x®y=y®x,

(x®y)®z=x@(y®z),

x@(yD2)=(x@y)®(xB2).
Tich Nim lién quan dén sb c6 dang 2% goi la sb Ferma dang luy thira 2 Gia tri

Ferma véin =0, 1, 2,... tuong ng 1a 2, 4, 16, 256, 65536. Dua vao sb Ferma,
tim két qua phep tich Nlm nhu sau:

27 @x = 27 xx v6i mei x < 2%

3

22 ® 22 x2%".
oY

-

MQl gid tri x 16n hon 0 deu co gla tri nghlch dao. Vidy ngh;ch dao cua2laldvi
203 = 2®(2$1) (2®2)®(2®1) 3®2~l

Vidul
2®16=32;‘ '

16@16=%x16=;24; =
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24Q17 = (16@8)@(1681) = (l6®16)$(16®1)®(8®16)69(8®l)
L =24016012898=128;

,S®6 =5Q(204)= (2®5)69(4®5) (2®(1$4))€B(4®(1®4))
= (1®2)$(2®4)®(l®4)@(4®4) 2@8@4@6 =8.
Trong truong hop ching ta khong thé phéan tlch x thanh téng Nim ciia cc sé
nho hon thi c6 thé phan tich x thanh tich Nim cua céc s6 nhé hon.
Vidu2 ‘ . X
8®8 —(2®4),®(2®4) =2@2®404=306=201)@“4®2)
=(2®4)0(2®2)D(194)P(1®2)= 8B3D402=13;
' 3®(5®6)-—3®8—3®(2®4) =(3®2)®4 = 1®4=4.
C6 nhidu tro ChO’l c6 thé giai dya vé,o tich Nim.
Vi du 3. Tro choi Tartan - ; ,
'Cho hai trd choi 14t xu maot ohiéu 1a G, va G,. Trd choi Tartan 13 trd choi 14t xu
_trén bang hai chiéu hay 1a tré choi tich G, >.<G2 cua cdc trd choi Gy va G, duge
'md ta nhu sau: néu mét lugt di dung luat trong G l1a céch lat cac dong Xu tai
Xy X, \va mot luot di ding ludt trong G, 1a céch 14t c4c ddng xu Pireons y, thi
cach 1at cac dong xu tai céc vi tri (x,,y s 1—1 m,j= -1.n 1a mdt cach di hop 1€
trong trd choi tich G, xG, . Giai trd choi néy, dua vao dinh li sau:

Dmh Ui Tartan

Néu gi(x) va 2:() la ham Sprague-Grundy cua tro chm G va G; thi
ham g(x,y) cua tro chaz GixG; c6 gid tri la: g(x V)=g(x)® g2 ).

Vi du 4. Tro choi tich G ‘G, ><G véi G va G, 14 cac trd lat xu mt chidu
Twins (m01 lan 14t ding hai xu). Lét mot dong xu bét ki tai (x,y) 1a mot phép di
chuyén trong trd choi tich G xG 14t dong Xu x trong G, va lat ddng xu y
trong G, .

Ta co hém g ciia trd choi Twms lé g(x)= X, x21 (chu y bat ddu tir 1 ).

Véi vi tri nhu bang a), ta tmh gia trl SG cua v1 tri néy bang tich Nim nhu sau:

67



0 (1, 3) trong G; xG,= (trd choi:Twins) x (trd choi Twins) tuong \'xng voi vi tri
2 trong Gy va vi tri 4 trong Ga: nén c6 g(1, 3) ='g1(2)® g:(4) = 2® 4 = 8, tuong
twg(3,2) = 21(4)® g:(3) = 483 =12, g(4, 4) = g1(5)®gx(5) = 5®5=7. Do 46

vi tri cia bang a) c6 gié tri la 8@ 12@7 =3 d6 1a vi tri N. Mgt cach di chuyén
dén vi tri P 12 14t lién tiép bén dong xu tai vi tri (4 4), (1, 2), (1 4) va (4, 2) s€
cé ham SG = 1@10@15 4 kh1 do bang a) thanh bang b) va vi tri bang b) co
SG=8®1204=0.

pJojri2 13 (45 TOTEIZ131d
JLIRNEN EN LA LE e sTHIN[N
2(072(37 [T I8 [10. »
EEEIENEREAEE 2/s/s 8|8 8
afolaTe 12[6 |2 || 3 3/s s N s s
§5. g(5,10115,2 7 ‘ 4' 5.8 N|sfs]
' Béngtich Nim . | Vj tri bang a) ¢6 SG =3 | Vi tri bang b) ¢6 SG =0

Chii y. V6i bai toan téng quat, khong d& dang thuc hién dugc cach di ‘chién
thang vi sb lugng vi tri y di dén dugc tu m01 vi tri x ¢4 thé rét 16n.

Vidu 5. Tro choi G= G, x G, véi Gy va G, déula tro. choi Mock Turtles Vi tri ban
dau_chl ¢6 hai 6 ¢6 xu ngira (V) cé)n cac & khac la\sa‘p (S). Tim di chuyén tbi vu.

s 55 S
SS§sSS
§'S s s
3 sSSS
”}'4,*5”3,“:5 S SN

S
S
S

Tttty e

Bu'ac 1. Tmh g1a tr1 SG clia vi tri ban dau:
v Dua vao gla tr1 SG cua tro choi Mock T urtles:

2x néu 2x la b1t le

8= {2x+l néu 2x 12 bit chin.

68




N

- ix "0 12234 5 °6 7 8 9 10 11 12 13 14

g(x)
'va béng tich Nil‘n,’cé; thé tao bang SG cho trd choi G =G, x G, ndy nhu sau:
1t 2 4 7 8 11
2 1213

11 7

13..,

C6 thé thiy rang ha1 0 ngira la 6 (O 1) co SG g1(0)®g2(1) =1®2=2
va 6 (4, 5) ¢6 SG = g1(4)®g2(5) =8®11 = = 0, suy ra SG cua bang la
2©9=11. Suy ra, budc di chién théng 12 bién dbi 0 (4, 5) sao cho SG tir
-9 thanh 2..Tuy nhién khéng de de tim ra cach bién dél nay (co 176 cach

-khéc nhau). -

1 2 4 7 8'-1‘1' 13 14 16 19 21 22 25 26 28

Buoc 2. Blen d4i 6 (x ») =(4,.5) sao cho SG tir 9 thanh 2: Tau 0 (4 5)céd SG A%

ma (v,,v,)=(8, 11) trong do V1= gi(x), v2= g2(y). Ta cln tim. (u,,uz) ma
trong G ¢6 u; 1a gia trj cva vi tri mdi sau di chuyén tir vj trf x, trong G,
b uy l1a glé tri ciia v1 tr1 méi sau di chuyen tu vi tri y VoI u, < v1 va

u, <v,_,dong thm thoa man:
K (u1®u2)®(ul®v2)®(v1®u2) DR
Mot kha niné 1a (u,,uz) '3, 10) do ‘
(3®10)€B(3®11)€B(8®10) 5O601=2 .. .

(cung cH- the 1a (1, 1) nhung do céch di nay. khong md. ta duqc cho
phuong phap cin tim nén khong chon) :

r‘

‘Buéc 3 Tim céch di chuyén cu .thé dé chuyén glé tri- hﬁm g tir, 8 thénh 3 (trong

Gl) va chuyén gia tri;ham g, tir 11 thanh 10 (trong G»): De chuyen gia tr1
ham . gl tr 8 thanh 3 (trong G;) ¢6 thé lat xu ta1 0, 1 vé. 4 vi
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gl(O)G gM= 1692 =3. De chuyen g tir 11 vé thanh 10 (trong Gz) ta

' Iatxutaxl 4vasvi g2(1)63g2(4) =2®8=10.

Do 46 trong trd choi G = G, xG, cin di chuyén 9 ddng xu tai céc vi tri -
thuge tich {0, 1, 4} x {1, 4, 5}. Sau di chuyén sé'téi vi tri nhu bang sau:

4
Kiém tra lai ta s& thiy ham SG tai vi trf ndy biing 0,

0

1

 2 3 4 5

S
N
S
S

nn v »nn »nn wn

N

S-S
S S

‘S S

S S

N

N

N

s

S

N,
S
S

N

S

| Téng qudt gi&i bai todn Tartan. Gia sir ching ta dang dimng tai vi tri (x,y) cua

trd choi tich G, xG,véi SG 1a g(x,y)=g,(x)®g,(¥)=v. Ki hiéu v,
(v,,v,). Cin di chuyén dén vi tr1’ méi c6 SG1a u =

=g vav =

. gl(X),

(ul’uz)

trong 46 u; = g1(x") ma x’ 14 vi tri sau x trong G;, U= gz(y') ma y' 1a vi tn sauy

- trong G;. Thyec hién céc budc sau:
Buée 1. Tim ¢dp (u,,u,) sao cho: (i ®u2)®(u1 ®v,()€B(v1 Quy)=u.

Budc 2. Tim tap M, trong Gl bién gia tr; g (x)=v, thanh gia tr;'u1 VoI u, <v,.

‘Bubc 3. Tim thp M, trong G, bién gid tri g,(y) =v, thanh gid tri u, v6i u, <v,.

Lic d6 M, x M, 14 tip céch di trong G, x G, dé t4i vi tri c6 gid tri SG 1a u.

Bai tap

.9.1. Xem xét trd choi Lc‘iv b6t quén co nhu'ng véi quy dmh ngudi cé Iwot lay

~ cubi ciing thi thua. Phén tich xem tip P 13 tip ndo? -
9.2. Tim tip hop céc vi tri P dbi v6i trd choi trir dén, néu tap trir la

a)S {1357}
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9.3.

9.5..

b $=1{1,3,6);

©) §={1,2,4,8,16,...} 1a tp c4c Iu§ thira cita 2.
Trod choi Chomp! (Bé miéng s6cdla) |
Cin di c(huyén nﬁﬁ'ng 6 vubng trorjg béang hinh chit nhét géin m x n 6 vudng.
Mbi phép di chuyén la lay di mét 6 vuéng va cac 6 vudng & bén phai né
cung c4c 6 vudng phia trén ching. Hai ngudi choi l4n luot ,di,chuyén, ngudi
ndo chon phai 6 (1, 1) thi thua cudc (6 nay coi nhu bj nhiém‘ doc!).
Vi du choi véi bang 3x8. Ngudi A 13y di 6 (6, 2) cung céc 6 bén phai va
céc 8 phia trén (liy di mét hinh chir nhat c6 tit ca sau 0). Sau d6 ngudi B
14y 6 (2, 3) va cc & bén phai (l4y di hinh chir nhat c6 tat ca bén 6). Khi do
cac 6 vubng cdn lai trén bang nhy hinh duéi: :

‘ B ,

2) Tim ra mt phép chuyén tiép theo gianh thing cho 4.

- b) C6 thé chimg minh 4 c6 thudt thing trong bang tong quat-m x n &

vudng hay khdéng?
Tro choi Phép tric djng - | | o
C6 thé mé rong thém 16p trd choi trir dan bing c4ch tao ra tap trr S phyu’
thuge vao 1an di chuyén truée cia déi tha, E
C6 mot coc N theé, ngusi choi dau tién c6 thé ldy bao nhiéu thé tuy y
nhung it nhét 12 mot thé va khéng dugc 1y tit ca. Sau d6, dén luot ngudi -
kia va hai ngueri thay nhau lin lugt choi, mdi ngudi choi khéng duge phép
14y sb thé nhiéu hon s6 thé ma dbi thu vira 1dy. A
2) Ngudi thit nhat di chuyén nhu thé nao dé thing nén s6 the'1a N = 44.
b) Véi gié trj ndo cua N thi ngudi choi sau thing? :
Trd choi Fibonacci Nim - e . :
Cé mét coc N thé, ngudi choi diu tién ¢6 ‘thé 14y bao nhiéu thé tuy y
nhung it nhat 14 mét thé va khéng duge 1y tét ca. Hai ngudi choi 14n luot,
mbi ngudi choi ¢6 thé 14y sb thé nhidu nhit bing hai Hn 6 thé ma dbi thu

- 14y trong luot di truée. Han ché: 1 < N < 100.

Lép trinh tim chién thuét théng.
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" 9.6.

9.7.

9.8.

T2

Tro choi Porker Nim

‘Day 1a tr6 choi véi cdc coc 1a cac chdng hop gb. Ciing nhu trd NIM chuén,
_ ngoax tn‘r mbt diéu 1a c6 thé giam kich thude clia mdt vai coc va phep di

chuyen 1a c6 thé giam hodc ting thém kich thudce ciia mt vai coc bing cac
hop g8 da chiém' duqc trong cé4c bude di chuyen trudc. Trong hinh vé duéi
day 1a trd choi & thdi diém ba chong hop g0 c6 kich thuéc 1a 3, 4 va 6 sau

- khi hai nguoi choi da di chuyén 'mét sé buéc va thu d4 duge mot s6 hqp

Bay gid dén lu'ort d4u thi bén trai (goi 12 A). Vay chién thuat ciia 4 nhu thé
nao dé thing (neu trd chm khong cho phep kéo dai mai)?

==l L

Tro choi Lit Rixa ( Tummg Turtles)

Trén du'émg thing nim ngang ¢4 n con rua ngiu nhlén dang bo hoic dang
nam ngl’ra Mét phép chuyén 13 14t mdt con iua dang bo thanh nam nglra va
néu mudn con c6 thé 14t mdt con ria khic & bén tréi né. (dang bod thanh
n3m ngira hoac dang nidm ngira thanh dang bo). Ngubl chm nao <6 phcp di
chuyén cudi cung thi thing.

a) Chung to rang trd choi nay la N1m néu mm con rua dang bo Gvitrin
la mét coc con quan :

b) Neu a) ding, tim chlen thuét thang cho trang thai neu o hmh vé sau:

Tro choi Moore’s Nim; ‘
C6 n coc véi sb quan tu'dng tmg 1a x4, x3, ..., X, VA qud trinh chm nhu trong -

- Nim nhung m¢t phép chuyen 13 nguoi chcn co. the chuyén sé quén tuy y tir
- kcoe bt ki (k 12 6 b dinh cho truéc) va it nhat phai c6 mot quén chuyén

di tr mét coc nao d6.

Trd choi Nim voi k=1 chmh 1a trod chm Nlm chuan véi ncee. pé giai tro
choi nay chung ta 4p dung dinh li sau: :



Dinh li Moore ; ‘
Vi tri (x4, x2, ..., xp) la vi tri P trong Nimy khi va chi khi x;, x, ..., X,
viét dudi dang ca so' 2 trong phép cong khong nho theo médun (k+1)
cho két qua béng 0. Néi cdch khdc s6 cdc 56 1 & mbi cot trong phép
| cdng nay | déu chia hét cho k+1.

Hay l4p trinh trd choi Nimy, gilta may va ngum, cho méy di truoc
Input' Tép bai9 8.i inp. Mai dong cho mot cAu hinh cua tro chm déu dong

" 12 sb k nguyén duong sau d6 1a n sé nguyén duong thé hu;n s6 quén trén n

9.9.

’9.1q‘.‘

coc (1<k <n).

Output: Top bai9 8.out c6 sb dong tuorng ung Dau mdi dong gh1 s6 1
hoac 0 thé hién may c6 the dat chién théng hoac khong chéc théng, neu gh1
s6 1 thi sau d6 ghi ra'n sb thé hlen s6 quén con lai trén cac coc 1,2, ..., n
sau buéc di thir nhit caa may. ‘

Tinh gia tri ham Sprague-Grundy tai oéc dinh cua d6 thi sau:
10 R

14 ¢

g B
Tim hém Sprague-Grundy cho trod chou trix da.n véi tap tn‘r

a) S= - {1,3,4};

o 'b) S'1a tap cac so nguyen td lé
ey s la tap céc b nguyeﬁ ;-
- -d) Slatapcacsd szonaccl, '

€) S1atép cac sé Lucas.
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9.11.

9.12.

1 9.13.

Sé Lucas dugc dinh nghia dé quy:

L[ = 1 L2 3 L,+2"" L,+1 + L (l )
Trd choi At-Most-Haft 14 trd choi trén mot coc vé‘x quy luat phai chuyén it

nhit 13 mot quén va nhiéu nhét 1a nira s6 quén trén coc (tit nhién vi tri két
thac 14 0 ho#c 1). Xay du’ng ham Sprague Grundy véi trb choi nay.

Tro choi Dtm

Gia sir c6 mdt coc 7 quan. M3i 14n loai bé di c quan tir coc v6i diéu kién
c la uéc caan (ké ca 1 va n). Chi cé mét vi tri két thuc 12 0.

Tinh ham Sprague -Grundy.
Tro choi Chin-Lé

Cho mot coc chtra n quan Quy thc chuyen quan kh()l coc 1a: ¢6 thé bét di
mét sé chan quéan nhung khéng phai 1a toan bd coc hodc c6 thé bét di toan

"~ bd coc ¢ so quén 1é. Tro choi ¢ hai vi tr1 két thic la 0va2.

9.14.

Chimg mmh (quy nap) cong thuc g =k-1; g(2k - 1) k véi k> 1
Tro choi At-Least-Haft

Trd choi c}u ¢6 mét coc m5u véi quy luét choi 12 phai di chuyén it nhat la

mdt nira sé thé trén coc. Vi tri két thuc duy nhit 13 0.

Chimg minh (quy nap) gi4 tri ham Sprague Grundy g(x) =min{k:2* > x}. \

Luru y. Trd choi nay danh chién thing rit d& dang cho ngudi thir nhét (1a

* ldy hét moi quén ngay tir phép di chuyén diu tien) Nhung viéc tinh ham

9.15.

74

‘héu véi sé bude tuy ¥ theo hudng

Sprague-Grundy ¢6 ¥ nghla phuc vu cho 'trd choi tong ma At-Least-Haft 1a
mét trd choi thanh phin.

Trd choi Wythojf

Trén ban c& vua kich thuoe 8x8 |
dat mt quan hau. Hai ngudi choi -
véi mdi luot di 1a di chuyén quan O

thing xuéng, ngang sang trai, hojc

+di chéo xuong goc trai-dudi. Khi - O v

quin hdu di dén géc trdi-dusi thi | | O

trd choi két thc. RN BISE 17
Tim hiam Sprague-Grundy cua trd B O ‘
choi. | D



9.16.

9.17.

9.18.

9.19.

“chim tron trén mat phing c6 thé bi ngin céch béi *
- di chuyén 1 v&'mét vong kin di qua mét vai ‘chdm

‘cac vbng khéc. Hai ngudi choi 1an It thyc hién di

’

Tim phép chuyen t6i tru tir vi tri ban déu cho tro choi téng cha ba trb choi:
Tro choi chin-1é v6i coc 18 quan;
“Trd choi At-Least-Haft véi coc 17 quan;
Trd choiﬁ Nim chuén mét égé 7 quén.

Tro choi Grundy

Trd choi nay c6 phép chuyén hap 1é la chxa mot coc thanh hai coc ¢6 kich
thuéc khac nhau. Ngudi nao c6 phép chuyén cudi cing thi thing (rd rang
c6 hai vi tri két thuc 13 coc 1 ‘quén va coc 2 quén).

a) Tinh gi4 tri ham Sprague-Grundy cho trd choi nay kh1 coc ban dhu c6
kich thm‘rc nquin (véin=1,2,3,...,13).

b) Xét tr6 choi Qrunfiy v6i ba coc bfm déu c6 s6 quan 1a 5, 8 va 13. Tim
- ‘cac phép chuyén t6i uu dau tién neu cé.

Tro choi Kayler ‘

Cé 13 quén bowing sap thanh mét héng, nhung quan thu ha1 da bj ha d6

(xem hmh vE).
b) Tim phép chuyén chién thang Khi dé quan bowing nao sé bi ha'7

a) Chu‘ng to vi tri nay 1a N.
Tro choi Rims

M&ét vi tri cua trd choi Rims 1a mét tdp hiru han

mdt vai dudmg vong kin khéng cét nhau. Mot phép

trdn ndo d6 (it nht 12 mét diém) nhung khéng cat

chuyen ngu'm c6 phép chuyen cuél cﬁng 1a ngudi

~ chién théng.

a) Chimg t6 tro choi ndy 12 mgt dang cia Nim;
b) Véi vi tri cho nhu hinh v&, tim phép di chuyén chién thing néu cé.
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9.20. T ro choi co Dawson

76

Cé hai hang quan tét den va 'tréng dm d1¢n nhau, cich nhau mot hang
trong Mbt quan tdt chi c6 thé di lén mot 6 trong phia truéc hojic budc phai
bat mot quan cua dm phuong da & 6 ké chéo bén tra1 hodc ben pha1 cua &
chira quén tdt nay. :

HEEEEEEE
RRRRRRERE

Tim cach choi dé ngudi choi sau s& thing.

Vi du. Néu Trﬁng di tir & a3 ‘dén 6 a2 (ki hiéu a3-a2), Den di bl-a2 bat
- quén Tréng & a2, Trang di b3-a2 bat quén den tai a2. C6 hinh anh nhu hmh
(a): mét cdp quan tot bi loai va ddi luot di. C o -
‘Bﬁy gior dén luot Pen di. Gia sir Den di f1-2, Tréng e3-f2, Pen el-f2,

Trang g3-f2, Pen gl-f2. Co két qua nhu hinh (b): hax cép quén tot bi loai
va doz luat dt :

abcdefgh abcdefg"h

' Do vdy trd choi nay cé thé coi 1a tro choi trén mét harig co6nd vuéigg dé
. trong. Hai ngudi choi lan lugt ghi X vao mot 6 trong khong ké voi 6 dd ¢

X Ngu'bl ghi chﬁ X cudi cung théng

" Trd choi nay c6 thé méd ta nhur tro choi tren mdt coc cé the bo bét cac quan
- trén.coc hodc chia coc thanh hai coc. Néun=1c¢o dung mot phep chuyén
t6i n=0. V&i n > 1. Mjt phép ghl X vao 6 & mot trong hai diu dong 1a

tirong Ung loai trir hai quan & déu d6 cua coc, bat X tai 6 cdch 6 & mot
trong hai diu khoang cdch mét  twong duong loai trix ba quén khei coc.
D3t X tai 6 khong phai nhu hai loai trén (va khéng phai tai 6 ké 6 X d4 co)
twong duong loai trir ba quan khdi coc va chia coc thanh hai. €oC Moi. Vay
quy luét di chuyén trong trd chm nay la: o

(1) Néu coc chi c6 mot quén thl loai bo quan nay;



(2) C6 thé loai bo hai'quan;

" (3) C6 thé loai bd ba quan;

9.21.

9.22.

1923

9.24.

9.25.

(4) Chia coc d6 thanh hai coc c6 tng sb quéan giam di 3.
Hiy tim budc chuyen chién thing khi n = 18. e
Lap chuong trmh tinh tich N1m cua ha1 s6 x va y

T ro choi lgt xu Twms

Cho day n+1 dong xu danh s tir 0 dén n, dong Xu n ngilra, cac ddng xu
khac sip. Mot luot di la lat dong Xu ngira thanh sap va mot dong Xu khac
tuy y & bén trai dang sp thanh nga. ‘

Xay dung ham SG cho céc vj tri cua tro choi nay.

Tro choi lgt xu Ruler

Cho mét hang gom n dong xu, danh s tir 1 dén n, dong Xu n dang ngira,
con céc déng xu khac thi sap Mot Tuot di 1a 14t ddng thoi mot s6 dong xu
vé6i didu kién cac dong xu 13 lién tiép va dong xu bén phai nhét dang ngira
bj 14t thanh sdp. Xay dung ham SG cho céc vi tri trong tro-choi nay.

Tro choi Grunt

Cho mét hang gom n .+ 1 dong xu, danh sé tir 0 dén n, dong xu n dang
ngua con-cac dong xu khéc thi sép. M6t luot di 13 14t bon ddng xu b vj tri
dbi xung qua vi trf chinh gilta cia ddng xu bén trai nhit va déng xu bén

phai nhét. Xay dung ham SG cho cac vi tr1 trong trd choi nay.
Tro choi Turning Corners

Ban c& vudng kich thuérc nxn duqc chia thanh cac 0 vuong va danh toa .
d0 nhu sau: 6 goéc tren-phal co toa do (0; 0), hoanh 4% tang dén tir trdi qua
phal, tung do ting din tir trén xubng duéi. Trén mbi &' vudng c6 thé dat

 mot ddng xu (ngira hodc sap) Hai ngudi choi 14n lugt. Mot lirot di1a chon

mdt hinh chir nhét nho trong ban c& c6 géc phai-dudi 1a (x; y) ma ddng xu
tai 6 nay dang ngira va:ba ddng xu 6 ba goc con lai cua hinh chit nhat nho
nay dang sdp. Sau d6 nguoi choi can 14t ddng Xu dang ngira thanh sdp va

ba ddng Xu & ba goc con lai cua hinh chit nhat cin 14t thanh ngira. Ngudi _

choi nao sép dugc dong xu cubi cling thi thing. cudc.

" Lap trinh cho biét trang thai ban diu cia ban cd1a N hay P" Néu trang thai

14 N, hdy tim mt budc di chién thing.
Input Tép Bai9 _25. mp chua trang thai. ban dau cua ban cor
» Dong diu tién la s6 nguyén duorng n;
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~ = Tiép theo 1a n + 1 dong thé hi¢n ban c&, mbi dong c6 n + 1 56 0 hoje 1
(sb 0 thé hign ddng xu sap, s6 1 thé hign dong xu ngira).
Output: T¢p Bai9 25.out -

= Dong déu ghi sé 1 néu trang thal ban diu cua ban c&r 13 N, ghi s6 0 néu
trang thai ban ddula P.

s Néu trang thai ban ddu la N thl dong thir hai gh1 toa do(x,y) & goc phai-
dudi cua hinh chir nhit nho trong bude di chién thing. Han ché: n <21.

lI. Tré choi hai ngwdi c6 téng diém bang 0
1. Mo ta
a) Dang chién thuat
Mb hinh toan hoc don gian cta trd choi Hai ngwdi choi ¢ téng diém bang 0 1a
bd ba (X, Y, 4). Trong do: ‘
o X latap khong rBng, goi 14 tap chién thuit cho ngudi thu nhét;
e Ylatip khong rBng, goi 1a tap chién thudt cho ngudi thi hai;
o A la ham lugng gia c6 gid tri thyc, x4c dinh trén tdp XxY (mdi phan tir
cua tép la cdp (x, y) ma xeX va yeY); v6i mdi cdp (x, y) xic dinh duy
, nhit mét gia tri A(x y)la mot s6 thuc.

- Luu y. Trong trd choi nay, v6i mdi cép (x ¥) ham lucmg gla dxem cho ngum thu
hai 12 gia tri d6i ctia ham lugng gia diém cho ngudi thir nhét nén chi cAn quan
tam téi ham lugng gia tinh diém cho ngudi thtr nht (14 4).

Hai nguoi choi phai chon’déng thoi chién thudt cia minh: nguoi thir nhét chon
x € X va ngudi thirhai chony € Y. . Sau su lya chon cua hai ngudi, néu A(x, y) > 0
thi nguoi thir nhét thing A(x, y) diém tir ngudi thit hai, nguec lai néu 4(x, ) <0
thi nguoi thir nhét phai tra lA(x y)l dlem cho ngum thit hai. ‘

b) Chién thujt can béng

Dé minh hoa cho chién thuit cén bang, ching ta xét trb chcn Chan-Le nhu sau:

Quy u6c goi ngudi thir nhit 1a Lé, ngudi thir hai 1a‘Ch3n. Gia sir tap chién thuat
cia ngudi thir nhat/la X = {1, 2}, tap chién thuat ciia nguoi thir hai 1a ¥ = {1, 2}.
Hai nguoi déng thoi chon: ngudi thir nhét chon x € X, ngudi thir hai chony € ¥;
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néu x + ylé thi nguén thi nhit thing A(x, Y)=x+y dxem, nguqc lai néu x +y
chén thi ngudi thir nhét nhén sé diém la —(x + y) nghia I3 mét (x +5) dxem Viy
khi tinh dxem cho ngudi th nhat thi bang diém A(x, y) nhu sau:

Nguoi thir hai chon y bing‘

) SR L2
: NEEE) +3.
*| Ngudi thir nhat chon x bang —f— —
, . 2 +3 -4

 Gia sir hguc‘yi thir nhét chon chién thuat “1” véi tin sué{ % éhqn chién tﬁuat “r

véi tan suat - (ching han trong 1000 14n choi, ngudi thir nhét c6 600 14n chon

“1” va 400 lan chon2”). |

| a) Néu nguoi thir hai chon “1” thi ngudi thL’t nhit s& mét 2x% diém va sé
duoc 3><-§ diém trong mot 1dn. Vay trung binh mot lin chon ﬁgucyi thir

‘nhét thu dugce 3 x—z-/—2\>€%= 0 (diém).
b) Néu ngudi thir hai chon 2 thi nguodi thir nhit dugc 3x§ diém va mit
4x% diém trong‘mét lan. Véy‘tfung binh mdt 1an chon ngudi thir nhat
3 21 /
© thu dugc 3><———4x——=——02 dxem
g 3x2 5= ( )

Ngum thu nhit véi sy lya chon nhu trén, s€ hoa khi nguén thu hai chon “1” va
s€ thing 0.2 didm khi nguol th hai chon “2”. Vay bang chién thuét ngudi thi

nhét chon “1” vo1 tAn suft % chon “2” V6 thn suét 5’ ngum thir nhét ludn

théng, bat ke nguén thu hai chon “1” hay “2” Xet truong hop tong quat:

79



Gia sir tin sudt chon “1” cia nguoi thir nhit Ja p, chon 2”7 1la 1'-p thi gia tri
trung binh tra vé cho ngudi thir nhat khi nguoi thit hal chon “r> la '

3(1-p)- 2p 3-5p
va khi nguoi thi hai chon “2” 1a3p -4(1 - p)=Tp - 4.

Vay cén chon P bﬁng mdt gié tri nao dé sao cho nguoi thi nhét dat duoc dxem
cao nhat ma khoéng phu thudc vao cach chon cua ngudi th hai.

Ta xét cac d6 th; v=3- Spvav= 7p 4 trén doan [0;. 1} Gid tri ctia v the hlen

gid tri tra vé ngudi thy nhét. Hai dd thi nay giao nhau tai diém (p; v) = (—‘l—i)

12712
/»%7,;;4

S
\v=3-5p

Hinh 9.4. Mo phdng tro cha'i cén bdng

1212
vao céch chon clia nguoi thir hai. Cach chcn cua ngudi thu’ nhat chon “1” véi xac

Dxem (—?— -l—) 1a dlem thé hlqen ngum tht nhat thing — dxem khong phu thuéc

suét. 172 , chQn “2” véixéce suat -1—55 nhu' the goila chxen thudt can béng

Cach chai dat dwoc chién thang (tinh trung binh) khong phu thugc
vao déi phirong choi nhu thé nao dugc goi la chzen thuﬁt cén bting
hay chién thugt MiniMax.

Mot s khai ni¢m khéc trong trd choi hai ngudi cé téng.diém béang 0:
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o Mbi chlen thudt trong céc tap chxen thuat X hoac Yla nhfrng chién thujt
~ thuan tuy. T4 hop céc chién thuat thuin tuy véi céc tin sudt khac nhau ta c6
mot chién thuét hén hop. Tat nhién mbi chién thut thuln tuy x € X ciing ¢6
the xem 12 mét chién thuat hdn hop néu coi nhu chién thuat thudn tuy nay
‘duoc chQn véi thn sudt bé.ng 1, cac cluen thuat thuln tuy cbn lai dugc chon
" vé6i tan sudt bing 0. '
e Tro choi hai ngudi c6 tong diém bang 0 v&i mé hinh todn hoc (X, Y, A) goi la c6 ;
v gxél han khi va chi khi X va Y 14 c4c tap hiru han va tdn tai ham lu'o'ng gid A.
¢ Trong céc dinh li co ban vé li thuyet Tro chm hai ngudi ¢é tong dzem bang 0
Von Neumann ¢6 dinh li ndi txeng sau ddy:

Bgnh /1 Mmtmax ‘ \

Véi tro choi hai ngum 6 tong diém bdng 0 va cé g:éz han tht

(1 ) Ton tai mét sé V hitu han (goi la gid tri cua tro chaz).

(2) C6 mot chién thudt hén hop cho nguoi thir nhdt ma gid tri trung
. - binh dat duoc ciua ngudi thit nhdt it nhdt 1 V, bdt ké nguoi thir
' hai di nhu thé nao. ' ‘ ,
| 3) C6 mpt chién thugr hén hop cho nguoi thir hai ma gia tri trung
‘binh nguoi thu' hai-phdi tra nhiéu nhdt la V, bdt ke ngum thir
nhdt di nh thé nao.

_Neu V' = 0 thi ta néi trd choi d& hoa. Néu V> 0 thi ta néi trd chcn danh vu tlen
(co lm) cho ngudi thi nhit, ¥ < 0 th1 trd choi dé.nh wu tién cho ngu'én th ha1

Vi dy "An vi Bmh dung mot sb quan bai Ti lo khor de to chirc trd. choi. An cé
. quin At den (s cua quén At coi nhur 12 1) va quin 8 d6, Binh c6 quan 2 dova.

. quén 7 den. Hai ngudi déng thorl chon mét trong hai quén bai cua minh. Néu hai

~ quén bai dugc chon cua ha1 ngum 1a cﬁng ‘mau thi An thing, nguoc lai thi Binh

- thing, S diém dat dugc 13 tdng cac sé ghi trén hai quén bai. Tim ham 4, gia tri
tro choi va chlen thuat hon hqp tdi uu cua tro choi. - '

‘ v Binh chon
e o 2do 7 den
- |At(l)den| -3 ] 8 |/
An chon : .
o 8d6 | 10 | -15

~

urhueua..mi.no‘e‘m) A . B B i | 8]



Phan tich tro choi trén quan diém cia An. Gia sit An chon “At (1) den” véi tin
suat p va chon “8 d6” véi tin sudt 1 — p. Khi d6: Néu Binh chon “2 do” thi gia
tri trung binh trd v& cho An la =3p + 10(1 — p) = 10 = 13p. Néu Binh chon “7
"den” thi gié tri trung binh tra vé cho An la 8p — 15(1 — p) = 23’p - 15. Thuat tbi

uu cho Anla chonp sao cho 10 - 13p= 28p-15& P =-§ Khi d6 An nhén ‘.
duogc trung bir{h it vnhéttcﬁng la % diém. ‘

Phan tich tré choi theo quan dzem cua Bmh Gia su Binh chon “2 d6” véi tan
suét p va chon “7 den” véi thn sudt 1 — p. Khi d¢6: Néu An chon “At 1) den” thl
gia trj trung binh tra v& cho Binh 14 3p - 8(1 -p)= llp 8. Néu An chon “8

dé” thi gia tr ‘trung‘ binh tra vé cho Binh la —10p + 15(1 — p) = 15 — 25p. Thuéat

tb6i wru cho Binh 1a chonp sao cho: llp §=15- 25p = p—-%—g— Khi d6 gia tri
 tra cho Bmh la —%%, nghla la Binh pha1 tra trung binh nhiéu nhét 1a T dlem~
" cho An. Trd:choi nay ludn wu tlen cho d4u thu’An. Gia trj trd choi 13 32

2. Trd choi ma trin
a) Ma tran lugng gia

Trd choi hai ngum cd tong diém bang 0 va cé gl(n han véi dang chién thuat'
(X, Y, 4) con duoc goi 12 1rd choi ma tran. \

Néux= {x1, X2, oo x,,,} va Y {y;,yz, . ,y,,} Ham luorng gia A co thé biéu dlen
bing mot ma trdn dang .

trong d6 A(x;; ;) = a; 12 gié trj ham lugng gié tai dong i, ¢dt j (ngudi thir nhét chon
chién thuat nguyén thuy x; va ngudi thi hai chon chién thuat nguyén thuy y)).

- Déi khi ma tran 4 dugc viét don gian 13 A me v6i i=1.m;j=1.n.
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: Quy dinh: Ngudi thir nhat chon hang i (i = 1, 2, ..., m), ngudi thi hai chon ¢t j
G =1,2, ..., n) thi ngudi thir hai phai tra cho ngudi thir nhét sé diém a; ghi tai
giao cua hang va cot da chon. Vay- gia tri nay 1a diém thing cho ngudi chon
hang, 1a diém thua cho ngudi chon cot. Mc‘pt chién thuat hdn hop cho ngudi thi
nhét 13 vecto p = @1, P2, ieer P) gom céc tAn suét p; (i = .., m) ¢6 tbng bing 1.

Néu. ngu'én thit-nhét sir dung chién thuat hdn hop nay va ngum thir hai chon ¢t j

thi gid trung binh tra cho ngum tha nhat 1a Z p;a, . Tuong ty chién thut hén

i=l
hop cho ngucn th{r hai la vecto g = (ql, q2 s q,,) gdm céc tin sut G=12,..,n)
c6 téng bang 1. Néu ngudi thir hai sir dung ¢ va ngucn thir nhét chon héng i thi

gia tr trung binh tré cho ngum thi nhét 1a Z q,4

Jj=1
Luu y. Trong tinh toan, thay viéc biéu dién vecto p bing biéu dién mdt ma trén
b

c6 kich thude mx1, 46 la ma trégn p = pz ' . Ma trgn chuyén vi cha p 12 ma trén

p)”
p'=(p p, .. p,) vacing cé thé bidu dién vecto g = (g1, g2, ..., g») thay
4

bing matrang=| > | c6 kich thuéce nx1 . Ma trdn chuyén vi ctia né 12 ma trén

4,
¢6 kich thuéc 1xn, d6 13 ma tran q --(ql G 4n)-

b) Diém yén ngya
‘Phén tir a; cua ma trén 4 dugc ng 13 phén tr yen ngua (diém yén ngua) neu
- thoa mén hai didu k1¢n
. a,,lg phén tir nhé nhét trong hang i;
e g;la phén tir 16n nhét trong cot /.

. R& rang, néu a; 1a diém yén ngya thi ngum thir nhét s& luén thing it nhit 1a aj
béng céch chon hang i, ngudi thu' hai c6 thé gitr cho sy thi¢t hai cua minh khong
- qui gy néu chon cftj.Do db a,, 1a gia tr; cla tro choi.
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(4 -3 1)
Vi dy A=|3 5 2|
o 6 "1
Ma trén A cé dlem yén ngua la a3 =2. Do dé chlen thuat tbi uu cho nguén thu
. nhét 1a chon hang 2 va cho nguon thir hai 1a chon c¢ot 3. Gia trj cla trd choi bing 2

vavectop=(0,1,0)1a chlen thuat hdn hqp t6i wu cho ngucx thr nhét va chién
‘ thuat t6i wu cho ngudi thir hax 1a vecto ¢ = (0, 0, 1)

c) Glél trd choi trén ma tran 2x 2

(a b _, ,
Cho trd choi co ma trén luqng gia A= (; ) D¢ giai tro choi nay ching ta
. el .

thue hlcn nhu sau:

. Tim diém yén ngua t
. Neu c6 diém yén ngya thi dung dlcm yén ngua de x4y dung chién thuat
t61 tu. Néu khdng co diém yén ngya thi dung chién thuét can béng.
Gia sir 4 khong c6 diém yén ngya. Khi d6 c6 thé ching minh:

(*),a,>b, b<c, c¢>d, d<a
a<b b>c, c<d d>a

Néu nguoi thir nhit chon dong dau voi tan sut p (nghi'a la dung chién thuat hén

hop (p 1 - p), chiing ta cén bing céc gi4 tri trung bmh tra vé cho ngu'bl thi nhét
khi ngudi thir hai chon cqt 1 hoac 2:

c_.

aptd(l-p)=bp+c(l=p)& p=—- d& thdy 0 <p <1 (do (*
P (d-p) pe(/p)np(_b)ﬂc d)eay p ( *D.
‘ éié trj trung bin\h'tré, cho ngtrbi th nltét lay= ap+d(1 - )— ‘ ac- bd
’ ' ' ’ : - (a=b)+(c- d)
Tuong tu néu ngu(‘n thu hai ChQI’l cot 1 VOl tan suat q, cot 2 vm tan suat 1- q thi

. c-b '

- 0<g<l1

"+ d)( R e
va glé trj trung bmh nguon thu ha1 trd chc ngu'on thu nhét A v=— ac—bd
- (a b)+(c— d)
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Ta ki hiéu gid trj trd choi la: v = Val(4) =Val| ¢ blo.gozbd
: : : d c¢) (a-b)+(c-d)

~d) Chién thuat loai b& tinh chiphgi |

* 'Véi céc tro choi ma trdn kich thuéc l6m ta c6 thé giéni kich thude bang cach xo4
di cac hang hodc cft khong c6 loi khi sir dung chung Neu c6 thé du'gc chung ta

7 cb ging dua v& ma tran klch thuée 2x2.

Dinh nghia 1

Ta néi hang thir i cua ma trin 4 = (ay) chx ph01 héng thr & néu a; > ax voi moi
7 =1,2, .., n(khidé ta cling néi hang thi k£ bj chi phdi bdi hang thi ). Ta néi
hang thw i cﬁa ma tran 4 = (ay) chi phéi nghiém ngdt hang thir k néu a,, > ay; voi
moij = 1,2, wes 1. Tuong tu, ot thir j cia 4 chi phdi (hoac chi phéi nghlem
ngit) cft tha k néu a,, < ay (hodc ay<ay) véimoii =1, 2,.

- Tir dinh nrghla trén suy ra Nhﬁng gi nguorl thu’ nhit dat du'qc khi sir dung mot
hang & bi chi ph01 boi hang i d&u c6 thé dat duoc khi st dung chinh hang i (chi
phéi k). Do d6 nhu'ng hz‘mg bi chi phm c6 thé x04 khoi ma trén trd choi. Lép luan
tuong ty, cac cot bi chi ph01 béi cot khac cling co the X04 duqc Chién thuat t6i
ru xay du’ng trén nhﬁng hang va cft con ai sau kh1 xo04 di nhﬁng hang va cft bj
chi phéi vin 1a chlen thuét t01 rru cua tro choi. Tuy nhién, van c6 thé c6 nhimg

- chién thujt t6i wu st dgng ca nhﬁ’ng héng hoic cot bj chi phdi (khong nghiém

, ngﬁt) Do d6 trong mdt sb truong hop, v1¢c xo0d hang hodc cot c6 thé 1am thay

ddi s6 lu'orng chién thuat t6i wru (song vin con {t nhit mot chién thuat téi wu) va

gia trj tro choi khong thay dbi.

Chung ta con c6 thé lam 13p lai cong viéc xo4 hang hoic ct nhidu lin (néu con

" hang hoic cdt bi chi phdi) d& ma tran c6 kich thuéc nho dén.
2 0 4)
Vide A=|1 2 3
4 1 2

Cf)t 2 chi phéi cdt 3, nén co. thé x04 cft 3 vi thé 4=

N R
»—ANO‘
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o : s
Tiép theo, hang 3 chi phéi hang 1 nén c6 thé xo4 hang 1 vithé A= (4 J. :

Trong ma trdn 2x2 vira tim dugc khong cé dlem yén ngya, nén dung chién thuat

can bing thu duoc: p =%, q —-‘1;, =%. Suy ra chién thuét‘tol uu cho ngudi

thir nhét trong tré choi ma trén_ ban diu la: (0,}-,—1-) va cho ngudi thi hai la
1
4 4

Dinh nghia 2 .

~ Mot hang & bi chi phéi b6'1 mot t6 hqp (theo tn suét) cua hang iva hémg iy neu‘

0) Luu y: hang hodc cot bi xo04 duqc gé.n tan suit bang 0.

tonta1sop(0<p<1)mép ;+(1=-p)a, >a,q Vj-—l no.

Cdc hang (hodc cét) cilng c6 thé xod néu né bi chi phoz baz mot 16 hop (theo tdn
sudt) cdc hang (hodc cof) khdc. Néu hang k bj chi phm bdi mot td hop theo tAn
suét ctia hang i; va hang iy thi c6 thé xod hang . Véi ngudi thir nhét, chién thuét
h3n hop chon hang i vm tan sult p va chon hang iy vOi tAn sudt 1 - p, it nhat
cling t6t hon dung chién thuat chon hang k. Khi‘d6, le chién thuat hdn hopco -

| st dung hang k véi thn sult p; s& dugc tha‘?ﬁng chon cic hang i; va i, véi cac
tan suét tuong tng thich horp dudc chia ra tir p; : tn sudt ciia hang i) 1a p.pk, tan
suat ciia hang i, 1a (1 - P)Dr / ' ‘ | '
Lép ludn turong tir 4p dung cho cot.

0 4 6 ’
Vidy. Xétmatrén 4={5 17, 4.

9 /6 3

. Cdt 2 bi chi phbi boi td hqp che ot 1 va 3 véi tn sudt % cho mdi cot nén co thé
0 6

x0d cot 2 vithé 4=[5 4 Tlep theo hang 2 bj chi ph01 boi td ho’p héng Tvoi

9 3 / '

tAn sudt % va hang 3 véi tﬁn sudt % nén c6 thé xo4 hang 2. Ma tran duoc gian uéc -
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vé dang 4= [9 g) Den day dé dang tim dugc gia trj trd choi 14 v =% Tuong tu

c6 thé tb hop cla hon 2 hang (hogc cot) s€ chi phm rth hang (hodc cot) khac
K (1353
Vt’du Xétmatran A=|4 0 2 2

3 7.35

Té hqp cac cot 1, 2 va 3 véi cac tAn suét % cho mdi cot la chi phéi cot 4, do do

c6 thé xo4 cot 4.
Luu y. Khong pha1 moi tro choi ma tran déu c6 thé rit gon bang luat chi ph01 Vi.
‘dy, ma trén c6 dlem yén ngua thi khong ¢6 hang hodc cdt nao bi chi phéi.

e) Gidi céc tro chon ma trdn 2xn va mx2

Loi giai céc tro chm ma tran dang 2xn va mx2 c6 thé minh hoa bang dd thi.

: Xét trd chorl véi ma tranA [2 3 1. 5).

N 4160 »
Gia st ngu'm thir nhit chon hang 1 véi tin suét p va chon hang 2 véi tin suat 1 -p.
Khi do néu ngudi thir hax chon cdt 1 thi gia tri tra cho ngudi thir nhét 1a

\2p+4(1-p)=4-2p.

Néu ngu‘bn thir hai 1dn luot chon cot 2, 3, 4 thi gia tri tra cho nguoi thu nhét
tuong ing la: 3p+ (1=p) =1 +2p,p+6(1 —p)=6-5pvaSp.
Xét céc d6 thi cilav=4 - 2p,v— 1+2p,v=6- Spvav=>5ptrén [0; 1]

A
1

cotd:v=>5p.

legt2:v=1+2p

¢6t1:v=4-2p

cot3:v=6-5p

p

" Hinh 9.5
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Vél mdi gié tri xéc dinh ctia p, ngudi thir nhét c6 thé nhan duqc mot gla tri la gia
trj nho nhét trong bén gié trj cia cAc ham v néu trén tuong tmg v6i p, khi d6
khong phy thugc vao cach chon cia ngudi thir hai. Gia tri nho nhit nay 13 gid tri
cia mét ham cé 46 thj 13 dudng dam chay trén cac dudng thip nhét trong bbn

dudng trén. Piém cao nhét trén dudng dam ndy c6 hoanh 46 p = -57- Didu 6 c6

nghia 12 khi chon hang 1 véi tAn suit p = % thi ngudi thir nhét nhan duoc gia tri
16n nhit trong céc gi4 trj ti thidu c6 thé phai nhan, gia tri nay khéng phu thudc
vao céch chon ciia nguari thit hai. Gié trj 16n nhdt d6 12 v, = i

Qua & thi, ching ta ciing nhan théy glé tri p=— chi 1a hoanh d6 giao dtém cia
(cot 2va3l, nghla 1a c6t 1 khong tham gla vao tlm p Pidu nﬁy c6 thé li gxal vicotl
bj chi phoi bai céc cot 2 va 3 véi cung ti 1& -5 Ngoai ra con thdy p —% chi la
hoanh d¢ gxao‘\dlem cua hai dudong ung véri cft 2 va 3 nén chi cin xét ma tran: |
, G é) ‘(mic du b thi cia c@t 4 c6 tham gia vao duémg dam, tir d6 ciing c6 thé

tinh dugc p =.;., q =% va v= % V4y chién thuét t6i wu ctia ngudi thtr nhét 1a
S2) g Al (5 )

\ 7,7 va chién thuét toi wu cia ngudi thi hai la 0;7;-7—;0 .

3. Nguyén li 't)'ung lgp

a) Tinhgidtritrd choi =

Cho trd choi ma tran vm ma trén lu'o'ng gia 1a A(a,,) men NéU ngudi thir hai diing
chién thuat hdn hop t6i wu 13 D= (1, P2 oes p,,.) va ngudi thit hai sir dung cdt j

thi gié trj trung binh tra cbé ngudi thir nhét 1a Z p,a,J Néu V' 1a gié tri tro choi

i=1

trong chién thuﬁt tox uu p thi: z pa;2 V. VJ 1 i y | n.

i=l

Tuong t khi nguei thu hax diing chién thuét 51 wu q=(q1, 92 - q;.), nguoi thi
nhét chon dong i thi gid trj trd choi ma ngui thi hai phai tra la Z a,q, thoa man:

J=l1
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Zaijqj V. Vi=l2,.,m. ' N .
L | ‘ ‘

Khi ca hai ngudi ciing dung chién thuat t6i wu thi :

‘V quj ZqusZ(Zp, ,,)q, ZZp,a.,q,

J=1

i=l j=1

—Zp,(z a9, )<,§I:p,V V.

i=l J=l

J=1

Suyra V = ZZp, a,q, (3) do dé Via phén tir duy nhét ciia ma tran 1x1: p'4

i=l y=1

Trong nhiéu céng thirc tinh toin ma tran, de don gian kf hiéu, quy wéc phin tir
duy nhat clia ma trdn 1x1 thay cho chinh ma trz;m Do 46 :

= 9
. | a, .. a, g
V=p'49=(p p, - bp,) N
aml amn .
4,
= paq, a; =Ax,y,).

i=l j=l

b) Dinh Ii can bing
Nguyén li trung 14p duqc the hi¢n qua dmh li sau ddy goi Ia dinh 1i can bing:

Dinh If

Cho tro choi ma trégn véi ma trén ltrang gid la A(a,,),,,x,, néu nguoi

| thir nhdt ding chién thugt hén. hop t6i wu p = (p, P2 ..., Pm) va

ngudi thir hai diing chién thudt hon hop t6i vu q = (q;, qg, e qn),
gid tri tro choi dat duoc laVv thz

Zp,. hE _V véi moi cgt j c6 g;>0 ' (C))
i=1 N
va Za,.jqj =V v6i moi dong i c6 p;>0 ).
. =1 . : '
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‘Chirng minh

Ta ching minh (5): Gia sit ¢6 dong & véi p,> 0 ma Vi Zaqu 5 thi theo (2) c6:
— ; . j=1 ;

P

V> Za,qq, 6). Suy ra:

J= l

‘ V=ZZI 9, = ZP:[Z Jql} plzaqu,+kaaqu,+pm2a,,,1qj

i=l j=1 =1 =1 =1
ms

<pV+. +ka+ A+ p,V= VZp, ‘
i=1

Dén t6i V 3% 1a diéu vé 1. Vay (5) d2 dugc ching minh.
Ching minh (4) tuong ty.

- Nhé dinh li cdn bang, khi biét chién thudt t6i wru ciia mdt nguoi thl viéc tim
chlen thuat tbi wru cho ngudi kxa s€ nhanh chéng hon.

Vidu 1. Xét trb choi Chén- Le hai ngum choi dbng thoi goi ra mdt trong cac sb

0 1 =2
0, 1 hoic 2. Ma tran trd choi ma=1 -2 3|va bang thé hién diém
-2 3 -4
danh cho nguoi Lé: o
Ngudi Chin
o0l1]2
lojof1i-
Neguwoile |1] 1 |—2] 3
2|23 |-4

-Ap dung dinh li can bang, g01 D= (p;, P2 p;) la chxen thuat ti wu cia nguoi Lé,
=(q1, 92> ---» I3) 1a chién thuat tdi uu cta ngudi Chén vé V 12 gia tri cta bai
toan gia sir cac ¢; déu duong thi c6 hé : . ) '
o b, -2P3 =V
-2p, +3p, =V h ‘
M Pi—<pP; 3P ‘ | J
=2p+3p, —4p; =V
ptp,t p3 =1
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Giai h¢ néy tim duorc vecto p= (‘1‘ ; ‘IJ vaV=0.

Tim chiyén 'fhuét téi wu g = (q1, g2, g5) cho ngudi Chén (ngub'i thir hai): do p;> 0

voi le i=1,2,3néncéhé gbm ba phuong trinh Z V vagitqtqi=1.
L ,

Nhung do ma trdn 4 lé ma trn déi ximg nén he’nay tucmg tu hé (I) trong d6

thay p; boi g; suy | ra g= (% %%) Nhén thdy céc g, déu du'ong nén chép nhin

duoc he (I) va suy ra céc két qua tim thy 1a chip nhan dugc.

Vi dy 2. Trd choi trén ma tran vudng mxm ¢6 cic phén tir trén dudmg chéo chinh
1a cac sb duong dy, d3, ..., dm, cac phén trconlaila 0

d 0 . 0
O dZ; 50 0

4= TR
0 0 0 d,

E Ap dung dmh li can bang c6 thé giai trd choi nay nhu' sau : Gia str chién thuat tél wu
hén hop cia ngudi thtr nhit 1a p = (1 P2 ..., pm), cUa ngudi thir hai la
- q=(q1, 92, -y gm). Néu gi déu dwong, ching ta cé h¢ : pd;= Vvéimoii=1, .., m

Suyra p, = -(}V— (2) véi moi i = 1, ..., m. Cong timg vé c4c ding thirc cua hé (a) ta co:

e |

Zp, fg-:l—V LI =(Z-37)—1-

i=l -, i=} U l-] i=1

Do ma tran d6i ximg nén suy ra q, 5—-:{-— (b) véij = 1, ey M
o0 1 2 N > J ‘ .

Do V>0, p,:>'0 véimoii=1,.. mva q;> 0 véi mgi'j =1,..,mnén chip nhan
- duoc cac két qué nay. ‘ : ' |

Vidy 3. Tro choi ma trdn tam giac. Trong tro chm nay ma trén trd choi ¢6 dang:

cac phan tir & phia trén (hoac dudi) du’orng cheo chmh déu biang 0. Xét mot dang
cu thé:
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1 2 3 —4
,_|01 23
S ) T O R

00 0 1

Neu g; déu duong, ta c6 hé (4) Zp, a, =V j=1,..m.

i=1.
2] =V |
_2P1.+p2_,. = V .
3p, —2P2+p3 =V
~4p +3p,-2ps+p, = V.

Cuthéla:

Suyrap1=V;p2=3V;p3 4Vp4—4V Dodo 1= ,+p2+p3+p4—-12Vvatu

86 din t61: ¥ =— va p= ( 111 1) ¢6 thé 13 chién thuat t&i wu cho ngudi-
‘ 12 12433 e |

thi nhit, Do céc p; déu duong nén tu:ong tu tir hé Za,,q =V (5) cung suy ra ‘

J=1

V=—l-, q= l —1- L% L c6 fhé ié chién thué,t 16 wu chovnguéri thir hai. Do’
12 3’3°4°12 ‘

trong két qua cac p, va g; déu duong nén két qua néy dugc chip nha:n

Vi du 4. Trd choi trén ma tran dbi xung bu. D6 1a trd choi han che, c6 ma tran‘
lugng gia 1a ma trAn vudng mxm va bao dam a; = —ay v6i moi i, j= L,2,.,m
Trd choi Gidy-Kéo-Biia 13 dxen hmh cua loai nay.

Trong trd choi Glay-Kéo-Bua ngudi thir nhit va ngudi tha ha1 dbng thoi chon
va hién ra modt trong ba vat: gidy, kéo hodc bua. Néu hai ngudi chon vat nhu
nhau thi gié tri tra vé 13 0. Néu hai vét chon 13 khac nhau thi : Kéo thing Giy,
Bua thing Kéo, ‘Gidy thing Ba. Neu gxé tri tra vé cho ngubl thﬁng 121, coma
tran luong gi4 nhu sau: :

" *Ngubi thir hai
Gidly Kéo Bua
S SR Giay.| 0 -1 1
Ngudi thir nhit [ Kéo | 1 0 | -1
- ' Bia| -1 .| 1 | O
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Ma tréin nay d6i xtng by, nén trd choi thude loai dbi ximg. Cac phén tir trén
dudng chéo chinh bé'mg 0 (didu nay cling ding cho mét ma trén d6i xtmg bu bat
kxvxa,,-———a,,nena;, =0véimoii=1,.., m). ' o :

_'Dé déng giai chc ‘hé (4) va (5) duoc két qtié: P =(; ; ;) q va gia tri tro choi '
ay=0. , \
C6 thé ching minh iéng quat: Trong trd choi han ché c6 ma fran dbi ximg bu thi

gla tri trd choi bing 0. Mot chién thuat téi wu cua ngudi ndy ciing la chlen thuat
‘ t6i wru clia ngudi kia.

) Cac bét bién
Djnh nghia 1

Gia st G = (X, Y A) la mot tro choi ¢6 gléﬂ hanva g la mot phép bién dox 1-1
~ciia Y 1én Y. Tro choi G 1a bét bién dudi tac dong cla g néu voi mbi xeX thi cé
duy nhit mot x eX sa0 cho A(x y)=A', g(y)) voi mox yel. '

- Vidy. Xét trd choi G = X, Y, A) trong d6 mdi chlen thuat nguyén thuy trong X
va Y 1a chon mdt cap sé nhu trong bang sau :

Céc chién thuit nguyen thuy ¥ cua ngum \
thir hai ‘

Chién thuét nguyén thuy X ctia

ngudi thy nhat

;’ Tap Y= {@3,0), 2, 1), (1,2), (0, 3)}‘,'ph»épfbiénd6i g duge m nghia nhu sau:
_'gl((_3,,0)) = (0,3 g((0,3)) =G, 0); g((2, 1)) '=.('_1, 2); 8((1,2)) = 2, D.
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D& thdy g 12 4nh xa 1-1 cla ¥ 1én ¥ va trd choi G 1a bét bién dudi tac dong cua g.
Ta cé thé kiém tra diéu nay, ching han x = (4, 0), y = (0, 3) thi A(x, y) =0 va ¢d
duy nhét x' =(0, 4), g(») = (3, 0) ma A(x', g(y)) A(x, y) Tuong tu c6 thé kiém
tra voi moi gla trj khac cllax vay.

Béaé1l ‘
Néu tré choi hitu han G=(X, Y, A 1a bdt bién dudi hai phép bién doi
1-11a g; va g; thi G céing bdt bién duéi phép bién déi g».g1 dugc xdc
dinh sao cho 82-810’)?82(8101))» | | o

Bé @& 2

Néu tré choi hitu han G=(X Y, A) bat bzen dudi phep bién d@si 1-1 g
thi G ciing bdt bién dudi phep bzen déi g' (g 1a phép nghtch dao
ctia g dwoc dinh nghia: g.g"'= g’ g=e (e()=y vdi moi y €1).

Do d6 cac phép blen dbi g lén Y lam tro chm bét bién di tao thanh mét nhomgo

gdm t6 hop nhan cac phép bién dm Phin tir don v; cua nhom la phep bxen dbi
ddng nhit e.

Tap p gom céc phep bién dox g tuong ung trén X cling tago thanh mét nhom voi
phén tir dong nhitla & ma e(x)=x vai moi xeX.

Dijnh nghia 2 A |

Mot trd chai hiru han G=X,Y,4 la bét blen trén nhom cac phep blen d01 o |
néu noé bét bién véi m91 phép bién d01 g cla o, nghiala

v Ax, y) = A( g(x) , 8(0)) véimoi x eX vé véi mqn y € Yxay ra Jv‘éi xhoi gep.
Dinh nghta 3 s / :

'Trong trd choi hiru han G = (X, Y A) bﬁt bién trén nhém go (nhém cac phep blen _

dbi 1-1 cua Y 1én ), mot. chlen thut hdn hop g = (¢(1), q(2), ..» g(n)) cho ngudi
~ thir hai dugce goi la chlen thudt bat bién dudi nhom o néu: q(g(y)) = q(y) voi’

moiye Yvavéimoig e .
‘BMhHV . o \
Néu tro choi hitu han G=(X, Y, A) bdt bién dudi nhém g thi ton 1gi
mot chién thudt bdt bién 10i wu cho cdc ngudi choi.
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Vi du 1. Tro choi ghép xu.
Hai ngudi choi dc‘")ng thoi chon va hién mé‘t mit ciia mdt ‘déng xu dang cdm
 (ddng xu ¢6 hai m3t: sp va ngira). Nguoi thir nhit thing néu hai mat xu cia hai
nguoi gidng: nhau nguorc lai thi ngum thir hai thing. Ma tran luong gia la

-1
con A(1,2) = A(2, 1) = —1.

1 1
A=(' ..]) Trongtrochmghepxu,X Y={1,2} vad(, 1) 42,2)=1

Ngudi thir hai

Ngtra | Sép

Ngudi tho nhét | Ngia [ 1 | -1

Sap | -1 | 1

Trd choi ghép xu G(X, Y, A) 14 bat bién dudi nhém p={e, g}, trong d6 e la phép
ddng nhét con g 1a phép bién ddi sao cho g(1) = 2; g(2) = 1. Chién thuat hdn hop
(g(1), g(2)) 1 bat bién dudi nhém g néu g(1) = g(g(1)) = ¢(2). Do g(1) + q(2) = 1

nén da ggfi ‘)" réng, q(1)=g(2) = —;— 13 mét chién thi.lét cho nguoi thi hai.

Tuong ty p(l) = pQ) = -;- 12 mdt bat bién duy nhit va'do d6 ciing la chién thuat
cho nguél tha nhat |

Vi du 2. Tro choi G:dy-Kea-Bua 1a bt blen dum nhom gp = v{e, g g’} véi
g(glay) kéo, g(keo) bua, g(bta) = gidy.

Do dé q(ggay) q(g(gxay)) = g(kéo) = q(g(keo)) = q(bua) Vay chlen thuét tbi

, 1.
ru c6 tin sut 5 cho méi loai giy, bta va kéo.

Vi dy 3. Tro choi Colonel Blotto | =

Phdt biéu. Ngudi choi thu nhat la da1 ta Colonel Blotto cb bon trung doan can
chiém hai tram. Nguoi chm thu' hai 1a dai ta Lleutenant Kije c6 ba trung doan
cung mudn chiém hai tram nay M01 bén d&u mubn giri nhiéu trung doan nhét dé
chiém m{t tram va céc trung doan con lai dung dé chiém tra.m kia. Gxa trj tra vé
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' .cho nguoi chorl nhu sau: sé dugc mQt dlem khi chiém duqc mot trgm va mot
diém khi: bét dugc mdt trung doan cha dbi phuong (khi so quén giri dén dong .
hon sé bét dugc toan bo cac trung doan cua dbi phuqng) Néu hai bén gui cung

- mot so lugng trung doan t6i mot tram thi ca hai cung phai rit lui va khong duge
diém nao. Colonel Blotto cin quyet dmh phan b luc luo'ng clia minh nhu thé
nao tGi chlem hai tram? ‘ '

Phan tich. C6 nam chién thuét thuén tuy ma Colone] Blotto co thé thuc hlen ta
X={4,0),3,1),(2,2),(,3),(0, 4)}, 0 day (nl, ny) tuong ung véi chién thuat
gui n; trung doan di chiém tram 1, giti #, trung doan di chiém tram 2.

Lieutenant Kue ¢6 bdén chxen thuét nguyén thuy, ¥'= {(3 0), (2 1),(1,2), (0 3}
Ma tran gia trj tra vé duoc thé hxen qua béng sau:

Chién thuat nguyén thuy cla KJ.p

Bang a) .

Tiéc ring ma'trmi 5x4‘ nay khong c6 cic dong va cot bi chi phéi. Tuy nhién, ¢c6
mét bt bién trong bai toan nay lam cho vxéc giai n6 don gian di kha nhxeu ‘Piéu
ndy lién quan t6i tinh d5i ximg gitra hai tram cn chiém. Xét nhém p={e, g} ma

8((3, 0)) = (0, 3);.8((0, 3)) = (3, 0); g2 1) =(1,2); £((1,2)) =2, 1) va nhém tmmgj
(mg $={z.%}, trong d6-2 ((4, 0)) = (0, 4); g((0 4)) = (4, O); g((3 D)= (1,3
- E((L3Y=G, 1) g((2 =22 '

Cac nhém tuong duong cho Kuc la {(3 0), (0, 3)} va {2, 1), (1, 2)} Do do
chién thuat qla bét bién neu q((3 0)= q((O 3)) va q((2 )= q((l 2)). )

Tuong ty cac nhém tuong ducmg cua Blotto 13 {(4, 0) (0 4)} {(3 1), (1, 3)} va
{2, 2}. Do d6 chxen thujt p cho Blotto 13, bét blén neu p((4 0) = p((O 4)) va

(3, D) =p((1, M-
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Chiing ta c6 thé giam céc chién thujt ciia Kije thanh hai phin ti :
- (3 0)*: sir dung céc chlen thuat (3, 0) va (0, 3) vai tarr suat 5 cho mdi

chlen thuat

- (2, Dh* su dung cac chién thuat @2, )vaq, 2) véi thn sut 5 cho mdi

chién thuét;

Tuong ty chung ta c6 thé giam cac chién thuat cua Bloto thanh ba phdn tir :
- (4, 0)*: st dung cac chién thujt (4, 0) va (0, 4) ivéi tan suét % cho mdi

chién thuat;

- (3, 1)*: sir dung c4c chlen thuat a3, 1) va (1, 3) véi tan suét —;— cho mdi .

chién thuat
- (2,2): khi sir dung chién thujt (2, 2).
Véi cac chién thuat ndy, ma tran gia trj tra vé dugc thé hu;n qua bang sau:
G, 0* |2, 1*
4, 0)* 2 1.5
G 0 | 15
2,2) =2~ 2
Béng b)
. Ching ta giai thlch vé gia tr1 cia 6 & goc trén-traj : Neu Blotto. dung cédc chién

thuat (4, 0) va (0, 4) véi tin suit E cho mdi chlen thudt va Kije dung céc chién
thuat (3, 0) va (0, 3) ciing véi tn sudt % cho mdi chién thuat thi bdn & & bén

goc cua bang a) (bang gia trj tré v&) xuit hién véi tAn sudt % cho mdi 6, do d6

gia trj tra vé cho 6 & goc trai-trén cua bang b) 1 trung bmh céng cia bén sb:
4,0,0, 4 1a2. Gi4 tr; tai céc 0 khéc cling tinh tuorng ty. ‘
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“Bay gid chung ta giai bai toan voi bang b). Chu y dong 2 ¢6 thé duogc gian udc
baéi d(‘)ng 1. Sau d6 giéi trd chori trén ma tran 2x2 d& dang suy ra két qua. Chién

thuat hdn hqp t6i wu cho Blotto 1a (z ;) Chién thuat hdn hop tdi wu cho
Kije 13 (1;5). Gif tritrd choi [a 12
99/ 9

Qﬁay vé ma trdn cho ¢ bang a), chiing ta tim duoc chién ihuét t6i wu cho Blotto
1441
18°9°9°18

1a (g;o;%;o;g-) va chién thuét t6i wu cho Kije 1a (

). Gia tri tro
“choi 1a li
9

4. Gidi tro choi han ché
a) Chién thuat Baye

Néu nguoi thir nhit su dung chién thuét p va ngu:orl tht hai st dung chlen thuéat ¢
thi gia tri trung bmh tra vc ngudi thir nhét s& 1a :

Z(Zallqj)pl\ Zzplaqu p Aq

J=1 '111

Néu nguorl thir nhit du doan ngudi thir hai da chon mot chién thuat cu the q, th1

ngudi thu nhét s& chon hang i sao cho Za 4 dat gla tri 16n nhat khl do gia tri

trung binh tra vé cho ngum thir nhit la max {Za,jq ; } , hodc cach “tuorng duong

<ism

12 ngudi thir nhit s& chon chién thuat p sao cho pTAq dat gia tri 16n nhét, gia tri
tra vé cho ) ngum thu nhat s€ lamax { pTAq} Co the chiing minh :

psA

lSISm{Za,,q,} f}fgs{pTAq}_»

M3i chién thuat p &e p'Aq dat duoc gid tri 16m nhét d&qé goi la chién thuat d6i
pho t6t nhit (hay chién thuat Baye) cia ngudi thir nhét chéng lai chién thuét ¢
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cua nguoi thu hai. Trong tro choi han ché, ludn ton tai chién thudt nguyén thuy

Baye chdng lai mdi chién thuat ¢ cua nguoi th hai.

Tuong tu. néu nguoi thir hai du doan nguoti thi nhét choi chién thuat cu thé p thi
m ,

nguol tht hat s¢ chon ¢6t j sao cho Zp,a,, dat gid tri nho nhat hoac cach tuong

1=1
duong 1a ngudi tht hai sé chon chién thuat ¢ sao cho plAq dat gia tri nho nhét.
Tuong tur ¢d - Mz’n{z pa, }‘ /\f{in{p/ Aq}.
[BYANTS ! get’
1= 4
Mdi chién thuat q dé p' g dat eia tri nho nhat duoc goi la chién thuat dbi pho tdt
nhét (hay la chién thuat Bave) cua ngudi thir hai chdng lai chién thuat p cua
neudi thi nhat.
Swr dung chién thuat Baye 1a mot trong cac cach dé choi tro choi. Tuy nhién co
thé sinh ra dic¢u bat loi (nguy hiém) khi ddi thu choi mot chién thuat 16t hon
chién thuat ma ban du doan di thu sé dung.
b) Gid trj trén, gia tri dudi
Béay gio gia su tro choi quy dinh : nguoi thi hai phai thong bao su lua chon
chi¢n thuat hon hop ¢ trude khi nguoi tha nhét lua chon chién thuat cua minh.
Su quy dinh nay cua tro choi ¢6 18 tao thuan lgi cho nguoi thir nhat. Néu ngudi
thir hai thong bao chon ¢ thi nguoi thir nhat s& chon chién thuat Baye chong lai ¢

va nguot thi hai sé thua trung binh moét luong 1a max{p'Aq}. Tuy nhién, néu
pedX

nguol tht hat bi¢t diéu nay thi nguoi thir hai sé& chon thong bao ¢ sao cho

ma}x{p’ Aq} dat gia tri nho nhat. Gia tri nho nhat cua mat;g{p/ Aq} vo1 mot ¢ ki
pel Pe.

hi¢u la I” va duoc goi la gid tri trén cua trd choi. Vay :

'{Magé(ﬂ//“l)}

— n
V' =Min{Max2 a,9, = Min
4/6}'i Isrsim p=1 pe¥
qelt

Gia tri trén 17 14 sy thict hai trung binh nho nhét cua nguoi thir hai khong phu
thudoe vao cach chon chién thudt cua ngudi tha nhat. Mot chién thuat q dé

max{p'Aq} dat gid tri nho nhat duoc goi 1a chién thudt Minimax cho nguoi
peY

thit hai. N6 cuc tiéu hod su thiét hai téi da cua nguoi thit hai.
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Phan tich tuong tu cho trudong hop tro choi quy dinh : nguoi thir nhit phai thong
" bao chién thuat hdn hop ma ngudi tha nhét da chon 1a p trude khi nguoi tha hai
lua chon chién thuat cua minh. Khi dé ngudi thr hai s€ chon ¢ sao cho gia tri
phai tra 1a p’A4q dat gia tri nho nhat. Nhung ngudi thir nhit néu biét tinh hudng
nay thi nguoi thir nhét s& chon p sao cho Mip(pTAq) dat dugc gia tri 16n nhit,

ge¥

va gia tri trung binh ngudi thtr nhat dat duoc 1a

I” = Max {M‘J}(i pa, ]} =Max {Mip(p7 Aq)}.

peX’ ) peX’ | ger
Dai luong V' goi la gia tri dudi cua trd choi. N6 la gia tri 16n nhit ngudi thi
nhat dat dugc khong phu thudc vao su lua chon chién thuat cua nguoi thu hal.

Mot chién thuat p sao cho Mip(pY'Aq) dat dugc gia tri 16n nhit goi 1a chién
qel

thu@t Minimax cho nguoi tht nhat. Vay trong trd choi han ché, ngudi thu nhat
cling ludn c6 chién thuat Minimax.

Luu y. Néu quy ludt choi yéu clu ngudi choi 11 can thong bao mot chién thuat hdn

hop ciia minh truéce khi ngudi thi nhét chon chién thuat thi chua hin da la thuén loi

cho ngudi thir nhit vi nguoi thir hai ¢6 thé théng bao mét chién thuat Minimax.

Chuing ta thira nhan nhitng két qua sau:

Dinh Ii 1

M6i tré choi han ché déu cé gid tri tro choi va ca hai nguweoi choi déu

¢ chién thudt Minimax.

Dinh Ii 2

Gid tri dwdi thi nho hon hodc bing gid tri trén : V < V.

- NéuV <V thi gid tri trung binh tra vé cua tro choi la V sé thoa
man : KSVS?.

- Néu V =V thi t6n tai gia tri tro choi, gid tri nay ki hiéu la V va
=V =V.

- Néu gid tri V t6n tai thi chién thudt Minimax la mot chién thudt
16i .
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Dinh Ii 3

Néu A = (ay)va A'= (a)) la cdc ma trdn ma a,=ca,+b véic>10
thi chién thudt Minimax cho nguoi thir nhdt va ngudi thir hai trén ma
trdn A ciing la chién thudt Minimax cho ngudi thir nhdt va ngudi thir
hai trén ma trgn A'. Néu V Ia gid tri tro choi trén ma trdn A thi gid

tri tro choitrén ma trén A' la V'= cV + b,

c) Gidn udc vé bai toan Iap trinh tuyén tinh

Béy gio chung ta hidy xem xét tro choi trén quan diém cua ngudi thir nhat :

I</<n

Nguoi tht nhat mudn chon p = (p1, p2, .... pm) sao cho Min {Z p,a”} dat gia tri
1=1
16n nhat. C6 thé coi day la mot bai toan : tim py. pa. ..., pmsao cho ham muc tiéu

Min {Z pla,/} dat gia tri 16n nhat véi rang budc : pr+ po+ ...+ p,=1vap, >0
=1

1< <n

voimoii=1,2, ..., m Cé thé chuyén bai toan nay vé bai toan tuyén tinh bang

n
cach thém bién v thoa rang budc : v <Min {Z p,a,/} va ¢0 gang cuc dai v (cang
I
1=l

</<n
16n cang tot trong rang budc méi nay).

Bai todn dua vé: Chon v va py, P2s --., Pm Sao cho v dat gia tri 16n nhat véi cac
" m n

rang budc: vSZp,ar,I : VSZ:p,a,2 S vSXp,am pitpat ot p,=1lip, >0
i=| i=]

=1

voimoii=1,2, .. .. m.
Day 1a mot bai toan tuyén tinh. Dé gidi bai todn ndy chung ta c6 thé giai bang
mot thuat toan don gian 1a thuat toan don hinh.

Tuong tu, xét bai toan trén quan diém cua nguoi tha hai cling dan tdi bai toan
tuyén tinh tuong tu. Do 1a bai toan sau :

Chonw va gy, qo, ..., g, sao cho w dat gid tri nho nhat voi céac rang budc :

i n ' n
w 2zal/q/ O L/ ZZ(ZZ/C]/ ) Sos L EZ%% > 41 + Q2+ ot qm = 1 ; (]/Z 0 vai
/=1 /=1 =1

moij=1,2, ..., n
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Mot cach khac chuyén bai toan vé dang ¢6 thé lap trinh tuyén tinh [a ; Gia suv > 0,
D, e N . | I

dat x, =P thi rang budc py+pr+ ... + pp,=1thanh x; +x+ ... +x,= —. Tim v
‘) ‘7

£ 1 B .
dat gia tri 1on nhat tuong dwong — dat gid tri nho nhat. Chang ta loai v khoi bai

‘)
toan va co bai toan méi sau :
Chon xi. x2. ... x, sao cho x; + x> + ... + x,, dat gid tri nho nhat v&i cac rang
m m "
bude : 1 SZx,a,, <> xa,: .0 SZX/(JW vax,>0véoimoii=12.....m,

=] =1 =1

Sau khi giai xong bai toan nay, loi giai cua bai todan chuan la:
1

v =———————— va chién thuat 161 wu cho nguoi thr nhat s¢ la p, = v.x, voi
XX, b+ X,

moii=1,2,....,m.

d) Thuat toan don hinh dé gidi tro choi han ché

Thuat todn don hinh giai tro choi han ché duge dung khi ma trdn tro choi khong
¢o diém yén ngua va ciing khong con thu gon duoc bang luat chi phoi. Cac bude
thwe hién thuat toan nhu sau:

Budge 1. Cong thém mdt hang sd vao cac phan tir cua ma tran tro choi dé moi
phan tir déu duong. Can ghi nhd sé nay dé cudi clng s& trir gia tri tim
dugc cho s0 nay dé co gia tri tro choi trén ma tran ban dau.

Budc 2. Tao bang ¢6 gia s6 —1 ¢ cac 6 thude dong cudi (dong m + 1), va gia s6 +1
¢ cac 0 thude cot phai (cot n + 1), gia 0 0 ¢ goc phai-dudi (dong m + 1
cotn+ 1).

N

i I 006 Vn
X ayy 280 (2381 1
Xy fdy | dn | .. | ay | ]
X | Am) Ay ce Umn 1
-1 | -1 -1 10
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Budce 3. Chon mdt 6 bén trong bang lam diém chét, gia su do 1a 6 thudce dong p

Ot ¢ (p goi 1a dong chot, ¢ goi 1a cot chdt, sb tai diém chdt goi la so
chét). co nhiing dac diém sau:

+ Gia s6 6 ¢t chét la A[m + 1 ¢] phai la sb am:

+ S6 tai diém chét l1a Alp . ¢] phai duong:

+ Ti sb gitra gia s6 trén dong chdt va sb chét la %]L] phai nho nhat

vol moi s6 duong A[p : ¢] thudce ¢ot g.

Budc 4. Thay doi gia tri cac phin tr cua bang nhu sau :

. £ . . Al pij|Alig

+ Thay so tai cac 0 A[i . /] (i # p vaj # q) boi A[i:,/]~—m~[——].
A[p;q]

+ Thay cdc s6 tai cac 6 thudc dong p (trr & chdt) boi thuong gita sd tai 0
d6 va s tai 6 chét.
+ Thay cac sd tai cac o thude ¢dt ¢ (trr & chd) boi s ddi cua thuong
gitta s6 tai 6 do va sb tai 6 chét.
+ Thay s6 tai 6 chdt boi nghich dao cia no.

Co thé minh hoa nhu sau :

g ljzq q J#q
1 )
P X ) P - —
X X
_)

. / X —1y

1#p f z i#p —— = £
X X

Truéce budce 4 Sau budc 4

Buréde 5 Thay nhan cua ¢Ot chdt va nhan cua dong chét cho nhau (nghia la p va q

doi chd cho nhau).
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Buéc 6. Néu con s6 4m trén dong m + 1 thi quay vé budc 3.

Budc 7. Nguogec lai, dua két qua ra:

a)

b)

Gia tri tro choi v 1a nghich dao cua sé & goc phai-dudi. Néu ¢ bude 1
da trir m6i 6 cho mét héng s6 (aé d& tinh toan) thi phai cong thém hing
s6 nay vao v. Nguoc lai, néu & busc 1 da cong vao mdi 6 mot hang sb
(dé cac sé déu duong) thi & budc nay phai trir v cho hing sb nay.

Chién thuat t6i uu cua ngudi thir nhat duoc xay dung nhu sau : Tai
thoi diém cudi cung, cac bién cua nguoi thir nhit con lai trén cot trai
s& ¢ tan sudt 0, cac bién cua nguoi thir nhit ndm & trén dong trén
cing cua bang s& nhan gia tri tai dong cudi cung thudc cung ¢t chia
cho gia tri tai goc phai-dudi.

Chién thuit t6i wu cua nguoi ther hai duge xay dung nhu sau: Tai
thoi diém cudi cing, cac bién cua ngudi thir hai con lai thudc dong
trén cling s& c6 tdn sudt 0, cac bién cua nguodt thir hai thude cot bén
trai cta bang s& nhan gia tri tai ¢t bén phai cung dong chia cho gia
tri tai géc phai-dudi.

Vi du. Xét ma tran tro choi:

2 -1 6
A= 0 1 -1|
-2 2 1

Ma tran ndy ¢ phan tir nhé nhét 1a =2, do d6 can thuc hién budc 1 chuyén vé

4 1 8

matrdn: A'=2 3 1|, ma trin nay khong c6é diém yén ngua va ciing khong

0 4 3

thu gon duogc bing luat chi phéi.

Thuc hién bﬁée 2 c6 bang sau :
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Thuc hién bude 3 chon duogc & chbt (thudc mot cot tuy y vi cac sb thudc dong
cudi ciing ctia bang tai cac cot y1, ¥2 va y3 déu am), con dong cua 6 chdt phai
theo quy luat da néu trén. Két qua chon duoc 6 chdt 1a 6 (x; LY.

Thuc hién budc 4 va 5 ¢6 bang sau :

Y1 Y2 | V3
1 1 1
x| — - 12 |-
"4 | 3 4
1 1
2 2 2
x3| O 4 311
1 3
13|t
4 4 4

Thuc hién budc 6 thay phai quay vé buéce 3 chon 6 chét mai la (x23 »2).

Thuc hién budce 4 va 5 ¢ bang sau:

V1 »2 V3

xi| 03 |-0.1] 23 |02

x2[-021]04|1-121]02

x3| 08 | -1.6] 7.8 |0.2

0.1 03] 0104

Thuc hién buée 6, chuyén sang budc 7:
5

Gia trj trd choi la v = 6%—2 = 5—2 =% (phai trir di 2 vi ban dau cac phan tur

cua ma tran dugc cong thém 2).
Chién thuat téi uu cho nguoi thu nhét 1a p=1(0.25;0.75;0).
Chién thuat t&i wu cho nguoi thit hai la g = (0.5 ; 0.5 ; 0).
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5. Dang mo rong cua tro choi

Dang chién thuat cua tro choi la mot cach chuan muc dé didn ta mé hinh toan hoc
clia tro choi. Tuy nhién. ¢6 mot sé diéu tha vi khac cua tro choi lai bi bo qua trong
md hinh don gian nay. Do d6. bay gid ching ta dé cap t6i mot mé hinh toan hoc
khac ban dén cac khai niém co so chua duoc dé cap trong dang chién thuat tro
choi. M6 hinh méi nay goi la dang mé rong cia trod choi. O ddy dé cap 101 ba khai
niém co so: cdy tro choi, bude di ngau nhién va tap théng tin vé tro choi.

a) Cay tro choi

Dang mé rong cua tro choi la mo hinh ding dé thi ¢6 hudng dé moé ta trd choi. D6
thi ¢6 hudng 1a cap (7. F) trong d6 T 1a tap khong rong cac dinh, £ 1la mot ham sao
cho v&i mdi x € T ¢o6 tap con F(x) € 7 (goi F(x) la tap cac dinh theo sau x). Khi
ding d6 thi ¢6 hudng dé biéu dién tro choi thi tap dinh biéu dién cac vi tri cua
trd choi, F(x) 1a tap cac dinh c6 thé t6i tir x sau mot phép di chuyén (mét budce di
hay la mot lugt di ciia mot nguodi choi). Pudng di tr 7o dén ¢ la day
Iy = Xg. Xj. ..., X, = [ ma x, la dinh theo sau cua dinh x,., v&i 7 = 1. ..., n. Trong
dang mo rong cua tro choi, ching ta thuong gdp mot dang riéng cua do thi ¢o
huéng d6 1a dang cay (hay con goi 1a cay tro choi).

Dinh nghia

Cay 1a do thi ¢6 hudng (7. F) trong do ¢6 mot dinh dac biét 1, goi 1a gdc hoac
got la dinh khoi dau. sao cho véi moi dinh + € 7 khac 7y luén ¢6 mdt duong di
duy nhat tir 79 101 7. Dinh khong ¢6 duong di t6i dinh khac goi 1a 1a cua cay.
Trong dang mo rong cua trd choi, tro choi duge bat dau tir dinh gde va tiép tuc
theo cdc duong di dan vé 1a khi nguoi chot lan luot thuc hién cac phép di
chuyén cua minh (14 cua cay la cac vi tri két thue tro chot). Tai cac la, cac luat
choi cho phép xac dinh gia tri tra vé cho ngudi choi. Vi tro choi ¢o n nguoi
choi. tai 14 s& ¢6 bo n gia tri tra vé.

Do chiing ta chi xét tro choi hai ngudi ¢ tong diém bang 0 nén gia tri tra vé chi la
mét con sd thé hién diém ngudi the nhat thing ngudi thir hai. Mot sd trong cac
dinh khong 1a 14 s& duoc gan cho nguoi thi nhét ¢6 quyén chon phép di chuyén tir
dinh dé. S6 dinh con lai gan cho ngudi tht hai ¢6 quyén chon phép di chuyén tir
dinh d6. Tuy nhién ciing ton tai mot s dinh don 1é ¢d thé nhan cac bude di khong

bict trude 1a thude ngudot nao (cac dinh nay thude bude di ngau nhién).
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Bude di ngiau nhién. Nhidu o choi chita cac budce di ngau nhién. Chang han,
gieo xu, quay banh xe trong trd choi may rui, quay chiée 16ng lin bdng trong tro
choi x6 s6 1610... Trong nhirng tro choi nay, nhitng budc di ngau nhién ¢é vai tro
quan trong. Ngay trong choi c& cling ¢c6 mdt bude di ngau nhién la phép gico xu
hodc stc sac dé xac dinh ngudi choi nao duoe di trude va do do bude di dau tién
c6 thé tao ra nhirng loi thé nao do. Trong trd choi bai. budce di dau tién cing 1a
mot bude di ngdu nhién, do 1a bude “trao bai va chia bai”. mdi ngudi choi chi
nhan biét dugec mot phan két qua cua bude di dau tién nay (la nhiing quan bai
ma ho duoc nhan) nhung ho khéng biét day du thong tin vé& két qud nay (nhiing
quan bai dbi thu nhan dugc la gi). Bude di ngau nhién nhu la da tao cho mdi
ngudi choi mot tan sudt khac nhau dé nhan duoc mot két qua nhat dinh trong
budce di nay. Ki hi¢u bude di ngdu nhién la V.

Théng tin. Mot khia canh quan trong khac khi ching ta nghién cttu dang me réng
cua trd choi do 1a thong tin cho nguoi choi biét vé thr tu cac bude di chuyén.

b) Van co ban két thic tro choi bai

Mot trong céc trang thai cia tro choi bai ¢6 md hinh toan hoc don gian va hiu
ich nhét 1a “danh cuoc ¢6 dién™ hodc con goi 1a “van co ban két thue o choi
bai”. Van co ban két thuc tro choi bai nhu sau: Ca hai nguoi dat 1 dong tién
cuoc dau tién vao gitra ban. So tién gilra ban bay gio 1a 2 dong (khi sd tién gitra

ban ¢6 tr 2 dong tro 1¢n duge goi 1a mot binh tién). Ngudi thir nhat rat mot quéan

DTS x 5. ~ o y . r A qa A N CA - IR A 1 - ;
bai tir ¢o bai. Gia st nd ¢6 thé la quan bai chién thang véi tan suat i hodc ¢co

A qx A \ . s A A 3 A 5. X , e .
the la quan bai thua voi tan suat 7 (qudn bai rat ra van up). Sau do, nguoi thu

nhét sé chon kiém tra hodc ddr cuwroc

- Néu chon kiém ira thi quan bai ctia ngudi thi nhat s& duge 1at 1én kiém ta
(xem no la quan bai thang hay thua). Néu nguoi thir nhat ¢o quan bai chién
thing thi anh ta chiém binh tién (do da ldy duge 1 ddng tir ngudi tha hai),
nguoc lai thi nguoi thi nhit mat dong tién dat trude cho nguol thu hai.

- Néu chon ddr cirge thi dat thém 2 dong vao binh, Sau do nguoi tha hai
(khong biét quan bai cua ngudi thir nhit) sé chdr bai hodc gol bai.
o Néu chdr bai thi mat 1 ddng da cuoc.

o Néu goi bai thi dit thém 2 déng vao binh.



Sau d6 quan bai cua ngudi thir nhat duoc 14t 1én, néu 1a quén bai thing thi ngudi
thir nhat thiang 3 ddng (1 ddng dat cuoc trudc va 2 ddng dit cuoc sau) néu la
quan bai thua thi nguoi thir nhat mat 3 déng cho ngudi thi hai.

Cay cua tro choi nay nhu hinh sau:

Hinh 9.6

Trong tro choi c6 ba phép di chuyén:

e Phép di chuyén ngau nhién 1a N dé chon quan bai (thdng hay thua) cho

nguoi thir nhat;

o Céc phép di chuyén cua nguoi thi nhét: kiém tra hodc dat curoc:

e Céc phép di chuyén ctia nguoi thir hai: chdr bai hodc goi bai.
Tai mdi dinh cta cdy, ching ta gn mot nhan la sé hiéu ngudi choi di tir dinh
nay. Khi lap trinh, phép chuyén ngiu nhién (phép rit quan bai dau tién cho
ngudi thir nhat), co6 thé dugc tao ra bang cach tao ngau nhién mot s tu nhién

~ - £ ok N . BT A X:
(chang han vaéi tan suat thang la i va thua la %) c6 nhan 1a N. Trén moi cung

géan nhan xéc dinh 1a tén phép di chuyén.

Hinh 9.7
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Gid tri tai cac 1a thé hién s6 tién ngudi thir nhat thang (néu 1a sb duong) va thua
(néu 1a sb am).

Tuy nhién, con mét dac diém chua duoc thé hién rd trén cdy nay: Khi nguoi tha
hai di chuyén thi nguoi thir hai khéng r& quan bai nguoi thtt nhit nhan duoc
thudc loai nao. Nghia la khi thuc hién phép di chuyén, ngudi thir hai khong biét
nén thuc hién di chuyén tir vi tri nao trong hai vi tri cua minh sau khi nguoi thi
nhéit dat cuoc thém 2 dong. Chung ta thé hién diéu ndy trén cdy bing cach
khoanh hai vi tri nay trong mot dudong kin va néi réng hai dinh nay tao thanh
mot tdp thong tin.

Hai dinh ma ngudi thi nhéat di chuyén tu chung sau phép chuyén ngiu nhién N
thi tao thanh hai tap thong tin riéng biét do ching dién dat két qua tac dong cua
mot phép di chuyén ngau nhién; chlng ta v& cac vong tron nho cho mdi dinh
nay. Ching ta ciing chi cin giit lai mét nhan chung cho cac dinh trong mot tap
thdng tin. Nghia 1a chi cin gan nhan cho tirng tap thong tin.

c) Cay Kuhn

Cay Kuhn l1a cay tro choi bao gém: céc gia tri tra vé, tdp thong tin, nhan cla cac
dinh va cung.

‘Dinh nghia

Trd choi han ché, hai ngudi ¢6 tdng didm bang 0 trong dang m& rong duoc dinh
nghia la:

e Mot cay 7 hitu han cac dinh.

e Mot ham gia tri tra vé duoc gén gia tri cho moi la.

e Mot tap Ty gdbm cac dinh khac 14 (mé ta cac vi tri tai d6 phép chuyén
ngdu nhién xuat hién) va véi mdi re Ty, ¢6 céc tan sut phan bd trén cac
cung xudt phat tir /.

e Cac dinh con lai (khong 1a 14, va khéng thudc 7y) gdm hai nhom cac tap
thong tin 7,.7,,....7,, (cho nguoi tha nhat) va 7,.75,.... Ty, (cho nguoi
thir hai).

e Vo6i mdi tap thong tin Ti cho nguoij (j = 1, 2) tuong Gng mot tap cac nhan
Ly va v6i mbi re Ty ¢6 anh xa 1-1 cta Ly 1én tdp cac cung xuét phat tir 7.

Vay cay Kuhn c6 day du dic trung cua tro choi.

Tro choi ma hai nguoi déu biét cay Kuhn 1a trd choi ¢6 thong tin diy du.
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d) Mo'ta tro choi bang dang md rong

Trude hét chung ta kiém tra xem cé thé dat dang chién thuat cua trd choi vao
trong dang m¢ rong hay khong. Dang chién thudt cua tro choi mo @ duoce sy
chon lua déng thoi cua cac ngudi choi, nhung dang mo rong Kkhong mo ta truc
tiép dugc cac phép chuyén déng thoi.

Tuy nhién. cac phép chuyén dong thoi ¢ thé coi 1a hai phép chuvén lién tiép
theo nhau ctia hai nguoi choi ma nguoi di sau khong biét gi v& phép di chuyén
cua nguoi di trude. Su khong biét nay ¢6 thé dién dat bang cach sir dung mot tap
thong tin. Chang han:

' 1 2 \3 1 2
(3 0 1) /(\ /
-1 2 0 . G : E :

Dang ma tran Dang mo rong
Hinh 9.8

Nguoi thit nhét co tap chién thuat nguyén thuy la {1: 2}. nguoi thi hai c6 tap
chién thuat nguyén thuy la {1; 2; 3}. Chlng ta gia su rang ngudi thi nhat di
chuyén dau tién bang cach chon hang 1 hoac 2. Sau d6 nguoi thir hai di chuyén
nhung khong biét su lua chon cua ngudi thix nhat. Di¢u nay duoc biéu thi bai
tap thong tin cua nguoi th hai. Sau d6 nguoi thi hai chon ¢ot 1. 2 hodc 3 va gia
tri tra vé thich hop dugc tao ra.

e) Thu dang ma rong vé dang chién thuat

Di theo hudng nguoc lai, tu dang mo rong cua tro choi tim dang chién thuat thi
ching ta cAn quan tdm dén nhimng chién thuat nguyén thuy va nhitng quy ude vé
cac gi tri ngdu nhién.

Céc chién thudt nguyén thuy. Cho trd choi ¢ dang mo rong. trude tién can tim X
va Y 1a cac tap gém cac chién thuat nguyén thuy cua cac nguoi choi trong dang
chién thuat. Mot chién thudt nguyén thuy ctua nguoi thi nhat la quy luat chi dan
chinh xac cho nguoi thur nhat thue hién di chuyén trong mot tdp thong tin cia
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minh. Gia su 7, .7,. -1y, 1a cdc tap thong tin cua ngudi thd nhidt va
L11~L13~-~-~L1/(, la céc tap nhan tuong Gmg. Mot chién thuat nguyén thuy cua
nguoi thir nhat 1a bo x = (x,.x, .- X, ) trong d6 x, 1a mot trong cdc phan tir cua

Ly, v6ii=1.2...k.Néucédm, phan tr trong L, thi s6 luong cac bo x bang tich
MyixMyx...x my, . Vay ) lugng cac tap chién thuat nguyén thuy cua nguoi thi

nhét 1a m xmax ... x m, . Tap tit ca cac chién thuét nguyén thuy cua nguoi thu
nhat ki hiéu la X. Tuong tu, néu Ta, .., T, la céc tap thong tin cta ngudi thu
hai va L,,. ... Lul la cac tdp nhan twong mg. mot chién thuat nguyén thuy cua
ngudi thi hai 1a bo y = (. ... Vi, ) trong d6 y,€ Ly, véi mdi /. Nguoi tha hai c6
MUX A2 X 1y chién thuat nguyén thuy néu ¢o n, phan wr trong L, Ki hi¢u Y la
tap céac chién thuat nguyén thuy cua nguoi tha hai.

Cdc gid 1ri tra vé ngdu nhién. Chung ta quy udce gia tri tra vé cua phép di chuyén
ngau nhién nhu sau:

Néu voi chién thudt nguyén thuy da ¢b dinh xeX va yel. giatri tra vé A(x; ) la
mot s6 ngdu nhién thi thay no boi gia tri trung binh.

Vi du 1. Néu cho chién thudt xe X va ye ¥ ngudi thir nhét thang ba diém voi xac

A 1 < <A I . A ] S <A [ . A 1 < e .
suat 7 thing 1 diém va&i xac suat i va thua 1 diém véi xac suat 5 thi gia tri

; 1 1 | 1 ]
trung binh tra vé la —3+—.14+— (=1)=—_. Vav A4 xXiy)= —
z 47 4 2( ) Y b:7) 2

Vi du 2. Gia st chung ta can tim dang chién thuat cho van co ban két thic tro
choi bai dd mé ta bang chién thuat mo rong nhu cay sau:

Hinh 9.9
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Vi nguoi thi nhat : Ki hidu Dar cuoe 14 d, Kiém tra 1a k. Nguoi thi nhat 6 hai
tép thong tin. Trong mdi tap théng tin ¢6 hai lya chon: d va k. Do do nguol thi
nhit ¢6 2x2 chién thuat nguyén thuy. D6 la cac chién thuat sau:

(@: d) : Dat cuoc bit ké quan bai nhan duoc 1a quan bai thing hay la quan bai thua.
(d; k) : Bat ciroc v6i quan bai thing va Kiém tra véi quan bai thua.

(k; @) : Kiém tra véi quén bai théng va Dat cugc vol quan bai thua.

(k; k) : Kiém tra bat ké quan bai nhan duoc 1a quan bai thing hay 1a quan bai thua.

Vay tap cac chién thudt nguyén thuy 1a X = {(d: d). (d; k), (k; d). (k; k)}. Vay X
chira moi chién thuat nguyén thuy ké ca 5t 14n xu (dic biét (k; @) 1a chién thuat
kha v6 1i!).

Ki hiéu g 1a Goi, ¢ 1a Chér. Nguoi thir hai chi c6 mét tép thong tin vai hai lua chon:
g va c. Do d6 tap cac chién thuat nguyén thuy cta nguoi thi hai la Y= {g, c}.

Béy gio chung ta tim ma trén gia tri tra vé: Gia sir ngudi thi nhit sw dung (d; d)
va ngudi thi hai st dung g. Néu nguoi thir nhit duoc chia quan bai thing (diéu

ndy xay ra voi xac xuat %) thi ngudi thi nhat thing 3 diém. Néu nguoi thir nht
dugc chia quén bai thua (diéu nay xay ra voi xac sudt %) thi nguoi thit nhit thua
3 diém. Chién thing trung binh cta ngudi thi nhét la
1 3 3 o i 2
A({d; a), g)= 3.Z+(—3).Z = N (nghia la thua 1,5 diém).

Tinh todn tuong ty c6 ma tran gia tri tra vé la:

g c
3
ad|-=| 1
a a 5
@kl o | -1
’ 2
k:ay| =2 | 1
1] 1
kik)|-=|-—=
(k, k) > 5
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Chung ta giai tro ‘choi 4x2 nay. Dong 3 bi chi phéi boi dong 1 va dong 4 bj chi
phdi boi dong 2. Diéu nay co thé giai thich nhu sau: Khi nguoi thtr nhat duoc
chia quan bai thing thi dung Ddr cugc 1a 1ot hon Kiém tra. Bo di hai dong cubi,

3

PP 2
ma tran con la

Dé dang giai duoc két qua: Gia tri V =

-&!v—

Chién thuat tdi wu ctia ngudi thir nhét 1a

TN

1
—2;0;0).
6 6

Y e \ e o (101
Chién thudt toi wu cta ngudi thi hai la 5 5 )

f) Tro choi voi thong tin hoan chinh

Tro choi véi thong> tin hoan chinh 1 tr6 choi ma trong dang mo rong moi tap
thdng tin ciia mdi ngudi choi chia ding mét dinh.

Tro choi véi théng tin hoan chinh ¢6 ciu tric toan hoc dac biét don gian. Mdi
tro choi véi théng tin hoan chinh khi thu gon vé dang chién thuat déu c6 diém
yén ngura, ca hai ngudi choi déu ¢6 chién thuat téi uu.

6. D¢ quy va tro choi ngiau nhién
a) Tro choi ma tran c6 phan tir 1a tro choi

D6 la nhing tro choi ma trdn ma nguoi choi khi thuce hién céc chién thuat

nguyén thuy cé thé phai thuc hién moét trd choi khac. Vi du tro choi véi
G, 4 . 0 33 . o 1n . . )

G= , trong do G, = va Gy = cling la nhiing tro choi.
5 G, 2 -1 4 3 '

Trong tro choi G, van quy uéc ngudi thit nhat chon dong, ngudi thi hai chon

cot. Néu 6 trong dong hodc cot duge chon la sé thi nguoi tha hai phai tra cho

nguoi thir nhat gia tri bang sé d6 va tro choi két thic. Néu & chon la G, thi tro
choi G duoc choi. Néu 6 chon la G, thi tro choi G, duge choi.
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Dé giai tro choi G, trude hét chiing ta can giai tro choi G va Go.
e G: c6 gia tri tro choi la ¥, = 1, chién thuat t6i uu cho ngudi thir nhét la
2 e e (21
(0.5; 0.5). Chién thuat toi uu cho nguoi tht hai la (7;:).
J D
e Gy ¢6 gia tri trd choi 1a V5 = 3. chién thuat t6i wu cho ngudi tha nhét la
(0: 1). Chién thuat t6i wu cho nguoi thi hai la (0; 1).
Khi choi tro choi G, cac dau thu két thic tro choi G, thi ho nhan duoc gia tri tra
vé trung binh la 7, = 1, két thuc trd choi G, thi ho nhan dugc gia tri tra vé trung

: 1 4
binh la }, = 3. Do d6 G ¢é thé xem nhu tro choi v6i ma tran: [5 3). Gial tro

- - 17 .4 e e 1z
choi nay dugc: Gia tri tro choi la V' = 3 chién thuat toi wu cho nguoi thr nhat

la (3;3} Chién thuat téi uu cho nguoi thi hai la [l;f).

55 . 55
Phuong phap giai trd choi G ¢6 thé tong két lai nhu sau: Néu ma trén cua tro
choi G ¢6 phan tir 1a nhitng tro choi khac, thi loi giai cta G la o1 giai cua tro
choi ma trong ma tran ban dau cac phéan tir [a tro choi khac s& duoc thay béng
gia tri trung binh tra vé cua tro choi do.
Su phdn giai ma trdn. Trd choi G néu trong vi du trén con c6 thé coi 1a tro choi
ma trén 4x4. Tap bon chién thuat nguyén thuy cua ngudi thir nhit ki hiéu la :
{(1; 1), (13 2), (2; 1), (1; 2)}, v6i (i; /) biéu thi dung hang i trong G va trong G;
da dung dong j dé choi. Tuong tu hiéu quy uée nhu vay vOi nguoi thi hai (dung
cdt). Ma trdn 4x4 thanh:

0 3 4 4

2 -1 4 4
G:

5 0 1

55 43

Ching ta c6 thé giai tro choi nay bing cdc phuong phép di néu (phuong phap

don hinh) duoc két qua: Gia tri tro choi la %Z

Chién thuat t6i uu cho nguoi thir nhit 1a (0.2; 0.2; 0; 0.6).
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Chién thuat ti wu cho nguot thu hai la (0.13333; 0.06667; 0; 0.8).
Tir d6 ¢6 thé suy ra trong tro choi G ban dau. chién thuat t6i uu cho nguoi thir
nhat 1a (0.2 + 0.2; 0 + 0.6) = (—?—,%) Chién thuat t&i wu cho nguoi tha hai la

1 4

(0.13333 + 0.06667; 0 + 0.8) = (gg)
Noi chung, khi ching ta ¢6 tro choi G va néu sau khi sap xép lai cac hang va céc
¢4t nao d6 chiing ta phan giai duoc ma trn G thanh dang:

Gll GIZ

GZI GZZ
s6 (d6 12 ma trén ma cac phan tu déu bing mot hang s6); thi chiing ta c6 thé giai
G theo phuong phép néu trén, coi nhu cac ngudi choi chon hang hodc cdt tir ma
tran da dugc phén giai nay, tir d6 suy ra chon hang va cdt tir ma tran ban dau.

J ma Gy va Gy; 1a ma trin tuy y, con Gy, va Gy 1a ma tran hang

b) Tro choi nhiéu giai doan

Mot tro choi dong vai trd 13 phan tir ctia mot trd choi khac thi ban than né c6 thé
cling ¢6 phan tir 12 tro choi va phuong phap giai néu trén duoc lap lai hivu han lan.
Vidu. Tro choi thanh tra

Ngudi thir hai can phai thuc hién mét hoat dong tai mot giai doan nao do trong n
giai doan ctia mét qua trinh. Nguoi thi nhat bi mat theo dsi gidm sat ngudi thu
hai chi tai mot giai doan trong » giai doan nay. Néu nguoi tht hai dang hoat
dong ma ngudi thi nhét giam sat duoc thi ngudi tht hai mét cho nguoi thir nhét
1 don vi. Néu ngudi thit nhat khong gidm sat duoc khi nguoi thit hai dang hoat
dong thi gid tri tra vé 1a 0.

Hoat dong | Cho

Giam sat | 1 0
G,

Cho 0 G

Ki hiéu tro choi nay 1a G, Trong dé G, = (1),
Chung ta giai bang cach lap di lap lai hiru han lan (d& quy) tim duoc:
Gid tri tro choi G, 1a Val(G)) = 1.
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1 0
Gid tri tro choi G = 14 Val(Gs) =
0 1 2
10 1
Gid tri tro choi G = 1|12 ValGs) = 5.
2
10 1
Gia tri tro choi G, = . 1 la Val(G,) = —.
_— n
n—1
L
Céng thtre truy hdi tinh gi4 tri trd choi 1a: Val(G,) = ”—} L
14— "
n—1

c) Tro choi dé quy

Dinh nghia. Trong mot trd choi ¢ mét sé phan tir tham gia la trd choi c6 thé lai
dan vé trd choi ban déu duoc goi 1a trd choi dé quy.

G 1 . .
Vidul. G = ( 1 O) la tro choi d¢é quy nhung c6 thé 1ap vo han (néu hai nguoi

chot luén choi dong 1 va cot 1).

G 1 0
Vidu2. G={1 0 G|
0 G 1

Gia str chién thuét ctia nguoi thir nhét 1a p = (p1; p2; p3), theo nguyén li can bang c6

V=V.p, +p2
V=D +v.p2
v=v.p,+ p,

1 1 1 : 11
suy ra v=—; p; = p, = p3 = —. Gia tri trd choi la v=—. Chién thuat | —;—;—
y 5 pr=p2=p 3 5 (3 3 )

1a chién thuat toi wu cho ca hai nguoi choi.
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d) Su di chuyén nglu nhién gitra cac tro choi

Khai quat hoa khai niém tro choi dé quy: cho phép chon trd choi tiép theo khong
chi phu thudc chién thuat nguyén thuy do ngudi choi chon ma con ¢6 thé chon
ngau nhién. Gia stt G, G,, ... G, va Pty P2 ... po la cdc tAn subt co téng bang 1.
Chung ta str dung ki hiéu p,G+ ... + p,G, dé md ta tinh trang trd choi tiép theo
duoc chon ngau nhién la G, véi tin sut p:- Chung ta cfing ki hiéu s6 z la gia tri
ma ngudi thu hai phai tra cho nguoi thtt nhat thay bing mot trd choi tim thuong

A - , ’ ; 1 ¥ 1 s A . . A A
ma tran (z) c6 kich thude 1x1. Vi du EGI +5(3) biéu thi khi tung dong xu dong
chat can déi néu nhan dugc mat ngwa thi tro choi G, duoce choi va néu nhin
duoc mat sép thi nguoi thit hai tra cho ngudi thir nhat mot luong 1a 3 don vi.

Vi du. Gia su Gy va G, quan hé véi nhau nhu sau:

1 1 2 1
-G, +—(0) 1 -G, +=(=2) 0
G =12 ? 2() ; G,={3" 3( )

2 0 0 -1

Dé giai, ching tadat v, la gia tritro choi i, i=1va2. Do 0 <v; <1 va—1 < 1 <0

nén G, va G, khong c6 diém yén ngua, ap dung cong thuc

a b) ac —-bd

Val(A4) = Val[

d c) (a-b)+(c—d)
w1 4 “v== 0 2(1-v)
taco: vy =Val| 27 =——; v, =Val| 3" = 5( 2‘1“.
2 0 ¢ 0 -1 Al
Suyra v =——5q— dn 16 phuong trinh: 75" ~20v, +10=0, giai duoc:
6+ 1/

52y,

L, _lo—v30 L _10-2430

‘ 7 ? 5

Tur d6 tim dwoc chién thuat téi wu cho hai nguoi choi.
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e) Tro choi ngdu nhién

Néu tro choi nhiéu giai doan ¢6 thém kha nang tra v& gia tri tai mdi giai doan thi
trd choi d6 dugc goi la tro choi ngau nhién. Pay la linh vuc dang duoc nghién
cuiu manh m¢ hién nay.

Dinh nghia

Mot trd choi ngau nhién G gém tap hiru han cac vi tri hoac giai doan {1, 2, ..., N}
trong d6 c6 mot giai doan la vi tri xuat phat. Chung ta ki hiéu G'* 1a giai doan

tht k. Lién quan véi m&i giai doan 1a mét ma tran 4= (a'*'). Khi tro choi dang

& giai doan k., cac ngudi choi dong thai chon hang va cot cua 4% vi du hang i
cot j. C6 hai diéu quyét dinh két qua.

(k)
o

- Ngudi thir nhit thing mot luong la
- Xac suat phu thudc i, j, k dé tro choi két thuc hodic chuyén sang giai doan
khac. Xac suét dé tro choi két thac ki hiéu Ia st va xac suét dé giai doan /

(=1 vai

oy
Ia giai doan ti€p theo ki hiéu la P'(/), thoa méan: s/ +> P
1=1

Sy

moi i, j va k. Gia tri tra vé duoc cong dén tich lu¥ lai cho dén khi tro choi
két thuc. Dé bao dam tro choi dan dan sé dimg, ching ta chdp nhan mét gia
dinh 1a moi x4c suat dirng déu duong. Ki hiéu s 1a s§ nho nhét trong cac xac

suat nay thi:s = mins!*’ > 0.
1.).k

Véi gia dinh trén, tro choi két thic sau mot sé hitu han bude di s& co xac suit
bang 1. Gia dinh nay ciing tao ra téng gia tri tich luy tra vé 1a hitu han khéng
phu thudc vao nhitng trd choi nao da duoc chon trong khi choi. Goi M 1a sb 16n
nhit trong cac gia tri tuyét ddi cua cac gia tri tra vé tai cac giai doan
(M= max | af/’” |) thi tong tich lu§ cho doi tra vé cho nguai nay hodc nguoi khac
1y,
N A T e s 2 M
1a hoi tu (c6 gidi han) boi vi M +(1-s)M +(1-s) M +..=—.
S

Nguoi thd nhat mudn téng tich lu§ nay lén nhét con nguoi thir hai mudn nho
nhat. Ching ta mé ta tro choi nay la:

N
G(k) — (a/(/k) +ZPI/(A'](1)'G(I)J'

=1
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Chu y rang tong cac xac suat cho moi thanh phan trong ma tran 1a nho hon 1,
phan xac suat con lai la s,‘/’” la xac suat két thuc tro choi. Sau khi ¢o6 gia tri tra vé

né sé quyét dinh ngau nhién 1a trd choi duoc két thuc hay giai doan khac sé&
duoc choi tiép theo. Do dé khéng co g101 han cho dé dai cua tro choi, day la tro
chot v6 han.

Do nhimg diéu phtic tap néu trén, voi tro choi ngau nhién nguoi ta thuong dé
cap t&i chién thudt t6i wu tinh. D6 1a cac chién thuat chi 16 cho nguoi choi mot
phan bo xéac suit cho céac lua chon cua ho chi phu thudc vao tro choi G™ hién
dang choi tai giai doan & khéng phu thudc vao » giai doan hodc cac giai doan da
choi qua. Dinh Ii sau phat biéu vé su ton tai cua chién thuat tinh ti wu:

Dinh Ii (Shapley 1952)

Méi 1ré choi G ¢6 gid tri v(k) 1 nghiém duy nhdt cua hé phuong
N
trinh: v(k) = Val(af/“ +>.1 /”(l).v(l)J voi k=1, 2, ..., N
/=1
MGéi ngueoi choi ¢é mot chién thudt tinh 16 wu sao cho tai giai doan k
sw dung dioc chién thudt hén hop cho tro choi ¢ ma trdn:
N
AN (v) = [a,‘,“ 3
/=

1

P,,‘k’m.v(/))’ v=(v(1), ¥(2), ... V(N

Vi du. Xét tro choi ngdu nhién chi c6 mot trang thai:

1+§G 3+lG
G:i;.
1+—-G 2+-G
s 5

Trén quan diém cua nguoi th hai, ¢t 1 ¢6 vé tét hon cot 2 véi phuong dién gia
tri tra vé ngay (la céc sb 1), nhung cot 2 ¢6 vé lam cho tro choi két thuc sém hon
(vi xac suét thuc hién lai G nho hon). Vay chon cac c¢ot nhu thé nao?

Gia st réng moi chién thuat tdi wu 1a thuc thi duoc nghia la tro choi khong co
diém yén ngua. Chung ta s& kiém tra lai diéu nay khi tro choi da két thuc dé co

thé nhin thay gia st la dung.
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Khi do:

3 1
I+—v 3+-v (l+ﬂv)(3+lv)—(l+gv)(2+gv)
_ 5. 5 5 5 5 _ _c
v=Val % > |7 A ] 3 5 =1+v 75v
1+20 242y | (+20) 4G+ on) —(1+29)=(2+5v) .
5 5 5 5 S 5
= v=§\/§ (do v > 0).
l+gv 3+lv
Thay gia tri nay cua v vao ma tran : ta duoc:

l+=v 2+—=v
5 5

1422 34142
2 2 )
1+242 2+42
T d6 tim dugc chién thudt t6i wu cho ngudi thtt nhét trén ma tran nay la
p:(\/i—l;Z——\/E) va chién thuat t5i wu cho ngudi thd hai la

_( V2 V2
q=|1-—=—

> ] Do tén tai cac vecto tan suét nay nén gia sir ban dau la dung

WY B e
va c6 chién thuat toi wu, gia tri cda tro choi ngau nhién nay l1a v = 5\/5

f) Loi gidi gan ding

Véi mot trd choi ng?iu nhién nhiéu trang thai, hé phuong trinh
N

v(k) = Val(af/k’ +Z[’U“‘)(l).v(l)) tr¢ thanh hé kha phuc tap gom nhitng phuong
[=1

trinh khong tuyén tinh dong thoi. Chung ta khong hi vong giai dugc hé nay
trong dang tdng quat. Tuy nhién, c6 mt phuong phap giai bang cach lap di lap
lai két qua gin dung nhiéu lan. Phuong phép nay ciing chinh la co s dé ching
minh dinh 1i Shapley da néu trén do d6 duoc goi 1a phuong phap. lap Shapley.
Pau tién chiing ta tao mdt du doan vé két qua goi 1a vo = (vo(1), ve(2), ..., vo(N)).
Bét ki du doan nao cling duoc.
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Chuing ta ¢6 thé dung du doan ban dau 1a vo=0=(0, 0, ..., 0). Sau khi nhan duoc
v, ching ta dinh nghia d¢ quy v, boi déng thire sau:

N

v . (k)= Val[af/k’ +ZR/(k)(l).vn(l)J véik=1,2,.., N
/=

1
Vi dy. Xét tro choi ngdu nhién chira hai trang thai twong tng 1a hai tro choi GV
va G lién hé véi nhau nhu sau:

G —|4+03G" 040467 o _[0+0.5G" s
1+0.4G"”" 3+0.5G" -4 1+0.5G )

1

Dung vo = (0; 0) 1a du doan ban déu, tim dugc vy = (2; -2) vi:

v](1)=Val(? 2)=2; v‘(2)=Va/(~O4 _ISJ:—Z

Lap tiép theo co: v, (1) =Val| 8 =2.0174 (2) =Val b= =0
a 1€ €0 CO: v, = = Z. 5 v, =vVa = .
' ’ 02 4 ‘ -4 0

Tiép tuc tim duoc cac két qua sau:

vi(1) =2.0210 | v3(2) = —-1.9983
va(1) = 2.0220 | v4(2) = -1.9977
vs(l) =2.0224 | v5(2) = -1.9974
vs(1) = 2.0225 | v4(2) = —1.9974

Sai s6 10n nhat méc phai cua vg nhiéu nhat 12 0.0002 (vi xac xudt ding tro choi
nho nhét 1a 0.5 nén sai s so véi két qua dung s& giam theo ham s mi ¢6 do hoi
tu it nhat 12 0.5").

Chién thuat téi wu khi dung gia tri ve la dé dang tim thay:
- Véi trd choi GV,
chién thuat tdi vu cho nguoi thir nhat 1a pm =(0.4134; 0.5866),
chién thuat tdi wu cho nguoi thir hai la ¢V = (0.5219; 0.4718).
- Vi tro choi G2,
chién thuat téi wu cho ngudi thi nhét 1a p'» = (0.3996; 0.6004),
chién thuét tdi vu cho nguoi thir hai 1a ¢ = (0.4995; 0.5005).
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Bai tap

9.26.

9.27.

9.28.

9.29.

Toi pham B 1én tau tir Ha Néi vé Hai Phong dé trén su truy nd cua cong an
A. Céng an Ao thé 1én tau nhanh. bat B tai Hai Phong. Tai ga Hai Duong,
B c6 thé xuong dé tau thoat. Tuy nhién cong an A ciing biét diéu nay va co
thé cling xudng tau tai Hai Duong dé truy tim. Sau day la bang luong gid
tri cho cong an A4 trong ké hoach truy tim to1 pham B:

B xuéng ga
Hai Duong | Hai Phong
P Hai Duong 100 -50
A xudng ga -
Hai Phong 0 100

Tim chién thuat hdn hop téi wu cho 4 va B, gi tri trd choi bing bao nhiéu?
. . 0 2 s A
Giai tro choi ma tran c¢6 ma tran lugng gid la 4 = [ : ) voi ¢ 1a so thuc
!
tuy y. V@ dd thi cua v(1) la gia tri tro choi phu thudc /.

Giai tro choi trén cac ma trdn sau bang cach giam bdt cac hang va cot bi
chi phoi dua vé ma tran 2x2:

5 4 1 0
10 0 7 1

4 3 2 -1
a) ; by|2 6 4 7

0 -1 4 3
6 3 3 5

1 -2 1 2

Nguoi ta ching minh duoc két luan sau : “V&i mot tro choi da cho. cac
chién thuat (p,. ps. ....p,,,) va (q1. q2, - q,,) tuong ung la cac chién thuat toi
ru cho ngudi thir nhat va nguoi tha ha1 néu gia tri trung binh nhén dugec it
nhét cua nguoi thir nhét bang gia tri trung binh phai tra nhiéu nhét cua
nguoi thu hai”.

Chimg to rang chién thuat p= (6 20 .0; 1 va g = (14 4 ;0; 2;Oj
37 37 37 377377 737

tuong ung 1a chién thuat tdi wu cho ngudi thir nhat va ngudi thir hai trong
tro choi ma tran nhu sau:

— N A WD
W A~ N o

6
5
ol
3

D N O W
O T S U R

Tim gid tri cua tro choi.



9.30. Tro choi Mendelsohn

Hai nguoi choi don;: thoi chon mdi nguot mot s6 nguyén khong vuot qua
muc nao dé. Chan;o han: Hai nguoi chon 90 nguyén trong pham vi tir 1 dén
100. Néu hai sb bang nhau thi gia trj tra vé 1a 0, néu chon 16n hon déi thu 1
don vi thi thiang 1, néu chon I6n hon di thu 2 don vi hodc nhiéu hon thi
thua 2. Bang gié tri tra vé cho nguoi thir nhét (chon dong) nhu sau:

9.31.

11213 (415
Ljof-112 (2 (2
2 (110 ]-1(2 |2
340-211 (0 (-1]2
4 (2121 {0 |-1
S1-21-2]-2(1 10

Hay tim cach loai bo nhirng dong va cgt bi chi phéi, sau do su dung dinh 1i
can bang tim chién thuat tdi wu cho hai nguoi choi.

Hay 1ap trinh tinh ma tran nghich dao cua ma tran kha dao 4 biét mdt sd

dinh nghia nhu sau:

* Ma tran don vi cip m la ma trdn mxm c6 cac phan tu trén dlrong, chéo
chinh bang 1. cac phan tir con lai bang 0. Vi du ma tran don vicap 4 :

]
0
0
0

] =

0
1
0
0

0 0
0 0
1 o}
0 1

* Ma trdn nghich ddo cua ma tran vudng A(a,j),,,x,,, 1a ma tran B(b,)m.m sa0
cho AB=BA4=17(/1ama tran don vi cap m). Ki hi¢u ma tran nghich
dao cua ma tran vuong 4 1a 47", Dé tim ma tran nghich dao cua ma trdn
kha dao 4 co thé ding cac phép bién déi so cép nhu nhau bién ddi ddng
thoi ma trdn 4 va ma tran don vi 1. Khi 4 thanh ma tran don vi thi ma
tran / thanh ma tran 4", Cac phép bién déi so cAp trén ma tran 1a: nhan
cac phan tr ctia mot hang véi s6 & khac 0 (dinh thirc cia ma tran tang &
an), ddi chd hai hang cho nhau (dinh thic ctia ma tran d6i diu), Cong k
lan hang i, vao hang i, (dinh thirc cua ma tran khong doi).

* Dinh thirc cia mt ma trén vudng A(ay)mm duoc ki hiéu la det(4) duoc
tinh theo cong thirc dé quy sau :

o Néudlama tran cap 1

. A=(a,/) thi det(A) =dajy.
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. . a, a
o Néu 4 la ma tran vudng cap 2 : A:[ o 12) thi
a, ay

det(4) = a;y.az; —azp.a;s.
o Neéu 4 la ma trdn vudng cap m :

det(4) = (=1)"a;det(My) + (1) apdet(Ma) + ... + (=1)*"a,det(M,,)

Dinh It

trong d6 M), la ma tran sinh ra tir 4 sau khi bo dong i va cotj (= 1..m.

i 1a mdt hang). Néu ki hidu C, = (=1)"det(M,) thi det(4) =Y a,C,
7=1

voi i chon trong [1...., m]. S& Cygoila phan bu dai sé cta phan tu a,.

K1 hiéu C la ma tran gom cac phan bu dai sb Cy (nam & dong i, cot j).

C" la ma tran chuyén vi cia ma tran C thi ma tran nghich dao cua ma

tran A4 la:

G Gy ml

o 1 T _ 1 ¢, G, m2
det(A4) det(4) :

Cn Cu - G,

Diéu kién dé ma trén 4 c6 ma tran nghich dao 1a det(4) = 0.

Gia st ma tran A la kha dao va, "4 10 (nghia la tong cdc 56 hang
ciia ma tran A 1a khdc 0) va ton tai chién thudt p va q sao chop >0

C 1 ..

va q 2 0, thi tré choi trén ma trdn A sé c6 gid tri V=——— véi
1471
1

1
chién thudr (6i uu p va g ma: p'= VIT L q=VA'l o day 1=| . | va

m=(1 1 .. 1),
-2 2 -1

9.32. Xéttrochoicomatran| 1 1 1

3 0 1

a) Kiém tra xem ma tran c¢6 diém yén ngua hay khong?
b) Chitg to ton tai ma tran nghich dao.
¢) Chimg t0 ngudi thi hai c6 chién thuat tdi wu vei trong s6 duong cho mdi cot.
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=]
d) Vi sao trong trd choi nay khéng can dung dang thirc ¢ = m dé tim
chién thuat t6i wu cua nguoi thi hai?
9.33. Nguoi thtr hai chon mot sé j € {1, 2, 3, 4} va nguoi tht nhat cb géng
phong doan sé ma ngudi thir hai da chon. Néu doan ding thi thing 2 diém
tr nguoi th hai, nguoc lai khéng phai tra gi. Lap ma tran tro choi va giai

tro choi.
07 2 4
9.34, Xét tro choi trénmatran A =1 4 8 2. Qua kinh nghiém choi tro
9 3 -1 6

choi nay, nguoi thir nhét tin ring ngudi thi hai s& dung chién thuat

a) Tim chién thuat Baye phan ung lai chién thudt ¢ néu trén.

b) Gia sir nguoi thir hai du doan dung rang nguoi thir nhét sé¢ dung chién
thudt Baye aé chéng lai chién thuat q:(—;—;——;z) cua minh. Hay,
huéng dan cho nguoi thi hai tim chién thuat Baye chong lai nguoi tha
nhat khi ngudi thit nhat phan ung lai chién thuat ¢ = (—;— = —) .

0o 5 =2

9.35. Giai tro choi voimatrdn As.3= -3 0 4
6 -4 0

9.36. Tro choi véi dong bac

Ng}rdi thu hai f:hon mot trong ‘hai phong dé dau mot d,cAmg pac. Nguéri’ thu
nhat khong biet phong dau dong bac va thi tim. Néu dong bac dau ¢
phong 1 va nguoi thir nhit tim ¢ phong 1 thi xdc sudt tim thdy la % Néu
ddng bac ddu ¢ phong 2 va ngudi thir nhit tim & phong 2 thi xéac s;ét tim
thay 1a % Néu tim duge dong bac thi nguoi tht nhit dugc dong bac do,

nguoc lai thi nguoi thir hai duge. Hay vé cay tro choi va giai tro choi.
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9.37. Tim dang chién thuat tdi vu cua tro choi voi cay tro choi sau :

3 0 3 -3 -3 0
Sau d¢ giai tro choi nay
9.38. Van co ban két thiic tro choi bai
Tong quat hoa van co ban két thuc tro choi bai 1a cach dat xac suat cho
quén bai thang la mdt so tuy y p, 0 < p <1 va cho tién ddt cuoc la mot s

tuy y b, b> 0.

1+h L -(14k) 1

Hay tim gia tri tro choi va chién thudt t5i uu cho ting nguoi.

thi ¢6 diém yén ngua. Khi két thic cha y rang

2+b

Luu y. Voi p=
IR T
2+b 4 e , .. , . n ~ N
, chién thuat td1 wu cua nguoi thi hai khong phu thudc vao p.

p<
2+2b
9.39. Giai hé trd choi gdm cac ma tran sau:

. 0 G 4 3 0 6 0 -2
a) G= ;G = Gy = Gy = .
1 2 5 1 | -2 0

G, G
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b) Giai tro choi ma tran sau:

—_ N O O
S O W A
s DD OO
S O Wwn

9.40. 7ro choi dé quy
Giat tro choi :G = D .Q trong d6 quy udc Q la gia tri tra vé khi tro

choi kéo dai vo han.

9.41. Xét ba tro choi ¢6 quan hé voi nhau sau day:

Gl G7 G1 - »
I I , _[G 0 . (G 1
GI:QZ G, G| G,= 0 2; G, = . ol
G, G G,

Gia su tro choi ket thic va khong ¢6 ma trdn trd choi nao chira diém yén
ngua. Hay giai tro choi.

4 1+lG

9.42. Giai trd choi ngau nhién: G = 3
0 1+=G

3

9.43. Cho tro choi ngau nhién c6 hai trang thai sau day:

a2 2+0.5G% G —4 0
0 4+05G?2 ) | 2405G6Y —4+0506" )

a) Dung dinh li Shapley tim chinh xac cac gia tri v(1) va v(2) cta hai tro
choi G va G* néu gia sir cac tro choi nay khi két thuc tra vé duoc cic
gia tri do.

b) Viét chuong trinh thuc hién lap Shapley dé tim gia tri tro choi ¢ giai
doan k (nhap tir ban phim) 1a v, = (v(1); v«(2)), bat dau véi du doan cho
giai doan khdi tri 1a vo = (vo(1) = 0; vo(2) = 0) va so sanh voi gia tri dung
tim dugc tr cau a).
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Chuyén dé 9

9.1.

9.2.

9.3.

9.4.

9.5.

9.6.

9.7.

Dung phuong phap phan tich nguoc, xét tir vi tri két thuc dén vi tri khoi
dau. Vi tri két thuc la vi tri ing véi sb quan béng 1, day la vi tri P.

a) P={p e X,pmod2=0};

b) P={peX pchia9dcodulan, 2, 4};

¢) P ={p € X. p chia hét cho 3}.

a) Di chuyén tiép theo la chiém 6 (3; 1).

b) C6 (ching minh bang phan chung).

Goi . Biéu dién sé thé dudi dang nhi phan, mdi 1an di theo thuat thing 1a
loai di s 1 bén phai nhat cua biéu dién nhi phéan cta s6 thé hién tai. Néu sé
N ban dau khong phai la luy thira cta 2 thi ngudi di ddu ludn thang. nguoc
lai ngudi th hai ¢6 nhiéu kha ning thang.

Néu sb quan ban dau khéng 1a sé Fibonacci thi ngudi di du s@ thang theo
thuét sau: méi lan can chon sé hang nhé nhét trong phan tich sé thé hién tai

thanh téng céac sb Fibonacci phén biét khong ké nhau (néu con phén tich
duoc, nguoc lai thi ldy toan b coc).

Thuat toan nhu trd Nim chuan ba coc, chi thém bude sau: Néu B di chuyén
bang cach tang thém x quan vao mdt coc nao dé thi A4 lai rat ding x quan dé
ra khoi coc nay.

a) Co thé coi tro choi nay la mot hinh thie trd hinh cua trd choi Nim: Rua
ding ¢ 6 n coi nhu trong tmg mot coc ¢6 n quan. Mot phép di chuyén rua: lat
ngua rua tai 6 x, kém theo 1at nguoc lai mot riia & bén trai 6 x 12 6 y ¥y <x).
Néu ria tai 6 y dang ding ma bi dat ngtra lai thi tuong ducmg véi viée di
chuyén hét quan tai hai coc x va coc y. Néu rua tai 6 y dang ndm ngua lai duoc
lat thanh dtng trén bdn chan thi tuong duong véi viée xoa coc x va thém coc y,
hay c6 thé coi nhu di chuyén x —y quan khoi coc x dé con y quan.

b) Hinh v& tuong ung véi n = 10.

A A LT L R AT LB REABIATH A0

Trang thdi ban dau la (3, 4, 6, 8, 10) ¢6 téng Nim bang 3 (khac 0) nén
ngudi di dau sé thang. Do téng Nim cia 3, 4, 6, 8 bang 9, do d6 cin lat rua
10 va tp rua 9 thi chiém duoc vi tri mdai ¢ tong Nim bang 09 @ 9=0).
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Céc rua dang bo bay gidr 12 3, 4, 6, 8, 9 tao thanh mét vi tri P (tdng bang 0).

Gia str ngudi thi hai di tiép bang cach 14t ria 8 va 5, cac rua dang bo lai la
3,4.5,6,9:

o FOTCOTONOE B R e

Téng Nim bay gid la 13, nén chi c6 mdt phép chuyén tot cho vi tri nay la
lat up 9 va 4 (nghia la bo di 13 quén). Trang thai médi la (3, 5, 6) c6 tong
Nim bang 0:

R A LIy A ST A AT R A

Két Iugn. Mot bude chuyén trong Nim thanh mot budc 14t ria nhu sau:
Ching ta giam coc téi mot kich thude nhé hon bang cach 4t ngira mot rua va
1at ip mot rua nhu phép dau tién (ngira 10, Gp 9). Néu loai hai coc véi cac
kich thudc hién dang ¢6 ching ta phai lat ngwra hai rua (vi du budce di lan thir
hai cua nguoi tha nhét da 1at 9 va 4). Dé loai mét coc, ching ta chi can lat
ngtra mot ria thich hop vi du do 4, 6, 8, 10 ¢6 tong Nim bang 0 (1a mot vi tri
P) nén budc dau tién ngudi thir nhét cling ¢ thé chi can 14t ngtra raa 3.

9.10. a)S={1,3.4}

xl012345678910111213141516171819

Gx(0 101 2329010 1 2 3 2 0 1 o0 1 2 3

b) S 1a tap cac sé nguyén t6 1é

,\‘101234567891011121314151617]819

(?(x)‘00011122230341430341
¢) S la tap cac sb nguyén tb

x‘012345678910111213141516171819

Gxylo 0t 12233 4 0 0 1 1 2 2 3 3 4 4 5
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d) S 1a tap cac sd Fibonacci

x‘012345678910111213141516171819

G0 1 2 3 012 3 45 0 1 2 3 0 1 2 3 4 5

e) Sla tap cac s6 Lucas

x |01 23 45 6 7 8 9 10 11 12 13 14 15 16 17

Gk)j6 101232301 0 1 2 3 2 3 0 1

9.11. Ham Sprague-Grundy cua tro choi A1 Most Haft

x {01 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19

Gxy;0 01021 3 0 4 2 5 1 6 3 7 0 8 4 9

393

9.12. Ham Sprague-Grundy cua tro choi Dim”*

x {0 I 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19

Gx|o0 1 2 1 3 1 2 14 1 2 1 3 1 2 1 5 1 2 1

9.15. Ham Sprague-Grundy cua tro choi Wythoff

) Yo 1 2 3 45 6 7 8 9
0l01 2 3 45 6 7 8 9
111 2 0 4 5 3 7 8 10
2012 0 1 5 3 4 8 6 7 11
3134 5 62 0 1 9 10 12
414 5 3 276 9 0 1 8
5053 4 06 8 101 2 7
616 7 8 1 910 3 4 5 13
717 8 6 9 0 1 4 5 3 14
8 I8 6 7 101 2 5 3 4 15
9 19 10 11 12 8 7 13 14 15 16

9.16. Ta ki hiéu ham Sprague-Grundy cua tro choi téng 1a g, cua cac tro choi

(1

thanh phan lan luot 1a g, g, g% Ta cé:
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218, 17.7)=¢""18) @ ¢?17) @ ¢¥(7=8@® 5® 7=10>0
nén (18, 17. 7) 1a mot vi tri V.
Phép chuyén téi wu 1a chuyén téi vi tri (6, 17, 7) vi
g6.17. =g ® g0 @ ) NH=2@® 50 7=0.
9.17. Hai vi tri két thuc lé coc 1 quan va coc 2 quan. Cac gia tri ham Sprague-
Grundy cho tro choi nay khi coc ¢6 kich thuéc nho ¢é thé tinh duoc khong

kho khan, nhung khi kich thudc lén thi viéc tinh toan rat nhiéu thoi gian.

Day gi tri nay c6 tuan hoan khong? Diéu nay dén nay chua rd!

9.18. Gia tri ham Sprague-Grundy cua tro choi Kayler g(y + z). y 1a cac bdi cua
12.,z=0,1, ..., 11.

y201234567891011
o |of[1|2]3]1]al3]2]1]al2]6
12 [al1]2]7]1]al3]2]1]4]6 |7
24 |4l1]2]8]s5|a]7]2]1]8]6]7
36 |al1]2]3]1]a]7]2]1]8]2]7
48 [al1|2]s8ltlal7]2]1]4]2]7
60 lalt]2]slila]7]2]1]8]6]7
72 |41 |218|1]al7]2]1[8]2]7

Khi x = 72, cac gia tri bt dau 14 tudn hoan véi chu ki 12, céac gia tri cua
dong cudi bang trén duoc ldp mai.

9.19. Choi tro Rims ta c6 thé coi nhu choi theo
Nim nhiéu coc.
Vi du: Hinh bén v& vi tri (3, 4, 5) ¢6 gia tri
Nimla3 @ 4 @& 5=21aviti N, cn
chuyén dénvitri P (1.4.5)vi1 ® 4 ® 5=0.
Diéu nay c6 thé thuc hién bang cach vé&
vong tron qua hai trong ba chdm ngoai ciing.
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9.20. Gid tri ham Sprague-Grundy cua tro choi c& Dawson (N=18)

Y G0 2031415678910 11]12|13]14]15

16

17

gy(oftjtj2lo(3]1{1]|o|3]3 |2 12 |4 |0 |5

9.21. Ham tinh tich Nim cta hai s x va y:

function tichnim(y,x : longint) : longint;
var x1, x2, t,i : longint; -
begin
if x<y then t:= tichnim(x,y) else
if y=0 then t := 0 else
if y=1 then t := x else
if fec(x) then {x=2, 4, 16, 256, 65536, ..} begin
if x=y then t := (x*3) div 2 else
Lt 1= x*y;
end

else (x khong la luf thira dang ferma }
begin {tim xI, x2 nhé hon hodc bing x ma x1 xor x2 = x}

xl := 1;
while x1*2<=x do x1 := 25
X2 1= X xor x1;

begin {tim x=x1x2}

i = 0;

while fecmat{i]<x do inc (1) ;
if fecmat[i]>=x then dec (i) ;
x1 := fecmat[i];

{bdy gio x =x1.x2, yx= yx[.x2}
if (random(1000) mod 2 = 0) then

t := tichnim(tichnim(y,x1),x2)
else

t o= tichnim(tichnim(y, x2), x1);
end

else {y.x=y. (xl+x2)=y.x1 + y.x2}

t = tichnim(y,xl) xor tichnim(y, x2);
end;

tichnim := t;
end;

if (x2=0) then Mhm@lMuﬁwrxLme&x:xlnvxlx:xIM/@UhMyHMZ}

2 1= x div x1;{xlaluy thira ciia 2 nén chia hét cho /i(j’ thira dang ferma nho hon}
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9.25. Trong trd choi 1at xu bdn goc Turning Corners, g(x, y) =x ® ) do do giai
tro choi nay ciing 1a mot cach dé tinh tich Nim.

uses crt;

const max = 100;
type mang = array(0..max, 0..max] of integer;
var g : mang; n,x,y : integer;
v : array[0..max*max] of integer;
function sg(x,y : integer): integer;
var a,b,i : integer;
begin

fillchar{v, sizeof(v),0);
for a:=0 to x-1 do
for b:=0 to y-1 do

viglx,b] xor gla,y] xor gla,b]] := 1;
i 1= 0; )
while v{i]=1 do inc(i);
sg = 1i;

end;

BEGIN
clrscr;
n := 15;
fillchar(g,sizeocf(g),0);
gl{l,1] := 1;
for y:=2 to n do gl[l,y] := y;
for x:=2 to n do glx,1] := x;
for y:=2 to n do
for x:=2 to n do

glx,yl:=sg(x,y);

for x:=0 to n do

for y:=0 to n do

begin

if y=n then writeln(g(x,y]:4)
else write(g(x,y]:4);

end;

readln;
END.
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: : . s z 2
9.26. Chién thut t6i uu cho cong an 4 1a ding & Hai Duong v6i tin suét p= s

. P Z 3 e n L. "
dung & Hai Phong véi tan suat 1— p = e Chién thudt toi uu cho t6i pham B

g o 4 3 I N s A A 2
la ding & Hai Duong véi tan suat 5 dung ¢ Hai phong véi tan suat 5

9.27. Néu 1 < 0 thi ay; la diém yén ngwa. Nguoi thir nhét chon hang 1 theo chién

thudt t5i wu 1a (1; 0), nguoi thir hai chon ¢t 1 theo chién thudt ti wu 14 (1; 0).
Gia tri tro choi la v = 0.

Néu 0 <7<1 thi ar 1a diém yén ngua. Ngudi thr nhat chon hang 2 theo
chién thuat téi wu 1a (0; 1), ngudi thir hai chon cot 1 theo chién thuat t6i uu
la(1;0). Gia tri tro choilav = 1.

Néu s> 1 khong ¢6 diém yén ngua. Khi d6 dp dung cac cdng thie tinh p, ¢ va v:

=1 1 b 2t
HRFTTAL TG rE

Vay gia tri tro choi la:

Db thi nhu sau:
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9.28. a)
0

156

5 4 1 0 4 1
4 1 0 4 0
3 2 -1 3 2 -
= =3 2 —-1|=>|3 =1
-1 4 3 -1 4
-1 4 3 -1 3
1 -2 1 2 -2 1

3[_41 ‘;J

. 1 3
Ma trdn 2x2 khong c6 diém yén ngua. Tinh p = > g = 3

<

N

— oW

> x ‘. e 1 A4 1 .
Suy ra chién thuat hon hop t6i wu cua nguoi tha nhat la: p = (5;0;—2—;0) va

chién thuat t5i vu cua nguol thu hai la ¢ = [O;%;O;—z—),
10 0 7 1 10 0 7
b)l2 6 4 7|=2 6 4 :>(

6 3 3 5 6 3 3

10 0 7
2 6 4

. 2 . A o] . .
(to ma trdn 3x3 chuyén thanh ma tran 2x3 vi: E(CIU +(42/)2a3/ vO1 mot
Jj=1,2,3).

Gia s nguoi th nhit chon hang 1 véi tan suit p, hang 2 voi tan sudt 1 -p.
Khi d6 néu nguoi thu hai 1an lugt chon ¢ot 1, 2 va 3 thi gia tri nguoi tha
nhit nhan duoc tuong Ung la:

v=10p+2(1 —=p)=2+8p;v=6(1 - p) = 6 - 6p;
v=Tp+4(l —p)=4+3p.
V& ba dudng thing va thidy duong dam thap nhit chi ndm trén dd thi ing

voi ¢t 1 va 2 (giao nhau tai diém [%,370) do d6 thi ¢4t 3 ndm hoan toan

phia trén duong dam nén cling c6 thé dung ma tran chi gc“nn cot 1 va 2:

10 0}
dé tinh p:g, vzﬂ.
2 6 7 7



9.29. a) Tinh Min{z plil*ali.j] Vi=12,...m

/=l

}: 3.27027...

"

Tinh Max{Zq[j]*

=1

ai.jl  Vj=12,..n }= 3.27027...

Suy ra chién thuat = ( 2l 11)

;0; va —1—4101 OJtuonfm

37°37°37) 1T (37°377 057 & e
1a chién thuat téi wu cho nguoi thu nhat va ngudi thir hai.

9.30. Dong 1 chi phéi cac dong 4, 5, 6, ...,
¢6 thé loai bé cac dong 4, 5, 6, ...

cdt 1 chi phéi cac cot 4, 5, 6, ... nén
vacac cot4, 5,6, ... :

o -1 2 2 2
1 o -1 2 2

0o -1 2
-2 1 0 -1 2

= 1 -1].

-2 =2 1 0 -1

-2 0
-2 =2 =2 1 0

Ma tran la déi xing bu, gia tri tro choi la V= 0 va chién thuat tdi vu cua hai

p,=2p;=0
nguoi la nhu nhau. Giai hé:{-p, + p, =0.
2p—-p,=0
1 11 Lz e . .
Taco: p=g= 7 2—;2;0; 0;... | 1a chién thudt t6i vu cho hai nguoi.
2 0 0 O
0 4 0 O 2 00 0
0 0 8 0 . . 04 0 0
9.33. B= c6 thé thu gon vé 4 = va ¢6 ma tran
0 0 0 16 0 0 8 0
0 0 0 O 0 0 0 16

nghich dao 1a :

12A. TAI LIEU...TIN HQC (Q3)
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0,5 O 0 0
e 0 0,25 0 0
0 0 0,125 0
0 0 00,0625
Gia tri tro choi 1a : 1.06667. Chién thuat tdi wu cho ngudi thi hai la :
(0.53333; 0.26667; 0.13333; 0.06667).
Chién thuat tdi wu cho ngudi thir nhét 1a :
(0.53333, 0.26667; 0.13333; 0.06667; 0; 0; ...).
9.34. a) Chién thuit Baye cia ngudi thu nhat phan ung lai chién thuat

q= (%;;%) clia ngudi tht hai 1a p = (p1 ; p2: p3) sao cho p'Aq dat gia
tri 16n nht.
0.2
07 2 4
T 0.2
pAg=@iip2ip3) |1 4 8 21 "
9 3 -1 6 '
0.4
0.2
0.2
= P2t 9p3: Tp1+4py+3p3: 2p1+ 8pa— p3 s Apy+ 2pat 6ps). 02
0.4

=(02py+ 1.8p3+ 1.4p1+0.8p,+0.6ps+0.4p+ 1.6pr— 0.2p3+ 1.6p1+ 0.8pr + 2.4p3)
=(3.4p,+ 3.4p,+ 4.6p3).
Vay gia tri v=3.4p,+ 3.4p,+ 4.6p; (1) trong do p; + po+ p3=1 (2) vap; > 0;
p2>0; p3> 0. Thay (2) vao (1) co v=3.4 + 1.2ps.
Vay v 16n nhét khi p3s=1;p=0;:p=0. Chién thuat Baye cua nguoi thir
nhat dép tng lai chién thuét ¢ ctia ngudi thir hai 1a chién thuat p = (0; 0; 1).
b) Nguoi thit hai cdn dung chién thuat Baye dap ung lai chién thuat (0; 0; 1)
ctia ngudi thi nhét, d6 1a chién thuat nham p'Ag dat gia tri nho nhét :
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q, q,

07 2 4
pAg=©;00. 1 4 8 21T 1=9:3-1,6] 7 | =991+ 3g2- g5+ q0).
93 16)|% &
g g,

Viy can chon g sao cho v = (9¢; + 3¢> — ¢ + q4) (3) dat gia trj nho nhét dé)ng
thoi thoa man diéukién: g, + g+ @3+ qa= 1 (4) va¢,> 0 v6imoij = 1,2, 3, 4.
Thay (4) vao (3) c6 v = 10g; + 4¢q> + 2q4— 1 2 1. Suy ra v dat gia tri nho
nhét khi ¢, = o= q4= 0 va g3 = 1, khi d6 ngudi thit hai khong mat didm ma
con duoc 1 diém (do ngudi thir nhat nhan gia trj tra vélav=-1 diém). Viy
chién thuat dap ung lai cia ngudi tha hailag=(0;0;1; 0).

0 S5 =2
9.35. Xét ma tran trd choi 43.3={ -3 0 4 |, kiém tra thdy 4 khong c6 diém
6 -4 0
yén ngua va cling khong thé rit gon bing luét chi phébi.
Luot ]
Burée 1 : Cong cac phan tir cia ma Budéc 2 :
trdn voi x = 4, duoc ma tran sau : i 1y: | »
4 9 2 X1 4 9 2 1
=11 4 3 x| 114]8]|1
A= : 100 | 41
10 0 4 -1|-1]-1]0
Bude 3 : Chon chét tai dong x; cot y1 (chra gia tri 10).
Budc 4 : Thay d6i lai cac gia tri Bucdc 5. Thay nhan cot 1 la y; va
cua bang, c¢6 bang mai nhu sau : dong 3 1a x3 cho nhau :

Y o[ Y2 | 3 X3 | V2| V3
x11-0419 ] 04 {06 x1|—04]9 |04 (06
x1-01141]76 09 x21-0.14 1|76 |09
x3( 01 [ 0] 04 |0.1 yi| 01 |0 | 041]0.1

0.1 | -1]-0.6]0.1 0.1 | -1}|-0.6/0.1
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Budc 6 : Quay lai budce 3.

Luwot 2

Buée 3 : Chon chdt 1a 6 thude dong 1 (nhan x;) va cot 2 (nhan y»).

Bude 4 : Thay doi lai cac gid tri cia bang, ¢6 bang méi véi gia tri gan dung
nhu sau:

X3 Y2 V3
x1 | =0.0444 | 0.1111 0.0444 | 0.0667

x2| 0.0778 | —0.4444 | 7.4222 | 0.6333
wl o1 0 0.4 0.1
0.0556 | 0.1111 | -0.5556 | 0.1667

Buéce 5 : Thay nhin ¢t 2 1a y, va dong 1 1a x; cho nhau :

X3 X1 Y3
v2 | =0.0444 | 0.1111 | 0.0444 | 0.0667
x2 | 0.0778 | —0.4444 | 7.4222 | 0.6333
Vi 0.1 0 0.4 0.1

0.0556 | 0.1111 | —-0.5556 | 0.1667

Budc 6 : Quay lai budce 3.
Luot 3
Buée 3 : Chon chdt 1a 6 thude dong 2 (nhin 1a x;) ¢dt 3 (nhdn 1a ys3).

Buoc 4vas.

X3 X1 X2
y2 | —0.0449 | 0.1138 | —0.0060 | 0.0629
y3| 0.0105 | -0.0599 | 0.1347 | 0.0853
yi | 0.0958 | 0.0240 | —0.0539 | 0.0659
0.0614 | 0.0778 |0.0749 |0.2141
Budce 6, Budc 7: Gia tri tro choi la 0,6713.

Chién thuat t6i uu cho ngudi thi nhit 1a p = (0.3636; 0.3497; 0.2867).
Chién thuat téi vu cho nguoi thi hai la ¢ = (0.3077; 0.2937; 0.3986).
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9.36. Luu ¥ rang “Ngudi thir nhét khong biét dong tién duoe déu & phong nao”
do d6 hai vi trf ma nguoi thw nhat c6 thé chon dé di chuyén trong cay la
cung mot tap thong tin.

Ki hiéu Dy va D, 1a cac chién thuat
nguyén thuy cta nguoi thr hai, tuong

D1

mg 1a dau ddng bac & phong 1 hoidc diu - ~

dong bac & phong 2 - ~

Ki hiéu 7, va 7, 1a cac chién thuat Az 12 Q5 173
nguyén thuy cia nguoi thtr nhat, twong

ng 1a tim ddng bac & phong 1 hodc tim 1 0 0 1
o phong 2.

Theo dé bai ¢ cac phan bd xac suét nhu trén cay Kuhn.
Khi nguai thir nhat thue hién 71, néu nguoi thtt hai thyue hién D, thi gia tri
U 1
travela —.1=—.
2
Khi nguoi thir nhat thue hién 7, néu nguoi thir hai thuce hién D, thi gia tri
a1 1
travéla —.1=—.
3 3

Bang gié tri tra vé cho nguoi thir nhét 1a -

D, D2
1
Tl = 1o
2
1
7, 0| =
2 3

Thuec hién chién thuat can béng: Goi tan suét thue hién 7 1a p, thuc hién 75

lél—pthicé:—g—zl_p

suyra p= 2

yra p 5

A s A A A S A- Ve , A \ 2 3 ., 5 3 g
Vay chién thuét can bang toi wu cho ngudi thir nhit 1a gg . Gia tri tro choi

. . 2
la % . Tuong tu tim duoc chién thuat toi wu cho ngudi thit hai 1a (E%)
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9.37.

Bang tinh gi4 tri trung binh tra vé cho ngudi thir nhét :

d-f d-g e-f e-g
1
132y = | lsi2y=n| LlsiZo=1 | Lliiz2s-
373 373 3 3
b
-3+20=1 L1o+20=0 13:20 24 —0+=3=2
3 3 3 3
1 2
I 13,204 13:20-1 | Lme2o=cr| Liy+2a=1
373 373 3 3 3 3
Vay c¢6 ma tran tro choi la:
df dg ef eg
a (-1 -1 1 3
b {1 0 1 2
c L1 1 11
Dong (a) bi chi phdi bai dong (b) nén co6 thé loai bo dong (a). Cot (eg) bi
chi phbi nghiém ngat bai cot (ef) nén co thé loai cot (eg). Cot (df) bi chi
phéi nghiém ngit bai td hop cac cot (dg) va (ef) voi tan suét 0.5 cho mdi
cot. Dan téi ma tran 2x2:
dg ef
b (0 1
c 1 -1
Dé dang tim duoc gia tri trd choi 1a % Chién thuét téi uu cho nguoi thir
io0s (n 21 NP TN
nhat 13 0;5;—3- . Chién thuét to1 wu cho nguoi thi hai 1a O;E;E;O .
9.38. Vi ngudi thir nhat : Ki hiéu Pdr cuoc 1a d, Kiém tra 1a k. Nguoi thir nhat
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. trong hai lua chon. Do d6 ngudi tha nhit c6 2x2 chlen thuéat nguyen thuy.
D4 1a céc chién thuét sau : e

(ci,' d) : Dat cuoc bt ké quan bai nhén duoc 13 quén bai th%'ing hay 13 quan bai thua;
(d; k) : D3t cugc vé6i quén bai thing va kiém tra véi quén bai thua; |
(k; d) : Kiém tra véi quén bai théné va dat éudc véi quc'in bai thua;

(k; k) : Kiém tra véi quan bai théing hoéc thua

Véy tap c4c chién thuat nguyén thuy la X= {(d d) d; k), (k d’) (k k)}.
Chung ta d3 chira trong X moi chién thuat nguyén thuy ké ca tt 13n x4u.

Ngudi thit hai chi c6 mét tédp thong nn Do dé Y {g, c} véi ki hi€u g 1a
Goi, ¢ lé Chét.

Ngudi thu hai sir dung g hoic ¢ néu ngudi thit nhit vira dung dat cugc (d d).
Ma tran gié trj tra v& cho ngudi thir nhét nhy bang sau:

N . Cot 1: g (goi) - Cot2: ¢ (chd)
Déng 1: (At cupe; dit cwoe) = () | p(1+ )+ (1 = p)-1—b) | p1 + (1 —p) 1
Dong 2: (gt cwpc; kiém tra) = (d:k) | p.(1+8)+ (1 =p)(=1) | p.1+(1=-p)(=1)
Dong 3':"(kliém tfq; ddt ciwge) = (k:d) | p.1+ (1 - p).(~1 - b) o p. 1 +(1 p) 1
Ddng 4: (kiém tra; kiém tra) = (k) | p.1+(1 - p)(-1) p1+(1=p)(=1)

" Déng 3 bj chi phéi boi dong 1, nén ¢6 thé loai bo dong 3. Dang 4 bi chi phéi
béi dong 2 nén c6 thé loai bd dong 2. Din t6i ma tran 4 kich thuéce 2x2 :

Cot 1: g (goi)

" Cot 2:c (choy)

Déng 1: (it cupe; diit cupe) = (d:d) |

p(1+b)+(1-pX-1-b)

pl+(1-p)l

‘ Dong 2: (ddt cwpe; kiém tra) = (d:k)

|p1+a-pen |

Khip=1

(14 B) + (1 =p)(-1)

Cot 1: g (goi)

Cot 2: ¢ (chét)

'Dbrig 1: (dét cwoe; dat cuge) = (d,ﬁ) |

T 1+b

p

Dong 2: (@dt cuoc; kiém ira) = (d;k)

1+b

p

A ¢6 hai dong gidng nhau, 6 hai diém yén ngya 1a A(1;2) va 4(2;2).

163




Viéy gia tr; trd-choi 14 p. Chién thuat t6i wu cho ngudi thu nhit la (x, 1-x;0;0)

Cvei0<x <L Chién thuat ti wu cho nguorl thu hai la ©;1).

Khip=20

| Cot 1: g (goi) | Cot 2: ¢ (chdy)
Dong 1: (44t cuge; dat cwpe) = (d:d) | ~1-b | 1
Démg 2: (dat cuge; kiém tra)=(d,b'_k)‘ R :_ ) —1

A1) 18 diém yén ngya. Gié trj trd choi 1a -1.

Chién thuat ti wu cho ngudi thir nhit 1a (0 1; 0; 0). Chxen thuat t6i uu cho

~ ngudi tht hai 1a (1; 0) ’

Khi {”*0 |
lp=l

 Nhin thy A(1; 1) khong 12 6 16n nhét cdt 1, 4Q2; 1) khong 12 6 nhé nhét

~ Cubi ciing xét truorng hop p< 2+b

164

A(L; 1) 2 A(l; 2)5;;(1 +b)+ (1 -p)Y~1-b)2p.1 +(1 - p).] ¢$ p=

dong 2. 4A(2; 2) khéng lén nhit cot 2. Vay néu 4 c6 dlem yén ngya thi chi
c6 thé 13 4(1; 2). ‘

A(1; 2) 16n nhét cét 2 do 6 s& 1 didm yén ngu'a néu nob nho nhat dbng 1,
nghia la:

2+b
2(l+b)

Vay kh 2?1 s (vap # 1) thi A(l 2) 1a dlem yen ngua, do d6 gia tri

trd choi 12 1. Chién thuat t5i wu cho ngudi thiy nhit 12 (1; 0; 0; 0) va chlen
thuét tdi wu cho ngudi thi hax lé (0; 1). :

“20+5) (vap#0).

Bang céc cong thirc g:éx trd chm ma tran 2x2 tim chlen thuat can bang t01‘

V Ap-1)(1+b)- l
: 2+b '

uu s& c6: Gid trj trd choi 1a



Chién thujt t8i uu cho ngudi thir nhét 1a:

[ pb ’_2-2p+b-2pb,'.0)
A-p)2+b)" (A-p)2+b)

Chiéh thuat t6i ru cho ngudi thir hai la: —g—- 2 )
‘ 2+b 2 +b

9.39. a) Su dung céc cong thic tinh gxa tri va cac chtén thuat t8i wu cua trb choi

b ,
ma tran (; ) khong c6 dlem yén ngya:
c

. c—-d _e=b Ve ac—-bd
atc~b-d’ - p a+"cfb—'-d’ | a+c-b-d
Ta c6 két qua sau: . .

Trod choi Gy ¢6 diém yén ngya tai 6 (1 2) nén la glé tri trd choi 13 3, chién
thuat cho ngudi thir nhét 1a (1; 0) chién thut tél wu cho ngu’m thir hai 12 (0; 1).

Tro choi G, khong c6 diém yén ngya, gid trx trd choi 12 3, chién thudt cho
ngudi thu nhit 1a (% —2—) chxen thuat t6i wu cho nguoi thir hai 1a (; ;)

Trd choi G; khong c6 dlem yen ngua, gia trl trd choi 1a 1 chién thut cho

ngudi thir nhét 1a (; ;) chién thudt t5i wu cho ngudi thu' hai 12 ( ; ;)

Do d6 tr6 choi G xem nhur trd choi véi ma trdin G’ = 3 ) Tré choi ¢
. khong c6 diém yén ngua, gia tn trd choi 1a 7 chxen thuat cho nguén tha

’

nhét 1a (-; %) chién thuat téi wu cho nguorl thir hai 1a (

\xlw'

b) Déi cdt 1 va ¢t 4 cho nhau, duge ma trén: G’ =

il

© o waoa s
ol % I = B

P
ANV o o
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G
 Trd choi trén G' coi nhu trd choi G” = ( !

Giai Gy va Gz duoc ket qua:

0 G

" '1 6
_G;'—T(S B)VAGZx;(

"

2 5
¢ 1)

TP Chién thuat téi wu cho | Chién thust ti wu cho
‘ ’ ngudi thi nhét ngudi thir hai
27 (25 (3 2
V= —(— ) el
L AT . (7 7) a (7 7)
, ‘ (11} Coo(21)
G, V=3 P (2,2) ' 92 .(3,3)

' Véy G” coi nhu trd éhoi G’ sau day: -

-

Giai tro choi G' duoc két ‘qué la: V= 2; ] chxen thuat tbi uu cho ngudi thir

| nhét lla/p' = (176 196) chxen thuat t8i wu cho ng\rin thi hai 13 q/ = (176 ,%)

Suy ra trd chrori.Gb.an dau c6 gia tri 1a V=\%67., chién tt}xuat‘/téi wu cho ngudi i
thrnbdtla: o | ,
'=(_7_xz.-7 5919 1)( |
16 7°16 716 2162
chién thuét téi wu cho ngudi tht hai 14

(7 3.2.49 29 1)(_3_
9= 16 7°16 7°16 3'16 3

166



9.40. Néu trd choi két thuc véi gia tri vthi:v="Val (; 1) . Néu trd choi v6 han

ta gox gi6i han clagiatritravé A Q. Néu0<Q<2this(1;1)1a diém ‘yén |
ngya, gi4 tri trd choi 12 Q. Néu 0>2thié(1;2)1a diém yén ngva, gia tri
trd choi la 2. Néu Q<0 thi 6 (2; 1) 1a diém yén ngya, glé tri tra ye 12 0.

Néu trd choi két thic voi gia tri v, giai -dang thuc v = Val (; 1), s€ co:

v

‘v=—— suy rav =0 hojic v =2, Khi 86 chién thust téi wu cho ngudi thir
.
nhét 1a (—17 ""‘f).'cm ¢6 thé chon v = 2 nghta 14 ¢6 chién thuét (1; 0).
V- V- .

" Véi chién thuét nay ngudi thir hai luén luén chon ddng 1, nhung khi 46 néu
ngudi thir hai luén chon ¢4t 1 thi trd choi khéng thé két thic (méau thuan
vai gia sir). '

» Két luén: Trong moi thx(mg hop gid tri trd choi ld v € [0; 2].
9.41. Chiing ta hdy gidi ddng thii céc trd choi ndy. Goi gi4 tri cia cac trd choi
G1, Gz, G3 tuong {mg 13 vy, v, va v3. Neu khong c6 trd choi nao din téi ma
tran cé diém yén ngya ta c6:

(v, 0 . = ‘
va= Vall| ! >v, = v ‘ (@
0 2 2+v, | . |
Cy=vall? o= ==t (b)
c \1 0 -V, 4

wi=Valv, v, v |

~ Gia sir chién thuat cia ngudi thir nhét 13 p = (p1; p2; p3).
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Sur dung nguyén If c4n bing c6 hé :
v, =PVt DY, + Py
=DVy+ Pyvy + pyv.
‘ P1v3+p2vl+p3v2

Cong timg vé ba ding thuc trén co:

3v= (V1+V2+V3)(P1+P2+P3) =2 =v+ . (©)

42 -2
7

Tir hé gdm (a), (b) va.(c) suy ra 7v,2 +4y, -4=0>v, = (do 0 <wy).

9.42, Day 1a trd choi ngau nhién mét trang thél (1a G) Gia s khong ¢ diém
~ yén ngya khi trd choi tiép dién.

' 4 1+ | A1+ P
Gigtritrd choila v=Val| 3 |=— 3 12+8v.
‘ 2v 12+v

0 143 4+(+2)- ~+3)

.Dantérxphuongtrinh v2+4v—-12 Osuyrav—2(loalv~—6)

g
. 4 2 :
Thir lai v =2, c6 ma trén _3; , khéng c6 diém yén ngya. Tir 46 suy ra:
L O - - t . el
3
- R - 7 0 ,
Chién thudt t8i wu cho ngudsi thif nhdt 12 (0.5; 0.5) vi: p=—3— ==
4+l_p-2 2
3 3
7.5
16Y. . 3 3 1
Chién thuat ti wu- cho ngudi ththaila: [—;— | vig=—2—2 = —
\7°7 4l _glS 7
2 2+0.5 -4 0 -8
9.43. a) v, = Val S IR PV g ' S
4 2405y, —4+05v,) 3

0 4+0.5v,

/
i
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4v, -v, =8
Tir d6 din t6i hé { MY
-3, =8.
v(l) =v, =18
Suy ra: 1
v(2)=v, =—2ﬁ.
T

Thay céc gia tri v; va v, vao €4ac ma trén trén c6

{2 19 (-4 0
G = . G”=| 14 36|
RUES T
11 '
(1)- g £ \ . | -~ 141 (8 3 . I
Trong G'" chién thujt to1 vu cda nguoi thir nhat 1a ﬁ—l—i , cua ngudi thi

haila(l;l). o e
1272 oo ‘ |

Trong G® chién thujt t6i wu cua ngudi thi nhét 13 (%,-g—) , cla ngudi thi

haila(i;i).
\rn)

"b) Chuong trinh

uses crt; - ‘ ‘
const fo = 'shapley.dat'; S
type mang = arrayfl..2,1..2] of real;
var vl, v2 : real; :

gl, g2 : mang;

P, q : real;

k,i : integer;

f : text;
p:ocedurd tinhv;
var mauso : real;’
| begin ’
vl := 9lll,11*g1[2,2]~g1(2,1]*g1[1,2];
mauso := gl[l,1]+g1[2,2]-g1[2,1]-g1[l,2];
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vl := vl/mauso;
p = gll[2,21-91[2,1];

p := p/mauso;
q = g1[2121‘91[112]7
q := g/mauso;

write(f,'Gl co vl= : ', v1:5:2);

write(f,' p=(',p:4:2,',", (1-p) {4:2,%)");

writeln(f,"* q#(',q:4:2;',',(1—q):4:2;')‘);
v2 := g2{1,11*g2[2,2]-g2[2,1}*g2(1,2];

mauso := g2[1,1]+g2[2,2]1~-g2([2,11-g2[1,2];

v2 = v2/mauso;

p := g2[2,2]-g2([2,1]};
p := p/mauso;
q:= g2(2,23}-92[1,2]);
g := g/hmauso;

write(f,'G2 co v2= : ', v2:5:2);

write(f,’ p=(',p:4:2,',"',(1-p):4:2,"')");

writeln(f,' g=(',q:4:2,',", (1-q):4:2,')");
end; _ ' e
BEGIN

clrscr;

assign(f, fo);

rewritekf);

write('Cac:'giéi doan tu 0 den k. Nhap‘ so k

readln(k);

vl := 0;

v2 = 0;

for i:=1 to k do

begin : ,

gl{l,1] := 2; gl[1,2] := 2+0.5*v2;
gll2,1) := 0; gl[2,2] := 4+0.5*v2;
g2(1,1] := -4; g2[1,2] := 0; '

g2[2,1] := =240.5*v1; g2[2,2] := =4+0.5%vl;

writeln(f, 'Giai doan ',i, ' : ');
tinhv; ’
end; .
close(f);

END.




