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1. Phuwong phap phan ra hinh hoc

Trong cac ky thi Tin hoc 1ap trinh, ti 1¢ xuat hién bai toan vé hinh hoc 1a rat cao. Ma
do6 lai thuong 1a nhitng bai ma hoc sinh vap vap, vi mdt trong cac ly do sau day:

- Thuat giai qué kho, khong nghf ra.
- Nghi ra duogc thuat giai, nhung khong cai dat dugc vi qua phuc tap.

- Thuét giai tbt, cai dat xong, nhung van khong 6n do nhing 16i nho nhé tinh vi va
kho tranh.

Trong bai viét ndy, t6i xin duoc trinh bay vé mot phuong phép co thé ap dung cho
mot 16p rat 16n cac bai toan tin c6 ndi dung hinh hoc: d6 1a phan ra bai toan ban dau
ra, dua n6 vé mQt vai mo hinh that 1a don gian va cai dat chi can trinh dg trung binh
kha 1a 6n. Noi dung chinh ctia phuong phap nay ma t61 mudn ndi cung cac ban la:

- Coi mdt goc 1a tap hop vi phan cac goc nho lién tiép. (1)

- Coi mot bao hinh 1a mét tdp hop vi phan cac diém lién tiép. (2)

Tat nhién tir “vi phan” & dy chi mang tinh hinh tuong, tirc 12 mot sd vira da 16n céac
gbc vi phan, hay cac diém vi phan dé cho (1) va (2) co6 thé coi nhu 1a dung.

Chuing ta s& dua van dé di cu thé hon sau khi phan tich mét s6 bai tin sau déy:

1. Di¢n tich trong tam gidc (Problem G - The 2004 ACM Asia Programming Contest
- Beyjing):

Cho mét tam giac va mét vong day kin co do dai biét trude. Hay dung vong day do
dé khoanh mot viing kin nam gon trong tam giac sao cho dién tich phan thu dugc 1a
16n nhat.



Input: Gom nhiéu bo test, mdi bo gdbm dung bdn b duong dugc viét trén cing mot
dong. Ba sd dau tién 1a d6 dai ba canh cua tam giac, s6 cudi cing 1a chu vi vong day.
D¢ dai cac canh cia manh vuon khong qua 100. B¢ dai vong day khong 16n hon chu
vi tam giac.

Output: GOm nhiéu dong, mdi dong trmg v6i mot dong trong input, chi ghi mot s6 1a
dién tich 16n nhat c6 thé dugc, lam tron véi dung hai chit s6 sau dau thap phan

Vi du:

Input:

12.0000 23.0000 17.0000
40.0000

84.0000 35.0000 91.0000
210.0000

100.0000 100.0000 100.0000
181.3800

Output:

89.35

1470.00

2618.00

C6 thé khong kho khan 1am dé nhan ra dugc thuat giai ciia bai toan nay nhu sau:
Tim O la giao ba duong phan giac cua tam giac do. Ta goi R 1a ban kinh duong tron
tam O (ban cu coi la co R roi). Phan dién tich toi wu 1a phin ma vira nam trong
duong tron vira nam trong tam giac, d6ng thoi chu vi ciia phan dién tich d6 dung
bang L 1a chu vi vong day. Con dé tim R thi ta chat nhi phan.

Chung ta s€ khong ban nhiéu vé thuat giai bai toan, ctr coi 1a ban biét roi di. Vay van
dé 1a ban s& cai dat no nhu thé nao? Qua that rat kho dé c6 thé hoan thanh bai nay
trong thot gian cho phép neu nhu ta ctr cai dit mot cach thuan tay thong thuong.
Nhu vy thi ching nhitng mat thoi gian ma hiéu qua dat duoc con 1a rat thap.

S¢ di bai nay kho cai dat la boi vi img voi mdi R ta c6 rat nhicu truong hop co thé
xay ra ve vi tri tuong d6i cua hinh tron (O) va tam giac ABC. S6 diém giao nhau c6
thé khong co, c6 thé c6 mét, c6 hai,..., hodc ¢6 sau giao diém. Cac giao dlem lai
khong xép theo quy luat gi nén luc thuc su tinh toan lai nay sinh nhiéu van dé rat
phuc tap, vi du nhu trén mdi canh c6 may giao diém? Piéu nay phai xac dinh 16
rang, néu khong thi khong thé tinh duoc chu vi va dién tich cua hinh can thiét. Tinh
50 s0 ra s0 truong hop can xét cling qua 16n va trong mdi trudng hop ciing du rac roi
dé cho ta c6 thé giai quyét bai nay mot cach nhanh gon va chinh xac (T6i da lam thu



roi). Vay néu ddy 1a mot bai thi quan trong thi trong phong thi liéu ban c¢6 du binh
tinh dé lam mot cach chinh quy nhu trén? Ti xin phat biéu phuong an vé cach phan
rd bai toan nay, dé bién né thanh mot bai toan don gian va rat dé cai dat, va tir do
tong quat hoa 1én mot phuong an tuyét voi:

Dau tién phai thiy duoc 13 cai kho chi 1a 1am sao xac dinh 16 nhimng giao diém can
thiét. Goi (T) 14 hinh tao boi (0) va ABC ung véi R biét trude. RS rang 1a (T) 1a mot
hinh gdm c6 nhitng phan doan thang (thudc tam giac ABC) va nhimg phan dudng
tron (thude (O). Bay gio ta khong quan niém (T) nhu véy nita, ta coi né gan dang 1a
mot da giac (T') gdm rat nhiéu diém Mi, v6i 1 <i <P, vi P ban khai bao const &
dau chuong trinh, P cang 16n cang tét, nhung khong nén qua 16n vi chuong trinh s&
chay lau hon.

Xéc dinh cac diém Mi: Ta chia goc 3600 tai O ra lam P goc déu nhau. Ung véi goc
thir 1 @6 ta vé mot tia O1, sau d6 ta xac dinh xem tia Oi cat hinh tron trudce hay cat
tam gidc trudc. Michinh 1a giao diém gan O nhat trong hai giao diém do.

Nhu vy 1a thay vi phai tinh toan v&i mién (T) vo cung ric réi, néu ta coi nd nhu 13
mot da gic (T') gdm P dinh va x4c dinh cac diém Mi d& dang nhu trén, thi cong viéc
con lai that vo cing don gian. Nhung con van dé sai s6? Ta c¢6 thé khic phuc né
béng mot tha thuat nhu sau:

Dit MO = MP va MP+1 = M1. Xac dinh 6 diém i ma géc gitra Mi-1, Mi, Mi+1 1a
16n nhat. P6 chinh 1a sau giao diém gan nhu thyc su cua (T). Bay gio ta tinh toan
tryc tiép trén (T) bang cach dung céc cong thirc chinh xac cho cung tron va doan
thang thi van dé sai s6 coi nhur khong con.

A




Ban thiy do, cing 13 mot bai toan, nhung néu ta quan niém nod khac di mot chut thi
cong viée s¢ dugc giam tai di rat nhiéu 1an. Khong phai ctr cai gi tot nhat vé mit 1y
thuyét cling 13 tot nhat vai ta, nhat 14 trong cac ky thi. Diéu quan trong 1a tinh hiéu
qua va thuc té ciia chuong trinh. Viéc phan ra mot hinh (T) ra thanh da giac (T")
cling la diéu thudng gip & nhiéu noi, nhung thu thuat tach ra dé rf)i gheép lai thi qua
la rat doc dao. Thi thuat nay trong toan thudng gap khi phai tinh tong ctia mot chudi
s6 S, hay mot chu01 ham f. Khi d6 nguoi ta hay vi phan vé trai, tinh toan mot hoi
cho no that gon roi lai tich phan chinh vé trai do. Néu nhu ban dé § Y, vé ban chét thi
d6 ciing 1a diéu ma bai tin kia da sir dung, cho du né da bi “tin hoa” di bsi tham s6
P. Nhung ban ctr yén tdm, khong c6 gi 1a tuyét dbi ca, néu nhu P du 16n (khoang vai
nghin) thi két qua s€ lubn ra tb1 uu. . Bai tin trén da ap dung ca (1) va (2) dé giai
quyét hiéu qua van dé. C6 18 ban van chua hinh dung ra phuong phap nay ra sao?
Chung ra hdy cing ban tiép trong bai tiép theo:

2. Chocolate

Nha mdy san xuat banh keo Fishburg san xuat ra mot loai banh chocolate hinh da
giac 16i. Kidy va Carlson mua mét cai va ho muén cat n6 ra 1am hai phan bang nhau
v6i mot nhat cit c6 d6 dai nho nhat. Viét chuong trinh tim d6 dai nho nhét dé cét
miéng banh sir dung nhiing gi ban dugc cho biét vé miéng banh. Tong s6 dinh N 13
mot s6 nguyén (3 <N < 50). Toa do cua cac dinh 13 tap hop cac cap sé thyuc -100 <
xi, yi<100.

Input: Dong dau cta input file gom s N - s6 lugng dinh ctia da giac. N dong sau
gom toa do cua cac dinh lién tiép nhau cua da giac.

Output: gdom d6 dai nhé nhat ctia duong cat chinh xac dén 0,0001.
Vi du:
Input:

4

00

03

43

40
Output:
3

Thuat giai tot ctia bai ndy theo toi 12 khong phu hop dé ban ra ¢ day vi cai 161 toan
ctia nd nhiéu qua. No6i chung dé ma vira nghi thuét giai t6t han va cai dit xong né



chac cling phai vat va nhiéu lam ma ciling chang biét 1a li€éu minh c6 kiém soat dugc
khong nira. Vay chung ta cung ban cach phan ra bai nay ra cho né don gian di nhé.

Cach don gian nhit ai clng co thé nghi ra la coi nhu da gidc nay 1a mot tap hop cac
dlem ri rac, sau d6 ta 14y hai trong s6 nhing diém do, 101 kiém tra xem doan thang
ndi hai diém nay c6 chia doi duogc da giac hay khong, néu nhu duoc rdi thi cap nhat
két qua thoi. Cai tién cua cach nay la chi chon mot diém thoi, diém con lai thi chat
nhi phan. Cach nay vé tu tudng phén ra thi 13 t6t nhung trén thyc té khong phai 1a
khong co Van dé. Piéu kién céac toa do cua da gidc co tri tuyét ddi khong qua 100
cho nén s& van c¢6 nhiing test ma chu vi ctia n6 s& kha 13 16n (c6 thé 1én t6i hang
van). Ma theo nhu cach phan rd nay thi do sai s6 sé ti 18 theo chu vi cua da giac. Néu
chia da giac thanh P diém, v6i d6 phirc tap cua cach nay vuot qua Plog(P), thi rd
rang mu6n chay nhanh dugc thi P khong thé t6i hang van, cho nén kha ning chinh
xéc toi nhiéu chit s6 sau dau thap phan khi chu vi cua da gidc qua 16n 1a diéu khong
tudng. Vay (2) khong dung duoc & day.

Cach thir hai c6 thé khic phuc nhugc diém trén, 13 ta phan ri cac goc ra thanh vo sd
cac goc nho vi phan. Gia str s6 goc 1a P, thi mot goc sé ¢ gia tri 1a dP = 3600/P.
Chéc han doc d& bai 1an dau ai ciing twong tuong 1a da giac thi dimg yén, con duong
thang chia d6i da giac s& xién xién. Ta hdy tudng twong ngugc lai mot chat nhu sau:
Puong thang chia doi da giac thi ludn nam ngang, ¢ thé tinh tién 1én xudng, con da
giac thi c6 thé xoay. V& ban chat thi van khong c6 gi thay doi, nhung né sé& giup ich
nhiéu cho ta. Tom lai thuét giai s€ nhu sau:

- Xoay da giac di mot goc dP.

- Chit nhi phan d¢ tinh tién dudng thang nam ngang sao cho né chia d6i da giac kia.
Néu khong chia vira thi bang cach chit nhi phén ta co thé tinh tién duong thang nay
1én xubng dén bao gid bang nhau thi thoi.

- Sau khi da chia doi da giac, cap nhat lai d¢ dai tét nhat ctia nhat cat. Sau khi xoay
di P 1an, mdi 1an mot goc dP thi da gidc s& quay vé dang vi tri ban dau. Néu nhu co
ban ndo chua biét cong thirc xoay hinh, t6i xin duoc viét luon ra day:

xma1i = xcii.cos(alpha) — ycii.sin(alpha).
ymai = xcll.sin(alpha) + y cii.cos(alpha).
Trong d6 alpha 1a goc quay.

Tat nhién P cang 16n thi cang tot. i véi bai nay toi dé P = 35000/N va chay ding
hét tat ca céc test. Po chinh 1a két qua ctia viéc ap dung tinh phan ra thur (1).



Két luan: C6 rat nhiéu phuong phap dé giai quyét mot bai toan tin, chon cach lam
nao 1a tiry ban. Mot 10i khuyén khong bao gid cii ctia nhitng nguoi di trude ddi voi
tat ca chung ta la: Khong han trong moi sy lya chon ta déu léy cai tot nhat, hay chon
cai phu hop nhat dbi voi ban. Trong phong thi tim 1y 6n dinh 1a mot diéu rat quan
trong dé dan t6i thanh céng. Nhung tim 1y sao 6n duoc khi ban dang 1am mét viée
qué strc minh? Nghé thuat phan ra bai toan khong phai 1a cai tot nhat trong moi
truong, d6 14 diéu chac chan. Nhung néu nhu trong mot vai trudng hop cu thé nao
d6, c6 thé n6 s& phu hop vé6i ban day!

Va sau cung 1a mot bai tap luyén tdp danh cho ban.

Bricks - 2002-2003 ACM Northeastern European Regional Programming Contest
(Dé bai duoc t6i tom tat)

Co6 vién gach kich thuéc A x B x C inches. Trén san nha c6 mot cai 16 kich thudc D

x E inches, coi nhu cai 10 1a rat sau. Héi licu co6 thé xoay s¢ lam sao d€ nhét dugc
vién gach vao trong 16 trén hay khong?

Input: Gém 556 A, B, C, D, E, mdi s6 khong nho hon 1, khong 16n hon 10 va ¢6
nhi¢u nhat mdt chir s6 sau dau thap phan.

Output: Ghi “YES” néu nhu c6 thé nhét gach vao 16, nguoc lai ghi “NO”.
Vi du:

Input: 2.01.51.4 1.0
Output: NO

Input: 2.0 1.51.51.0
Output: YES



2.X4c dinh trong tAm ciia mét hinh da giac bat ky

Chiéc d3 c6 lan trong cong viéc hang ngdy, chiing ta da gip bai toan sau: “Trong mit
phang, cho mot hinh da giac bat ki vdi toa do cac dinh 1a s6 thuc. Van dé datra la
xac dinh trong tdm cua hinh da gidc do6”.

bé lam duoc viée d6, sau day xin tom tit lai Iy thuyét dac trung hinh hoc ctia mat
cat ngang:

1. Momen tinh cua mot hinh phr?lng F cjé)i v6i hai truc Ox va Oy trong mit phang cia
hinh dugc dinh nghia lan Iuot bang biu thirc sau day:
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2. Truc trung tim: Momen tinh ctia mot hinh ddi véi mot truc ndo d6 bang khong
truc ay goi la truc trung tam.

3. Trong tam: Giao diém cta hai truc trung tim duoc goi 14 trong tAm mit cit. Trong
tam la duy nhat doi vé1 mot hinh phang.

4. Quan h¢ gitra momen tinh cua mot hinh dbi v6i mot truc va khoang céch tir trong
tam cua hinh dén truc dé.

a) Gia str ¢6 truc x bat ky va truc trung tdm xc (C 14 trong tm mdt cit) song song
voi truc x. Tacd y = yec + yO0.

Thay vao cong thure dinh nghia, ta duoc:

Hay

S, = Y. F+ |y dF
=



Theo dinh nghia s6 hang thir hai vé phai bang khong, do do:
Sx = ycF

Hay

Tuong tu ta tinh duoc:

Nhu vay 1a tir cac cong thire trén, ta cé thé tinh dugc momen tinh cia mot hinh néu
biét trong tdm hodc ngugc lai x4c dinh dugc trong tam néu biét mémen tinh cia hinh
ma khong phai qua phép tinh tich phan.

b) Tir d6 ta c6 cong thirc tinh trong tim hinh ghép néu biét trong tdm ciia cac hinh
thanh phan.
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Nhén xét: Tir cong thirc ndy ta co thé tinh dugc trong tim ctia mot hinh da giac bat
ky dua vao cac tam giac thanh phan.

Cong thuc tinh trong tam G, va di¢n tich F cua hinh tam giac biét toa d6 3 dinh A
(XA, YA),B (XB, YB) va C (XC, YC).
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Dua vao nhén xét trén day t6i xin gioi thi¢u chuong trinh tinh trong tam ctia mot
hinh da giac 161 bat ky.

Dir liéu vao lan (n>2) diém (trong mit phang Oxy) — toa 6 n dinh lién tiép nhau
cua da giac 10i. Ta chia da giac 16i nay thanh n-2 tam gidc véi 3 dinh cua tam gidc



1an luot 1a dinh tht 1, dinh the i va dinh thdi+ 1 (2 <i<n-1). Dit lituvao lan (n
> 2) diém (trong mit phang Oxy) — toa 6 n dinh lién tiép nhau cua da giac 16i. Ta
chia da giac 16i nay thanh n-2 tam giac véi 3 dinh cta tam giac lan luot 13 dinh thi
1, dinh thtrivadinhthedi+1(2<i<n-1).

Ya 1 141

pidy] 3

1 v

G

Tir ddy ta c6 thé xdy dung chuong trinh, sau ddy 13 toan vin chuong trinh:

{$A+,B-,D+E+F-G-,I+,L+N-0-P-,Q-R-S+T- V+ X+ Y+}
{$M 16384,0,655360}

Program Xac dinh trong tam ;
Const

Maxn = 1000 ;

FileInp ='TTAM.INP' ;

FileOut ='"TTAM.Out' ;

tp =2 ; {So chu so thap phan can}
Type

Toado = Record

X,y : Real ;

End ;

Mang = Array [1.. Maxn] of Toado ;
Var

A : Mang ;

XG, YG: Real ;

tongx, tongy, tong : Real ;

N : Integer ;

Procedure Docfile ;
Var

f: Text;

1: Integer ;

Begin



Assign (f, Filelnp) ;

{$1-}

Reset (f) ;

{$I+}

If IOResult <> 0 then Halt ;
Readln (f, N) ;

FillChar (A, Sizeof (A), 0) ;
Fori:=1toNdo

Readln (f, A [1].x, A [1].y) ;
Close () ;

tongx =0 ;

tongy =0 ;

tong :=0;

End ;

Function XAG (AA, BB, CC : Toado) : Real ;
Begin

XAG =(AAx+BBx+CCx)/3;

End ;

Function YAG (AA, BB, CC : Toado) : Real ;
Begin

YAG =(AAy+BB.y+CCly)/3;

End ;

Function SA (AA, BB, CC : Toado) : Real ;
Var

tam : Real ;

Begin

tam := (AA.x - BB.x) * (AA.y + BB.y) +
(BB.x-CC.x) * (BB.y + CC.y) +
(CCx-AAX)*(CCy+AAly);

SA = Abs (tam) /2 ;

End ;

Procedure Xuly ;

Var

1: Integer ;

tamx, tamy, tamsS : Real ;
Begin
Fori:=2ton-1do



Begin

tamx := XAG (A [I],A[i], A[i+1]);
tamy ;= YAG(A[I],A[i],A[i+1]);
tongx := tongx + tamx * tamS ;

tongy := tongy + tamy * tamS ;

tong := tong + tamS ;

End ;

XG :=tongx / tong ;

YG = tongy / tong ;

End ;

Procedure Ghifile ;
Var

f: Text;

Begin

Assign (f, FileOut) ;
Rewrite (f) ;
Writeln (f, XG: 0 : tp, #32, YG : 0 : tp) ;
Close (f) ;

End ;

Begin

Docfile ;

Xuly ;

Ghifile ;

End.

File vao TTAM.INP
4

00

40

44

04

File ra TTAM.OUT
2.00 2.00

Ban doc ¢6 thé tim hiéu thém dé xac dinh duoc trong tam ctia mgt hinh bat ky (c6 ca
phan khuyét bén trong) dong thoi c6 thé xac dinh thém céac dic trung hinh hoc khac
nhu mo6 men quan tinh Jx, Jy, Jxy, ban kinh quan tinh ix, iy... Rét mong sy quan
tam va trao doi ctia quy ban doc.

Ban thém vé cip ghép




Luu anh tuin

Bai toan cap ghep la 1 bai toan rat co ban va cting 6 rat nhiéu ung dung trong thuc
té. Trén ISM da c6 rat nhiéu bai viét Vlet vé nhitng van dé lién quan dén bai toan
nay. Bai viét cta toi chi xin n6i thém vé 1 khia canh it duoc dé cap dén. D6 1a dém
sO lwong cap ghép.

Bai to4n phét biéu nhu sau:

Cho N sinh vién( N<=12 ) va N van dé can nghién ctru. Mdi sinh vién s& hing tha
v6i 1 sb van dé, va khi sinh vién duoc giao van dé ho thich thi ho s& lam viéc hiéu
qua hon rat nhiéu. Ngai gido su dang kinh cta chung ta mudn biét c6 bao nhiéu cach
ghép sao cho mdi sinh vién s& giai quyét 1 van dé ma ho thich.

Gi4o su s& cung cap cho chiing ta 1 ma tran A kich thudc NxN trong file
PROBLEM.TXT voé1

+ A[i,j]=1 khi sinh vién i thich van dé j.

+ A[i,j]=0 khi sinh vién i khong thich van d¢ j.

Yéu cau: Ban hiy viét 1 chuwong trinh tinh sb ghép thoa man yéu cau cta giao su va
gui file két qua SOLVE.TXT cho gi4o su.

Vi du:

PROBLEM.TXT
3

111

111

110
SOLVE.TXT

4

Giai thich : 4 cap ghép la
((1,2),(2,3),3,1))
((1,1),(2,3),3,2))
((1,3),(2,1),(3,2))
((1,3),(2,2),(3,1))

Bai toan trén ta co thé giai theo cach tam thudng 14 tim toan bo cach kha nang co the
ghép bang cach vét can, do phirc tap 1a N. Trong truong hop ma tran A gom toan s6
1, s6 cach chon s& 1a N!. Du N<=12 nhung N! van 13 1 gia tri “khtng khiép”.



Sau déy toi xin dé xuét cach giai voi thuat toan QHD trang thai. Xin noi qua vé
QHD trang thai. QHD trang thai 1a QHD trén cac trang théi, cac trang thai thuong
duoc biéu dién bang 1 day bit hodc tinh trudec.

Vidu 1: Bai 1 thi QG niam 2006 bang B ( t6i khong néi lai dé ) : Ta dung QHD
trang thai voi 8 trang thai cho mdi dong : (0,0),(0,1),(0,2),(0,3),(0,4),(1,3),(1,4),(2,4)
v6i ¥ nghia (i,j) 12 chon 6 1 va 6 j, gia tri 0 12 khong chon 6 ndo. Vi du 2: Bai viét
“chia sé 1 thuat toan hay” ctia ban Nguyén Hién. Ban di dung 1 ddy bit v6i ¥ nghia
la bit thir 1 béng 1 néu cong viéc dé dugc chon, béng 0 néu cong vi¢c do khong dugce
chon.

Tré lai bai toan cua chung ta. Ta biét: 1 cach ghép cip 1a cach ghép 1 sinh vién va 1
van dé. Gia str ta ¢6 1 cach ghép cap (x1,y1),(x2,y2),...,(xn,yn). By gid ta bo di 1
cip (x1,y1). Cip ghép con lai 1a (x2,y2),(x3,y3),...,(xn,yn) van 1a 1 cip ghép, ta co
bai toan véi kich thudc nho hon. Nhu vay cac ban da thay rd ban chat QHD cua bai
toan nay. Dé tim sb cach ghép ciia N sinh vién, ta phai tim sé cach ghép cua N-1
sinh vién.

Ta dinh nghia 1 day bit X thay cho cac trang thai cua cac van dé. X[i]=1 néu véan dé
1 dugc chon. X[i]fO néu van dé i khong dugc chon. Do dai day bit toi da 1a 12 nén ta
thay 1 day bit X bang 1 gia tri TX.

Vi cip ghép 1a day du nén sb sinh vién ghép véi 1 trang thai X 1a s6 gia tri 1 trong
X. Ta ¢ dinh cac sinh vién ndy va duyét qua tit ca cac trang thai X. Goi D[TX] 1a
s6 cach ghép cip 1 trang thai X voi sl sinh vién dau tién, sl 1a s6 bit 1 cta trang thai
X. Ta ¢6 cong thuec QHD: D[TX] := D[TX]+D[TX xor (1 shl 1)] v4i 1 thod man
X[i]=1 va c6 sinh vién sl thich van dé i. TX xor (1 shli) c6 y nghia la thay gia tri bit
thir 1 thanh 0, ta da giam s6 van dé duoc chon di 1. Sau day la chuong trinh:

{ Str dung Free Pascal }

Const max = 1 shl 12;

fi="PROBLEM.TXT";

fo="SOLVE.TXT;

Var n : Integer;

f.,g: text;

A : array[0..20,0..20] of Boolean,;

D : array[0..max] of longlnt; {Mang D c6 y nghia nhu trén }

T : array[0..20] of Integer; { T luu lai vi tri cac bit 1 ¢ d& dang QHP hon }

Procedure Tinh( TX : LongInt );



Var gt . j,1,sl:Longlnt;
{sl 1a s6 lugng bit 1}

Begin

gt =TX;
1:=-1;

sl :=-1;

While gt> 0 do {vong while de tim cac bit 1 trong phan tich nhi phan so TX}
Begin

Inc(1);

If gtand 1 =1 then {neubitilal }

Begin

Inc(sl);

T[pt]:=1; {luu lai vi tri cac bit 1}

End;

gt:= gt shr 1;

End;

D[TX]:=0;

Forj:=0to sl do

If A[ s, T[j] ] then {Sinh vién sl thich van dé& T[j]}
Inc( D[TX], D[ TX xor (1 shl T[;]]);

{TX xor (1 shl T[j] 1a tat bit thir T[j]}

End;

Procedure Xuli;

Var TX:Longlnt;

Begin

D[0]:=1;

For TX:=1 to (1 shl n)-1 do
Tinh(TX); {QHD voi so TX
Writeln(g, D[1 shl n-1]);
End;

Procedure Nhap;
Var i ,j,t:Integer;
Begin

Read(f,n);

For i:=0 to n-1 do
For j:=0 to n-1 do
Begin

Read(f)t);
Alij]=t=1;



End;
End;

Begin

assign(f, fi);reset(f);
assign(g,fo);rewrite(g);
fillchar(d,sizeof(d),0);
Nhap;

Xuli;

close(f);close(g);

End.

Thuat toan trén c6 do phire tap khoang 2N, hiéu qua hon rat nhiéu so véi cach
duyét binh thuong.

Bai toan trén da giai quyét xong. Bay gio, ta s& thay doi bai toan trén 1 chut:

V1 gido su dang kinh muon biét c6 bao nhiéu cach ghép cdp ma trong do c6 chura
cap sinh vién x va van dé y.,/p>

Khi ta d3 giai quyét dugc bai toan trén thi bai toan mo rong tré nén qua dé.

Trén déy, t6i xin ban thém vé bai toan cip ghép. Dé noi hét thi that 1a kho. Hi vong
cac ban s€ cung to61 kham phd nhiing di€u méi mé va 1y thu tir nhitng thuat toan hay.

Mot vai bai tap vé Palindrome

Palindrome hay con goi 1a x4u ddi ximg, xau ddi guong 14 tén goi clia nhitng xau ki
tur ma khi viét tir phai qua trai hay tir trai qua phai thi xdu d6 khong thay doi. VD:
MADAM, IOL,... Nh¢ tinh chat dic biét d6 ma co kha nhiéu bai tap co lién quan dén
Palindrome, phan 16n trong chiing thudng di kém véi QHD. Téi xin gidi thiéu véi
cac ban mot vai bai tap nhu vay.

Bai 1: Xem mot xau c6 phai 1a Palindrome hay khong?

Pay 12 mot bai co ban, nhung quan trong vi nd duoc dé cap dén trong nhiéu bai tap
khéc. Céach lam tot nhat 1a duyét don thuan mat O(N).



function is_palindrome(s: string): boolean;
var i, n : integer;

begin

n := length(s);

fori:=1to (ndiv2)do

if s[i] <> s[n+1-i] then

begin is_palindrome := false; exit; end;
1s_palindrome := true;

end;

Mot doan chuong trinh khac :

function is_palindrome(s : string) : boolean;
var 1, j : integer;

begin

1:=1;

J = length(n);

while 1

begin

if s[i] <> s[j] then

begin is_palindrome := false; exit; end;
inc(i);

dec(j);

end;

i1s_palindrome := true;

end;

Bai 2: Cho mot xau S <= 1000 ki ty; tim palindrome dai nhat 13 xau con cta S ( Xau
con la mot day céc ki tu lién ti€p ).

Day ciing 1a mot bai co ban véi nhiéu cach lam.
Céch 1: QHD

Dung mang F[i, j] ¢6 ¥ nghia: F[i, j] = true/false néu doan gdm céc ki tu tir i dén j
cua S c6/khong 1a palindrome.

Ta c6 cong thuc la:

* F[1, 1] = True
* F[i, j] = F[i+1, j-1]; ( néu s[i] = s[j])
* F[i, j] = False; ( néu s[i] <> s[j])



Poan chuong trinh nhu sau:

FillChar( F, sizeof(F), false );

fori:=1 ton do F[i, 1] := True;
fork:=1to (n-1)do

fori:=1 to (n-k) do

begin

ji=1+k;

F[i, j] = (F[i+1, j-1]) and (s[i] = s[j] );
end;

iVKét qua 1a : Max(j-i+1) <=j thoa F[i,j] = True.
D3 phuc tap thuat toan 1a O(N2).

Chi y : V6i N 16n, ta phai thay mang 2 chiéu F bang 3 mang 1 chiéu va ding thém
bién max luu gia tri to1 wu.

Cach 2: Duyét c6 can.

Ta xét ting vi tri 1:

+ xem a[i] c6 phai la tdm cua Palindrome c6 1¢ ki ty khong?

( vi du Palindrome MADAM co tam lakitu D)

+xem a[i] va a[i+1] c6 phai 1 tAm ctia Palindrome c6 chan ki tu khong?
( vi du Palindrome ABBA ¢6 tam 1a 2 ki ty BB )

v6i mdi ki ty ta tim palindrome dai nhét nhan né 1a tm, cap nhap lai két qua khi
duyét. Ta duyét tir gitra ra dé dung két qua hién tai lam can.

Poan chuong trinh nhu sau:

procedure Lam;

var 1, j : Longint ;

{}

procedure try( first, last : Longint );
var d : Longint;

begin

if first = last then



begin d := 1; dec(first); inc(last); end
elsed :=0;

repeat

if (first < 1) or (last > N) then break;
if s[1] = s[j] then

begin

d=4d+2;

first := first - 1;

last ;= last + 1;

end

else break;

until false;

if max < dd then max := dd;

end;

{}

begin

1:=ndiv 2;
J=ndiv2+1;
max = 1;

while (i > max div 2) and (j <= N-max div 2) do
begin

if 1> max div 2 then
begin

try(i, 1);

try( 1, 1+1);

end;

if j <= N - max div 2 then
begin

try(J,J);

try(j, j+1);

end;

1:=1-1;

j=it L

end;

end;

Céch lam nay c6 dg phtrc tap: max*(N-max). Vi vdy n6 chay nhanh hon cach QHD
trén, thoi gian cham nhat khi max = N/2 ciing chi mat N2/4 nhanh gép 4 lan cach
diung QHD. Nho vay, chung ta biét 1a: khong phai lic nao QHP ciing chap nhan
duoc vé mit thoi gian va khong phai lac nao duyét lac nao cling cham.



Bai trén con c6 mot cach NlogN nira 1a dung Suffix Aray, tham chi c6 cach O(N) la
st dung Suffix Tree va thudt toan tim LCA. Puong nhién cach cai dit khong hé dé
dang, t61 s€ thao luan vai cac ban vao mot dip khac.

Bai 3: Chia mot xau thanh it nhit cac Palindrome (d6 dai <=1000). Bai nay phtc tap
hon bai trén, cach lam thi van la QHD.

Goi F[i] la ) palindrome it nhét ma doan 1..j chia thanh dugc.
Ta c6 cong thuec:
F[i] = max( F[j] + 1; j <1 théa man:doan j+1..1 1a palindrome)

Doan chuong trinh nhu sau:

F[0] :=0;
fori:=1tondo
begin

for j :=1-1 downto 0 do
if (doan j+1..1 1a palindrome) then F[i] := max( F[i], F[j]+1 );
end;

Hai vong for 1ong nhau mat O(N2), phan kiém tra doan j+1..i 1a palindrome hay
khong mat O(N), vay do phuc tap thuat toan 1a O(N3). S& khong duoc kha thi néu N
=1000. Dé giam d6 phirc tap thuat toan, ta str dung mang L[i, j] 6 ¥ nghia twong tu
nhu mang F[i, j] ¢ bai 1. QHD lap mang L[i, j] mat N2. Tong cong 1a O(N2) vi mdi
1an kiém tra chi mat O(1).

Nhung dén day lai nay sinh van dé&: mang L[i, j] khong thé luu duogc khi N=1000 vi
b nh¢ cua chung ta chi c6 640KB. Mot cach khac phuc 1a dung xur Iy bit. Nhung c6
cach don gian hon la dung hai mang mot chiéu L[i] va C[1] c6 y nghia:

* L[i] 12 do dai 16n nhat cta palindrome do dai 1é nhan s[i] 1am tam;

* C[i] 1a @6 dai 16n nhét cua palindrome d6 dai chin nhén s[i] va s[i+1] lam tAm;

L[i] va C[i] c6 thé tinh duoc bang cach 2 bai 2 trong O(N2). Phan kiém tra ta viét lai
nhu sau:

function is_palindrome(i, j : integer) : boolean;
var d : integer;
begin



d =j-1t+1;

if od (d) then is_palindrome := (L[(i1]) div 2] >=n)
else is_palindrome := (C[(it]) div 2] >=n)

end;

Vay thuat toan ctia chiing ta ¢c6 dg phtrc tap tinh toan 1a O(N2), chi phi bd nh¢ 1a
O(N).

Bai 4 : Pal - Ioicamp - Marathon 2005-2006- tuan 17

Cho mdt xau, hdi n6 ¢6 bao nhiéu xau con la palindrome; xau con ¢ day gom céc ki
tu khong can lién tiép ( do dai <= 120).

Vi Du:

Pal.inp
IOICAMP
Pal.out

9

Day 1a mot bai tap rat thu vi. Phuong phap 1a dung QHD.
Goi FJi, j] 1a s6 palindrome 13 x4u con cua doan i..].
Ta c6 cong thuc :

*F[i, 1] = 1;

* F[i, j] = F[i+1, j] + F[i, j-1] - F[i+1, j-1] + T;
Néu s[i] = s[j] thi T =F[i+1,j-1]+ 1;

Néu s[i] <> s[j] thi T = 0;

Doan chuong trinh nhu sau :

procedure lam;

var k, 1, J : integer;

begin

n := length(s);
fori:=1tondo F[i,1] :=1;
fork :=1ton-1do
fori:=1ton-k do

begin

j =1tk



F[i, j] := F[i, j-1] + F[i+1, j] - F[i+1, j-1];

if s[i] = s[j] then F[1, j] :=F[i, j] + F[i+1, j-1] + 1;
end;

end;

bé chuong trinh chay nhanh hon, chling ta stra lai doan ma mot chut nhu sau :

procedure lam2;

var k, 1, j : integer;

begin

n := length(s);

fori:=1tondo F[i,1] :=1;
fork:=1tondo

fori:=1 ton-k do

begin

j =1tk

F[i, j] = F[i, j-1] + F[i+1, j];

if s[i] = s[j] then F[i, j] == F[i, j] + 1
else F[1, j] := F[i, j] - F[i+1, j-1];
end;

end;

Poan chuong trinh trén chi c6 tinh moé phong, muén hoan thién ban phai cai dat cac
phép tinh cong trir s6 16m vi két qua c6 thé 1én téi 2n-1. Po phirc tap cia thuat toan
12 O(N2). Vi vy, chiing ta hoan toan c6 thé lam véi N = 1000, khi d6 can rat gon
mang F thanh ba mang mét chiéu.

Bai 5: Palindrome - IOI 2000

Cho mét xau, hoi phai thém vao né it nhat bao nhiéu xau ki ty dé né tré thanh mot
palindrome (d6 dai <= 500).

Bai nay ciing st dung QHD:

Goi Fi, j] 1a s6 phép bién dbi it nhat can thém vao doan i..j dé doan i..j trd thanh
palindrome.

Ta c6 cong thuc :
*F[1,1]=0;

* Néu s[i] = s[j] thi F[i, j] = F[i+1, j-1]
* Néu s[i] <> s[j] thi F[i, j] = Min( F[i, j-1], F[i+1,]) + 1;



Muén chuong trinh chay voin = 500 thi can rut gon F thanh ba mang mot chiéu.
Muodn truy vét, ban phai dung mang bit hoac dung dir li¢u dong.

Pé thuc hanh, ban hay lam bai tap sau :
Bai 6: The next palindrome - SPOJ

Cho nhi€u s6 <= 106, véi moi s, tim s6 bé nhat c6 dang palindrome 16n hon s6 da
cho. M¢& rong véi cau hoi: Tim so bé thur k?

ViDu:

Input:

2

808
2133
Output:
818
2222

Goi ¥: dung phuong phap dém két hop QHP.

Context - Trinh soan ma nhd gon va mién phi cho dan lap trinh

Néu ban 1a mot 1ap trinh vién, cung luc sir dung nhiéu ngdén ngtr, thi viéc chuyén doi
qua lai gitra cac moi truong trinh bién dich cling da kha 1a nhic dau. Voi phan mém
ConTEXT ban s€ thuc sy thoai mai hon trong viéc soan ma.

Tuy kich thudc nhd gon nhung ConTEXT that sy manh mé hd tro tit ca ngdn ngir
ma ban da va s€ hoc: C/C++, Delphi/Pascal, 80x86 assembler, Java, Java Script,
Visual Basic, Perl/CGI, HTML, SQL, Python, PHP, Tcl/Tk.Vi vay chi can st dung
ConTEXT ban da c6 thé cung lic soan ma cho nhiéu ngdn ngit khac nhau. Riéng voi
cac ban sinh vién thi phén mém ConTEXT thuc sy hiru ich vi gitp ho thoat khéi su
kho chiu khi phai st dung trinh bién dich Borland C++. Tuy nhién phan mém lai
khong c6 chirc nang bién dich nén hoi bét lgi ddi nhing ai méi hoc 1ap trinh con c6
thoi quen “viét t6i dau, chay thir t6i d6”.
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Ngoai ra ConTEXT con rat nhiéu tinh nang hitu ich,vi du nhu chuyén dbi van ban
gitra cac dang DOS,Unicode,UNIX, Macintosh, ca chirc nang so sanh gitra cac file
va xuit ra file registry setting (.reg).... Chi tiét vé phan mém t6i xin dé cac ban tyr
tim hiéu va toi hi vong céc ban s€ c6 thém mot cong cu déc luc cho cong vi¢c cua
minh. Ban c¢6 thé download mién phi tai www.context.cx

3. Mot bai toan vé ban co&
Dang Chién Cong

Bai toan 1: Trén ban co Qubc té 8x8, cho 8 con hau. Mdi con hau c6 thé khdng ché
(an) duoc tat ca cac con hau khic nam trén cling hang, cung cdt, hodc trén hai duong
chéo di qua vi tri ctia nd. Viét chuong trinh tinh sé cac thé co chi gdm 8 con hdu trén
ban ¢ sao cho khong c6 hai con hiu nao c6 thé khéng ché (an) dugc nhau.

Bai toan trén chinh 13 bai toan con hau ndi tiéng. Pay 1a mot bai toan kinh dién va
101 giai kinh dién cta né 1a thuat toan duyét bang phuong phéap quay lui. Vi vay néu
theo phuong phap nay, bai toan con hau khé co thé giai duoc v6i nhimng dit liéu 1on
(ban co kich thudc 16n hon, sé con hau nhiéu hon) vi dd phirc tap tinh toan cua thuét
giai 1a mot ham s6 mil. Tuy nhién, bai bao nay khong c6 ¥ dinh tim ra 1oi giai uu
viét cho bai toan con hau (day la bai toan kho khan thuc sw) ma thay vao do, chung



ta s& nghién ctru mot bai toan twong tw, don gian hon nhung ciing khong kém phan
thu vi, d6 1a bai toan:

Bai toan 2: Trén ban cd vua, con tuong chi ¢6 thé di chuyén theo dudng chéo va hai
con tugng c6 thé khdng ché (in) nhau néu ching nam trén duong di chuyén cta
nhau. Trong hinh sau, hinh vuéng t6 dam thé hién cac vi tri ma con tuong B1. Quan
B1 va B2 khéng ché (an) nhau, quan B1 va B3 khong khdng ché (dn) nhau. Cho mot
ban cd kich thuge NxN. Hay tinh s6 cac thé co chi bao gdm K con twong ma khong
c¢6 con twong nao c6 thé khong ché nhau. (N, K 14 céc s6 tu nhién cho trude).

Bai toan 1 goi 1a bai toan con hau, bai toan 2 tam goi 13 bai toan con twong. DE thiy
con tugng c6 vung “phu séng” han ché hon con hau. Con tuong chi c¢6 kha ning
khong ché cac quan co khac nam trén cung duong chéo voi nd trong khi con hau con
khong ché duoc ca thém cac quin nam trén cung hang, cung c6t. Do do, mot cach
hién nhién thi bai toan con tugng ciing c6 thé giai twong tw nhur bai toan con hau
bang thuat toan quay lui. Tuy nhién, ¢ day ching ta s€ nghién ctru mot phuong phap
khac dé tinh sO thé co ma dé bai yéu cau. Ching ta s& c¢d ging xay dung mot cong
thirc tinh s6 thé co do.

I. Xay dung cong thire tinh s cach sip dit cac con tugng.

Gia str chung ta dang phai l[am viéc vd1 mdt ban co vuong kich thude NxN. Mot ban
cd vudng binh thuong thi bao gio mdi 6 trén d6 ciing duge t6 bang 2 mau: den hoic
trang (hodc bang cip mau nao d6). Phuong phap t6 theo cach sau: néu mot 6 mau
den/trang thi cac cac 6 ké canh véi né s& c6 mau trang/den. Thi dy theo hinh v& duéi
la mot cach t6 trong 2 cach co thé (chi can t6 mot 6 1a xac dinh duoc mau cua tit ca
cac 6 con lai, vi mdi 6 chi c6 thé 1a mau den hodc tring nén ciing chi c6 2 cach to
mau cho toan ban cd, n6i chung ban ¢ duoc to thé nao ciing khong qua quan trong
do nhing diéu sip duoc noi sau day).



Sau khi d t6 mau cho tit ca cac 6 trén ban cd theo phuong phép trén, ta c6 thé rit ra
mét nhén xét: “cac con tuong duge dat trén cac 6 mau den s¢ khong thé khong ché
cac con tuong nam trén cac 6 mau trang va ngugc lai cac con tuong duogc dit trén
cac 6 mau tring ciing khong thé khdng ché cac con twong ndm trén cac 6 mau den”.
Nhén xét nay goiy cho ching ta mét phuong phap giai bai toan con tugng. D6 1a coi
tap cac 0 trang va tap cac 6 den trén ban co la 2 ban co con doc 1ap voi nhau. Sau
do, ta tinh s6 céac the co trén timg ban cd con d6 roi t6 hop cac két qua véi nhau
thanh cong thirc cudi cung. Cach tinh c6 thé duoc trinh bay rd rang nhu sau:

Goi DN(i), TN(i) (i=0, ..., K) tuwong tng 13 sb cac thé cd chi bao gdm i con tuong
trén ban cd cac 6 den va ban cd cac 6 trang ctia mot ban cd vuéng NxN va thoa méan
khong c6 hai con tugng nao c6 thé khdng ché nhau. Nhu vay, sb cac thé co cin tim
cua bai toan 2 la:

S= 3 Tele)* D) (1)

4=

Véi S 1a tong s cac thé co can tinh trén ban co NxN.

Vén d& con lai gid day 1a tim ra cong thire tinh TN(i) va DNQ).

Van 13 ban co duge t6 mau & trén, nhung ching ta dién thém céc con s vao mdi 6
theo cach: 6 ¢ dong 1 cot j s& mang s0 j-1. Ta nhan thdy nhitng 6 ciing mau thi cac sb
trén né ciing cung tinh chin 1¢, nhitng 6 cung nam trén mot duong chéo xudi (duong
cheo co huong tir dinh trai-trén xudng dinh phai-duéi cua ban co) thi cung mang
nhimg s6 ¢6 gia tri nhu nhau. Tt day, ching ta s€ danh sd cac duong chéo xudi theo
s6 ctia cac 6 trén no, vi du ta co dudng chéo 6 0, s 1, -1,.



oA o~ @y Lh ok D b

Goi F[m, k] (m, k > 0) 12 s6 cac thé c& chi gdm k con tugng (hay sb cach sap dat k
con tuong) trén cac 6 thudc cac duong chéo so6

+ (i + 2x1) woi i:D,[@}

ctia ban ¢ vudng NxN, sao cho khong co hai con tuong nao c6 thé khong ché nhau
(hay trén mdi dudng chéo, ké ca xubi va nguoc, chi co tdi da mot con tuong).

Vi du, vo1 ban c¢o 8x8 nhu hinh v€ trén, F[2, 4] 1a sb cach sép dat 4 con tugng trén
cac 6 thudc cac duong chéo -6, -4, -2, 2, 4, 6 sao cho khong co6 hai con tugng nao co
thé khong ché nhau.

Theo cong thirc trén, ta ciing thay néu duong chéo 0 dugc t6 mau den thi TN(i) =
F[0.i] va DN(i) = F[1, i], thay vao biéu thirc (1) ta co:

§= 2 Fl0.:]*FIL] (D

idj=i

Néu ta t6 mau nguoc lai thi S van ¢ dang nhu trén vi (hién nhién) S khong phu
thudc vao cach ta to mau. Cong thirc trén da goi y cho ching ta duong 16i rd rang
hon trong viée tim S. Cong viéc duy nhat con lai 1a tinh cac F[0, i] va F[1, j] hay noi
mdt cach téng quat hon 14 ta phai di tinh F[m, k] véi cac s6 m va k cho trudc.

Khi dbi mit voi cac cong thire kiéu dang F[m, k], phuong an dau tién ma nhing
nguoi 1am todn tin kinh nghiém s& thudng nghi dén 13 phuong phap tinh truy héi. Va
qua nhu vy, chung ta s€ tinh cong thirc nay theo cong thirc tinh truy ho1

Phuong phap tinh truy hoi, xét vé mot khia canh nao dé thi ciing rat gibng phuong



phép chimg minh quy nap toan hoc. Do d6, budc dau tién, ta s& gia sir chiing ta da
tinh duoc tat ca céac F[i,j] voi1=m+1, m+2,..., N-1vaj=0, 1,..., k. Va ta s€ phai
tinh F[m, k] tir nhitng cong cong thirc da da tinh dugc trudc do. Thuc sy thi dé tinh
F[m, k], diéu gia st ctia ta & trén 1a hoi thira. Thuc té, gia thiét chi can da tinh duoc
F[m+2, k], F[m+2, k-1] va F[m+2, k-2] 1a du.

Nhu di néi & trén, F[m, k] 12 s6 cach sap dat cac con twong hay 1a s6 cac thé co
(thoa mén cac diéu kién cua ta). Do do, dbi tuong ma ta quan tm ¢ cong thirc F[m,
k] 1a s6 céc thé co, hay cu thé 1a sb cac thé co gom k quan tuong dugc sat dit trén
cac duong chéo £m, H(m+2), £(m+4),... Ta s& chia tip cac thé cd nay thanh 4 tap
con tuong duong vdi 4 trudong hop sau:

THI1. Khéng c6 con tuwong nao duoc dit trén duong chéo m va —m. S6 cac thé co
trong truong hop nay don gian la Ffm+2, k].

TH2. C6 1 con tugng dugc dat trén duong chéo m va khong c6 con tugng nao trén
duong cheo -m. Ta goi tap cac thé co trong trudng hop nay 1a A. Sau d6 ta xét cac
thé cd dat k-1 con tugng vao cic duong chéo +(m+2), +(m+4), H(m+6),... va ta lai
o1 tap cac thé co nay 13 B. V&i mdi thé co thudce tap B, ta s& dém s6 6 khong bi
khéng ché trén duong chéo m boi k-1 con tuong trong thé cd d6. Vi mbi con tuong
trong thé cd chi c6 thé khdng ché duy nhat mot 6 trén duong chéo m, nén s6 6 bi
khéng ché trén duong chéo m 1a k-1. Pudng chéo m c6 tong cong N-m 0, tir ddy suy
ra s6 6 khong bi khéng ché trén duong chéo m 1a N-m-k+1 6. Trén bat ki N-m-k+1 6
nay, ta co thé dat thém mot con tuong vao thé co ta dang xét ma van khong c6 cdp
con tugng nao khong ché nhau. Nhu vay vdi mdi thé cd thudc tap B twong Gmg s& c6
N-m-k+1 thé c& thudc tip A. Vay s6 thé co thudce tap A s& 1a (N-m-k+1)*F[m+2, k-
1].

TH3. C6 1 con tugng dugc dat trén duong chéo -m va khong c6 con tugng nao trén
duong chéo m. Ly luan tuong tu nhu truong hop vira trén. So6 thé co trong truong
hop nay van la (N-m-k+1)*F[m+2, k-1].

TH4. Trén moi duong chéo m va —m déu duoc dit mot con tuong. Ly luan tuong tu
nhu trudng hop 2. Trong trudng hop ndy, sé 6 khong bi khong ché trén mdi duong
chéo m va —m s& 1a N-m-k+2. S 6 khong bi khdng ché ting 1én mot so véi trudng
hop 2 1a do chi con k-2 con twong dugc dat trén cac duong chéo £(m+2), £(m+4),
+(m+6),... Néu ta dit mot con tuong 1én mot trong N-m-k+2 6 khong bi khdng ché
ctia duong chéo m thi trén duong chéo —m chi con N-m-k+1 6 khong bi khong ché.
Nén sd cach dat 2 con tuong 1én 2 dudng chéo m va —m 13 (N-m-k+2)*(N-m-k+1)
va s0 thé cd trong truong hop 4 nay sé 1 (N-m-k+2)*(N-m-k+1)*F[m+2, k-2].

Qua 4 truong hop trén ta rat ra cong thirc cho F[m, k] s€ 1a: F[m,k] = F[m+2,k] + (N
—m—k+ 1)*Q2*F[m+2,k-1] + (N-m-k+2)*F[m+2,k-2]) (3)



Tuy nhién khéng phai lic ndo ta cling tinh F[m, k] theo cong thirc (3). Vi véi mot sb
truong hop dic biét, thi khong phai lic ndo ta ciing ¢ thé chia lam 4 truong hop
nhu trén. Cu thé véi m = 0 thi TH3 va TH4 khong tinh vi ta chi c6 mot hang 0 nén
chi dat dugc 1 con tuong. Truong hop dac biét thir 2 1a k = 1, khi d6 ta chi co thé dat
t6i da 1 con tuwong 1én hai dudng chéo m va —m, nén TH4 s& khong dugc tinh. Nhom
cac trudng hop didc biét con lai 1a cac trudng hop rat don gian ma ta c6 thé dua ngay
ra gia tri F[m, k] ma khong can tinh toan nhiéu. Tém lai ta s& c6 cac cong thirc tinh
F[m, k] cho tirng trudng hop sau:

Néu k = 0: F[m,0] = 1 v&i m >=0

Néu m = N-1: F[N-1,1]=2; FIN-1,k] =0 voi k > 1

Néu m = N-2: F[N-2,1] =4, F[N-2,2] = 2, F[N-2, k] = 0 voi k>2

Néu m = 0: F[m,k] = Fim+2.k] + (N — m — k+1)*F[m+2.k-1]

Néu k = 1: F[m,k] = Flm+2,k] + (N — m — k+1)*2*F[m+2,k-1]

Con lai ta tinh F[m, k] theo cong thuc (3).

II. Thuat toan — chuong trinh.

Vé thuat toan c6 18 chung ta khong can phai néi nhiéu nita. O day t6i xin dua ra mot
chuong trinh viét bang C++ dé minh hoa. Chuong trinh nay c6 thé chay voi cac bo
dir liéu n va k ¢ trong khoang xung quanh 12, mét tinh voi cac bo s6 16n hon ta phai
thém phan tinh toan véi s6 1n.

I11. Két luan

Nhu vay chang ta da giai quyét xong bai toan con tugng. Co thé néi bai toan con
tugng nay da duoc giai quyét kha tron ven. Nho co cong thirc tinh ma bai toan con
tugng di tro nén “kha thi” hon rat nhiéu so voi bai toan con hau. Theo nhiing y
tudng tur bai toan con tuong trén, toi cling da thur cai tién phuong phap quay lui cho
bai toan con hau nhung cho dén nay van chua thu dugc thanh tuu nao dang ké. Thyc
su bai toan con hiu 12 mot bai toan rat kho, nhung rat mong c6 ban nao do sau khi
doc xong 101 giai bai toan con twong ndy c6 thé nghi ra duoc phuong phéap c6 tinh
d6t pha chang han? Chic cac ban thanh cong.

LAp trinh hién thi cong thirc toan hoc

Thir nghiém dbi tuong Row

Chuing ta da c6 thé chay thtr chuong trinh. Poan ma sau xir 1y khi nhan nat Render:
Private Sub cmdRender Click()

Dim congthuc As Box

Dim sol As New Text



Dim dau As New Operator

Dim so2 As New Text

Dim tong As New Row
sol.Content ='a

s02.Content ='b'

dau.Sign ="+'
tong.NumberElement = 3

Set tong.Member(1) = sol

Set tong.Member(2) = dau

Set tong.Member(3) = so2

Set congthuc = tong
congthuc.Layout picCanvas
congthuc.Draw picCanvas, 10, 10
End Sub

Chay chuong trinh, nhén nat Render, ban s& nhan duoc két qua:

is. MathDraw : x|

a+hb

Qua doan ma trén, ta théy viéc khoi tao mot doi tuong cong thic kha rudom ra, dung
hoi nhiéu bién trung gian. Can mot cach nao d6 dé thuan lgi hon. Hay chén vao
Project mot Standard Module, dét tén 1a Helper. Khai b4o cac ham sau:

‘Standard Module Helper

Public Function Text(ByVal st As String) As Box

Dim t As New Text

t.Content = st

Set Text=t

End Function

(9

Public Function Operator(ByVal st As String) As Box
Dim o As New Operator

0.Sign = st

Set Operator =0



End Function

[3

Dim r As New Row
r.NumberElement = 3
Set r.Member(1) = box1
Set r.Member(2) = box2
Set r.Member(3) = box3
Set Row3 =r

End Function

(9

box5 As Box) As Box

Dim r As New Row

r.NumberElement = 5

Set r.Member(1) = box1

Set r.Member(2) = box2

Set r.Member(3) = box3

Set r.Member(4) = box4

Set r.Member(5) = box5

Set Row5 =r

End Function

Ham Text, Operator tao cac ddi twong kiéu Text va Operator twong tng. Him Row3
tao d6i tuong kiéu Row c6 3 thanh phan (dang x+y). Him RowS5 tao ddi tuong kiéu
Row c6 5 thanh phan (dang x+y=z). Viét lai ham xtr Iy nat Render nhu dudi day:
Private Sub cmdRender Click()

Dim congthuc As Box

Set congthuc = Row5(Text('a),Operator(+'), Text('b"),Operator('="), Text('c")
congthuc.Layout picCanvas

congthuc.Draw picCanvas, 10, 10

End Sub

Chay chuong trinh, nhan ntt Render:



. MathDraw 1 x|

at+b=c

R rang, viéc khoi tao mot cong thirc da tré nén sang stia, dé doc hon nhiéu. Sau
nay, khi bod sung thém mdt dang cong thirc moi, ta s€ dinh nghia ham tao doi tuong
do trong module nay.

Luu y: Cac tham sé ciia ham Row 3 hay Row5 c6 kiéu bét ky, mién 1a ké thira tir 16p
Box. Thtr tyr cac tham s6 khong quan trong, chuong trinh ¢ thé hién thi mot cong
thtre khong ding ¥ nghia toan hoc. Ban ctr thir xem. Khai bao 16p Fraction

B6 sung mét 16p méi, d6i tén thanh Fraction. Ma cua 16p nhu sau:

‘Class Module Fraction

Option Explicit

Implements Box

Private m_Width As Long

Private m_Height As Long

Private m Ascent As Long

Private m_Numerator As Box

Private m_Denominator As Box

(3

Private Sub Class_Initialize()
Set m Numerator = Nothing

Set m_Denominator = Nothing
End Sub

Private Sub Class Terminate()
Set m_Numerator = Nothing
Set m Denominator = Nothing
End Sub

Private Property Get Box Ascent() As Long
Box_Ascent =m_Ascent
End Property

Private Property Get Box ClassName() As String



Box ClassName = 'fraction'
End Property

Dim nX As Long

Dim nY As Long

Dim Is As Long

Is=3

nX = x + (m_Width - m_Numerator.Width)/2
nY =y

m_Numerator.Draw pic, nX, nY

nY =nY + m_ Numerator.Height + (Is/3)* 2
pic.Line (x, nY)-(x + m_Width, nY)

nY =nY +1s/3

nX =x + (m_Width - m_Denominator.Width) / 2
m_Denominator.Draw pic, nX, nY

End Sub

Public Property Get Numerator() As Box
Set Numerator = m_Numerator
End Property

Set m Numerator = vNewValue
End Property

Public Property Get Denominator() As Box
Set Denominator = m_Denominator
End Property

Set m_Denominator = vNewValue

End Property

Private Property Get Box Height() As Long
Box Height =m_Height

End Property

Private Sub Box Layout(pic As PictureBox)
Dim Is As Long
m_Numerator.Layout pic



m_Denominator.Layout pic

Is=3

If m Numerator.Width > m_Denominator.Width Then

m_Width = m_Numerator. Width

Else

m_Width = m_Denominator.Width

End If

m_Height = m_Numerator.Height + m Denominator.Height + Is

Dim hNewFont As Long

Dim hOldFont As Long

Dim hDC As Long

Dim If As LOGFONT

Dim tm As TEXTMETRIC

hDC = pic.hDC

If.1fCharSet = 2

If.IfFaceName = 'Lucida Bright Math Symbol' & Chr(0)

If.1fHeight = -MulDiv(12,GetDeviceCaps(hDC, LOGPIXELSY),72)

hNewFont = CreateFontIndirect(1f)

hOIdFont = SelectObject(hDC, hNewFont)

GetTextMetrics hDC, tm

m_Ascent = m_Numerator.Height + (Is/3) * 2 + tm.tmAscent -
pic.TextHeight(Chr(&H21))2 SelectObject hDC, hOldFont

DeleteObject hNewFont

End Sub

Private Property Get Box Width() As Long

Box_Width =m_ Width

End Property

Tt s6 va miu sé duoc luu trong hai bién m Numerator va m_Denominator. Hai
thudc tinh twong ting cua 16p cho phép gan cac gia tri dén hai bién nay (Numerator,
Denominator).

Phuong thire Layout 1an lugt goi phuong thire Layout cta tir s6 va mau sb. Bién Is
(line spacing) luu khoang cach, noi s& v& dong ké ngang, giira ttr s6 va mau sd
(Is=3).

Do rong cua phan sO dugc xac dinh bang do rong lon nhat clia tir s hoic mau so
Chiéu cao clia phan sd duoc xac dinh bang chleu cao tir s6 cong chiéu cao mau sb
cong chiéu cao phan khoang cach dé v& dudng nam ngang (Is).

Moi phirc tap nam trong phan tinh dudng co sé ciia cong thirc. Dé dé quan sat, moi
cac ban chu y hinh vé dudi day:
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DBuong co so hay ascent (a) can tinh bang chiéu cao cia tir s cong v6i x. Trong do:
x 12 khoang cach tir tir s6 dén dudng co s6. Khodng cach phia trén dong ké ngang ta
chon 13 2 hay 2/3*1s. Vi vach ngang ctia ddu + can phai thang hang voi gach ngang
ctia phan sd, do d6 dwa vao hinh vé ta c6 thé 1ap cong thure tinh x nhu sau:
x=2/3*Is+b-c

Is 1a khoang cach tir tir s6 dén mau s6

b 12 ascent ctia ddu +

¢ 1a % chiéu cao ciia déu +.

Ap dung cong thirc nay vao churong trinh ta s& c6 dong ma:

x =(Is/3) * 2 + tm.tmAscent - pic. TextHeight(Chr(&H21)) 2

Trude khi tinh chiéu cao cling nhu ascent ctia ddu +, can thiét 1ap lai cac thudc tinh
Font cua Picture Box thanh Lucida Bright Math Symbol. Cac ham
CreateFontIndirect, SelectObject, DeleteObject.. deu phuc vu qua trinh nay. Néu
ban chua hiéu vé nd, nén tim doc thém qua mot sé cudn sach bat ky vé 1ap trinh
trong Windows hay MSDN.

Moi thao tac vé& déu lién quan dén Device Context (DC). Khi can thay doi thudc tinh
v& nhu Font chit, nét v&...ta tao cac ddi tuong tuong ung, tiép theo chon chung cho
DC bang ham SelectObject. Ham SelectObject tra vé thudc tinh v& hién tai. V&
xong, can khoi phuc lai thudc tinh cii cia DC va x6a doi tuong vira tao trude do
bang ham DeleteObject.

Phuong thirc Draw hoat dong twong tu nhu 16p Row. N6 1an luot goi phuong thirc
Draw cua tir s6, mau sd, sau d6 vé dudng ké ngang bang phuong thirc Line ctia ddi
tugng Picture Box.

Dé c6 thé st dung dugc 16p Fraction, ban phai khai bao thém trong module API cac
ciu tric va ham sau:

Public Type LOGFONT

1fHeight As Long

1fWidth As Long

1fEscapement As Long

1fOrientation As Long

1fWeight As Long

IfTtalic As Byte



IfUnderline As Byte

1fStrikeOut As Byte

1fCharSet As Byte

1fOutPrecision As Byte

IfClipPrecision As Byte

1fQuality As Byte

1fPitchAndFamily As Byte

IfFaceName As String * 32

End Type

Public Declare Function GetDeviceCaps...
Public Declare Function MulDiv...

Public Declare Function CreateFontIndirect...
Public Declare Function SelectObject...
Public Declare Function DeleteObject...
Public Const LOGPIXELSX = 88

Public Const LOGPIXELSY =90

Tiép theo, chén thém ham Fraction vao module Helper:
Public Function Fraction(num As Box, den As Box) As Fraction
Dim f As New Fraction

Set f.Numerator = num

Set f.Denominator = den

Set Fraction = f

End Function

Stra lai ham xir 1y su kién nhan Render thanh:
Private Sub cmdRender Click()

Dim congthuc As Box

Set congthuc =

Row3(Fraction(Text('a), Text('b")),Operator('+'),Fraction(Text('c'),Row3(Text('d"),Op
erator('-'),Fraction(Text('¢), Text('f")))))
congthuc.Layout picCanvas

congthuc.Draw picCanvas, 10, 10

End Sub
Khi chay chuong trinh, ban s€ nhan duoc két qua:
x|
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Theo cach d6, ban c6 thé tao mot phan s6 co do phuc tap, léng nhau nhiéu cép bat
ky...
Con nira

5.Tinh toan trwoce khi lap trinh
Tac gid: Nguyen Duy Ham

Trong mét bai viét trén tap chi Tin hoc va Nha truong Thay Nguyen Xuén Huy da
n6i vé van dé dat but tinh toan trudc khi lap trinh, Thay dé cap dén bai toan dém sb
0 vuong don vi bi cat bai 1 duong chéo cua 1 hinh chit nhat c¢6 kich thudc nxm. Qua
d6 chiing ta co thé phan nao hiéu duoc réng viéc tinh toan, phan tich bai toan trudc
khi 14p trinh 14 vo cung can thiét, ‘trong nhiéu ki thi hoc sinh, sinh vién gio1 tin hoc
6 nhitng bai toan tuong chung rat d&, song néu khong duoc tién xir 1y tét thi chi c6
thé vugt qua mot vai test d& ban dau cua BGK ma thoi. Lan nay toi cling xin man
phép dugc ban vé ciing van dé trong mot bai toan khac, d6 1a mot bai s6 3 trong dé
thi ctia khdi chuyén tai ki thi OLIMPIC Tin hoc Sinh vién Viét Nam 2005 tai Dai
hoc Khoa hoc Ty nhién TP.H6 Chi Minh vira qua.

Bai toan

Mot hé thong giao thong gdm N nut (cac nit dugc danh sO tir 1 dén N), trong d6 bét
ky hai nut nao cting c6 doan duong hai chiéu ndi chung. Ta goi duong di gilra hai
nut 1a day cac doan dudng ké tiép nhau, bt dau tir mot nat va két thic tai nat kia,
trong do khong c6 nut nao trén duong di dugc lap lai.

Yéu cau: Can dém tat ca cac duong di khac nhau gitra hai nat bat ky cia mang giao
thong da cho.

Vi du: Véi hé théng giao thong 4 niit trong hinh 1, ta ¢6 5 duong di ndi giita hai nat
t6 den (xem hinh 2).

Dit liéu: Nhap tir file vin ban PCOUNT.INP gdm mét s6 nguyén duong N (N



Két qua: Ghi ra file PCOUNT.OUT gdm 1 dong chira s6 cac duong di khac nhau
dém duoc.

Vi du:

% PCOUNT INP PCOUNT. QLT
4 )

Khi doc bai toan nay khong it ban da rat loay hoay, khong biét phai lam thé nao,
nhiéu ban d3 st dung ‘ngay d¢ quy quay lui dé duyét tat ca cac duong di co thé tir
dinh dau dén dinh cudi trén 1 d6 thi ngdm dinh duoc xay dung, vi clr noi dén hé
thng giao thong 1a nhiéu nguoi nghi ngay téi cAu trac dd thi, v6i cach lam nay
chuong trinh khong thé vuot qua test vdi n>15! (can chu ¥ 12 bai toan nay han ché
thoi gian chay 1a 1 gidy), nén viéc duyét nhu trén s& 1a mot giai phap kho ¢ thé
chap nhan. Ta hiy cung nhau phén tich bai toan

Céch giai quyét
Thuat toan:

Ta dé thiy rang: tong cac duong di tir 2 dinh bat ki 13 téng cac dudng di c6 d6 dai
=1, cac duong di c6 do dai =2, cac duong di c6 do dai =3...,cac duong di c6 do dai
n-1. Ciing chinh 14 tong cac duong di khong di qua dinh trung gian nao, di qua 1
dinh trung gian, qua 2 dinh trung gian,...qua n-2 dinh trung gian.

Téng cac duong di khong di qua dinh trung gian nao 1a 1 (chinh 1a dudng nbi truoc
tiép 2 dinh d6). Tong cac duong di di qua 1 dinh trung gian 14 sd cach chon c6 thir tu
1 dinh trong sb n-2 dinh con lai (A1n-2), tong cac dudong di qua 2 dinh trung gian 13
s6 cach chon ¢6 thir tir 2 dinh trong s n-2 dinh con lai (A2n-2), tong cac duong di
qua 3 dinh trung gian 1a s6 cach chon c6 ti ty 3 dinh trén n-2 dinh con lai (A3n-2).

Nhu vay:

S=1+Aln-2 + A2n-2 + A3n-2+...+An-2n-2.(1)
(1)=1+(n-2)+(n-2)(n-3)+(n-2)(n-3)(n-4)+...+(n-2)!(2)
(2)=1+(n-2)[1+(n-3)[1+(n-4)[...[1+1]...]]].(3)
3)=((..(1+1)2+1)3+1)4+1)5+1)...(n- 3)+1)(n 2)+1(4)

Nhu vay tir cong thirc (4) ta c6 thuat toan theo doan ma sau:



s:==1;

For 1:=1 to n-2 do
Begin

s:=s*1;

s:=s+1;

End;

Cau truc dir licu:

Qua cong thire trén ta thay S 1a mot s6 rat 1on (v6i n=1000 thi S ¢6 t&i 2563 chit s6),
khong co kiéu s6 nao c6 thé luu trit dugc, ta phai st dung kiéu dir liéu khac. Tét
nhét trong truong hop nay ta nén sir dung mang kiéu longint, v&i mdi phan tir mang
s& luu 1 86 ¢ 6 chit s6 ciia chir s6 S.

Dé don gian trong xt 1y ta nén luu nguoc, a[1] s& chira 6 chir s cudi cing cia S,
a[2] s€ chura 6 chir so tiép theo...

Vi du s=1234031809283756.
Thi ta c6 mang A nhu sau: a[1] = 283756; a[2]=031809; a[3]=001234;

Nhung thyc té a[2] = 31809 va a[3]=1234(loai bo cac sb 0 & dau trai), vay khi ghi
két qua ra file ta phai xtr Iy thém chd nay dé dat duoc két qua ding (thém 0 vao
trudc cho du 6 chir s6 r6i mai ghi ra file). Bay gio van dé con lai 1a 1ap trinh. Ching
ta cung theo doi doan ma sau:

Chuong trinh

Const stout="PCOUNT.OUT";
stinp="PCOUNT.INP';
k=1000000;

d=6;

Var 1,j,n,m,l,nho:longint;
s:string;

fitext;

ok:boolean;

a:array[1..500]of longint;//mang chtra diy s6
Procedure Khoi tao;

Begin

assign(f,stinp);

reset(f);

read(f,n);



close(f);
a[l]:==1;m:=1;
End;

Procedure Thuc_hien;
Begin

for i:=1 to n-2 do
begin

nho:=0;

for j:=1tomdo
begin
nho:=nhoa[j]*1;
a[j]:=nho mod k;
nho:=nho div k ;
end;

1f nho>0 then
begin

m:=m+1;
a[m]:=nho;

end;
nho:=1;0k:=true;j:=0;
while ok do
begin

j=itL
nho:=a[j]+nho;
a[j]:=nho mod k;
nho:=nho div k;
1f nho=0 then ok:=false;
end;

if j>m then m:=j;
end;

end;

Procedure In_ra;
Begin
assign(f,stout);
rewrite(f);

if n>1 then
begin

for i:=m downto 1 do
begin

str(a[i],s);

if i



begin
l:=length(s);
while 1

begin
insert('0',s,1);
l:=1+1;

end;

end;
write(f,s);
end;

end

else write(f,’0’);
close(f);

End;

Begin

Khoi tao;
Thuc_hien;
In_ra;

End.

Chu y khi 1ap trinh
- Khong sir dung cac thu tuc inc(),dec() lam chdm chuong trinh.

- Trong chuong trinh c6 doan ma thém s6 0 vao trudc cac phan tir cia mang trudc
khi ghi 1én file, khong nén viét nhu sau méc du n6 gon hon:

While length(s) < d do insert(*0’,s,1); vi no s€ goi ham length(s) lién tuc mdi khi
kiém tra lam cham chuong trinh ctia chung ta.

Két luan

Cubi cung ta thdy rang bai toan nay khong phuc tap, khong doi hoi phai tu duy thuat
toan cao siéu, chi can nam ving kién thirc toan to hop, biét cach xir 1y trén s6 16n,
cung vé6i viée tinh toan phan tich ki bai toan trude dé tim ra cong thirc don gian nhit,
sao cho phép toan thyuc hién 13 it nhit s& dam bao chuong trinh chay nhanh nhéat!

Qua phan trinh bay trén ta c6 thé thdy duoc sy lién quan mat thiét gitta toan hoc va
tin hoc nhu thé nao, viéc tinh toan, phan tich ki bai toan, viéc st dung thanh thao cau
trac dir lidu quan trong nhu thé nio trong viéc giai 1 bai toan trong tin hoc. Moi gop
y, trao doi xin giri vé duyhaman@yahoo.com. Xin cam on!



6.Hinh vudng ciing thi vi lim chi
Tac gia: Bui Ttr Quy

Han cac ban di biét d¢én hinh vudng, mot ti giac dédc biét co 4 canh bang nhau va 4
gbc bang nhau (bang 900), hinh vuong la su két hop hoan hao gitra hinh chwr nhat va
hinh thoi. Trong Tin hoc, cling co rat nhiéu bai toan thu vi v& hinh vuéng. Chiing ta
hay cliing tim hiéu mot trong s cac bai toan ay.

Trudc tién, ching ta cung xét bai toan:

Bai toan 1. Cho 4 diém trén mat phang. Hay kiém tra xem bdn diém nay c6 phai la
dinh ctia mot hinh vudng c6 cac canh song song véi truc toa do hay khong.

Nhan xét 1a. Hinh vudng 13 hinh chit nhat ¢6 4 canh bang nhau. Nhan xét 1b. Néu
xA =xB, xC =xD, yA = yD va yB = yC thi ABCD 1a hinh chit nhat (c6 cac canh
song song vai truc toa do).

Budc 1. Ban sip xép toa d6 4 diém theo thir ty ting dan theo hoanh d¢ (trong hinh,
thir tu cac diém sau khi sip xép 13 A, B, D, C). Sau d6 chung ta kiém tra nhan xét
1b. Néu dung chiing ta qua budc 2, néu sai ta ghi két qua ‘SAI’. Budc 2. Tinh do dai
AB, BD, CD, DA. Néu AB = BC = CD = DA thi ta ghi ‘DUNG”, néu sai ta ghi
‘SAI’.

Nhu vay chung ta d3 giai quyét xong bai toan 1. Tuy nhién, néu cac canh hinh
vuong khong song song véi truc toa do thi bai todn 1 s€ tr¢ thanh bai toan nhu sau:
Bai toan 2. Cho 4 diém trén mit phang. Hay kiém tra xem bdn diém nay c6 thé 1a
dinh cua 1 hinh vuong hay khong?

Input: File KTHV.INP gom 4 dong 1a toa d6 4 diém ban dau. Output: File
KTHV.OUT chtra s6 1 (hodc -1) néu 4 diém d6 c6 thé (khong thé) 1a 4 dinh mot
hinh vudng.
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Vi du:
KTHVY.INP KTHY.OUT
z.0 1.0 1
-2.0 -1.0
-1.0 Z.0
1.0 -2.0

Néu giai theo cach thong thuong, ta khong nhimng kiém tra ¢ dai 4 canh ma phai
kiém tra dén ca do 16n 4 goc. Toi di nghi ra mot giai thuat don gian hon nhu sau:
Chuing ta ciing sdp xép 4 diém ban dau theo tht ty ting dan theo hoanh d9, ta dugc 4
diém da sép xép theo thur ty 1a A, B, D, C. Sau d6, chung ta sé tao ra 4 diém mai 1a
A’,B’, C’, D’ sao cho xA’ = xB’ = min (cac hoanh d¢ cua A, B, C, D) ; xC’ =xD’ =
max (cac hoanh do cua A, B, C, D); yA’ = yD’ = min (cac tung d6 cua A, B, C, D);
yB’ =yC’ = max (c4c tung d6 cua A, B, C, D).

Bay gio chiing ta kiém tra gia tri k = (A’B’=B’C’=C’D’=D’A’) and (AB=BC =
CD = DA). Néu k = True thi ABCD 1a hinh vudng, nguoc lai thi ABCD khéng phai
1a hinh vudng.

Sau day la chuong trinh cta bai 2.

Program KiemTraHinhVuong;

Const fi ='KTHV.INP';

fo="KTHV.OUT;

Type Point = Record

x,y:real;

End;

Var P : Array[1..8] of Point; {Cac diém A,B,D,C,A’,B’,C’,D’}

A : Array[1..8] of Real; {AB,BC,CD,DA,A’B’,B’C’,C’D’,D’A’}

1,] : byte;



fitext;

Function D(A,B:Point):real;

Begin
D:=sqrt(sqr(A.x-B.x)+sqr(A.y-B.y));
End;

Procedure DoiCho(Var A,B:Point);
Var k : Point;

Begin

k:=A; A:=B; B:=k;

End;

Procedure Readlnp;

Begin

Assign(f,fi); Reset(f);

Fori:=1to 4 do
Read(f,P[i].x,P[i].y);

Close(f);

End;

Procedure Solve;

Var minx,miny,maxx,maxy:real;
k:boolean;

Begin

Fori:=1to4 do

For j:=1to 4 do

If P[1].x>P[j].x then DoiCho(P[1],P[j]);
minx:=P[1].x; miny:=P[1].y;
maxx:=P[1].x; maxy:=P[1].y;
Fori:=2to 4 do

Begin

If P[i].x

If P[i].y

If P[i].x>maxx then maxx:=P[i].x;
If P[i].y>maxy then maxy:=P[i].y;
End;

P[5].x:=minx; P[6].x:=minx;
P[7].x:=maxx; P[8].x:=maxx;
P[5].y:=miny; P[8].y:=miny;
P[6].y:=maxy; P[7].y:=maxy;
k:=false;



A[1]:=D(P[1],P[2]); A[2]:=D(P[2],P[4]);

A[3]:=D(P[4],P[3]); A[4]:=D(P[3],P[1]);

A[5]:==D(P[5],P[6]); A[6]:=D(P[6],P[7]);

A[7]:=D(P[7],P[8]); A[8]:=D(P[8],P[5]);

k:=(A[1]=A[2]) and (A[2]=A[3]) and (A[3]=A[4]);

k:=k and (A[5]=A[6]) and (A[6]=A[7]) and (A[7]=A[8]);

Assign(f,fo); Rewrite(f);

If k then Writeln(f,1) else Writeln(f,-1);

Close(f);

End;

Begin

Readlnp;

Solve;

End.

Ban doc co thé tu chirng minh thuat todn trén cho bai toan 2 la dung. Néu khong
thich, ban ciing ¢ thé kiém tra goc vudng bang cach kiém tra 4 tam giac ABC,
BCD, CDA, DAB c6 phai la 4 tam giac vuéng lan luot tai 4 dinh B, C, D, A hay
khong (bang dinh 1i Pythagore dao)...

Bai toan 3. Cho hai diém AxA, yA) va B(xB, yB) khong tring nhau. Hay tim toa do
cac diém C, D, E, F sao cho ABCD va ABEEF la cac hinh vuong.
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Sau khi phan tich bai todn nay, t6i dugc két qua:
Néu xA xB thi toa d 4 diém C, D, E, F s¢ la:
xC=xB+(yB-yA);yC=yB-(xB-xA).
xD=xA + (yB-yA);yD=yA — (xB —xA).
xE=xB—-(yB-yA);yE=yB + (xB —xA).
xF=xA—-(yB-yA);yF=yA + (xB—-xA).



Véi xA > xB thi véi tinh todan nhu trén, ta s€ duoc hai hinh vuong ABDC, ABFE
(khong dang vé6i d€), do d6 chung ta chi can dao toa do hai diém C va D cho nhau, E
va F cho nhau.

Bai toan 3 13 bai toan cho 2 dinh k& nhau, xac dinh 2 dinh con lai cta hinh vuong.
Sau déy 1a bai toan 4, cho 2 dinh dbi nhau, xac dinh 2 dinh con lai cta hinh vuéng.
Bai toan 4. Cho hai diém A (xA, yA) va C(xC, yC) 1 hai dinh d6i nhau ctia mot
hinh vuéng. Hay tim toa d6 cac diém B va D sao cho ABCD 14 hinh vudng.

Input : File HAIDINH.INP gbm 2 dong 1 toa d6 2 dinh A va C cta hinh vudng.
Output : File HAIDINH.OUT gbm 2 dong 1a toa do 2 dinh B va D cua hinh vudng
(mdi toa do trong file output chinh x4c dén chit s6 thir 4 sau dau phay).

HAIDINH.INP HAIDINH.OUT
1.0 3.0 3.5000 4.5000
5.0 2.0 Z.5000 0.5000

Ta c¢6 nhén xét: Hinh vudng c6 hai dudong chéo bang nhau va vuéng goc véi nhau tai
trung diém moi duong. Ta can tim trung diém cua AC, do6 1a diém O c6 toa do:

At Xy YatXYs
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Sau d6, chung ta phan tich tiép, duoc két qua:
xB=x0+ (yA—-yO0O); yB=yO + (xO —xA)
xD =x0 - (yA —yO) ; yD =y0O — (xO — xA)
Sau day la chuong trinh ctia bai 4.

Program Tim2Dinh;

Const fi = 'HAIDINH.INP";
fo ="HAIDINH.OUT";
Type Point = Record
x,y:real;

End;

Var P:Array[1..5] of Point;
fitext;

Procedure Readlnp;
Begin

Assign(f,f1); Reset(f);
Read(f,P[1].x,P[1].y);
Read(f,P[2].x,P[2].y);



Close(f);
End;

Procedure Solve;

Begin
P[5].x:=(P[1].x+P[2].x)/2;
P[5].y:==(P[1].y+P[2].y)/2;
P[3].x:=P[5]x+(P[1].y-P[5].y);
P[3].y:==P[5].y+(P[5]x-P[1].x);
P[4].x:=P[5].x-(P[1].y-P[5].y);
P[4].y

End;

=P[5].y-(P[5].x-P[1].x);

Procedure WriteOut;

Begin

Assign(f,fo); Rewrite(f);
Write(f,P[3].x:0:4,' ',P[3].y:0:4);
Writeln(f);

Write(f,P[4].x:0:4,' ',P[4].y:0:4);
Close(f);

End;

Begin

Readlnp;

Solve;

WriteOut;

End.

Chuing ta ciing xem su phat trién ctia nhitng bai toan vé hinh vudng:

Bai toan 5. Hinh vudng (Dé thi Tin hoc tré khong chuyén toan qudc 2001 — bang B).
Cho mét ludi N x N diém gom N dong va N ¢4t (2<N<9)lacac diém nat cua mot
ludi 6 vudng. Cac dong dugc danh so tur trén xudng dudi, cac cot duge danh s6 tur
trai qua phai bat dau tir 1. Trén lu6i diém d6 cho mot sé doan thang, mdi doan ndi
mot cip diém canh nhau trén cing mot dong (doan ngang) hodc trén cting mot cot
(doan doc). Can phai dém sb cac hinh vudng véi kich thudce nhét dinh dugc tao
thanh boi cac doan thang da cho ciia ludi néu trén.

Chang han & hinh 4, ¢6 3 hinh vudng: hai hinh kich thudc 1 va mot hinh kich thudc
2 (kich thudc cua hinh vudng 13 sb cac doan thang tao thanh 1 canh cta hinh vudng).
Yéu cau: Hay xéac dinh sb lugng cac loai hinh vudng va sé hinh vudéng mdi loai



trong ludi diém da cho (cac hinh vudng c6 cung kich thudc dugce x€p vao cuing mot
loai).

Hink 4

Input: SQUARE.INP

Dong dau tién chira 2 s6 nguyén N 12 s6 dong (s6 cot) cua ludi.

+ Dong thtr hai chira s6 nguyén M 1a s6 cac doan thang dugc cho trén ludi.

+ M dong tiép theo, moi dong biéu dién mot doan théng, c6 dang:

- Hij chi mot doan ngang trén dong thir i ndi 2 diém & cot j va cot j+1

- hodc Vij chi mot doan doc trén cot thir i ndi hai diém & dong j va dong j+1.

Output: SQUARE.OUT

+ Dong déu tién ghi sé nguyén P 1a s6 loai hinh vudng c6 trén ludi.

+ P dong tiép theo, mdi dong ghi thong tin mo ta vé mot loai hinh vudng va s6 luong
hinh vudng loai do, bao gom hai s6 nguyén a va b cho biét c6 a hinh vudng c6 canh
d6 dai b. Céc thong tin vé cac loai hinh vuéng phai duoc dua ra theo thi tu ting dan
cua do dai canh.

+ Trong trudng hop khong tim dugc bat ctir mot hinh vudng nao thi ghi duy nhat mot
dong thong bao: NO SQUARE.

Vi du: (Theo hinh 4)
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O bai nay, chung ta khong chi kiém tra hinh vuong thong qua cac dinh ma con phai
kiém tra cac doan nbi giita chung nita.

Viéc dau tién 1a to chire dit liéu nhu thé nao cho hop li. Ching ta s€ dat toa d0 nut &
hang 1, c0tjla (i, j) voi 1<1, j < N. Nhu vay nlt & goc trén trai ¢6 toa do (1, 1), nut
g6c dudi, phai s€ 1a (N, N). Ta s€ st dung 1 mang C : Array[1..9,1..9,1..2] of
boolean dé luu cac canh, trong do:

+ C[i,j,1] = True / False néu c¢6 / khéng c6 doan ndi ngang gitra nat (i, ) va nit (i,
j+1).

+ C[i,j,2] = True / False néu ¢ / khéng c6 doan ndi doc gitta nit (i, j) va nat (i+1, j).
Hién nhién, C[i,N,1] = False v&i moi i va C[N,i,2] = False voi moi i.

Ta s dung mang HV[1..9] dé chi s hinh vudng ma canh c6 d¢ dai la 1 doan, 2
doan, ..., N doan.

Mot “y tudng tdo bao” 1a vét can toan bo dé tim ra tat ca cac bo 4 diém r6i kiém tra.
Tuy nhién, ¥ tudng nay khong duoc kha thi cho 1am. Ching ta c6 thé di theo giai
phap sau:

Tai mdi nat (i,j) véii< N va j <N, ta s& kiém tra no c6 phai 1a dinh trai trén cua
nhitng hinh vuéng ma canh c¢6 dg dai l1a 1 doan, 2 doan,..., N-max(i,j) doan hay
khong:

For 1:=1 to N do

For j:=1to N do
Begin

max:=i;

If max

For d:=1 to N-max do



If KT(1,j,d) then Inc(HV[d]);

End;

Kém theo d6, chiing ta phai c6 ham KT(i,j,d) tra vé gid tri Boolean dé kiém tra xem
nut (i,j) c6 thé 1a dinh trén trai cua hinh vudng ma canh c6 d6 dai d doan hay khéng.
Nhu vay, chuong trinh hoan chinh cuta bai 5 la:

Program Square;

Const fi = 'SQUARE.INP";

fo ='SQUARE.OUT;

Var 1,j,d,max,N,M,P:byte;

HV : Array[1..9] of integer;

C: Array[1..9,1..9,1..2] of boolean;

fitext;

Procedure Readlnp;

Var a,b:byte; ch:char;

Begin
Fillchar(C,sizeof(C),false);
Fillchar(HV,sizeof(HV),0);
P:=0;

Assign(f,fi); Reset(f);
ReadIn(f,N);

ReadIn(f,M);

For i:=1 to M do

Begin

Readln(f,ch,a,b);

If ch='"H' then C[a,b,1]:=True;
If ch="V' then C[b,a,2]:=True;
End;

Close(f);

End;

Function KT(i,j,d:byte):boolean;

Label Ra;

Var a:byte; k:boolean;

Begin

k:=true;

For a:=i to i+d-1 do {Kiém tra nhiing doan doc}
Begin

If C[a,j,2] = false then

Begin

k:=false; Goto Ra;



End;

If C[a,j+d,2] = false then
Begin

k:=false; Goto Ra;

End;

End;

For a:=j to j+d-1 do {Kiém tra nhiing doan ngang}
Begin

If Cl[i,a,1] = false then
Begin

k:=false; Goto Ra;

End;

If C[i+d,a,1] = false then
Begin

k:=false; Goto Ra;

End;

End;

Ra : KT:=k;

End;

Procedure Solve;

Begin

For i:=1 to N do

For j:=1to N do

Begin

max:=i;

If max For d:=1 to N-max do
If KT(i,j,d) then Inc(HV[d]);
End;

End;

Procedure WriteOut;

Begin

For i:=1 to N do

If HV[i]>0 then inc(P);

Assign(f,fo); Rewrite(f);
Writeln(f,P);

For i:=1 to N do

If HV[i]>0 then Writeln(f,HV[i],' ',1);
Close(f);

End;



Begin

Readlnp; Solve; WriteOut;

End.

Sau day 1a hai bai tap danh cho ban ty luyén tap:

Bai 6. Hinh vudng (D& thi tuyén sinh 16p 10 chuyén Tin — Nam hoc 2003 — 2004 -
PTNK).

Trén mat phéng, cho N hinh vudng c6 canh song song voi truc toa do dugc danh )
tir 1 dén N (1 <N <2000). Hinh vudng thtr i dugc cho bdi toa d§ goc dudi tréi (xi,
yi) va toa do dinh trén phai (zi, ti). Toa do cac dinh 13 s6 nguyén trong pham vi tir —
10000 dén 10000. Khoang cach giita hai hinh vuéng A va B duoc dinh nghia 1a d6
dai ciia doan thing ngan nhat trong sd cac doan thing ma mot diu mut thudce hinh
vudng A con dau mit kia thudc hinh vuong B.

Yéu cau: Tim 2 hinh vudng xa nhau nhét trong N hinh vudng cho trudec.

Input: Vao tir file vin ban SQUARE.INP trong d6 dong dau chitra s N, dong thir i
trong N dong tiép theo chira 4 s xi, yi, zi, ti.

Output: Ghi ra file van ban SQUARE.OUT trong d6 chira chi s6 ctia 2 hinh vudng
tim duogc.

Vi du:

SOUARE.INP SQUARE.OUT
3 13

1133

2255

718 2

Bai 7. Ludi 6 vudng (Dé thi Tin hoc tré khong chuyén Toan qudc 2002 - Bang C)
Cho mdt ludi 6 vudng cé kich thudc m dong, n cdt (m, n < 100). Cac dong cua ludi
dugc danh s6 tir 1 dén m tir trén xuéng dudi, cac cot cua ludi duge danh sb tir 1 dén
n tir trai sang phai. O nam trén dong i, ¢t j 12 6 (i,j) cta ludi va (i,j) goi 1a toa do cua
0 nay.

Mot nhom gém p hoc sinh t chirc tro choi danh du nhu sau : Mdi hoc sinh danh
dau cac 6 cia mot hinh chir nhat trén ludi. Cac hinh chit nhat nay c6 thé giao nhau.
Mot tap S cac 6 cua ludi 6 vudng da cho goi 1a mién lién thong bac k néu thoa 2 diéu
kién:

+ M&i 6 thudc S ¢6 s6 lugng hoc sinh danh du nd ding bang k.

+ Hoic S ¢6 dang 1 6, hodc néu S ¢6 nhiéu hon 1 6 thi d6i véi 2 6 bat ki caa S

ludn c6 cach di chuyen qua cac 6 chung canh thugc S dé tir 6 nay dén 6 kia.

Yéu cau: Hay dém sé mién lién thongback=1,2, ..., p (k<p <20)

Input: File SQNET.INP: Dong dau tién chta 2 s6 nguyen m, n la kich thudc cua
luoi. Dong thir hai chira p 1a s6 hoc sinh. Dong thir 1 trong so p dong tiép theo chua
thong tin vé hinh chit nhat ma hoc sinh thtr i chon, gdm 4 s nguyén duong x, y, u,



v, trong do (x,y) la toa do 6 goc trén trai va (u,v) la toa do 6 goéc dudi phai ciia hinh
chir nhat.

Output: Ghi ra file SQNET.OUT, gém p dong, dong thir i chira s6 lwong mién lién
thong bac 1.

Vi du:
SONET.INP SONET.OUT SONET.INP SONET.OUT
100 100 3 50 100 g
3 z 4 0
10 10 30 30 | O 10 20 30 30 | O
20 20 50 50 20 10 30 30 |1
40 40 60 60 20 20 40 30
20 20 30 40

Moi trao doi gép y, ban co thé lién hé véi t6i tai dia chi email: gbuitu@yahoo.com.
Chan thanh cam on!

7.Tim bao 13i ciia mét tip hop diém bing phuwong phip quét Graham
Tac gia: Ta Tién Dat

Céac ban than mén!

Khi hoc toan chéc chian ban da hoc mén hinh hoc, nhung hinh hoc trong thuc té va
trong tin hoc ciing ¢6 nhiéu diém khac nhau. Vi du nhu khi hoc hinh ban c6 thé néi
'nhin hinh v& ta ¢6' nhung d6i véi mot bai toan tin thi khéng thé 1am nhu vy, cd
dung khong nao? Trong bai viét nay t6i s& trinh bay voi cac ban mot phuong phap
dé tim bao 16i cia mot tap hop diém bang phuong phap quét Graham — mot bai toan
kha hay.

Trudc tién ching ta s& dinh nghia thé nao 1a mot hinh 15i ?

- M6t hinh dugc goi 1a hinh 16i khi va chi khi v6i hai diém A va B thuc né thi
duong thang AB ciing hoan toan nam trong no.

- Dinh nghia nay khong bi han ché d6i véi cac hinh khong phai da giac nhu hinh
tron, ellipse.. nhu dinh nghia: "Mt da giac 1a da giac 16i khi n6 nam vé mot phia ciia
duong thang di qua canh bat ki'

Bay gid chung ta s& tro lai bai toan tim bao 10i 3 n6i ¢ trén. Thir nhat 14 vé yéu cau
clia bai toan: Chiing ta s& c6 dau vao 1a mot tip hop diém trén mit phang va nhiém
vu dit ra 13 tim mot da giac 161 ¢6 dinh 1a cac diém thudc tap diém da cho va chia
toan bd cac dinh cua tap diém bén trong no.

Sau d6 ta s& suy nghi vé hudng giai cta bai toan:
- Trudce tién 1a mot cach giai rat 'con nguodi: ta tim mdt diém co6 tung d§ nhd nhat va
hoanh d¢ 16n nhat trong tp cac diém lam diém chot, sau d6 thuc hién phép quay



nguoc chidu kim dong hd, gip diém dau tién thi lai 1y diém d6 1am chdt va thuc
hién phép quay nhu trén cho t&i khi tré vé diém chdt ban dau thi tap cac diém 'chét’
d6 chinh 12 bao 16i ma ta can tim. (mg v&i cach suy nghi nay chung ta c6 thuat toan
boc gbi (Wrap) dé tim bao 10i cta tip diém.

- Nhung ciing c6 mdt cach suy nghi khac dua chung ta dén véi mot giai thuat khéc:

Chon diém chét c6 hoanh d6 x 16n nhét trong cac diém co6 tung d6 y nho nhét (khi
hiéu 15 thudt toan cac ban s€ biét dugc nguyén nhan). Chuyen diém chét vé vi tri 1.
Ta sip xép cac diém theo khoa 1a gbc tao boi diém d6 va diém chét véi truc hoanh
theo thir tu tang dan. Khi di theo thi tu p[1], p[2],.. p[N], p[1] ta thu duoc mot da
giac khép kin don.

Ta di vong qua da giac nay, thu dat mot diém vao bao va kiém tra xem cac diém
trude d6 ¢ con nam trén bao hay khong. Néu khong ta chi viéc loai diém d6 ra khoi
bao thoi.

Viéc kiém ra mot diém c6 con ndm trén bao hay khong c6 thé lam nhu sau: khi cho
mot diém méi vao bao, ta sé lan nguoc lai nhitng diém d3 nam trong bao. Trong qua
trinh, néu gap mot diém 13 khuc r& phai thi diém nay s& khong thudc bao nita, ta loai
n6 ludn. Qua trinh két thic khi ta gip mot diém 1a khic ré trai, vi tit ca cac diém tir
d6 i vé 1 chéc chin sé thudce bao.

Céc budc cua thuat toan.

Khi da co giai thuat trong tay, ching ta s&€ nghi toi viéc biéu dién dir liéu dé duara
101 giai cudi cung. P6i voi mot diém, c6 mot cach biéu dién don gian nhu mot
record: TPoint = record x, y: Real; end;

va tap cac diém di cho s& 1a mot mang [0..N] phén tir ¢6 kiéu TPoint. K& d6 ching
ta s& nghi téi cach sap xép cac diém tir 1..N dya vao gid tri khoa 13 hé sé goc cta
duong thang ndi diém d6 va diém chét.

Mic du c6 thé sir dung ham arctg dé tinh hé s6 goc ciia dudng thang (argtg(dy/dx))
tuy nhién dé tranh viéc dx = 0 ta c6 thé str dung mot ham Theta c6 ¥ nghia twong tu
nhu sau:

function Thetdp2, pl: TPoint): Real;

var

t: Real;

dx, dy, ax, ay: Real;

begin



dx :=p2.x - pl.x; ax := Abs(dx);
dy :=p2.y - pl.y; ay := Abs(dy);
if (dx=0) and (dy =0) thent :=0
else

t:=dy/(ax + ay);
ifdx<Othent:=2-t

else

ifdy <0thent:=4 +t;

Theta :=t * 90.0;

end;

Sau d6 ta thuc hién viéc sip xép cac d1em theo gi4 trj ting dan ctia ham Theta (px,
pchét) (x = 1..N). (Luu y trude khi sap xép theo theta, ta thuc hién viéc sap cac diém
theo thir ty tang dan ctia tung d6 va hoanh d6 cia cac diém - va phai st dung mot
thuat toan sip xép 6n dinh — vi du nhu Bubble Sort, Shell Sort.. cac ban thir suy nghi
xem tai sao?).

Mot diéu nita ma cac ban can luu ¥ 13 khi so sanh hai s6 thyc a, b ta khong thé viét a
= b ma phai viét Abs(a — b) < epsilon trong d6 epsilon 1a mot gia tri duong nao d6
du nho ma ta quy dinh trude. (mac du trong bai toan nay thi do 1a mot vi¢e lam
khong can thiét).

Dé xét xem c6 loai mot diém ra khoi bao hay khong, véi cac diém p[1..M] da thudc
bao va diém dang xét p[i] ta st dung ham Cew(p[m — 1], p[m], p[i]: TPoint). & day
ham Ccw ciia chung ta kha don gian, gia tri tra vé 1a 1 néu dudng di ABC 12 r& phai,
—1 néu ré trai va 0 néu 3 diém thang hang.

B &
i B
A
i 53 A e
K& phai Ré trai
function Cew(p0, p1, p2: TPoint): Integer;
var
a, b, c,d, dx1, dx2, dyl, dy2: Real;
begin

dx1 :=pl.x-p0.x;dyl :=pl.y - p0.y;
dx2 :=p2.x - p0.x; dy2 :=p2.y - p0.y;
a:=dxl *dy2; b:=dx2 *dyl;

if a>b then Ccw :=-1;

if a <b then Ccw = 1;



if Abs(a - b) < epsilon then Ccw :=0;
end;

Viéc quét tap hop cac diém dé tim ra bao 15i duoc thuc hién béi thi tuc
GrahamScan. K&t thtic thu tuc nay cac di€m trong bao 161 theo thur tu 1a cac diém
p[l..M]. . 7

Demo 1a thu tuc thuc hién vé bao 161 va tap hop diém 1én man hinh.

Sau day 1a chuwong trinh mau cua thuat toan (c6 thé van con mot s6 16i, mong cac
ban gép y d€ chuong trinh chay nhanh hon, ban cling c6 thé dung Free Pascal dé
tang gia tri max (nmax)):

{$A+,B-, D+ E+F- G-I+ L+ N+,0-,P-,Q-,R+,S+T- V+ X+ Y+}
{$M 16384,0,655360}

program Scan by Graham,;

uses graph, crt;

const

max = 2000;

epsilon = 0.00001;

type

TPoint = record x, y: Real; end;
var

m, n: Integer;
p: array[0..max] of TPoint;
tt: array[1..max] of Real;

procedure Enter;

var

f: Text;

1: Integer;

begin

Assign(f, 'POINT.INP'); Reset(f);
ReadIn(f, n);

fori:=1 to n do ReadIn(f, p[i].x, p[i].y);
Close(f);

end;

procedure Swap(var p1, p2: TPoint);
var

temp: TPoint;

begin



temp :=pl; pl :=p2; p2 := temp;
end;

procedure SortByXandY;

var

1, J: Integer;

begin

fori:=2tondo

for j := n downto 1 do

if (p[j].y <p[j - 1].y) then Swap(p[j], p[j - 1]);
fori:=2tondo

for j :=n downto 1 do

ifgo[i]-x <plj - 1].x) then Swap(p[j], p[j - 1]);
end,;

function Cew(p0, pl1, p2: TPoint): Integer;
var

dx1, dyl, dx2, dy2, a, b: Real;

begin

dx1 :=pl.x-p0.x;dyl :=pl.y - p0.y;
dx2 :=p2.x - p0.x; dy2 :=p2.y - p0.y;
a:=dxl1 * dy2;

b :=dx2 * dyl;

if a>b then Ccw :=-1;

if a<b then Ccw :=1;

if Abs(a - b) < epsilon then Ccw :=0;
end;

function Theta (p1, p0: TPoint): Real;
var

dx, dy, t: Real;

begin

dx :=pl.x-p0.x;

dy :=pl.y - p0.y;

if (dx=0) and (dy =0) thent :=0
else

t ;= dy / (Abs(dx) + Abs(dy));
ifdx <Othent:=2-t

else

ifdy <0thent:=4 +t;

Theta :=t * 90.0;



end;

procedure SortByTheta;
var

temp: Real;

1, J: Integer;

begin

fori:=2tondo

for j := n downto 1 do

if (tt[j] < tt[j - 1]) then
begin

temp = tt[j]; tt[j] :=tt[j - 1]; tt[j - 1] := temp;
Swap(p[j], p[j - 11);
end;

end;

procedure Init;

var

min, i: Integer;

begin

SortByXandY;

min = 1;

fori:=2tondo

if p[i].y < p[min].y then min :=i;
fori:=1tondo

if (p[i].y = p[min].y) and (p[i].x > p[min].x) then min :=1;
Swap(p[min], p[1]);

fori:=1 to n do tt[i] := Thetapl[i], p[1]);

SortByTheta;
p[0] == p[n];
end;

procedure GrahamScan;

var

i: Integer;

begin

m = 3;

fori:=4tondo

begin

while Ccw(p[m - 1], p[m], p[i]) = 1 do Dec(m);
m:=m-+1;



Swap(pl[i], p[m]);
end;
end;

procedure Demo;
var
td: array[1..max] of record x, y: Integer; end ;

cc, gd, gm, ge, i: Integer;
cmin, cmax, dmin, dmax, dx, dy: Integer;
pp, qq, Xmin, ymin, xmax, ymax: Real;

procedure Oxy;

var

1: Integer;

begin

xmax := 2.9e-39; ymax := xmax;

xmin := 1.7e38; ymin := xmin;
fori:=1tondo

begin

if p[i].x < xmin then xmin := p[i].x;

if p[i].x > xmax then xmax := p[i].x;

if p[i].y < ymin then ymin := p[i].y;

if p[i].y > ymax then ymax := p[i].y;

end;

if Abs(xmin) > Abs(xmax) then xmax := -xmin
else xmin := -xmax;

if Abs(ymin) > Abs(ymax) then ymax := -ymin
else ymin := -ymax;

cmin := 4; cmax = 630;

dmin :=4; dmax := 460;

pp = (cmax - cmin) / (xmax - xmin);
qq := (dmin - dmax) / (ymax - ymin);
dx := Round(pp * (-xmin)) + cmin;
dy := Round(qq * (-ymin)) + dmax;

Line(dx, dmin, dx, dmax);
Line(cmin, dy, cmax, dy);
Line(dx + 3, dmin + 5, dx, dmin);
Line(dx - 3, dmin + 5, dx, dmin);



Line(cmax, dy, cmax - 3, dy - 3);
Line(cmax, dy, cmax - 3, dy + 3);
end;

var
s, s2, mstr: string;

begin

gd :=0; gm :=0; ge :=m;

InitGraph(gd, gm, 'F:BPBGI');

Oxy;

fori:=1tondo

begin

td[i].x := Round(pp * (p[i].x - xmin) + cmin);
td[i].y := Round(qq * (p[i].y - ymin) + dmax);
cc = GetColor;

SetColor(Red);

FillENipse(td[i].x, td[i].y, 3, 3);

SetColor(cc);

if (1> 1) and (i <= ge) then

begin

cc := GetColor;

SetColor(White);

Line(td[i - 1].x, td[1 - 1].y, td[i].x, td[i].y);

if 1 = ge then

Line(td[1].x, td[1].y, td[ge].x, td[ge].y);
SetColor(cc);

end;

end;

Readln;

CloseGraph;

end;

begin

Enter;

Init;
GrahamScan;
Demo;

end.

Néu cac ban cam thay khi cai dit ma khong can str dung thu tuc SortByXandY hay
khong dung thuit todn sap x&p 6n dinh ma van chay dling thi hay lién h¢ vdi toi, toi



s& gri cho ban mot vai test ma toi da thir qua va cho két qua sai khi dung céc thuét
toan sap xEp khac nhu QuickSort).

8.Sdp xép Topo trong do thi co6 hwéng va mot sé rng dung

Téc gia: Nguyén Xuan Son

I. Binh nghia:

Cho G =<V,E>la mét d6 thi c6 huéng. Sip xép topo cac dinh V la qua trinh gan
mot trat tu tuyén tinh t6i cac dinh ctia G sao cho néu c6 mot cung (i,j) trong E thi i
phai ding trudc j trong trat tu do.

Noi cach khac: mdt trat ty topo cua cac dinh cua mot dd thi co huéng G = <V,E> la
mot day (v1,v2,..,vn) sao cho V = {v1,v2,..,vn} va véi moi (vi,vj) trong E, vi diing
trude vj trong day.

Vi du: DO thi

Co 8 trat tu topo, d61a: 124356
124536
124563
142536
142563
142356
145236
145263

Dé théy: Néu mot db thi co hudng c6 chu trinh, thi khong thé c6 mot trat tu topo cua
céc dinh. Chiing ta c6 thé dat cdu hoi nguoc lai: Néu db thi co hudng khong ¢ chu
trinh thi c6 ludn ton tai mot trat tu topo nao do cua cac dinh hay khong.

Trudc tién ta cung xem xét dinh 1y sau:

Dinh 1y 1: Trong mot d6 thi c6 huéng khong chu trinh véi s6 dinh 16n hon 1, ton tai
mot dinh c6 bac vao béng 0.

Bac vao ciia mot dinh trong d6 thi c6 hudng duoc dinh nghia nhu sau: D6 1a s6 cung
c6 diém cubi la dinh do.

Ching minh:



Phan ching. Giad st moi dinh cua G c6 bac vao > 1. Ta s€ ching minh G c6 chu
trinh.

Bit dau tir mot dinh v1 nao d6, 1an nguoc lai mot cung di téi v1 toi mot dinh v2, tir
v2 lan nguoc lai v3 va cu tiép tuc nhu vay. Do tat ca cac dinh c6 bac > 1, qua trinh
nay s& khong bao gid dirng. Nhung G 14 hitu han nén chic chin mét dinh nao dé
phai duoc gip lai trong qua trinh 1an ngugc nay va vi thé G ¢c6 mot chu trinh.

Dinh Iy trén dan t6i mot giai thuat hiéu qua giai quyét bai todn sip xép topo nhu sau:
Thuat toan:

Goi S 1a tap chtra cac dinh c6 bac vao (trong qué trinh tim) bang 0. Khoi tao S 1a tap
rong

Budc 1: Thém vao S cac dinh c6 bac vao bang 0

Budc 2: Xoa mot dinh nao do6 trong S va cac cung di ra tir nd

Budc 3: Lap lai budc 1 cho t&i khi moi dinh ctia db thi déu bi xoa

Trat tu cac dinh bi xoa chinh 1a trat tu topo can tim.

Chung minh tinh ding cua thuat toan:

Gia st tai thoi diém bat dau budce lap tha k ta dang c6 diy Sk = (v1,v2,...vk-1) va dd
thi 1a Gk. Ta chung minh ménh dé sau: Tai thoi diém bat dau bude 1ap k cua thuat
toan

Sk = (v1,v2...,vk-1), voi moi canh (vi,vj) trong E, néu vj trong Sk thi vi trude vj
trong Sk.

Quy nap theo k: k=1 Hién nhién diing

Gia st ménh dé ding véi k, ta chimg minh n6 dang véi k+1 tirc 1a Sk+1 =
(vl,v2,..,vk), voi moi (vi,vk) trong E thi vi trong Sk.

Theo dinh 1y 1: vk ton tai (4p dung dinh 1y 1 véi dd thi Gk). Do vk ¢ bac bang 0
trong Gk nén trong do thi ban ddu G phai xay ra truong hop vi moi cung (i,vk) thi i
phai trong {v1,v2,..,vk-1} nghia la v&i moi (vi,vk) trong E, vi diing trudc vk trong
Sk+1.

Ménh dé ding véi k+1

I1. M6t 86 yéu cau lién quan

Bai toan 1: Tim tit ca cac trat tu topo ciia mot dd thi dinh hudng.

Tai mdi budc chon dinh dé xo04 ta c6 thé xo4 tuy y mot dinh nao dé trong tap cac
dinh c6 bac vao béng 0. Néu tai mdi budc ta duyét tat ca cic cach xoa c6 thé thi s&
thu duoc tat ca cac trat tu topo can tim.

Bai toan 2: Tim 2 trét tu topo nao d6 (Néu co).

Co6 thé tim theo cach giai bai toan 1 va sau khi tim duoc 2 trat tu topo thi dimg thuat
toan. Tuy nhién c6 thé tim cach khac nhanh hon bang nhén xét sau:

Gia st (v1,v2,..,vn) 1a mot trat tu topo ctia G. Néu ton tai chi s6 i (i=1..n-1) sao cho
(vi,vi+1) khong 1a mot cung trong E thi d6i chd vi va vi+1 trong day (v1,v2,..,vn) ta
dugc mot trat ty topo mdi, nghia la

(vl,v2,..,vi-1,vi+1,vi,vi+2,..,vn) cling la mot trat tu topo.

Tur nhan xét trén ta c6 thuat toan cho bai toan 2 nhu sau: Sau khi tim mot trat tu



topo, gia su la (v1,v2,..,vn) ta tim chi s6 i (i=1..n-1) sao cho (vi,vit1) khong 1a mot

cung trong E. Néu khong tim dugc chi sb i nhu vay, c6 nghia 1a v6i moi i (i=1. n-1),
(vivitl) la mét cung trong E. Khi d6 (v1,v2,..,vn) 1a trat tw duy nhat, va khong thé

cO6 mat trat ty topo nao khac. Néu c¢6 mot chi sd i théa man, ta d6i chd vi va vi+l va
thu dugc mot trat tu topo thur hai can tim.

1. & ng dung

Bai toan 1:

1. Phat biéu bai toan :

Chung ta c6 mdt du an 1on. Dy &an dugc chia thanh cac dy 4n nho hon, ta goi 1a cac
du 4n con. Mdi du 4n con can mot khoang thoi gian nao do6 dé hoan thanh, déng thot
mdi dy 4n con khong thé bat dau thuc hién cho dén khi mot sb du an con nao dé
dugc hoan thanh. Cau hoi dit ra 1a: Thoi gian sém nhét dé hoan thanh dy 4n 16n. Gia
str thoi diem bét dau dy 4n 16m 13 0.

2. Phan tich :

Bai toan c6 thé mé hinh hoé dudi dang dd thi nhu sau:

Xay dung d6 thi G = <V,E> véi mbi dinh cuia d6 thi dai dién cho mét trang thai ndo
do cua du an lon. Moi cung (1)) biéu dién mot dy an con. Mdi cung dugc gan mot
trong s6 biéu dién thoi gian can dé hoan thanh dy an con d6. Véi (i,j) thudc E ta néi
i 1 dinh lién trudc j trong G va nguoc lai, j 1a dinh lién sau i trong G. D4 thi ¢6 hai
dinh dic biét: Pinh chi c6 cung di ra thé hién trang thai ban dau ctia du an 16n, khi
chua c6 cong viéc nao dugc thyc hién, ta goi do la dinh bét dau. Dinh chi c6 cung di
v4o, thé hién trang thai két thuc cua du an 16n, khi moi cong viéc da hoan thanh, ta
goi d6 1a dinh két thuc.

Goi a la dinh biéu dién trang thai ban dau. V6i moi dinh v (trang thai v cua du an
16n) cta G, dinh nghia d(a,v) 13 thoi gian sém nhét co6 thé dé dat duoc trang thai v.
Mot trang thai w duoc dat toi trong thoi gian sém nhét c6 thé néu véi moi cung (i,w)
thudc E: 1 dugc dat tdi trong thoi gian sdém nhét c6 thé va du 4n con biéu dién bai
cung (i,w) dugc thuc hién ngay sau d6. T4t ca cac trang thai i d6 phai duoc dat t6i
trudc khi w dat téi. Ta suy ra phuong trinh sau:

d(a,a)=0

d(a,w) = max{d(a,v) + c[v,w]}

v thugc P(w)

0 day P(w) = {1/ (i,w) thudc E}

Yéu cau ctia bai toan: Tinh d(a,b) véi b 1a dinh két thuc.

Pé tinh d(a,w) vo1 moi w thudc G, ta phai duy¢t cac dinh ciia G theo mdt trat tu topo
nao do, cach tinh ndy ddm bao d(a,w) duogc tinh sau khi tat ca d(a,v) duogc tinh, &
day v 1a dinh lién trudc w trong G. Dé c6 thé tim lai con dudng tir trang thai bat dau
dén trang thai két thuc c6 tong thoi gian bang d(a,b), tai mdi budc ta ghi lai thong tin
v 1a dinh truéc w ma d(a,w) = d(a,v) + c[v,w].

Dén day chung ta c6 thé d& dang cai dat bai toan trén.



3. Cai dat:

Dit liéu vao: Cho trong file time.inp vé6i cau triic nhu sau:

- Dong dau tién 13 hai sb n,m: n 1a sd céac trang thai cia du an 16n, m la s6 cac du an
con. Gia st cac trang thai va cac du an con dugc danh s6 1a cac s6 ty nhién lién tiép
bit dau tir 1.

- m dong tiép theo, dong thir i 1a 3 s6 x,y,z v&i ¥ nghia nhu sau: Dy 4n con i thyuc
hién tir trang thai x sang trang thai y mat khoang thoi gian 1 z.

Dit liéu ra: Trong file time.out voi mot s6 duy nhat 13 thoi gian cém tim.

Trong cai dat cua t61, cac mang c,a,b,bac dung dé lay thong tin vé cac dinh lién sau
mot dinh v nao d6 va trong s6 cua cung ndi v voi cac dinh do. (Néu do thi dugc bicu
dién bang ma tran ké thi ta khong can nhimg mang nay). ¢ ddy v6i muc dich mé ta
thuat todn, toi chi xét dd thi c6 khéng qua 100 dinh. Tuy nhién néu khai bao duéi
dang mang dong hoac dung danh sach lién két dé luu danh sach cac dinh lién sau
mot dinh va trong sO cila cung tuong tng thi c6 thé tang kich thudc cua bai toan 1én
rat nhiéu. Trong cai dit toi chi tinh thoi gian nhoé nhit. Viée tim lai con dudng xin
danh cho ban doc.

Bai toan 2: Cling vo1i gia thiét nhu bai toan trén nhung yéu cau nhu sau: Ta can biét
thoi gian mudn nhat mdi dy an con c6 thé bat ddu ma van dam bao thoi gian thyc
hién du 4n 16n 14 sém nhét c6 thé.

Xay dyng d0 thi G = <V,E> nhu c4ch giai bai toan 1. Goi a 1a dinh bt dau, b 1a dinh
két thuc ctia G. Pinh nghia t[v,b] la khoang thoi gian sém nhat dé co thé tir trang
thai v dat duoc trang thai két thuc. Bang phén tich tuwong tir ta ciing c6 cong thirc
sau:

t[b,b] =
t[v,b] = max {t[w,b] + c[v,w]}
w thudc Q(v)

o day Q(v) = {1/ (v,1) thuoc E}

Pé tinh t[v,b], ta phai duyét cac dinh ctia G theo mat trét tu topo nguoc nao do.
Céch tinh nay dam béo t[v,b] duoc tinh sau khi tit ca t{w,b] duoc tinh, ¢ day w 1a
dinh lién sau v trong G.

Gia st (i,j) 12 cung biéu dién du an con dang xét. Khi d6 yéu cau cta bai toan la:
Tinh d(a,b) — ¢[1,j] — t[j,b], d(a,b) dugc dinh nghia nhu bai toan 1.

Dit liéu vao nhu bai toan 1 va thém gia thiét: k 1a du 4n con dang xét.

Phan cai dit xin danh cho ban doc.

Trén day toi chi dua ra mot ing dung rat tiéu biéu cua bai toan sap xép topo trong do
thi ¢6 huéng. Trén thyc té con rat nhidu img dung khac cta né (nhu viéce tinh gia tri
biéu thtrc,..). Bai viét sau t6i s& trinh bay vé mot ing dung khac ciia bai toan trén
vao viéc tim bao dong bic cau cua do thi véi sd dinh 16n. Ban nao thic mac hay c6
nhu ciu trao d6i vé bai toan sap xép topo trén do thi c6 hudng xin viét thu cho toi
theo dia chi sonnx10@yahoo.com. T61 xin cdm on !



9 .Ung dung IV thuyét Toan dé gidi cac bai toan tin

Téc gia: Lé Nguyén Tuin Thanh

Nhu céc ban di biét, toan hoc c6 anh huong rat 16n dén moi linh vuc cua cude séng.
Céc bai tin néu c6 dugce thuat toan dua trén co so 1i thuyét toan hoc viing chic s&
dem lai két qua tot hon rat nhiéu so vdi cac thuat toan khac. Cac ban ¢ thé tim thay
nhiéu bai tin hay tng dung toan hoc dé giai trén cac sd bao trude. Trong bai viét nay
t61 s& trao d6i thém vai cac ban mot vai bai tin véi cac thuét toan dua trén co so toan
hoc. Cac thuat toan toi dua ra c6 thé chua tbi wu vi vay rat mong nhan dugc su gop v
cua cac ban.

Chuing ta hiy bit dau bang bai toan don gian sau:

Bai 1: Tim tat ca cac cdp s6 nguyén duong x,y,z sao cho x2 + y2 = z2. 0< x,y,z
<10000.

Giai:

bat Max la gioi han trén cua X,Y,Z.

Vi bai toan nay, ching ta c6 thé dung hai vong lap xy 1ong nhau roi kiém tra néu
x2+y2la s6 chinh phuong thi ghi nhan ket qua. Dé giam bat s6 1an lap ta s& cho
y>x, mdi 1an ghi nhan két qua ta s& phai viét ra hai cip nghiém. Ta dung mét bién
dem dé ghi nhan ) cap x,y,z thod man. Chuong trinh chinh cé thé viét nhu sau:

for x:=1 to Max-2 do

for y:=x+1 to Max-1 do

if trunc(sqrt(sqr(x)+sqr(y)))=sqrt(sqr(x)+sqr(y)) then

if trunc(sqrt(sqr(x)+sqr(y)))<=Max then

begin

z:=trunc(sqre(sqr(x)+sqr(y)));

inc(dem);

writeln(’Cach thu’,dem);

write(’ x=",X,” y=".y,” 7=",Z);

writeln;

inc(dem);

writeln(’Cach thu ’,dem);

write(’ x=",y,” y=",X,” 7z=",Z);

writeln;

end;

writeln(’Co tat cac’,dem,’ cach’);

Song ta c6 thé dung cach khac dé giai bai toan ndy. Cac ban hiy dé y diéu kién thoa
man cua x,y,z: x2+y2 = z2. D6 chinh 14 phuong trinh Pitago. Nghiém ctuia phuong
trinh nay c6 dang:

x=t*2*m*n

y=t*(m2-n2)



z=t*(m2+n2)

Véi myn,t 13 cac s6 nguyén duong; m,n nguyén t6 cung nhau 1 chin,1 1¢. Cac ban c6
thé tim thy chirg minh trén trong cac tai lidu vé s6 hoc, & day toi khong ching
minh lai. Ttr cong thirc trén ta ¢c6 mot cach lam khac nhu sau: Ta di tim cac gia tri c6
thé c6 ctia m,n,t. V&i mdi bo ba s6 m,n,t ta & duoc hai cap nghiém x,y,z. Gia su
n<m.

Max
2

= n=

Tacon22;t<1mat(n2+m2)=z<Max— 2*n2 < Max

., me fMax —n°
Lai c6: t(n2+m2)=z < Max — m2 < Max-n2

Vi s 2%
ot

Vi cac phan tich nhu trén khoang gidi han cua m,n,t dé nho di rat nhiéu.Véan dé con

lai 14 kiém tra xem m,n c6 nguyén t6 cung nhau, 6 1 chén,1 1é khong. De lam diéu

nay ta s& viét mot ham tim Ucln cta hai s6 m,n dé kiém tra tinh nguyén té cting nhau

cua m,n.

Con mot van dé can giai quyét trudc khi viét chuong trinh 1a:

Li€u vo6i hai cap s6 m1,nl,tl va m2,n2,t2 tim dugc thi hai cap nghi¢m x1,y1,z1 va

x2,y2,72 c6 tring nhau khong? Diéu nay dugc chimg minh nhu sau:

Chiung minh.

Gia sir ton tai hai cap ) nguyén duong khac nhau m1,n1,tl va m2,n2,t2 cho ta hai

nghiém x1,y1,z1 va x2,y2,z2 tring nhau. Ta s& chitng minh diéu gia st 14 sai.

That vay: do z dugc tinh theo x,y nén ta xét hai truong hop:

Thl: x1=x2 va yl=y2

Th2: x1=y2 va yl=x2

*) Truong hop 1

x1=x2 — tI*m1*n1=t2*m2*n2 (1)

yl=y2 — t1*(m12 — nl12)=t2*(m22 — n22) (2)

— z1=72 — t1*(m12 + nl12)=t2*(m22 + n22) (3)

T (2),(3) — t1*ml12 = t2*m22 (4)

va t1*nl2 = t2*n22 (5)

+ Néu t1=t2 thi tir (4),(5) — m1=m2 va n1=n2

Nhu vay hai b m1,nl,t1 va m2,n2,t2 trung nhau (Voly)

+ Néu t1<>t2. Gia str t1<t2 — t2>1

- néu t1=1, goi d 1a wéc nguyén té bat ki cua t2. Tir (4) (5) — m1,nl cing chia hét

cho d (Trai véi diéu kién ciia m,n)

- néu t1<l1, goi d=(t1,t2) dat t1=t1/d,t2=t2/d — t2<1. Goi d1 13 udc nguyén td bat ki

cua t2. T (4),(5) — ml,nl cung chia hét cho d1 (V6 li).

*) Truong hop 2

x1=y2 — t1*2*m1*nl= t2*(m22 — n22) (6)

2




yl1=x2 — t1*(m12 — nl12)=t2*2*m2*n2 (7)

— z1=22 — t1*(m12 + nl12)=t2*(m22 + n22) (8)

Ttr (6) — t2 chia hét cho 2 do m,n khéc tinh chén 1é.
Dit t2=2n*t (t khong chia hét cho 2).

Tir (8) — t1=2n*k (k khong chia hét cho 2)

Nhung tir (6) — t2*(m22 — n22) chia hét cho 2n nhung khong chia hét cho 2n+1
con t1*2*m1*n1 lai chia hét cho 2n+1 (MAau thuan).
Nhu vay bai toan dugc chirng minh.

Sau day la chuong trinh v61 cach l1am vira phan tich ¢ trén:
uses crt;

const max=10000;

var m,n,k,dem,X,y,z:word;

time:longint;
{************************************************}
{Tim u6c chung 16n nhat cia hai s6 nguyén duong a,b}
function ucln(a,b:word):word;

var du:word;

begin

ucln:=1;

if (a=1) or (b=1) then exit;

if a mod b=0 then begin ucln:=b; exit; end,

if b mod a=0 then begin ucln:=a; exit; end;

while b<0 do

begin

du:=a mod b;

a:=b;

b:=du;

end;

ucln:=a;

end;
{************************************************}
BEGIN

clrscr;

dem:=0;

time:=meml[0:$46¢];

for n:=1 to trunc(sqrt(max/2)) do

for m:=n+1 to trunc(sqrt(max-sqr(n))) do

if ((m-n) mod 2=1) and (ucln(m,n)=1) then

for k:=1 to max div (sqr(m)+sqr(n)) do

begin

x:=k*2*m*n,;



y:=k*(sqr(m)-sqr(n));

z:=k*(sqr(m)+sqr(n));

inc(dem);

writeln(’Cach thu ’,dem);

write(’ x=",X,” y=".y,” Z=,Z);

writeln;

inc(dem);

writeln(’Cach thu’,dem);

write(’ x=",y,” y=",X,” 7z=",7);

writeln;

end;

writeln(’Co tat cac ’,dem,’ cach’);

writeln(’Thoi gian tinh: *,(meml[0:$46c]-time)/18.2:0:10,” giay’);

readln;

END.

Céc ban c6 thé dung ham tinh thoi gian Meml[0:$346C] dé so sanh hai cach lam. Tt
nhién véi bai toan don gian nay thi sy khac biét 1a khong 16n 1am nhat 1a véi Max
nho. Nhung qua d6 cac ban ciing c6 thé thiy duoc hiéu qua viée ap dung toan hoc
vao trong cac bai tin.

Bai 2: Tim tat ca cac s6 N ¢ 5 chir s6 sao cho 2*N ciing ¢6 5 chit sd va tat cac chir
s6 tir 0 dén 9 déu c6 mat trong N va 2*N.

Day ciing 1a mot bai todn kha don gian, cc ban c6 thé dung quay lui dé giai 1 cach
dé dang, su chénh 1éch vé thoi gian trong nhitng cai dit khac nhau 1a khong dang ké.
Nhung diéu t6i muén noi khi dua ra bai nay 1a: cac ban hiy thir phan tich bai toan dé
tim ra nhitng diéu kién nham lam giam b6t qaa trinh quay lui.

Trudc hét ta co thé thay dé N, 2*N 14 s6 c6 5 chir s6 thi chir s6 hang van ctia N phai
16n hon 0 va nhé hon 5. Thir hai dé cac chit s6 tir 0 dén 9 déu c6 mit trong N va 2*N
thi chir sb hang don vi cua N phai khac 0. Thi ba, ta thay néu trong N ¢6 chua sd 9
va lién trudc s6 9 13 mot sd 16n hon 4 (dang 9a v61 a>4) thi trong 2*N cling s& c6 )
9, tuong tu trong N c6 chura so 0 va lién trudce s6 0 13 mot s6 nho hon 5 (dang Oa véi
a<5) thi trong 2*N ciing c6 s 0.

Vi ba nhan xét trén, ta ¢6 cach lam nhu sau: Dung mét mang mot chiéu a: array
[1..5] of 0..9 dé luu cac chir s6 caa N (a[1] tng vdi chir s6 hang don vi). Sau do
dung quay lui dé xét cac truong hop co the c6 cua cac chir so trong N. Chu y nén
dung mot mang dé danh dau  nhiing chir sO da Xuat hi¢n trong qua trinh quay lui. Pé
1am dugc diéu nay, ta thay rang khi nhan mot sb véi 2 thi nhé néu c6 tir mot hang
1én hang lién sau chi c¢6 thé 1a 1.Vi vay trong qué trinh quay lui ta c6 thé biét duoc
nhirng chir s6 ndo di xuat hién trong N va 2*N ma khong can phai doi dén khi tim
da 5 chir s6 ciia N.



Céc ban c6 thé tham khao chuong trinh du6i day. Ham kt(j,i) dé kiém tra xem j c6
thé chon vao vi tri thir i cia mang a khong?
uses crt;

type mtl = array[1..5] of 0..9;

mt2 = array[0..9] of boolean;

var a : mtl;

d : mt2;

dem : word;

time: longint;
{************************************************}
function kt(j,i:byte):boolean;

var ktl:boolean;

begin

if a[i-1]>=5 then

begin

kt1:=d[(2*j+1) mod 10];

if j=9 then kt1:=false;

end

else

begin

kt1:=d[(2*]) mod 10];

if j=0 then kt1:=false;

end;

kt:=ktl;

end;
{************************************************}
procedure viet;

var i:byte;

begin

if a[5]>=5 then exit;

if a[5]=0 then exit;

write(”’);

for 1:=5 downto 1 do

write(a[i]);

writeln;

inc(dem);

end;
{************************************************}
procedure try(i:byte);

var j:byte;

begin



for j:=0 to 9 do

if d[j] and kt(j,1) then

begin

d[j]:=false;

a[i]=j;

if a[1-1]>=5 then d[(2*j+1) mod 10]:=false
else d[(2*j) mod 10]:=false;

if 1=5 then viet
else try(i+1);

d[j]:=true;

if a[i-1]>=5 then d[(2*j+1) mod 10]:=true

else d[(2*j) mod 10]:=true;

end;

end;
{************************************************}
procedure main;

var i:byte;

begin

dem:=0;

for 1:=1 to 9 do

begin

fillchar(a,sizeof(a),0);

fillchar(d,sizeof(d),true);

a[l]:=1;

d[i]:=false;

d[(2*1) mod 10]:=false;

try(2);

end;

writeln(’’,dem);

end;
{************************************************}
BEGIN

clrscr;

time:=meml[0:$46C];

main;

writeln(’Thoi gian chay : ’,(meml[0:$46C]-time)/18.2:0:20,” giay’);
readln;

END.

Bai 3 : Cho phuong trinh AO+A1X+A2X2+ ... +AnXn = 0.Véi A0,A1,

...,LAnla cac



s6 nguyén. Tim nghiém nguyén cua phuong trinh.

Bai ndy ap dung tinh chia hét dé giai. Do A0,Al,...,An va X la cac s6 nguyén nén tir
phuong trinh ta suy ra A0 chia hét cho X. Vi vay ta chi can thir tat ca cac udc
nguyén ctua A0 dé tim gia trj cia X.

| My

Bai 4: Cho s thuc R va s6 nguyén duong Max. Tim phan s6 % t6i gian (P, Q 14 hai

7

s6 nguyén duong, Q < Max) sao cho 2 gan R nhit.

File vao: PhanSo.inp

Gom: R, Max nam trén hai dong khac nhau

File ra: PhanSo.out

Gom: P,Q nam trén ciing mot dong.

Giai

Pé lam duoc bai nay, ta thiy tng vi mdi gia tri cu thé cua Q thi ¢ mot gia tri cua P
F

dé ¢ gan R nhit, gia tri do 1a: P=[Q*R] ([x] la s6 nguyén lon nhét khong vuot qua
x). Nhu vay ta chi can xét tat ca cac gia tri cua Q r61 so sanh cac phén s6 lon nhat tai
mdi gia tri ctia Q véi nhau dé tim phan sé gan R nhit.
Chuong trinh cho bai nay nhu sau:

uses crt;

const fi="PhanSo.inp’;

fo="PhanSo.out’;

var r:real;

max,p,q:word,
{************************************************}
procedure nhap;

var f:text;

begin

assign(f,f1);

reset(f);

readIn(f,r);

readIn(f,max);

close(f);

end;
{************************************************}
{Tim uéc chung 16n nhat ca hai s6 nguyén duong a,b}
function ucln(a,b:word):word;

var du:word;

begin



ucln:=1;

if (a=1) or (b=1) then exit;

if a mod b=0 then begin ucln:=b; exit; end,
if b mod a=0 then begin ucln:=a; exit; end;
while b>0 do

begin

du:=a mod b;

a:=b;

b:=du;

end;

ucln:=a;

end;
{************************************************}
procedure xuli;

var pl,ql:word;

begin

p:=0; q:=1;

for q1:=1 to max do

begin

pl:=trunc(r*ql);

if p*ql

begin

p:=pl;

q:=ql;

end;

end;

pl:=ucln(p,q);

p:=p div pl;

q:=q div pl;

end;
{************************************************}
procedure ghi_file;

var fitext;

begin

assign(f,fo);

rewrite(f);

writeln(f,p,”’,q);

close(f);

end;
{************************************************}

procedure main;



begin

nhap;

xuli;

ghi_file;

end;
{************************************************}
BEGIN

clrscr;

main;

END.

;=] | =
Bai 5: Cho sb thuc R. Tim céc sd thuc al,a2,a3,....an sao cho Z 1_1[ (cac
s6 trong ddy a c6 thé bang nhau)
File vao: Equal.inp
Gom: Duy nhat mot s6 thuc R
File ra: Equal.out
Gom: Céc s thuc al,a2,a3,...,an moi $6 ghi trén mot dong. Néu khong tim dugc $6
nao thi ghi 'No.
Vi du:
File vao: 4
File ra: 2
2
Giai
Déi v6i nhitng bai nhu trén néu ai khong biét cach thi s& rat khé tim duogc thuat toan.
Vi bai ndy ta sir dung dinh 1i Viet dé giai.
Trudc hét ta lap phuong trinh t2 — R*¥t + R = 0. (1)
Néu phuong trinh (1) v nghiém thi khong thé phan tich dugc R. Nguoc lai, goi hai
nghiém cua (1) 1a t1,t2 (t1,t2 c6 thé bang nhau). Rdi sau d6 tiép tuc phén tich t1,t2.
Nhu vay ta phai cai dat mot chuong trinh dé quy dé tién hanh phan tich R.
Sau déy 1 chuong trinh mau cac ban c6 thé tham khao
uses crt;
const fi="Equal.inp’;
fo="Equal.out’;
var r,delta:real;
g:text;
{************************************************}
Procedure nhap;
var f:text;
begin
assign(f,fi);



reset(f);

readIn(f,r);

close(f);

assign(g,fo);

rewrite(g);

if r<4 then

begin

writeln(g,”No’);

close(g);

halt;

end;

end;
{************************************************}
Procedure xuli(r:real);

var x1,x2:real;

begin

delta:=sqr(r)-4*r;

if delta>=0 then

begin

x1:=(r+sqrt(delta))/2;
x2:=(r-sqrt(delta))/2;

xuli(x1);

xuli(x2);

end

else writeln(g,r:0:5);

end;
{************************************************}
Procedure main;

begin

nhap;

xuli(r);

close(g);

end;
{************************************************}
BEGIN

clrscr;

main;

END.

Bai 6: Cho s6 nguyén duong K va chit sé a (a>0). Tim mot sé nguyén duong chi
gdm cac chit s6 a va 0 chia hét cho K
File vao: Chiahet.inp



Gom: K,a (K <30000)
File ra: S can tim.

Vi du:
File vao: 3 1
Filera: 111

Véi bai nay ta ap dung nguyén 1i Dirile dé giai. Ta thanh 1ap K s6 mdi s6 gom lan
luwot 1,2,3,....,K s6 a.Ttc 1a:

S6 thi nhét 1a a

S6 thir hai 13 aa

S thi ba 12 aaa

Néu trong K s6 nay c6 1 sb chia hét cho K thi ghi nhan va két thuc. Néu khong thi K
s6 nay khi chia cho K s& nhan 1 trong K—1 s6 du tir 1 dén K—1. Nhu vay theo
nguyén li Dirile s& c6 it nhat hai trong K s6 ¢6 cung sé du khi chia cho K hiéu cua
chung s€ chia hét cho K ddng thoi hiéu hai s6 nay chi gdm céc chit s6 a va 0.

Pé giai quyet bai toan mot cach nhanh chong ta phai nghi cach lam giam bot cong
strc tim kiém s6 du ctia mot sd bat ki trong K s dugc thanh 1ap nhu trén. Cach lam
cua t61 nhu sau:

Dung mot mang du: array[1..max] of word dé luu sé du cua cac s6 khi chia cho K,
mot bién dul0 dé luu sb du cua 10i khi chia cho K. Ta sé& cap nhat dul0 sau mdi lan
tang i nhu sau: dul0:=dul0*10 mod k. Do d6 s6 du cta sé thtr i khi chia cho K s& la:
du[sl]:=(dul0*a mod k + du[sl-1]) mod k

Vi thudt todn trén, ta ¢6 chuong trinh nhu sau:

uses crt;

const fi="Chiahet.inp’;

fo="Chiahet.out’;

max=32000;

var du : array[1..max] of word,

sL.k,a : word;

{************************************************}

procedure nhap;

var fitext;

begin

fillchar(du,sizeof(du),0);

assign(f,f1);

reset(f);

read(f,k,a);

close(f);

end;
{************************************************}



function kt(sl:word;var vt:word):boolean;
var 1:word;

begin

kt:=true;

vt:=0;

for i:=1 to sl-1 do

if du[i]=du[sl] then

begin

vti=i;

exit;

end;

kt:=false;

end;
{*********>l<********>l<*****************************}
procedure xuli;

var vt:word;

dulO:longint;

g:text,;

begin

sl:=1;

du[1]:=a mod k;

dul0:=1;

if du[1]>0 then

begin

repeat

inc(sl);

dul0:=dul0*10 mod k;
du[sl]:=(dul0*a mod k + du[sl-1]) mod k;
if du[s1]=0 then begin vt:=0; break; end;
until kt(sL,vt);

end

else vt:=0;

assign(g,fo);

rewrite(g);

for dul0:=vt+1 to sl do write(g,a);

for dul0:=1 to vt do write(g,0);
close(g);

end;
{****************>X<*******************************}
procedure main;

begin



nhap;

xuli;

end;

{****>I<***********>I<>X<******************************}

BEGIN

clrscr;

main;

END.

Két qiia bai nay c6 thé 1a mot sb rat dai. Trong chuong trinh trén t6i chi cho ghi trén
mot dong vi vy c6 thé gdy ra 16 tran dong, cac ban c6 thé sira lai mot chut dé ghi
trén nhiéu dong.

Bai 7: Cho s6 nguyén duong N (N>1). Hay viét tit ca nhirng phan s6 toi gian nho
hon 1 ¢6 mau nhé hon hoic bang N theo thir ty ting dan.

File vao: Faray.inp

Gom: N

File ra: Faray.out

Go6m: Nhiéu dong, mdi dong gom hai s6 nguyén duong biéu thi tir va mau ca mot
phan sé.

Vi du:

File Faray.inp: 4

File Faray.out: 1 4

13

12

23

34

Giai

Day 14 mot bai kha hay. Thuat toan trude tién nhicu ban s& nghi khi doc bai nay la
dung hai vong lap 16ng nhau dé tim tir va mau cta cac phan so, sau do sap xép lai
theo thir tu ting dan. Nhung cach lam d6 kha 1au va tén bo nhé. Toi s gidi thiéu voi
cac ban mdt thuat toan da dugc nha toan hoc nguodi Anh 1a Faray tim ra.

o 3 2 3

4 3 2 34
Chuing ta hiy dé y day phan sb tim duoc.

Chung ta s& thdy mot tinh chat thd vi sau: Phan sO & giita c6 tir va mau theo thir tu
bang tong cac tir va mau ctia hai phan s6 & hai bén.

Vi du:
1t o1 k2

2 4+2 2 343

Tt nhan xét d6 nha toan hoc ngudi Anh da dua thuat toan dé tim tat ca cac phan so

nhu sau:




o .1

A

Budc 1: Bit dau bang hai phan s6 ! 1

Budc 2 : Ta lay tong cta tir v miu cua hai phan sb ké nhau trong day dugc tir va

mAau ctia mot phan s6 méi. Néu mau ciia phan sd nay nhoé hon hodc bang N thi ta dt

phan sb méi ndy vao day ¢ giita hai phan sb ban dau. Lip lai Budc 2 cho dén khi
a1

T
khéng lam duoc nita. Cudi cung khi ghi ra ta bo di hai phan s 1 113 duoc day
phan s can tim.

Cai hay cta thuat toan trén 13 diy phan s thanh 14p nhu trén ludn 13 ddy ting va ta
khong phai kiém tra tinh t6i gian cta cac phan sé ma cac phan sé méi thém vao ludn

t01 gian, o ‘
Deé cac ban c6 thé hiéu ki hon vé cach lam t6i s€ lay vi du véi1 N=4
o .1
1 14 e \r\a =
Luc déu ta co hai phan s6 1 1
Lan thir 1:
U FC LS RPN 011
Thém phan s6 £ vao diy 2 141 dugc diy méi: 1 2 1
1 2 01 2 1
1 7 e .= T e T
Lan tht 2: Thém duoc hai phansé 3 3vao diy dugc ddy méi: 1 2 2 3 1
Loie g0
Lan tht 3: Lap duoc cac phansé 4 2 5 4 nhung ta chi thém dugc vao day hai phan

4 3 2 3 4V6i thuat toan trén ta s& cai dat 1 chuong trinh dé quy dé 1am buéc thir
2.

Céc ban c6 thé tham khao chwong trinh sau:

uses crt;

const fi="Faray.inp’;

fo="Faray.out’;

var t1,m1,t2,m2,n:word;

g:text,;

{******************>l<*****************************}

procedure nhap;



var f:text;

begin

assign(f,fi);

reset(f);

readln(f,n);

close(f);

assign(g,fo);

rewrite(g);

end;
{************************************************}
procedure viet(tl,m1:word);

begin

if t1>0 then

writeln(g,t1,' ', m1);

end;
{************************************************}
procedure xuli(tl,m1,t2,m2:word);

begin

if m1+m2<=n then

begin

xuli(tl,m1,t1+t2,m1+m?2);

xuli(tl+t2,m1+m2,t2,m2);

end

else viet(tl,m1);

end;
{************************************************}
procedure main;

begin

nhap;

t1:=0; m1:=1;

t2:=1; m2:=1;

xuli(tl,m1,t2,m2);

close(g);

end;
{************************************************}
BEGIN

clrscr;

main;

END.

Diy phén sb tim duoc c6 thé rat 16n, nhat 13 véi N>100 vi vay khong thé ghi ra file
duoc. Dé khic phuc diéu nay cac ban cé thé viét nhiéu phan s6 trén 1 dong. Nhung



cach nay cting chi giai phap tam thoi. Bai toan s€ hay hon néu khong bat viét hét
toan bo day phan s6 ma chi yéu cau viét 1 hay vai phan sd cua ddy, lac d6 phai thém
vao mot bién dem dé ghi nhan vi tri ctia 1 phan s6 trong day.

10.Ung dung IV thuyét Toan dé giai cac bai Tin

Téc gia: Lé Nguyén Tuin Thanh

(Tiép theo s trudc)

Bai 8

Cau 1 Cho mot s6 thap phan v6 han tuan hoan dang A,B(C) voi A la phan trudc dau
phay, B 1a phan sau dau phay khong tuan hoan, Cla phan thap phan tun hoan
(A,B,C 1a cac s6 nguyén duong, C<>9). Hay viét phan s6 tdi gian biéu dién s thap
phan do.

File vao: Thapphan.inp

Gom: 3 s6 A,B,C ghi trén 3 dong khac nhau. Néu B= -1 thi sau ddu phay cta s6 doy
chi ¢6 phan vo han tuan hoan.

File ra : Thapphan.out

Gom : Tir va mau cua phan sd tim dugc, ghi trén hai dong

Cau 2: Cho phan s6 ¢6 tr va mau lan luot 1a P,Q (P,Q 1a cac sd nguyén duong). Hiy
viét dang biéu dién thap phan cta phan sb do.

File vao : Fraction.inp

Gom: P,Q ghi trén ciing mot dong cach nhau bai ddu cach.

File ra: Fraction.out

Gom: Néu biéu dién thap phan 1a vo han tuan hoan thi ghi ra dang A B C véi y
nghia nhu cau 1.

Néu biéu dién thap phan 12 hitu han thi ghi ra

dang A B.

Giai

Pé giai quyét bai nay trude hét t6i nhéc lai 2 dinh 1i quan trong vé phan sb dugc dé
cap dén trong SGK 16p 7:

DBinh Ii 1: Néu mot phan sb t01 gidn ma mau 16n hon 0 va mau khong cé udc nguyén
t6 nao khac 2 va 5 thi phan s6 d6 duoc viét duéi dang sO thap phan hitu han.

Dinh i 2: Néu mot phan 50 toi gian ma mau 16n hon 0 va mau c6 udc nguyén t6
khac 2 va 5 thi phan s6 d6 dugc viét dudi dang s6 thap phan vo han tuan hoan. Bay
gi0 ta s€ di tim phan s6 biéu dién cua mot sb thap phan v6 han tuin hoan dang 0,(c).
Goi k 1a sb chix sd cua ¢



. CCoC..... e T
Ta e 0= Toraprergr oy w¥cans 0
X0 10N e 0T E 10 1) E
bay 0,(c)= chnsd 10
Y 10% *10% * 10" *10% _ *10* ': )
Lo
Ma 0@ %102 410%™ 410 0 4 1= 1100;; 11 (CAp 55 nhin

¥ céng béi bing 10 %)
c*m": -1
—=0,(c) = % R e d e vo et
L1007 =1 N
10% -1 . e FI0TT -]

[
bay Oe)= Lim— w—— = Lim 10° D * 10"

. ° C _ . s ) . c
= Limg o qgr o - Limge—y - Lim g e

c [

= - |:|=
T% =1 Tt

Vay 0fc) = mf—l véik 1 o5 chit &5 clia ¢

Céc ban cé the kiem chimg lai ket qud mén
Vi du: 0,(1)= %

31
G
()93

57
99
5
99
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biéu dién, boi vi theo trén

Diéu nay khong ding. Trong chuong trinh t6i viét cho Cau 1 néu nhip vao 0 —1 9
1

thi két qua nhan dugc la 1

Pay co 1€ 1a sy thu vi nhat v€ s6 thap phan v6 han tuan hoan.

Dinh 1 1 va 2 khang dinh moi phan sO déu ¢co thé biéu dién thanh dang thép phan
hiru han hodc v6 han tuan hoan, dén day ta c6 thé thay di€u nguoc lai khong ding.



Tir cong thire tim duge & trén, ta c¢6 thé d& dang giai quyét duoc Cau 1.
Goi t 1a so chir so cua B.

&
Ta cd: 0,IC)=
a ca 0,00 o

i
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wr ik . R
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Nhu véy 12 ta di tim dugc phan s biéu dién s thap phan vo han tuan hoan A,B(C).

Dé giai quyét bai toan mot cach tron ven thi cac ban phai giai 2 truong hop B = -1

va B #-1. Cong thtc & trén méi chi giai trudng hop B#-1. Ddi véi trudng hop B = -

1, bfmg cach lam tuong ty nhu trén, ta c6 dugc cong thirc sau:

A*10*+C - A4
10* -

A, (C)= (k 1 85 chit s5 ciia C).

Con mét van dé can giai quyét trude khi viét chuong trinh d6 1a: ¢6 truong hop
trong dang biéu dién cua B,C c6 cac chit s6 0 dimg dau. Nhu vay néu ta doc B,C tir
file voi dang s6 thi s& lam mat di cac chit s6 0 ding dﬁu, vi thé s& lam sai léch $6
chit s6 cua B,C va khi thay vao cong thire tinh s€ cho két qua sai.

Toi da giai quyét truong hop nay bang cach doc gia tri cua B,C vao cac xau, sau do
chuyén xau sang dang s6 dé giai. Bang cach ny ta s& luu duoc sé chit s6 thuc cua
B,C.

Chuong trinh toi viét cho hai cu trong bai nay chi xir i dugc cac sd trong pham vi
longint. Ban nao mudn xtt 1i cac s 16n hon phai cai dat cac thuat toan xur li s6 16n.
Céc thuat todn nay da dugc gidi thi€u trén cac s6 béo trude. Cac ban co thé tham
khao lai d¢ cai dat.

Sau day la chuong trinh cho Cau 1:

uses crt;

const fi="ThapPhan.inp';

fo='"ThapPhan.out';

var a,b,c,nb,nc,p,q:longint;

xaub:string;

xauc:string;

{************************************************}

procedure nhap;

var f:text;



z:integer;

begin

assign(f,fi);

reset(f);

readin(f,a);

readIn(f,xaub);

readIn(f,xauc);

close(f);

val(xaub,b,z);

val(xauc,c,z);

end;
{************************************************}
{Tim u&c chung 16n nhat cua hai s6 nguyén duong a,b}
function ucln(a,b:longint):longint;

var du:longint;

begin

ucln:=1;

if (a=1) or (b=1) then exit;

if a mod b=0 then begin ucln:=b; exit; end;
if b mod a=0 then begin ucln:=a; exit; end;
while b>0 do

begin

du:=a mod b;

a:=b;

b:=du;

end;

ucln:=a;

end;
{************************************************}
{Tinh 10a}

function mul0(a:longint):longint;

var i,tich:longint;

begin

tich:=1;

for i:=1to a do

tich:=tich*10;

mul0:=tich;

end;
{****>X<***********>X<*******************************}
{ Cho truong hgp B<>-1}

procedure xulil;



begin

nb:=length(xaub);

nc:=length(xauc);
p:=a*mulO(nb)*mul0(nc)-a*mul0(nb)+b*mulO(nc)+c-b;
q:=mulO(nb)*(mulO(nc)-1);

end;
{********>l<***************************************}
{ Cho truong hop B=-1}

procedure xuli2;

begin

nc:=length(xauc);

p:=a*mulO(nc)+c-a;

q:=mulO(nc)-1;

end;
{************************************************}
procedure main;

var g:text;

d:longint;

begin

nhap;

if b=-1 then xuli2

else xulil;

d:=ucln(p,q);

p:=pdivd;

q:=q div d;

assign(g,fo);

rewrite(g);

writeln(g,p);

writeln(g,q);

close(g);

end;
{****>I<***********>X<******************************}
BEGIN

clrscr;

main;

END.

Bay gio chiing ta s& giai quyét Cau 2.
F

Tru6ce hét ta thiy ring theo dinh 1i 1 va 2 dang bidu dién cta phan s§ & chi ¢6 thé 1a
hitu han hodc v6 han tuan hoan. La hiru han hay v6 han tuan hoan phu thuéc vao Q.



| Moy

Dé giai quyét bai toan véi cac s6 nho hon ta dwa phén sb € ve dang t6i gian
Ta c6 thé dé dang tim duoc gia trj ciia A : A=P div Q.
Luc d6 ta thay P=P mod Q. Tir ddy tré di ta chi xét cac phan s ¢ tir nhé hon miu.
Vi vay chi can di tim B va C.
Ta s€ phan tich Q thanh dang: 2t*3k*5n*U (Vo1 tkn,U la cac s6 nguyén duong).
+ Truong hop 1 Trong phan tich ra thira s6 nguyén tb ciia Q chi chira 2 va 5 ma
khong chira bt ki s6 nguyén té nao khéc, tirc 13 k=0 va U=1 (Q = 2t*5n)

F
Luc nay dang biéu dién cta  §& 1a hitu han hay c6 dang 0,B.
Pé tim duoc B ta lam nhu sau:

P P :*:51‘—\?1 B P :*:51‘—\?1

-Néut<ntadua Qvédang 2t * 5t 10

Nhu vy B=P*2n-t. Goi nb la sé chir s6 cua B. ’ , ‘ ’ 7
Nhu vay trong bi¢u dién dang s6 thip phan thi s6 chit s6 0 ding lién sau dau phay sé
bang: n-nb.

E Pigt _F gt
- Néu t >n ta dua & vé dang 2! jtj! ,10’
Nhu vay B:=P*§t-n. Goi pb la sO chir so C}"la B. ’ ‘ , 7 ‘
1 Trong bi¢u dién dang s6 thap phan thi s6 chit s0 0 ding lién sau dau phay s¢ bang:
t-nb.
+Trudng hop 2: Trong phan tich ra thira s6 nguyén t6 ciia Q ¢ chira cac s6 nguyén
to khac 2 va 5. Q co6 dang 2t*3k*5n*U.

F

Nhu vay dang bidu dién ctia € s& 13 vo han tuan hoan hay c6 dang 0,B(C).
F

Theo chirng minh & trén ta phai dua R dang
A A

o BE o
10T *(109 1) T S piwsiwg®(11 1]

(X 12 mot s6 nguyén duong va c6 j chit sb

1 dudi mau)

Ta s& dung mét bién thuong dé luu luong phai nhan thém vao P va Q dé dua duoc
X

vé dang 20 *5*3*11L.11  mot bién mul0 dé luu s6 mii caa 10 trong biéu dién cia

Q & trén (cu thé mul0 =i), mot bién sl1 dé luu sé chir s6 1 trong biéu dién cua Q (cu

thé sl1 =j)

Dé don gian, ta s& loai bo khéi Q phan chira 2i*5i*9 sau khi nhan thém véi thuong.

Khi ¢6 Q mdi s& 1a woc cta 111..11 (j s6 1).




Céch lam nhu sau:

Khoi tao thuong=1 ; Q:=Q div 2t*3k*5n

Luc dau thuong, mul0 duge tinh nhu sau:

- Néu t< n thi thuong:= thuong*2n-t, mul0:=n

Nguoc lai néu t > n thi thuong :=<i>thuwong*5t-n, mul0:=t

- Néu k >2 thi Q:=Q*3k-2

Van dé con lai 1a di tim s11 dé 111..11 (c6 sl chir s61, ta thay j & trén bang bién sl1)
chia hét cho Q. Theo dinh 1i 2 thi s& luon tim duoc sl1.

Ta s€ dung cach lam tuong ty nhu cach da lam & bai 6, nhung phai cht y cip nhat
thuong. Tdi dung cach 1am nay dé cac ban c6 thé dé dang ap dung khi cai dat cac
thuat toan xir 1i sb 16n.

Thém hai bién phu va thuong10 c¢6 ¥ nghia sau:

phu dé luu thuwong cta 111..11 khi chia cho Q

thuong10 dé luu thuwong cia 10sl11 khi chia cho Q, thuong10

s€ dugc cap nhat lién tuc khi sl1 tang lén.

Thu tuc tim sl s€ nhu sau:

Chu y: k trong thu tuc thay cho Q.

Procedure so_luong so 1(k:longint);

var du,dul0,thuong10,phu:longint;

begin

sll:=1;

if k=1 then exit;

phu:=0;

du:=1; dul0:=1;

thuong10:=0;

repeat

inc(sll);

thuong10:=thuong10*10+dul0*10 div k;

dul0:=dul0*10 mod k;

phu:=phuthuong10+(dudul0) div k;

du:= (dudul0) mod k;

until du=0;

thuong:=thuong*phu;

end;

Bién du s& luu s6 du cua 111..11 khi chia cho Q.

Bién thuong s& duoc tinh lai 1a: thuong:=thuong*phu

Chuong trinh bi han ché boi thwong, thwong10, phu 1a dang longint nén chi chay
dugc véi Q kha nho. Cac ban cé thé bo cac dong 1énh chira thuong,thuong10, phu
dé co6 thé tim sl1 véi Q 16n hon.

Con mot luu y nira 1a: khi mul0 = 0 thi B = -1, do d6 phai xt 1y thém truong hop
nay.



Sau khi tim dugc thuong thi P:=P*thuong.

Dé viét dugc dang biéu dién thap phéan, chung ta phai tim dugc B va C. Ta thiy ring
néu khong tinh cac chir s6 0 ding dau thi s6 chit s6 cia B E mul0, s6 chir s6 ctia C
<sll. Theo trén P s€ c6 dang: B*(10sl1-1)+C.

Ta cé: P= B¥(10*LI+C =B = % :

Tur do ta s€ duyét toan b cac gia tri cod thé ¢ cua B va C (voi chi y diéu kién vé sb
chit s6 cua B,C).

Sau khi tim dugc B,C céch tinh sb chit s6 0 ding dau trong B,C céc ban c6 thé 1am
theo cach da giagi thiéu & trong truong hop 1.

Sau day la chuong trinh cho céu 2:

uses crt;

const fi="Fraction.inp';

fo='Fraction.out';

var p,q,a,b,c,thuong:longint;

mu2,mu3,muS,mul0,sll:word;

fitext;

{************************************************}

procedure nhap;

begin

assign(f,f1);

reset(f);

readIn(f,p,q);

close(f);

assign(f,fo);

rewrite(f);

end;

{************************************************}

{Tim s6 mil ctia s6 nguyén t6 a trong dang phan tich ra thira s6 nguyén té cua So}
function mu(a:word;var so:longint):word;

var k:word;

begin

k:=0;

while so mod a=0 do

begin

inc(k);

so:=so div a;

end;

mu:=Kk;

end;

{************************************************}



{Tim u6c chung 16n nhat cia hai s6 nguyén duong a,b}
function ucln(a,b:longint):longint;

var du:longint;

begin

ucln:=1;

if (a=1) or (b=1) then exit;

if a mod b=0 then begin ucln:=b; exit; end,
1f b mod a=0 then begin ucln:=a; exit; end;
while b>0 do

begin

du:=a mod b;

a:=b;

b:=du;

end;

ucln:=a;

end;
{************************************************}
{Tinh as }

function mu_as(a,s:word):longint;

var 1,tich:longint;

begin

tich:=1;

fori:=1to s do

tich:=tich*a;

mu_as:=tich;

end;
{************************************************}
{Tim s6 chir s6 cau mot s6 nguyén duong a}
function scs(a:longint):longint;

var k:longint;

begin

if a=0 then begin scs:=1; exit; end;

k:=0;

while a>0 do

begin

a:=a div 10;

inc(k);

end;

scs:=k;

end;
{************************************************}



procedure huu han;

var so,i:word;

begin

p:=p*thuong;

so:=scs(p);

if mu2>=mus5 then

begin

for 1:=1 to mu2-so do write(f,0);
write(f,p);

end

else

begin

for 1:=1 to mu5-so do write(f,0);
write(f,p);

end;

close(f);

halt;

end;
{***********************************************}
procedure so_luong so_I(k:longint);
var du,dul0,thuong10,phu:longint;
begin

sl1:=1;

if k=1 then exit;

phu:=0;

du:=1; dul0:=1;

thuong10:=0;

repeat

inc(sl1);
thuong10:=thuong10*10+dul0*10 div k;
dul0:=dul0*10 mod k;
phu:=phuthuong10+(dudul0) div k;
du:=(dudul0) mod k;

until du=0;

thuong:=thuong*phu;

end;
{***********************************************}
procedure vo_han_tuan hoan;

var phu,lim:longint;

begin

so_luong so_1(q);



p:=p*thuong;

if mul10=0 then

begin

write(f,-1,'");

for phu:=1 to sl1-scs(p) do write(f,0);
write(f,p);

close(f);

halt;

end;
phu:=mu_as(10,sl1)-1;
lim:=p div phu;

for b:=0 to lim do

if scs(b)<=mul0 then

begin

c:=p-b*phu;

if scs(c)<=sl1 then break;

end;

for phu:=1 to mul0-scs(b) do write(f,0);
write(f,b,'");

for phu:=1 to sl1-scs(c) do write(f,0);
write(f,c);

close(f);

end;

{************************************************}

procedure xuli;

var d:longint;

begin

d:=ucln(p,q);

p:=p div d;

q:=q div d;

a:=p div q;

p:=p mod q;

write(f,a,'");

mu2:= mu(2,q);

mu3:=mu(3,q);

muS:=mu(5,q);

thuong:=1;

if mu2>=mu5 then begin thuong:=thuong*mu_as(5,mu2-mu5); mul0:=mu2; end
else begin thuong:=thuong*mu_as(2,muS-mu2); mul0:=mu5; end;
if (mu3=0) and (q=1) then huu_han;



1f mu3<2 then thuong:=thuong*mu_as(3,2-mu3)

else if mu3>2 then q:=q*mu_as(3,mu3-2);
vo_han tuan hoan;

end;
{************************************************}
procedure main;

begin

nhap;

xuli;

end;
{****************>I<*******************************}
BEGIN

clrscr;

main;

END.

Trudce khi két thuc bai viét nay, toi muén dua ra cho cac ban mot tinh chat tha vi cua
s6 7 vé cac so thap phan v6 han tuan hoan d6 1a:

=0,(142857)
=0,(285714)
=0,(428571)
=0,(571428)
=0,(714285)

=0,(857142)
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Liéu con sb nao co tinh chat nhu vy khong? Cac ban thu tim xem.
Néu ban nao can chuong trinh ngudn cua tat ca cac bai da néu trén xin hay lién hé
Vi toi.

11.Tré lai bai toan tim chir sé tin cung khic 0 ciia n!

Tac gia: Ngo Minh Durc

Trong bai "Téi wu cac bai toan vé s6 nguyén to t6" (THNT 10/2003), tac gia Dinh Hiru
Cong da néu ra thuat toan "Tim chir sO tan cung khac 0 ctia n!" vdi n<231.
Trong bai nay t61 xin néu ra mot cach khac giai quyét bai toan nay vo cung nhanh



chong. Co so ciia n6 hoan toan tir bai viét "Tim chit s tan cung khac 0 cia n!"
(Least Significant Non—Zero Digit of n!) cua Mathpages site.

Sau déy 14 bai bao tiéng Anh trén da duoc dich va thay d6i mot s6 doan:

Goi L(k) 13 chit s6 tan cung khac 0 cia mot s6 nguyén k bat ky. Céc gid tri dau tién
cua day L(k!) véi k=2,3.4,.. .1a:
2,6,4,2,2,4,2,8,8,8,6,8,2,8,8,6,8,2,4,4,8,4,6,4,4,8,4,6,8,...

Chung ta s& tim cach xéac dinh gia tri cua L(k!) v6i moi k 1 s6 tu nhién cho trudc,
Viét n! dudi dang:

N!=2a2.3a3.5a5.7a7...

Chuing ta ky hiéu (n!)’ dé chi s6 n! d bo di hét cac chir s6 0 tan clng

Ta c6 dinh 1y:
Trong phan tich cua n! s6 mii ap cua p dugc tinh theo cong thirc:

]

(v&ik 1 85 thoa min ' <a =5
Dua vao cac tinh chit vé phan nguyén, dé thay néu pl < p2 thi ap1> ap2

Vay thi a2 > a5, tir 46 suy ra so mil ctia 10 trong n! 1a al0 = a5. B6 di hét cac liy
thtra cua 10 trong n! ta dugc (n!)’:

NI’=2a2.3a3.5a5.7a7...

Duya vao dinh 1y trén, ban hay chimg minh rang véi n>2, trong phan tich ctia n!, ta
1udn c6 a2 > a5 (tirc 13 ddu = khong xay ra) hay a2 — a5>0. Do d6 (n!)’ chia hét cho
2 va L(n!)=L(n!") s€ nhan mdt trong cac gia tri {2;4;6;8}

Mat khac, ta c6 cong thire: n!=n(n-1)!

Két hop hai diéu nay ta c6 thé suy ra:

L(n!)=L(L(n).L((n -1)!)) v6i moi n khong chia hét cho 5

Nhu vay néu d3 biét duoc gia tri cuia L((5n)!) thi ta ¢6 thé tinh dugc gia tri cta
L((5nH))!) vé1=0,1,2,3,4

Céc gia tri ciia L(n!) duoc xép cot thanh timg chudi 5 chit s6 nhu sau:

n: 01234 510 1520 25 30 35 40 45

L(n!): 01264 22428 88682 88682 44846 44846 88682 22428 22428 66264 ...

(ta bo qua mot s gia tri dic biét nhu 0!, 1! — xem nhu L(0!)=0)

Tuy nhién gia tri cua L((5n)!) khong thuc su 1 rang. Néu ta tlep tuc xep cOt cac gia
tri ciia L((5n)!) thi ta s& thdy ching ciing 1ap thanh nhiing chudi 5 chit s6. Piéu d6
cho phép ta néu mot két luan twong tu: chi can biét gia trj ciia L((25n)!) thi s& biét
dugc L((25n+5))!) vo13=0,1,2,3,4 (nghia la gia tri cua L((25n+5j)!) chi phu thudc
vao gid tri cua L((25n)!)



Tiép tuc nhu thé, chung ta c6 thé sip xép cac gia tri cua L((Skn)!) nhu bang sau:
A 023485 10 18 20 25 30 35 40 45

Lint) 01264 22428 BB682 38682 44846 44546 88682 20428 22428 66264
LifSn)!) - 02884 48226 24668 48226 43226 86442 24668 62884 24668 24668

Lif25n)) - 04244 82622 82622 28488 46866 64244 82622 82622 28433 46366
Lif1251)!): 08824 68824 26648 65524 42286 26648 26648 42286 26643 84462
Lif625n)!): 06264 22428 88682 53680 44846 44345 88682 22428 22428 66264

Ta rat ra duoc két luan (khong thay tac gia chimg minh): gié tri caa ’
L((5kn+5k-1j)!) chi phu thudc vao gia tri caa L((5kn)!) v61j=0,1,2,3,4. Néu gia tri
cua L((5kn)!) xac dinh duoc thi gia tri ctia L((5kn + 5k-1j)!) 1ap trc cling xac dinh
duoc.

Vi du:
Ta co L((125.3)!)=L(375!")=2 va L((125.3+25)!)=L(400!)=8
Thé thi L((125.8)!)=L(1000")=2 nén L((125.8+25)!)=L(1025)! ciing bang 8
va L((125.10)!=L(1250")=2 nén L((125.10+25)!)=L(1275!) ciing bang 8)...
Tém lai ta khiang dinh néu L((125.k)!)=2 thi chic chin L((125.k+25)!)phai 14 chit sb
thir hai trong chudi 28488 (chit s 8)
Mit khac, ta nhan thay céc gia trj cla L((625n)!) gidng v4i L(n!). Picu do cho thy
L((5kn)!)=L((Sk+4n)!) voi n#1 (khong thay tac gia chung minh). Trén mdi dong ta
thay c6 ding 5 chudi phan biét gom 5 chir s0, moi chudi bat dau bang mot trong cac
s6 {0,2,4,6,8}. Ta chi can tong hop tat ca cac chudi nay lai thanh mot bang dé sir
dung
Chung ta rit ra dugc bang sau dung dé tinh gia trj cuia L((5kn +5k—1j)!) véi
j=0,1,2,3.4 khi da biét gi tri cua L((5kn)!):

i 01234 01234 01234 01234 01234

0 05264 22428 44846 65264 =8682
1 02884 24668 48226 62834 26442
2 04244 25487 463560 64244 52622
3 0pd24 26640 42285 65824 34462

Chéng han néu da biét L((125.2)!)=8 ta tinh dugc L((125.2+25.2)!)=6 bang cach
nhin vao hang (2 mod 4)=2 (do 25=52), chudi bat dau bang chit s6 8 (82622), vi tri
=2

Thuat toan tim L(n!)




Débinra co sb 5, ta dugc:
n=d +d 5’“+ +d, 5 +d)S+dy=dd, . did, (T

Duya vao bang trén, ta thiy néu biét L((dn5n)!) ta s& tinh duoc L((dn5n +dn-15n-1)!)
Tuong tu khi biét duge L((dn5n +dn-15n-1)!), ta s& tinh duge L((dn5n +dn-15n-1 +
dn-25n-2)!), v.v.. va cuoi cung s¢€ tinh duogc L(n!)

Tuy nhién dau tién phai tinh duoc L((dn5n)!), mudn vay ta hiy hinh dung:

n=d P +d, T +d T+ +d, 5 +d 5+ d, mong déhd s5d,,, =0

2+l

Do do6 L((dn+15n+1)!)=0(mét sy quy udc cho phu hop voi bang [ dé ta xét chudi
c6 chit s6 dau tién bang 0). Ta dua vao L((dn+15n+1)!)L((dn5n)!)

Vi du voi n=1592:
Buée 1- dbinra co 6 5. duoe 2= 2.5 +2.5 +3.5" + 3.5+ 2= 22332 (5)

Bude 2: Xét dong 0 (=4 mod 4), chudi ¢6 chir s6 dau 14 0, tirc 1a 06264,

Budc 3: chir s6 dau tién cia n (co s6 5) 1a 2, do do L((2.54)!) =2, 1a chit s6 ¢ vi tri
J=2.

Budc 4: X¢t dong 3 (=3 mod 4), chu01 c6 chir s6 dau tién 1a 2, tic 14 26648
Budc 5: chit s6 thir hai ctia n (co sé 5) 1a 2, do d6 L((2.54+2.53)!) =6, 1a chit s6 & vi
tri j=2

Bugc 5: Xét dong 2 (=2 mod 4), chudi ¢6 chir s6 dau tién 1 6, tire 13 64244
Budc 6: chir so thir ba ctia n (co s6 5) 1a 3, do do L((2.54+2.53 +3.52)!)=4 1a s0 & vi
tri j=3

Cudi cung ta co:

L(1592!) = L((2.54+2.53 +3.52 + 3.5 + 2)!)=4

Chtng ta mo ta béng trén bang cach xay dung mot mang A4,5,5). Trong d6 chi sb
déu tién cho biét vi tri dong (0,1,2,3); chi s6 thir hai cho biét chir s6 dau tién cua
chudi (0,2,4, 6,8); chi s0 thir ba cho biét vi tri ] (0,1,2,3,4). Néu goi dk 1a chir sb thir k
trong hé co s6 5 clia n, ta c6 thé mo ta thuat téan ngan gon nhu sau:

Sn = An mod 4, 0, dn)

Sn-1 = An-1 mod 4, sn, dn-1)

S12, d1)

S01, do)

Cudi cung ta c6 SO =L(n!)

Chuong trinh:

Dtr liéu: g@)m s6 tu nhién n dat trong file NONZERO.INP
Quy dinh: S ¢6 thé viét trén nhiéu dong (néu qhia dai)
vd: NONZERO.INP




5494859040893409748979798789897934897879357899734934897894389578975
78

478993476894845989897348

Két qua: in ra man hinh L(n!)

Chuong trinh ¢6 thé tinh L((1000!)!) = 6 trong tho1 gian chua td1 0.5 gidy

Program Least Significant Non Zero Digit of f n;

(* KHAI=BAO *)
Const InputFile="NONZERO.INP’;

Const Digits: array[’0°..’9’] of byte=(0, 1, 2, 3,4, 5,6, 7, 8, 9);
Table:array[0..3,0..4,0..4] Of Byte=

(((0,6,2,6,4), (2,2,4,2,8), (4,4,8,4,6), (6,6,2,6,4), (8,8,6,8,2)),
((0,2,8,8,4), (2,4,6,6,8), (4,8,2,2,6), (6,2,8,8,4), (8,6,4,4,2)),
((0,4,2,4,4), (2,8,4,8,8), (4,6,8,6,0), (6,4,2,4,4), (8,2,6,2,2)),
((0,8,8,2,4), (2,6,6,4,8), (4,2,2,8,6), (6,8,8,2,4), (8,4,4,6,2)));
Type Biglnt= array[1..10000] of 0..9;

Var A: Biglnt;

R5:Biglnt;

N, N5:Word;

L: Byte;

(* DOC=DU=LIEU *)
Procedure Input;

Var [: Word;

F:Text;

Ch:Char;

B:Bigint;

Begin

Assign(F,InputFile);

Reset(F);

While Not EOF(F) Do

Begin

While not EOLN(F) Do

Begin

Read(F,Ch);

N:=N+1;

B[N]:=Digits[Ch];

End;

ReadIn(F);

End;

Close(F);

{Mang B chua cac chu so viet xuoi: vd so=1592, B=[1,5,9,2]}




{Mang A chua cac chu so viet nguoc: vd so=1592, A=[2,9,5,1]}
{Ta su dung mang A cho thuan tien ve sau}
For I:=1 To N Do A[I]:=B[N-I+1];

If (N=1) And ((A[1]=0) Or (A[1]=1)) Then {0! hay 11}

Begin

Write(1); Readln; Halt(1);

End;

End;
(*=========DOI=SANG=CO=SO=5=========%)

Procedure Radix5;
Var [,J:Word; C:Byte;
Begin

C:=0;

N5:=0;

Repeat

N5:=N5+1;
R5[N5]:=A[N5] mod 5;
{Thay vi chia 5 ta nhan voi 2 roi chia cho 10 bang cach bo di chu so tan cung}
For I:=N5 To N Do
Begin
A[l]:=A[1]*2+C;
C:=A[I] div 10;
A[I]:=A[I] mod 10;
End;

If C=1 Then Begin
N:=N+1;

A[N]:=1;

C:=0;

End;

J:=J+1;

A[NS5]:=0;

Until N5=N;

End;

Procedure Solve;

Var S:Byte;

I:Word;

Begin

S:=0;

For I:=N5 DownTo 1 Do



S:=Table[(I-1) Mod 4,S div 2,R5[I]];
L:=S;

Input;
Radix5;
Solve;
Writeln(L);
Readln;
End.

12.Ung dung thuit toan tim dién tich da giac dé 1ap trinh giii mét sé bai toin
vé hinh hoc

Téac gia: Pham Manh Cuong

Thuét toan hi€u qua tim dién tich da giac da dugc nhicu tac gia néu ra. Tuy nhién
trong bai viét nay t61 chi xin néu ra mot so bai toan ma néu ung dung thuat toan tim
dién tich da giac dé giai chung s€ rat hi¢u qua. Trudc hét, ta s€ nhac lai thuat toan

nay. . L
Bai toan: Tinh dién tich da giac (161 hoac 10m va khong tu cat) gobm n dinh A [1],
Al2], ..., A[n] (n>2).

Thuat toan Ta c6 thé giai bai toan nay bang cach chia da gidc thanh n — 2 tam giac
ri tinh tong dién tich cua cac tam giac Ay. Tuy nhién phuong phap nay phuc tap, ta
lam cach khac nhu sau: chia da giac thanh cac hinh thang bang cach chiéu cac canh
xudng truc hoanh (hodc truc tung). Hinh thang duoc xac dinh bai canh A[i]JA[i+1]
c6 dién tich la Abs(S) voi:

S = (A[i].x - A [i+1].x).(A[i].y + A[i+1].y) /2

Sau khi gan dinh A[n+1] = A[1], ta tinh dién tich toan phan cta da giac nhu sau:
S:=0;

Fori: =1 tondo

S: =S+ (A[i].x - A [i+1].x).(A[i]l.y + A[i+1].y);

S: = (1/2) * Abs(S);

Sau ddy 1a mot s6 vi du ap dung thudt toan vira trinh bay.

Bai 1. Kiém tra tinh 16i 16m cta mot da giac.

Trong mat phéng toa d6 c6 n diém c6 toa do tuong ung la (x1, y1), (x2,y2),..., (xn,
yn). Biét rang n diém da cho theo thir tyr tao thanh cac dinh ciia mt da gide khong tu
cat.

Yéu cau: hay kiém tra da giac 16i hay 15m.

Dit liéu vao ghi trong file dagiac.inp: dong dau ghi mot so n (n>2), n dong tiép theo,



trén dong thur 1 ghi hai s6 thuc theo thtr tu 14 hoanh do va tung do cua dinh thir i-1
cua da giac.

Dir li¢u ra ghi vao file dagiac.out gém mét s 0 hodc 1, ghi 0 néu da giac 10m va ghi
1 néu da giac 16i.

Thuat toan: Goi dién tich cua da giac 1a S0. Ta s€ so sanh SO vai cac Si, trong d6 Si
1a dién tich cua da giac thu duoc tir da gidc ban dau sau khi bo di dinh thir i (i=1,
2,...,n). Néu $ i sao cho Si > SO thi da gidc da cho 16m (tai dinh thu i), nguoc lai thi
da giac da cho 16i.

Toan van chuong trinh nhu dudi day:

{Kiem tra mot da giac loi hay lom}

type

diem=record

x,y:real;

end;

var a:array [1..100] of diem;

n,vt:integer;

s0,s1:real;

procedure init;

var fitext;i:byte;

begin

assign(f,’dagiac.inp’);

reset(f);

readIn(f,n);

{while not eof(f) do}

fori:=1tondo

begin

read(f,a[i].x);

read(f,a[i].y);

end;

close(f);

a[n+1]:=a[l];

{Tinh dien tich da giac}

s0:=0;

fori:=1 tondo

s0:=s0+(a[i+1].x-a[i].x)*(a[i+1].y+a[i].y);

s0:=abs(s0)/2

end;

Procedure Inkq(i:byte);

var f:text;

begin

assign(f,’dagiac.out’);



rewrite(f);

write(f,1);

close(f);

end;

Procedure resolve;

var b:array [1..50] of diem;

1,j,k:byte;

Begin

fori:=1 tondo

begin

for j:=1 to 1-1 do b[j]:=a[j];

for j:=1+1 to n+1 do b[j-1]:=a[j];

s1:=0;

for j:==1 to n-1 do

sl:=s1+(b[j+1].x-b[j].x)*(b[j+1].y+b[j].y);

sl:=abs(s1)/2;

if s1>s0 then

begin

inkq(0);

halt

end;

end;

inkq(1);

End;

begin

1nit;

resolve;

end.

Bai 2. Chia da giac (mo phong dé thi HS gi6i qudc gia 16p 12, bang B, nim 1999-
2000).

Trong mat phang toa d6 c6 n diém c6 toa do tuong ung 1a (x1, y1), (x2, y2),...,(xn,
yn). Biét rang n diém da cho theo thir tu tao thanh cac dinh ciia mot da giac khong tu
cit. Yéu cau: hiy chia da giac da cho thanh hai da giac boi mot canh ndi hai dinh
khong ké nhau sao cho dién tich ciia chiing chénh 1éch nhau it nhat.

Dit liéu vao ghi trong file dagiac.inp: dong dau ghi mot s6 n (n>3), n dong tiép theo,
trén dong thur 1 ghi hai s6 thuc theo thtr tu 14 hoanh do va tung do cua dinh thir i-1
cua da giac.

Dir liéu ra ghi vao file dagiac.out gdm hai s6 nguyén duong chi s6 thir tw cia hai
dinh duoc ndi sao cho thoa man diéu kién dau bai.

Thuét toan: Ta dua ra thuat toan rat don gidn nhu sau: thir tim moi cach chia va ghi
nhan lai cach chia t6t nhat. D& thdy do phirc tap ctia thuat toan trong trudng hop nay



la O(n3).

Toan van chuong trinh nhu dudi day:
Program vd;

type

diem=record

x,y:real;

end;

var a:array [1..100] of diem;
n,vtl,vt2:integer;
s0,s1,del:real;
procedure init;

var fitext;i:byte;
begin
assign(f,’dagiac.inp’);
reset(f);

readIn(f,n);
fori:=1tondo
begin

read(f,a[1].x);
read(f,a[i].y);

end;

close(f);
a[n+1]:=a[l];

s0:=0;

for 1:=1 ton do
s0:=s0+(a[1+1].x-a[1].x)*(a[i+1].y+a[1].y);
s0:=abs(s0)/2;
del:=s0;

end;

Procedure resolve;
var b:array [1..50] of diem;
1,],k,h:byte;

fitext;

Begin

for i:=1 to n-2 do
begin

for h:=i1+2 to n-1 do
begin

k:=0;

for j;==1to h do

begin



inc(k);

b[k]:=alj];

end;

b[k+1]:=b[1];

s1:=0;

for j:==1 to k do
sl:=s1+(b[j+1].x-b[j].x)*(b[j+1].y+b[j].y);
sl:=abs(s1)/2;

if del>abs(2*s1-s0) then
begin

vtl:=1;

vt2:=;
del:=abs(2*s1-s0);
end;

end;

end;
assign(f,’dagiac.out’);
rewrite(f);
write(f,vtl,” ’,vt2);
close(f);

End;

begin

1nit;

resolve;

end.

Bai tap . Tt gidc bao n diém (mo phong dé thi olimpic Sinh vién khéi khong chuyén

1999).

Cho n diém c6 toa do (xi, yi),i=1,2,...,n v6i n > 4. Lap chuong trinh tim 4 diém
sao cho 4 diém nay tao thanh mat tur gidc co6 dién tich 16n nhét.

Ban nao ¢6 nhu cau tim hiéu chuong trinh nguén cua bai tap trén hoac muén trao doi
thém, c6 thé lién hé vai tac gia theo dia chi email: mhcuong2000@yahoo.com. Chiic
céc ban c6 nhiéu kham pha hay trong hoc tap lap trinh néi chung ciing nhu 1ap trinh

V01 céc bai toan vé hinh hoc noi riéng.

Pham Manh Cuong

13. Cap ghép va lu(‘A)ng cue dai trén dd thi hai phia

Téc gia: Nguyén Thanh Tung



Trong mdt s6 bai viét trude t6i c6 dé cap dén thuat toan 'cip ghép' va 'ludng'. Sau
khi bai viét dugc dang, c6 ban doc phan hdi dé nghi trinh bay ki hon vé céc thuat
toan d6. Trong bai viét nay t6i s& trinh bay vé thuat toan tim cip ghép cuc dai va tim
luéng cuc dai trén d6 thi hai phia.

1. Cip ghép cuc dai caa dd thi hai phia

1. Céc dinh nghia

G dugc goi 1a d6 thi hai phia néu G=(X hop Y,E); trong d6 tap dinh V 1a hop cua 2
tap dinh con X,Y ro1 nhau va tap canh E chi chira cac canh c6 mdt dinh thudc X va
dinh con lai thude Y. Nhu thé, vé mit truc quan dd thi 2 phia c6 dang:

£)

Do thi hai phia c6 thé dung biéu dién nhiéu mdi quan hé, thudng 13 giira 2 tap doi
tugng khac nhau: chang han giita cong nhan va cong viéc hay vi tri trén ddy truyén
san xuat, gido vién va mon hoc,...

Thong thuong d6 thi hai phia thuong dugc biéu dién béi mot ma tran quan hé A
(n,m). Khi do:

- Tap X c6 n dinh, danh s6 tir 1 dén n.

- Tap Y c6 m dinh, danh s6 tir 1 dén m.

- Vi 'i thude X, j thude Y néu c6 canh (i,j) thi dit A[i,j]=1; nguoc lai thi A[i,j]=1.
Cép ghép M 1a mét tap con cta E sao cho khong c¢6 dinh nao cua X hay Y thude
nhiéu hon 1 phan tir cia M (M chtra cac canh d6i mot khong c6 dinh chung). Noi
cach khac mdi dinh thudc X hay thudc Y déu chi duoc twong tmg ('ghép') voi nhiéu
nhat 13 mot dinh khac thudc tap kia, tit nhién giita cip dinh d6 phai c6 canh nbi. Cap
ghép M duogc goi 1a cip ghép cuc dai néu né co chira nhiéu cip dinh nhét.

Khi X va Y ¢6 s6 phan tir bang nhau va bang N, ta c6 khai niém cap ghép day du 1a
cap ghép co dung N phan tir. Noi mot cach ném na db thi c6 cip ghép day du néu
moi dinh i thuéc X déu dugc tuong ung voi duy nhét mot dinh j thudc Y va ngugc
lai (tat nhién giita i va j phai c6 canh ndi).

2. Vidu

Vi du mot bai toan vé tim cip ghép cuc dai: Co N chang trai va M ¢6 gai. Mdi chang
trai mén mot hodc c6 thé nhiéu co gai. Hay t6 chtrc nhiéu nhét cac cip nhay, trong
d6 mdi chang trai s& nhay v6i mot co gai ma minh mén.

Do thi 2 phia & ddy co tap dinh X 1a N chang trai, tp dinh Y 1a M c6 gai. Néu chang
trai i mén c6 gai j thi c6 canh (i,j). Viéc t6 chirc cac cap nhay chinh 14 tim cip ghép
cuc dai trén d6 thi.

Néu N=M va yéu cau ctia bai 1a tim cach ghép dé ai ciing c6 ban nhay thi bai toan




tr¢ thanh viée tim cip ghép day du.

3. Thuat toan va cai dat

Vi cap ghép M, céc dinh thudc cac canh trong M goi 1a dinh da ghép, cac dinh con
lai goi la dinh ty do.

Phuong phép xdy dung cip ghép cuc dai ctia d6 thi nhu sau:

- Khoi tao M 1a rong.

- V6i mbi dinh x thudc X, tim cho né mot duong ting cip ghép. Néu co thi ting cip
ghép. Cho dén khi khong ting duogc nita thi ta ¢6 cap ghép cuc dai.

Puong ting cap ghép xuat phat tir dinh x 13 mot dudng di trén G c6 dang nhu sau:
x,yl,x1,y2,x2, ..., yk, xk, y.

Trong d6 y 1a dinh ty do thudc Y, cac canh (xi,yi) thuoc M, i=1.k (k c6 thé bang 0),
tuc la (x1,y1) 1a cap dinh da duogc ghép.

Vi duong ting cip ghép trén ta ting cip ghép bang cach: loai tat ca cac canh (xi,yi)
khoi M va thay vao d6 1a cac canh (x,y1), (x1,y2) ... (xk,y). D& thiy nho d6 M ting
thém mot phan tr.

Cai dat:

Thuat toan tim duong tang cdp ghép cho dinh x dung phuong phép BFS. Ta su dung
mdt s ciu tric dit liéu sau:

queue: hang doi véi cac thao tac: put dé thém mot phan tir vao queue, get dé 14y ra
mot phan tir va ham empty bao queue di rdng hay chua.

mx, my la 2 mang ghi nhan cap ghép: mx[i], my[j] twong ting 1a dinh ghép cta i hay
j. Bang 0 ttc 1a con tu do, chua duoc ghép véi dinh nao.

tr 1a mang 1an vét, mé ta dinh trudc cia mot dinh trén duong di. tr[j]=0 tirc 1a dinh j
chua tham.

procedure find(x);

begin

queue := [ tr[j] :=0 v6i moi j ;

put(x);

repeat

get(1);

forj:=1tondo

if (tr[j] = 0) and (i,j) thudc E then

trj] =1

if my[j]=0 then begin

trace (j);

exit;

end

else put(my[j]);

until empty(queue);

end;

Thu tuc trace thuc hién viéc 1an vét dé xay dung duong ting cap ghép dong thoi ting



cap ghep.

procedure trace(j);

begin

repeat

1:=tr[j];

t .= mx[i];

mx[i] =J;

my[j] ;=i
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until j=0;

end;

Va thuat toan tim cdp ghép cuc dai tién hanh nhu sau:

procedure match;

begin

for x := 1 to n do find(x);

end;

D6 1a thuat toan kiém tra tim ciap ghép cuc dai. Ta ciing ¢ thé dung no6 dé kiém tra
db thi c6 cap ghép day du khong (Néu dinh nao ciing duoc ghép thi db thi c6 cap
ghép day du). Ban doc c6 thé tu lap trinh giai bai todn ghép cip nhay & trén.

Thuat toan cip ghép ap dung véi ki thuat tim kiém nhi phan cho két qua rat an tuong
v6i nhiéu bai toan. Cac ban c6 thé xem lai bai viét vé Ki thuat tim kiém nhi phén ciia
t61 trén s6 bao trude. Ngoai ra voi cach nhin nhan thich hop ta c¢6 thé dua mot bai
toan khé vé mot bai toan cip ghép.

Tuy nhién d6i khi trén db thi 2 phia néu nhin nhan bai toan theo kiéu cap ghép thi do
phuc tap tinh toan rat cao. Chang han ¢ bai xe bus, néu sb hanh khach ¢6 hang ngan
va s6 chd trén xe cling c¢& hang tram (diéu @6 dung voi thuc té hon) thi giai bang cap
ghép khong t6t bang giai bang 'ludng'. Sau day t6i s& trinh bay vé thudt toan ludng
trén do thi hai phia.

II. Luéng cuc dai ctia dd thi hai phia

1. Céc dinh nghia

D6 thi hai phia G trong bai toan ludng van co cau trac nhu d6i véi bai toan cap
ghép, nhung c6 thém trong s6 ddi vé6i ca dinh va canh: mdi dinh i thudc X, j thude Y
va canh (i,j) thuoc E déu c6 mot trong s6 kém theo goi 13 'kha ning thong qua, duoc
ki hiéu twong tng la Cx(1), Cy(]) va C(i,)).

'Ludng' trén G bao gdm cac gia tri kém theo mdi dinh i thudc X, j thudc Y va canh
(i,j) thudc E duoc ki hiéu twong tng 14 Lx(i), Ly(j) va L(i,j) thoa mén cac diéu kién.
1. biéu kién thong qua: '0 < lu(‘)ng < kha nang thong qua.

2. Piéu kién can bang luong 'tong ludng ra qua mdi dinh bang tong ludng vao.

Céc diéu kién trén c6 thé mé ta qua ki hiéu nhu sau:

0 <Lx(1) = Cx(i); 0 <Ly(1) < Cy(i); 0 < L(1,)) < C(1,)) v61 moi 1.



Ix@=>L4.5:Ly@d= 2 LA i:
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Ta s& hiéu rd hon nhitng ki hiéu d6 khi phan tich vi du sau: bai toan xe bus.

2. Vidu

C6 K khach can dén N khach san. C6 M xe bus va xe bus thtr i c6 q[i] chd ngdi. Mdi
xe bus trén hanh trinh s€ dung tra khéach tai mot s6 khach san, va moi xe chay mot
tuyén nén c6 thé dd tai cac khach san khong gidng nhau. Hay sap xép hanh khach
1én xe sao cho:

1. S6 hanh khach 1én mdi xe < sd ghé ngdi trén xe.

2. M&i hanh khach déu ngdi 1én xe c6 ding tai khach san minh can dén.

Phan tich:

P thi hai phia dugc mo ta boi:

- Tap X 1a tap N khéch san. 'Kha ning thong qué cta khach san i la: Cx(i) = s6
khéch can dén khach san 1.

- Tap Y 1a tap M xe bus. 'Kha ning thong qua cta xe bus j 1a s6 khach t6i da ma xe j
c6 thé cho: Cy(j) = q[j].

- Néu xe bus j dimng tai khach san i thi c6 canh (i,j), 'kha ning théng qua cia canh
nay la C(1,))=min(Cx(1),Cy(j)). Nguoc lai ta dat C(1,))=0.

- Luong trén canh (i,j): L(i,j) s€ la s6 hanh khach can vé khach san i dugc xép 1én xe
j. Ludng & dinh i thudc X: Lx(i) la sO hanh khach duoc cho dén khach san i; ludng &
dinh j thudc Y: Ly(j) 1a s6 khach duoc xép 1én xe j. Ludng co thé bang 0.

Dé dang kiém tra cac diéu kién cta ludng. (Vi du: s6 hanh khach ma xe j chd = tong
s6 hanh khach xe j chd dén timg khach san ma n6 di qua, tirc 12

Ly = 3 LG, j.i=1.Ny.
- )

Néu ludng cuc dai & mdi dinh bang kha ning thong qua thi ta co cach sip xép khach
thoa man 2 diéu kién da cho. Chu y la thur ty khach khong quan trong (xép 1én xe
nao cling dugc, mlen la di den noi can dén). Chang han néu L(1,1) = 3 thi chon 3
khach chua duoc xép, can vé khach san 1 cho Ién xe 1. Néu con 3 ngudi nira va c6
L(1,2)=1vaL(1,3) =2 thi xép 1 ngudi 1én xe 2 va 2 ngudi 1én xe 3, ngudi ndo 1én

Cx(@=Lx(=3"LG.5, GF1.M) N
xe nao cling dugc. Chu y la Fl nén ludn co6 du chod trén
cac xe, va ai cling dugc 1én xe.
Vay, chi con van dé tim dugc luéng cuc dai thoi. Thuat toan nhu sau:
3. Thuat toan
Phuong phép xay dung cip ghép cuc dai ctia d6 thi nhu sau:
1. Khoi tao ludng bang 0.
2. Tim cho n6 mot duong ting ludng. Néu cé thi ting. Néu khong tim duge mot
dudng tang luong nao ntra thi ta dugc luong cuc dai.
Puong tang ludng 1a mot dudng di trén d6 thi hai phia c6 hudng Gx, c6 tip dinh 1a



X hop Y, tap canh dugc xay dung nhu sau:

- Néu L(i,j)

- Néu L(i,j)>0 thi c6 cung (j,1) tr Y sang X, dugc goi 1a cung nguoc.

Puong tang ludng tim bang thuat toan BFS trén Gx, xuit phat tir mot dinh x thude X
ma Lx(x)

Gia su céc dinh trén duong di d6 nhu sau:

xjlily2i2 ... ykxky.

Thé thi ta thiy:

Lx(x)

Dé dam bao diéu kién can bang ludng tai x, ta phai tang ludng trén canh (x,j1) 1én
mot luong d (cha ¥ d6 13 mot cung xudi cia Gx). Pé lam duoc diéu d6 thi
d<C(x,j1)-L(x,j1).

Do ta khong dugc thay d6i ludng tai dinh j1 nén dé dam bao diéu kién kién can bang
ludng tai j1 thi ta phai giam ludng trén canh (il,j1) 1a d, va nhu vay d<L(il,j1). Cha
v (j1,11) 1a cung nguoc.

Suy luan twong tu ta thay:

- Ludng trén canh chira cung xudi duoc ting mot lugng d.

- Ludng trén canh chita cung nguoc bi giam mot luong d.

- Ludng tai x va y ting mot luong d, tai cac dinh khac thi khong doi.

Ta co d 1a gia tri 16n nhét c6 thé chon ma van dam béao diéu kién thong qua thi:

d = min(Cx(x)-Lx(x), Cy(y)-Ly(y),

C(i,j)-L(i,j) voi (i,)) 1a cung xudi,

L(i,j) voi (j,1) 1a cung nguoc).

Nhu vay mdi lan tim duge mot duong ting ludng thi tong ludng trén toan bo do thi
duoc ting thém mot luong d. Khi khong tim dugce dudng ting ludng nita thi ta c¢6
luéng cuc dai.

Sau day la chuong trinh cai dat thudt toan tim luéng cuc dai trén db thi hai phia. Cac
ban hay tap doc dé tim hiéu cach cai dit va rén luyén ki nang doc hiéu chuong trinh
cua nguoi khac..

program bflow;

const

inp = 'bflow.inp';

out = 'bflow.out";

max = 100;

type

mang]l = array[1..2*max] of integer;

mang? = array[l..max,1..max] of integer;

var

N,M,d:integer;

L,C:mang?2;

Lx, Ly, Cx, Cy, Tx, Ty, Dt:mangl;



found:boolean;
(*********************)
procedure nhap;

var

1,j:integer;

f:text;

begin

assign(f, inp);

reset(f);

readln(f, N, M);

for 1:=1 to N do read(f,Cx[i]);
readIn(f);

for j:=1 to M do read(f,Cy[j]);
readIn(f);

for 1:=1 to N do begin

for j:=1 to M do
read(f,C[1,j]);

readIn(f);

end;

close(f);

end;
(*********************)
function min(x,y:integer): integer;
begin

if x end;

procedure trace(j:integer);
var

1, t:integer;

begin

found:=true; t:=2;
Ly[j]:==Ly[j]+d;

repeat

if t =2 then begin {tu'Y ve X}
1=Ty[jl;

L[i,j]:=L[i,j]+d;

t:=1;

end

else begin {tu X ve Y}
1:=Tx[j];

1f 1 = -1 then break;
L[j,i]:=L[j,i] - d;



t:=2;

end;

Ji=

until false;
Lx[j]:=Lx[j]+d;
end;

procedure find(i:integer);
var

f,r,j,t:integer;
Qu,Qt,Qd:mangl;

begin
fillchar(Qu,sizeof(Tx),0);
fillchar(Qd,sizeof(Tx),0);
fillchar(Qt,sizeof(Tx),0);
fillchar(Tx,sizeof(Tx),0);
fillchar(Ty,sizeof(Ty),0);

fi=1; r:=1;

Qu[r]:=1; Tx[i]:=-1;

Qt[r]:=1; Qd[r]:=Cx[i] - Lx[i];
repeat

1:=Qu[f]; t:=Qt[f]; d:=Qd[f];
if t =1 then begin {tim tu X sang Y}
for j:=1 to M do begin

if (L[1i,j]

Ty[j]:=1; ri=r+1;

Qulr]:=j; QUr]:=2;
Qd[r]:=min(d, C[i,j]-L[i,]);

if Ly[j]

d:=min(Qd[r], Cy[j]-Ly[i]);
trace(]); exit;

end;

end

end

end

else begin {tim tu Y sang X}
=5

for 1:=1 to N do

if (L[1,j]>0) and (Tx[i] = 0) then begin
Tx[1]:=j; ri=r+1;



Qu[r]:=1; Qt[r]:=1;
Qd[r]:=min(d, L[i,j]);

end;

end;

fi=f+1;

until > r;

end;
(*********************)
procedure xuly;

var

1:integer;

begin

repeat

found:=false;

for i:=1 to N do

if Lx[1] < Cx[i] then find(i);
until not found;

end;
(*********************)
procedure inkq;

var

fitext;

1,j:integer;

begin

assign(f, out);

rewrite(f);

for i:=1 to N do write(f,' ",Lx[1]);
writeln(f);

for j:=1 to M do write(f,' ",Ly[j]);
writeln(f);

for i:=1 to N do begin

for

14. Mot s6 ky thuit tinh ché ma

Téac gia: Dang Quang Hung

Mot phién ban tét hon cuia tim nhi phan

Trong s6 bao thang trudc to1 da gioi thiéu cho cac ban chuong Tinh ché ma cua tac
gia Jon Bentley trong cudn 'Programming Pearls' (Nhirng vién ngoc trong ky thuat
lap trinh). Vi s6 nay chung ta s& cing nhau tim hiéu mot trong nhiing vi du tinh té



nhat cta k¥ thuat tinh ché ma, d6 1a k¥ thuét ting tdc d6 cho chuong trinh tim nhi
phan.
Chuong trinh tim nhi phan nguyén thuy

L:=1;R:=N;
WHILE (L<=R) DO
BEGIN

M:=(L+R) DIV 2;

IF (A[M] < X) THEN

L:=M+1;

ELSE

IF (A[M] > X) THEN

R:=M-1;

ELSE

BREAK;

END;

IF (L<=R) HEN

P:=M;

ELSE

P :=0;

Chuong trinh tim nhi phan tong quat nay da rat hiu qua, hiéu qua dén ndi moi nd
Iic tinh ché ma dé nham ting téc né déu khong mang lai mot su khac biét dang ké
nao! Nhu vy thi tai sao chung ta lai d& cAp dén van dé cai thién chuong trinh nay &
day? Chung ta s& khong tim cach tinh ché chwong trinh tim nhi phén téng quét véi
gia tri N khong gi6i han, ma chung ta s& tinh ché chuong trinh tim nhi phan véi gia
tri N = 1000.

V& mit khoa hoc, bai toan voi gia tri N = 1000 c6 thé duoc xem la dédc biét nhung
trong thuc té chiing lai thuong xay ra. Chang han: tim kiém mot ma s6 nhan vién
trong mot danh sach ma sé nhan vién dugc sap thir tu, trong d6, sé lugng nhan vién
clia mdt cong ty trong da sd trudng hop thuong nhé hon 1000!

Phién ban tha nhat

y tuong cai tién dau tién 1a giam bot sb phép so sanh gitra X (phan tir can tim) voi
phan ttr gitta A[M]. Trong chuong trinh tong quat O trén, ta nhan thiy rang trong
mot vong 1ap, doi lac can phai thyc hi¢n hai phép so sdénh. Chuong trinh dudi day sé
cai thién dugc diéu nay.

L :=0; R:=N+1;
WHILE (L+1 <> N) DO
BEGIN

M:=(L+R) DIV 2;

IF (A[M] < X) THEN
L:=M;

ELSE { X <= A[M] }



R:=M;

END;

P:=U;

IF (P>N) OR (X[P] <> T) THEN

P:=0;

Diém dau tién can luu y 1a chuong trinh ¢6 dung thém hai phan tir 'cam canh' & dau
va cudi mang.

Quan sat doan chuong trinh & trén, ban ciing c6 thé d& nhan thiy ring trong mdi lan
1ap, chuong trinh chi phai thuc hién mot phép so sanh duy nhét 1a A[M] < X.

Diém khac biét dau tién giira hai chuwong trinh 1a viéc 'thu hep' khoang tim kiém.
Trong chuong trinh nguyén thily, khoang tim kiém méi khong bao gom phan tu gitra
(A[M]). Con trong chuwong trinh & trén, khoang tim kiém méi van bao gdm phan tir
gifra.

Diém khac biét ké tiép nam & viée xir 1y trudng hgp X[M] = A: chuong trinh tong
quat s€ 1ap tue thoat khoi vong lap (cau 1énh IF (A[M] = X) THEN BREAK;), con
chuong trinh méi s& khong thoat khoi vong 1dp ma van tiép tuc thuc hién (ciu lénh
ELSE R := M), n6 chi thoat khi khoang tim kiém d3 duoc thu hep lai chi con 2 phan
tir ké nhau (diéu kién L+1 <> U cua vong lap WHILE)

bé d& hiéu hon, moi cac ban quan sat vi du sau:

Tim X = 8 trong mang A: 1 357 8 10 20 22 23

Dbi voi chuong trinh nguyén thuy, ngay tir budc lap dau tién (M= (1+9)/2 =5), diéu
kién A[M] = X dé dugc thoa mén, do do, qua trinh tim kiém két thuc.

Péi véi chuong trinh tiép theo, trong vong lip dau tién (M = (0+10)/2 = 5), ciu lénh
ELSE duogc théa man nén R dugc gan tri béng 5. Vong lap tiép tuc vi M = (0+5)/2
=2, sau d6 L duogc gan tri bang 2. Budc ké tiép, M = (2+5)/2=3, L s€ co tri bang 3.
Cudi cing, M=(3+5)2=4, L c6 tri bang 4. Lac nay, diéu kién L+1 <> R khong con
thoa man nita nén qua trlnh tim kiém két thic.

Nhu vay qua hoat dong cia chuong trinh trén, ta c6 thé néi rang néu X c6 xuat hién
trong mang A thi sau khi két thac vong lap thi A[R] = X. Néu A[R] <> X thi suy ra
X khong c6 trong A. Ciing vy, néu X c6 trong A thi chic chan R phai nam trong
khoang 1..N, ngugc lai thi suy ra dugc X khong c6 trong A.

Den day, ta thdy riang, rang chuong trinh méi khong chic 1a tot hon chuong trinh
tong quat trong moi truong hop. Chuong trinh méi, tuy giam duoc sb6 phép so sanh
trong mot bude lap nhung nod lai khong dung lai khi dé xac dinh dugce vi tri X trong
mang A. Két qua 1a n6 lai tiép tuc 'phung phi' cac phép so sanh A[M] < X trong
nhirng 1an lip sau.

Vay thi diém tot hon cua chwong trinh sau nim & diém nao?

Phién ban thur hai

Version tiép theo ctia chuong trinh s& dung cach biéu dién khac cua gia tri L va R.
Thay vi biéu dién L va R gém hai gia tri riéng r&, ta biéu dién sd R bang mot can
dudi va mot gia s6 I nao d6. Nghia 1a R = L + I. Chung ta stra lai chuwong trinh mot ti



cho phu hop v6i kiéu biéu dién méi, thay thé cac vi tri xuét hién cta R bang biéu
thirc L+I va rit gon biéu thirc cudi ciing lai.

L:=0;1:=N+I;

WHILE (I<>1) DO

{ Diéu dién I<>1 twong duong voi L+1 <> R)

BEGIN

{(L+R)DIV2=(L+L+1)DIV2=2L+1)DIV2

=L+ {DIV2)}

[:=1DIV 2; {Tuong duong v6i M := (L+R) DIV 2 }

IF (A[L +1] < X) THEN

L:=L+I;

{ Poan 1énh nay duogc bo di vi gia tri [ va L da x&c dinh R}

ELSE { X <= A[M] }

R:=M; }

END;

P:=L+1; { Tuong duong v6i P :=R }

IF (P>N) OR (A[P] <> X) THEN

P:=0;

Chuong trinh nay lai cho ta mot cach nhin méi. Trong hai chuong trinh dau, L va R
dai dién cho ving tim kiém con lai. Con trong chuong trinh trén, ving tim kiém
duoc dai dién boi L 1a vi tri ¢au khoang tim kiém va I 1a do dai (hay s6 phan tur) cua
khoang tim kiém con lai. Néu do dai nay bang 1 thi qua trinh tim kiém két thuc.
Trong mdi vong 1dp, do dai I luén dugc chia 61 va L dugc cap nhat hay khong tuy
thudc vao phan tir gitra. Poan chuong trinh nay khong c¢6 gi kha hon doan chuong
trinh dau tién, chi khac 1a ta khong can phai quan tim dén viéc cip nhat lai gia tri
ctiia R (vi sy thay doi ciia I va L cling d3 xac dinh R}. Nho d6, 1énh IF cua ching ta
da bé bot duoc nhanh ELSE.

Dén day, ta nhan xét rang, néu sd phan tir cia mang A 1a mot hang s6 va 1a mot lity
thtra cua 2 thi cac gié tri cua I qua cac vong ldp cling s€ xac dinh.va phép chia
nguyén ludn cho két qua c6 sé du bang 0. Chang han véi trudng hop N = 1024 thi
cac gia tri ctia I qua cac 1an lap s& 1an luot 13: 512, 256, 128, 64, 32, 16, 8, 4, 2, 1.
Véi nhimng gia tri xac dinh nhu thé, ta s& ¢ thé bo di phép toan DIV 2 va thay thé
vong lap WHILE bing mot dy 1énh IF trong tng nhu chuong trinh sau

L:=0;

IF (A[512] <X) THEN L:=L + 512; { =512}

IF (A[L+ 256] < X) THEN L:=L + 256; { =256 }

IF (A[L+ 128] < X) THEN L:=L + 128; { I =128 }

IF (A[L+ 64] <X) THEN L:=L + 64; { =64 }

IF (A[L+32] <X) THEN L:=L +32; { I=32}

IF (A[L+ 16] <X) THEN L:=L + 16; { I=16 }

IF (A[L+ 8] <X) THEN L:=L +8; { I=8 }



IF (A[L+4]<X) THEN L:=L +4; {1=4}

IF (A[L+2]<X) THEN L:=L +2; {1=2}

IF (A[L+ 1] <X) THENL:=L+1; {I=1}

P:=L+1;

IF (P>1024) OR (A[P]<>X) THEN P :=0;

Van dé cudi cing cua chung ta 14 xir 1y trudng hop sO phan tur N khong phai 1a mot
Iy thtra cia 2. Chang han N =1000. y tudng rat don gian, néu N khong phai la mot
lity thira cta 2 thi ta c6 gang dwa né vé lily thira cia 2. C6 hai cach dé lam diéu nay.
Céch dau tién 13 thém cac phan tir phu vao cac vi tri con tréng trong A sao cho cac
phan tir ¢ gia tri ting va luén 1én hon A[1000]. Cach thir hai 1a chon lya khoang
tim kiém & budc 1ap thir hai sao cho khoang tim kiém nay c6 d6 dai bang 512. Ban
dau, ta cling so sanh X v&i phan tir A[512], néu X < A[512] ta chon khoang tim
kiém tir [0..512], nguoc lai ta chon khoang tim kiém tir [489...1001].

Phuong phap niy duoc thé hién trong dong 1énh IF dau tién

L:=0;

IF A[512] <X THEN L :=489; {=1000+1—-512}

IF (P>1000) OR (A[P]<>X) THEN P:=0;

Véi stra d6i nay, ta c6 dugc doan chuong trinh tim nhi phan da dugc t61 wu. Vay thi
hiéu qua cua chuong trinh nay so voi chuong trinh ban dau nhu thé nao? Nhan xét
dau tién 1a mot 1an tim kiém s& ludn luon dung 10 phép so sanh A[L +... ] <X va it
hon 10 1énh gan L:=L+....Diém quan trong nhét 1a doan chuwong trinh nay hoan toan
khong dung phép chia va khong c6 vong lap. Chung t6i di do dac va nhan thiy rang
chuong trinh trén thi hanh nhanh gép tir 2 cho dén 4.5 lan chuong trinh tim nhi phan
nguyén thuy!. Néu khong tdn mat chimg kién két qua ndy qua céc cong cu do dac
dang tin cay thi toi va ca ban déu cho rang chuong trinh ¢ trén 13 mot phép "ma
thuat"!

Nhiing 10i cubi

Tuy chung ta da chimg kién nhiéu vi du rat dep mat cua k¥ thuét tinh ché ma nhung
mot nguyén 1y ma ban van can phai nhé 1a: ding thyc hién viée tinh ché ma thuong
xuyén. Sau day la mot vai thong tin dé ban suy nghi:

Tinh hiu qua: bén canh tdc d6, nhiéu tinh chat khac ctia chuong trinh clng rat quan
trong, néu khéng mudn noi 1a quan trong hon. Don Knuth dd nhan xét rang viéc to1
uu hoa khong dung luc la ngudn goc cua nhiéu tai hoa trong 1ap trinh; n6 c6 thé ton
thuong tinh ding dén cua chuong trinh, 1am cho chwong trinh kho hoat dong va khé
bao tri. (chang han viéc tinh ché ma cua chuong trinh nhi phan & trén d3 bién ddi
hoan toan chuong trinh tim kiém nhi phan va lam cho chuong trinh tr¢ nén kho hiéu
dén mirc bi an va c6 18 ban ctng s¢ ling ting néu khong cé giai thich chi tiét nhu
trén!). Ban chi nén quan tim dén tdc d6 khi va chi khi thuc sy n6 da thyc sy anh
huong dén tinh hitu ich ctia chuong trinh.

Thao tac profiling: Khi van dé tdi vu tdc d6 da duogc dit ra, thao tac dau tién ban can



1am 14 thyc hién thao tac profile hé thdng dé tim ra nhirng diém néng cia h¢ théng
(1a nhitng diém ma tai d6 thoi glan xu ly hay thi hanh chuong trinh bi tiéu tén phan
16n vao d6). Sau do, tap trung cai tién nhitng vi tri nay, con nhiing chd khéc thi 'néu
no khong hong thi dung cham vao!'.

Cac murc thiét ké: c6 nhiéu phuong phap khac nhau dé giai quyét bai toan toc do
(thuat toan, nén khong gian,..., ban hay thir tat ca cac phuong phap khéc trudc, néu
tat ca déu khong thanh cong khi d6 méi nghi dén k¥ thuat tinh ché ma.

Qua cac vi dy di trinh bay, chung ta rat ra mot sd quy tic chinh trong viée tinh ché
ma:

Chuong trinh v& hinh ciia Wan Wyk. Chién lugc chung 1a khai thac cac truong hop
thong dung. Diéu d6 dan dén viéc caching cac loai ban ghi thong dung nhat.

Bai toan 1: phan loai ky tu. Trong loi giai cua bai toan nay, chung ta sur dung mot
mang duoc danh chi sb bang cac ky tu, quy tic rat ra tir bai toan nay la: 'tinh trudc
cac ham logic'

Bai toan 2: dém s bit. Ching ta d3 stir dung mot mang dé luu s céc bit trong mot
con sb. Quy tic 1a Luu trit cac két qua da duoc tinh trudc'.

Tim nhij phan: Viéc két hop cac phép thir da giam di mot nira s6 cac 1an so sanh
mang trong mdi vong lap, viéc khai thac twong duong dai s6 1am thay ddi cach bicu
dién can dudi va can trén thanh can dudi va do dai, viéc thay thé vong lap bﬁng day
cac 1énh twong duong giup ta bo duoc nhiéu thao tic khong can thiét (phép toan
DIV).

Chuing ta d3 xem qua k¥ thuat tinh ché ma dé tang tbc d6 chwong trinh. Tuy nhién,
tinh ché m con ¢o thé dung vao nhiéu myc dich khac, chang han nhu giam thao tac
phan trang bd nhé hodc dé tang ty sd cache hit trong bo nhé cache, ....Ngoai ra, nd
con co thé dugce st dung dé lam giam kich thuéc chuong trinh.

15. Cap ghép voi s6 dinh rit lén

Tac gia: Vo Xuan Son

Trong s6 26 (11/2001), tac gia Lé Van Chuong da gioi thiéu cho chung ta thuat toan
Kuhn — Munkres giai bai toan tim cap gheép co tong trong sb 16n nhat, nho nhat
nhung véi s6 dinh rat bé. Sau déy, dua theo thuat toan Kuhn — Munkres t6i trinh bay
bai toan cap ghép vai sd dinh rat 16n (nhé hon 5000 dinh).

Vi du minh hoa.

Bai toan xép hinh:

1 tro choi xép hinh trén may tinh tir nhimng 6 hinh vudng kich thudc giéng nhau. Mdi
6 hinh vudng nay dugc chia thanh 4 tam giac, mdi tam giac ¢ thé nhan 1 trong
4mau do, xanh, vang, trang. (quy udc: 0 — do; 1 — xanh; 2 — vang; 3— trang)

nhu hinh vé:
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Nguoi choi can dung chudt kéo nhitng 6 vudng di cho vao mot ludi 6 vudong M
hang, N cot dén khi dy 1udi sau d6 c6 thé nhan chudt dé quay 6. Mdi 1an nhan
chudt 6 quay 1 goc 900 theo chiéu kim dong hd. Gia thiét mdi 1an kéo mot 6 vudng
vao mot vi tri ctia ludi mat 1s va mdi 1an nhan chudt mat 1s. Bang nhitng thao tac
nhu vy, ngudi choi cin tao ra mot hinh gidng nhu hinh miu cho trude véi thoi gian
nhanh nht.

Céc 6 vudng da cho dugc dénh sé tir 1. Trang thai cta 6 vudng duoc mé hoa bang 1
byte (8 bit) nhu sau: hai bit trai nhat mo ta gia tri mau cla tam giac phia Béc, 1an
lrot cac nhom 2 bit tiép theo mé ta gia tri mau cia cac tam giac phia Pong, Nam,
Tay cua 0 vuong.

Dir li¢u vao: Xephinh.inp (m, n < 50)

Dt li¢u ra: Xephinh.out

Néu khong co cach xép thi ghi -1

Vi du:

xephinh inp

23 (m, o)

183237 183 108 27 19€ (mang thii cia n*m ving)
198 125 108

237 222 177| Hinh mau can zép

xephmb.out

136|s6 higucha E‘YIJE.EFdI.T"JC ZEP Yao vi i tuong
(mg cla

b
te

21 85 Andichuyén v nhdn chuét

Tu tudng thuat toan:

Dau tién chiing ta tim cdc trang thai c6 thé c6 duoc khi xoay cac 6 vudng theo chiéu
kim ddng hd. Sau d6 tién hanh ghép cap cac trang thai dit vao cac 6 clia hinh mau
sao cho cach ghép d6 1a ghép duoc va thoa man v6i hinh mau, Tir d6 tién hanh lan
lwot cac bude nhu trong thuat toan Kuhn — Munkres véi tong thoi gian (trong s6)



nho nhét.

Céc ban c6 thé tham khao thuat toan ndy qua chuong trinh sau:
Program xephinh;

const inp = 'xephinh.inp’;

out = 'xephinh.out’;

Ln =2500;

Var c: array [1..In, 0..3] of byte;
mau, tt: array [1..In] of byte;
pX, py: array [1..In] of integer;
F, q, qu: array [1..In*2] of integer;
m, n, mn, X, y, 1, U, z: integer;
start: longint; g: text;
procedure input;

begin

assign (g,inp) ; reset (g);

readln (g,m,n); mn:= m*n;

for x:=1 to mn do read (g,tt[x]);
readln (g);

for x:=1 to mn do readln(g, mau[x]);
close (g);

start:= meml [0: $46¢];

End;

procedure state;

var bl, b2: byte;

begin

for x:=1 to mn do

for y:=0to 3 do

begin

c[x, y]:=tt[x];

bl:=tt[x] shr 2;

b2:= byte (Tt[x] shl 6);
Tt[x]:=bl or b2;

end;

end;

procedure khoitao;

var ok: boolean;

begin

fillchar (f, sizeof (f), 0);
fillchar (px, sizeof (px), 0);
fillchar (py, sizeof (py), 0);

for x:=1 to mn do



begin

ok:= false;
fori:=0to 3 do
begin

for y:=1 to mn do
If (py[y]=0) and (c[x,1] = mau [y]) then
begin

px [x]=y;
pylyl:=x;
ok:=true;

break;

end;

if ok then

begin

F[x]:=1;

break;

end;

end;

end;

end;

Function liberty: boolean;
begin

for x:=1 to mn do;
if px[x]= 0 then

begin
liberty:= true;
u:=x; exit;
end;

liberty:= false;
end;

Function Findpath: boolean;
Var dau, cuoi, v,w,n: integer;
begin

fillchar (q, sizeof (q),0);
dau:=1; cuoi:= 1; qu[1]:=u; q[u]:=u;
while dau <= cuoi do

begin

v:= qu[dau]; inc(dau);

1f v<= mn then;

for x:=0 to 3 do

foru:=mn+ 1 tomn * 2 do



if c[v, X] =mau [u-mn] then
if (F[v] + F[u]=x) and (q[w] = 0) then
begin q[u]:=v;

inc (cuoi);

qu [cuoi]:=w;

end;

if v> mn then

if py[v - mn] = 0 then
begin
findpath:=true;
Z=V;

exit;

end

else begin
w=py[v-mn];

inc (cuoi);

qu [cuoi]:=w;
q[u]=v;

end;

end;

findpath:= false;
end;

procedure tangcg;
var thuocy: boolean;
begin

y:=Yy ; thuocy:= true;
while y<>u do
begin x:= q[y];

if thuocy then

begin

px [x]:=y - mn;

py [y-mn]:=x;

end;

y=X

thuocy:= not thuocy;
end;

end;

procedure suanhan;
var d, h: integer;
begin

d:= maxint;



for x:= 1 to mn do

if q[x] > 0 then
fory:=mn+ 1 tomn * 2 do
if q[y] = 0 then

fori:=0to 3 do

if ¢[x,1] =mau [y-mn] then

begin

h:=1-f[x] - fly];
if d>h then d:=h;
break;

end;

for x:=1 to mn do

if q[x] > 0 then f]x]:= f[x] + d;
for y:=mn+1 to mn * 2 do

if q[y] > 0 then f]y]:= f]y] - d;
end;

procedure Virus;

begin

assign (g,out) ; rewrite (g);
write (g, -1); close (g); halt;
end;

procedure process;

begin

while liberty do

begin

while not findpath do

begin

if (meml [0: $46¢] - start) / 18.22 > 1 then virus;
suanhan;

end;

tangcg;

end;

end;

procedure output;

begin

assign (g,out); rewrite (g);

for x:=1 to mn do

begin

write (g,py[x],");

if x mod n = 0 then writeln (g);
end;



for x:=1 to mn do

begin

for y:=0to 3 do

if c[py[x], y] = mau[x] then
begin

write (g, y+1,"");

break;

end;

if x mod n =0 then writeln(g);
end;

close (g);

end;

begin

input;

state;

khoitao;

process;

output;

end.

16. Tan man vé s6 nouyén t6 16n nhit & thuat toan da thiee xic dinh sé nguyén
to

Téc gia: Bui Viét Ha

Trong s6 béo trude (thang 4-2003) anh Vii Binh Hoa da c6 bai viét vé tac gia va
thuat toan da thirc xac dinh s6 nguyén t6. Chiing t6i xin cung cip thém mot sé thong
tin sau:

Tac gia chinh cta bai bdo 1a giao sw Manindra Agrawal tai truong dai hoc Cong
nghé Kanpur, an do cung voi 2 hoc tro cia minh 1a Neeraj Kayal va Nitin Saxena.
Trudc 6ng di c6 nhiéu tac gia khac da dua ra nhiéu thuat toan xac dinh s nguyén t6
v6i thoi gian da thirc, tuy nhién tat ca cac thudt toan nay déu hodc phai dua trén cac
gia thuyét chwa dugc chimg minh, hodc chi 1a x4p xi chinh xéc, hoic twong di phirc
tap. Con v6i Manindra Agrawal thi khac han: thuat toan rat don gian (dén khong
ngd), khong hé dua trén mot gia thuyét chua duoc ching minh nao va la mot thuat
toan xac dinh chinh xac.

Vi thanh tich nay thang 10-2002, gido su Manindra Agrawal da nhan dugc giai
thuong toan hoc Clay ctiia Vién han 1am khoa hoa My, mot trong nhirng gidi thudng
danh gia nhat vé Toan hoc ctia nwéc My. Cuing nhan gii ndm nay v6i Manindra
Agrawal con c6 nha toan hoc tr¢ Vladimir Voedoevsky, nguoi dé nhan giai thuong
Fields nam 2002 vira qua. (Fields 14 giai thuong 16n qudc té 16n nhat danh cho cac



nha Toan hoc tré dudi 40 tudi, c6 thé coi nhu mot thay thé cua giai thuong Nobel,
dugc trao 4 nim mot 1an).

Tuy nhién nhom tac gia ciing thira nhan rang thuét toan ctia ho van chua c6 tinh hién
thue cao vi bac da thire cua thuat toan la 11, trong truong hop t6t nhat chi co thé ha
xubng con 6, 1a mot sd qua lon. Dé c6 thé 4p dung thanh cong trong thuc té, cac tac
gia s& con c6 nhiém vu cai tién dé béc da thuc giam xudng dudi 4. Hy vong véi
thuat toan moi nay con nguoi s& tlen thém nhiing budc mdi trong viéc chinh phuc
thé giGi ky la cua cac s6 nguyén t6.

T61 nho rang trong mot so tap chi dau tién, thang 11/1999, Tin hoc & Nha trudng da
c6 bai viét vé sd nguyén t6 16n nhat do con ngudi tim ra (bang ‘may tinh). Tai thoi
diém thang 11/1999, s nguyén t6 16n nhat da tim ra dugc l1a s6 Mersene M =
26972593 -1. S6 nay c6 2098960 chit s6 do nhom tac gia Nayan Hajratwala tim ra
thang 1-6-1999 cuing vé6i su hd trg cia dur 4n GIMS voi hang ngan may chu cung
tinh trén Internet. Day la ky luc 1 triéu chir s6 sd nguyén t6 da duoc tim ra. Trong
bai bao trén ciing dua ra thong tin rang qui FFF dé dua ra giai thuong 100.000 USD
cho nguoi dau tién tim ra dugc s6 nguyén t6 voi 10 triéu chir s0.

Vay tir d6 dén nay ky luc trén da bi pha v& chua? Pa c6 thém sé nguyén té méi nao
dugc dua vao danh sach sd nguyén t 16n nhat do con ngudi tim ra chua. Chung toi
xin thong tin ngay cho ban doc: ngay 14-11-2001, nhém tac gia Michael Cameron,
George Woltman, Scott Kurowski da tim ra s nguyén t6 16n nhat 1a 213466917-1
v6i 4053946 chir so. bay la s6 Mersene nguyén to thir 39 da tim ra cho dén nay.
Cudi cung toi cung cap cho cac ban dia chi mot Web site rat hay, tap trung hau nhu
toan bg cac thong tin vé sd nguyén to: cac thuat toan, dinh ly, ngan hang dir liéu 5O
nguyén to da tim duoc, cac du 4n, ky luc vé s6 nguyén to, tro choi giai tri voi sd
nguyén t6. D6 1a dia chi http ://www.utm.edu/research/primes/

17. Cung dwoc dinh nghia dé quy, quy tic va cach vé

Tac gid: Phan Xuan Bach

Cung 12 mot doi tuong co ban trong d6 hoc vi tinh. Cung cho ta nhitng hinh anh don
gian nhung kha bit mat (trir nhitng khung phuc tap nhu Fratal). Cac cung thuong c6
quy tic va dugc dinh nghia dudi dang tham sb hay dé quy.o day chung ta chi xét cac
cung duoc dinh nghia dé quy. Ciing c6 thé ban khong hing tht 1am véi hinh anh cac
cung nhung minh nghi thuat toan dé vé& co thé gitp ich duoc cho ban trong khi lap
trinh ddy.

Chung ta xét 4 cung co ban 1a cung koch, cung C, cung Hilbel va cung Sierpinski.

1. Cung Koch

Cung nay duogc nha toan hoc Helge von Koch tim ra nam 1904, n6 c6 thé tao ra mot
duong dai vo han trong mgt vung hiru han. N6 dugc dinh nghia nhu sau:

Tir mot doan thang ban dau, nd dugc thay thé 4 doan thang c6 cung chiéu dai va
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cung Koch béc 1 theo quy tic d6. Ciing theo quy tic d6 cho mdi doan cta cung
Koch béac n-1, ta ¢ cung bac n. Py 1a thuat giai dé vé.

Procdure Koch(dir, len:real; n: byte);

Const rads=0,017453292; {pi/180}

Begin

If n>0 then

Begin

Koch(dir,len/3,n-1);{doan 1}

Koch(dir+60,len/3,n-1);{doan 2}

Koch(dir-60,len/3,n-1);{doan 3}

Koch(dir,len/3,n-1);{doan 4}

End

ElseLineRel(Round(len*cos(Rads*dir)),-Round(len*sin(Rads*dir)));

End;

V6i dir,len 1 hudng (goc) va do dai ban dau; n: do sau cua dé quy.

Mot doan thang bat ky c6 thé vé dugc thanh cung Koch. Chung ta c6 thé vé cung
Koch cho cac cach ciia mot da giac bét ky mién 1a biét dugc dinh, gbc bt dau va do
dai cua mot canh. B::ng hinh hoc giai tich vecto, ban c6 thé biét duoc nhiing yéu tb
d6 nhung phai quy udc chiéu quay ciia cac canh 1a cung chiéu véi kim dong ho. Va
lac d6 ban stra tham sb thé nao cho hop?

Daiy 1a doan chuong trinh v& cung Koch trén ba canh ctia tam giac déu vé6i dinh dau
1a (xs,ys), do dai len theo phuong c6 goc bat dau 1a As

Procedure UDKoch(xs,ys:integer;As,len:real;n:byte);

Begin

MoveTo(xs,ys);

Koch(As+60,len,n);

Koch(As-60,len,n);

Koch(As+180,len,n);

End;

Ban thir v& cung Koch cho da giic déu m dinh thir xem.

2. Cung C.
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duoc dinh nghia nhu sau:

Duya vao cach dinh nghia, ban thur xay dung thu tuc vé cung C xem. Ta c¢6 dugc cung
C bac n bang viéc thay mdi doan thing ctia cung C bac n-1 theo cung quy tic.

Tur cung C, cung rong dugc dinh nghia nhu sau: (hinh)

Tinh ché doan thir hai trong cung C theo chiéu nguoc véoi doan tha nhét, ta thu duoc
cung rong.

Day 1a thu tuc v& cung rong véi h 1a biéu diéu khién hudng quay.

Procedure CungR(dir, len: real;h :shortint; n:byte);

Const fct=0.707106781; {1/sqrt(2)}

Begin

If n>0 then

Begin

cungR(dir+h*45, len*fct,1,n-1);

cungR(dir-h*45 len*fct,-1,n-1);

end

else

LineRel(Round(len*cos(rads*dir)),-Round(len*sin(rads*dir)));

End;

Luc goi thi tuc, ban goi voi tham s h=1; Khi v& ban nhé dén diém khoi dau, hudng
bat dau, do dai va do sau dé quy. Ban c6 thé tao diém dung d¢ quy cho chiéu dai cua
canh, chi thuc hién khi len con 16n hon Minlen (tuy d phan giai thiét bi).

Hen gip lai ban khi chiing ta tim hiéu vé cung Hilbert va cung SierpinaSki, nhiing
cung dugc dinh nghia phuc tap hon.

Pham Xuén Bach — 36/5K — Tran Phu — TP Hué;

18 .Suy dién tién - Mot giai thuat tha vi

Tac gid: L.é Nhat Quang

D3 bao gid ban mudn xay dung mot chuwong trinh giai toan ty dong, chi can nhap
mot dé toan, sau d6, chuong trinh trinh s& dwa ra phuong phap giai, hodc hon nira,
chuong trinh s& ty dong tinh toan ludn két qua cho ban. Néu cau tra 15i 1a "c6” thi
thuat giai ndy s& 1a cong cu tuyét voi dé hd tro cho ban day! Bay gio, chung ta cing



tim hiéu vé thuat giai nay:

I/ Gidi thi¢u thuat giai:

1/ Hé luat dan: 1a luat phat biéu dudi dang:
Ifpl,p2,...,pn then q1,92,...,qm

Trong d6, cac ky hi¢u pi,qj 1a cac su kién nao do.
VD : - If a>b, b>c then a>c

- If a=b then b=a

2/ Mo hinh hé luat dan: Gom 2 thanh phan co ban (F,R)

F 1a tap sy kién , R 1a tap luat dan, mdi luat c6 dang: A---->B (A 1a gia thiét, B 1a két
luan cua luat)

VD: Céc lién hé suy dan trén cac yéu td cua mot tam giac theo hé luat dan:

(1) Tap su kién:

F={a,b,c,A,B,C,R,S,p,ha,hb,hc,...}

Trong d6: su kién a twong duwong v6i "biét canh a”

su kién b tuong duong v4i "biét canh b”

(2) Tap luat dan:
R={rl: AB->C,
r2: a,b,c->S,

J

3/ Van dé suy dién:

Gia str ¢6 hé luat dan (F,R). Cho truéc mot tap su kién gia thiét GT va mot tap su
kién muc tiéu G.

Hoi ¢6 thé suy ra cac su kién muc ti€u G tor GT hay khong?

4/ Suy dién tién:

La qua trinh suy ra cac sy kién moi tr nhiing sy kién dang c6 du trén sy ap dung cua
cac luat dan, tap su kién xuét phat 1a cac sy kién trong gia thiét.

Quia trinh suy dién két thuc khi dat duoc cac sy kién muc tiéu hodc khi khong suy
dién thém duoc su kién gi mdidua trén céac luat dan.

VD: GT={a,b,A} G={S}

Qua trinh suy dién:

-a,b,A -> B (luat a,b,A -> B dua trén dinh 1y ham s6 Sin)

GT1={a,b,A,B}

- A,B-> C (luat A,B->C duya trén dinh Iy tong cac goc trong tam giac )

- C,a,b->S (luat C,a,b->S dua theo cong thurc S=1/2abSinC)

->tur a,b,A ta suy duoc S.

11/ Thuét giai suy dién tién:



Budc 1: Ghi nhan tap su kién ban dau A=gia thiét va muc tiéu la B.
Budc 2: Tim luat dan r: GT->KL sao cho GT thudc A

Buoc 3: if (tim dugc luat r) then

3.1 : Ghi nhé luat r

3.2: B6 sung luat r (KL cta luat r) vao A.

3.3 if (B thudc A) then Két thiic

end

else Két thic: bi bé tic.

Buoc 4: Tré lai budc 2.

Sau khi doc xong thuat giai suy dién tién, ban c6 thé tu xay dung mdt chuong trinh
giai toan don gian, vi du nhu giai toan hinh hoc trong hé luat dan tam giac.

VD:

Nhap gia thiét: a b ¢ - muc tiéu: he

Chuong trinh cho ra két qua:

ab”c -> S (S=a*b*c/4*R)

S*¢ -> he (he=2*S/c)

Ban nén to chire 1 file dit liéu chaa tap su kién F va tap luat dan R. Chuong trinh s€
dua trén file dir liéu nay dé giai mot sd bai toan. Day 1a céu trac file dit liéu dé nghi:
- Dong 1: Chtra tap sy kién cua tam gidc

abcABChahbhcprRS

- K dong tiép theo chura cac luat dan va cac chi thich :

AB -> C (C=180-B-A)

C,a,b->S (S=1/2abSinC)

bay la mot thuat giai don gian va hay,vdi mét chut khéo 1éo trong viéc xur ly, to1
nghT ban s& dé dang xay dung dugc chuong trinh nay. Mot diéu luu ¥ nira 1a thuat
giai ndy c6 thé s& lam mot sd budc du thira, ban co thé dung phuong phap quay lui
hay tim kiém theo chiéu rong dé tim ra két qua mot cach tdi wu va cong viée nay xin
nhuong lai cho ban! Néu c6 thic mic hay can chuuong trinh vi du thi xin lien lac
voi toi tai dia chi: michealnest@hcme.netnam.vn.

19. Cic s6 Stirling

Tac gia: Vi Duc Minh

Tin hoc véi Toan hoc c6 mot sy lién hé rit mat thiét voi nhau. Toan hoc ¢ su dong
g6p 10n vao viée phat trién Tin hoc tir mat 1y thuyét, thuat toan dén cac ung dung
thue té Trong myc nay to1 xin gioi thiu voi cac ban cac sd Stirling, mot khai niém
rat gan giii voi hé s t6 hop. S6 Stirling duogc dat tén boi James Stirling (1692-1770).
Mic du da c6 mot lich sir 1au doi va c6 rat nhidu ing dung, cac s6 Stirling van chua



F) Er
c6 mot ky hiéu chuan. Ching ta dung ki hiéu L‘f] cho cac sb Stirling loai 1 va {k} cho
i
cac sb Stirling loai 2. Ki hiéuj‘f tuong trung cho s6 cach chia n d6 vat vao k tip con
khéc rong. Vi du, c6 7 cach dé chia 4 d6 vat vao 2 tdp con: {1,2,3} v{4}, {1,2,4} v
{3}1,{1,3,4} v {2}, {2,3,4} v {1},{1,2} v {3,4},{1,3} v {2,4}, {1,4} v {2,3}, vi
4

i1

vay 2] =7 Truéc khi di tim cong thirc d¢ quy cho 4 ta ddng y rang c6 mot cach dé

o

chia mot tip rong vao khong tap rong, hay{':' = 1, con tat nhién = 0 v6i n>0. Vi

mot tdp n>0 phan tir dugc chia thanh k tap, ta c6 thé dé phan tir cudi cung vao riéng
[- 1}

mot tap hop (cc')]lk_1 cach) hay dit né vao mot tap con khac rong cia n-1 phan tir

dau tién voi cach chia n-1 phan tir nay ra k tap khac rong (c6 k cach), vi vay ta co:

AR Al
& E 1561 n>0.

Con[ ] tugng trung cho sb cach sép xép n 66 vat vao k xich. Xich 1a mot cach sap
xép trén vong tron. Hai xich 1a gidng nhau néu co thé chit xich & vi tri nao d6 va
cing ra, ta thu duoc hai tap c6 thir ty gidng nhau. Véi xich [A, B, C, D], ta co [A, B,
C,D]=[B,C,D, Al=[C,D, A, B]=[D, A, B, C]. Nhung xich [A, B, C, D] lai khéc
v6i[A, B, D, C] hay [D, C, B, A]. Vata c6 11 cach chia bon phan tir thanh hai xich
[1,2,3][4]; [1,2,413]; [1,3,41(2]; [2,3,4] [1]; [1,3,2][4]; [1,4,2][3]; [1.4,3][2];

2 = 41
[2,3,41[17; [1,21[3.4]; [1,3][2,4]; [1,4] [2,3]. Va ta d& dang nhan thdy rang¥ & vi
tr mot tap hop bat ky, ta co thé thu duoc nhiéu xich hon véi cac phan tir thudc tap
hop a ay Cong thirc dé cho s6 Stirling loai 1 ciing dugc xay dung tuong tu nhu cho
cac sb Stirling loai 2. Ta c6 thé xép phan tir cudi cung vao riéng mot xich, n-1 phan

J 1]
tur con lai vao k-1 xich (c6 [k_l cach) hay xép phan tir cudi cling vao mét trong k

n-1
xich ctia cach chia n-1 phan tir dau tién thanh k xich (c6 (n-1) L‘f ] cach). Vi vay ta

AR AR

co:lE E 1 IFE véin>0.

Bén trén 13 khai niém va cong thirc truy hdi cho cac sb Stirling loai 1 va loai 2. Tiép
theo toi s& gidi thiéu thém mot sd tinh chit co ban va ning cao vé hai diy sd nay, va
cling 12 mot bai tap dé cc ban rén luyén va on tap lai cac kién thirc vé t6 hop. ¢ day,
ddi voi biéu thuc logic A bat ky thi [A] s€ nhan gia tri 1 néu A ding, nguoc lai nhan
gia tri 0 néu A sai.



G =@1-Dn>0}, [} =(o- 1)1 [0>0]

{f-l}=[i-1]=[§]; {f}= E]=1

{ﬂ} = Lj =0 néu l>n.

mtno+] s o+
= (ﬂ+j::][ ]
=) e

Fr]

3 (2 = e

ot in
Cudi cung, to1 xin gidi thi¢u lai véi cadc ban mdt bai thi ¢o s dung khai niém va
cong thure truy hoi cua so Stirling, d6 1a bai ndm trong dé thi "léu chong” cua

Olympic Tin hoc sinh vién Toan quoc lan thir 12 tai Nha Trang. Bai toan tom tat



nhu sau: Cho s Stirling loai hai véi cong thire truy hdi

b =<
k £ ] ¥ 1 hay xdc dinh tinh chdn 18 cua sb Stirling voi n,k cho trude.

Toan hoc con nhiéu day s6 nira ma dugc su dung nhiéu trong Tin hoc, nhu céc s
Harmonic, Euclid, ...Xin dugc gidi thiéu voi cac ban vao mot dip khéac.

20 .Mot phwong phap ma hoa va giai ma van ban dang text

Tac gia: Vo Cong Chuong

Phuong phap ma hoa vin ban ma t6i sdp néu ra sau day ciing 1 mot trong nhing
phuong phap ma hoa thong thuong, hy vong né sé 1a mot phuong phap méi trong s6
tay lap trinh cua cac ban yéu Tin hoc.

Trong phuong phéap ndy, vin ban cAn ma hoa hay giai ma ctia chung ta 13 mot day ki
tur. Tuy thudc vao khoa (keyID: 1a mot s6 nguyén kiéu longInt) do ching ta dua vao
ma két qua ctia phuong phép sé khac nhau. Diéu nay nghia la néu van ban duoc ma
hoa theo mot khoa nao doé thi khi gidi ma ta cling phai dung lai ngay chinh khoa do.
Do vay, mic ddu phuong phap ma hoa nay ai ciing biét nhung ho chi giai ma dugc
van ban di dugc ma hod mot khi ho biét duoc khoa dung dé ma ho4 van ban éy. Mo

hinh ma hoa va giai ma duoc biéu dién nhu hinh 1.
Win ban 51
i=1

o
i

E=.

Win ban 51 IEH

True True
= =1
False False

| K&t thiic wige mi hod K&t thiic vige gidl ma

Hinh 1:ua trmh ma hod va gidl ma Hinf 2:Qué trmh md hod va gidl md qua nhidy bude

Nhén xét: Ta ciing c6 thé ma hoa vin ban cua ta qua N 1an boi N khoa khac nhau.



Khi do, cong viéc giai ma phai lam nguoc lai, nghia la phai giai ma N lan v6i N
kho4 twong mg da dung. Biéu dién qu4 trinh nay & hinh 2.

Nhu vay, ta phai c6 hai ham, ham thir nhat dung dé ma hod, ham th hai dung dé
gidi ma. Tuy nhién, trong ham ma t61 cai dat sau day n6 dam nhén ca hai chirc nang
trén (Ban hiy dé ¥ toan tir Xor trong giai thudt). Giai thudt trong ham nay khong co
gi phtrc tap. Toan bo ma ngudn ctia ham duoc cai dat trong VB nhu sau:

Function MyEncrypt(MyStr As String, keyID As Long) As String
'Vao: MyStr 1 vin ban can ma hoa hay giai ma.

"keyID la khod dung cho viéc ma hoa hay giai ma.

'Ra: Tra lai van ban da dugc ma hoa/giai ma.

Dim 1 As Integer

Dim stepNum As Integer

Dim keyIDtmp As Integer

Dim tmp As String

Dim ch As String

Dim byteArray() As Byte

tmp = Trim$(Str(keyID))
keylID =0

Fori=1 To Len(tmp)
keyID = keyID + CLng(Mid(tmp, i, 1))

Next i

While (keyID > 255)
keyID = -1 + (keyID - 255)
Wend

ReDim Preserve byteArray(Len(MyStr))
Fori=1 To Len(MyStr)

byteArray(i) = Asc(Mid(MyStr, 1, 1))
stepNum = keyID + 1

While (stepNum > 255)

stepNum = -1 + (stepNum - 255)

Wend

byteArray(i) = byteArray(i) Xor CByte(stepNum)
Next i

tmp —_nn

Fori=1 To Len(MyStr)



tmp = tmp & Chr(byteArray(i))
Next 1

MyEncrypt = tmp

End Function

Tt nay, sau khi ¢6 dugce phuong phap ma hoa nay, ching ta s& trao d6i tai liéu mat
cho nhau ma khong s¢ bi ngudi khac doc dugce. Tat nhién, hai nguoi trao doi tai li€u

do phai qui dinh khoa dung cho cho cong viéc ma hoa va giai ma tai liéu cua minh.

21 Ly thuvét hinh hoc trong toan tin

Téc gia: Nguyén Thé Anh

1. Piém, dudng thing, doan thing:

a. Piém (Point):

Trong hinh hoc, chung ta xét trong hé bé cac xoy, thi mot diém c6 toa do: (x,y).
Chinh vi thé ta luu toa 6 mot diém trong mot ban ghi Record:

Type

point = Record

X,y :integer ;

End ;

Point Chung = Record
x,y : Real ;

End ;

Chinh vi vay khi x¢ét to1 toa do cua P(x,y) thi ta xét P.x, P.y

Chung ta biét khoang cach giita hai diém P(x1,y1)va Q(x2,y2) trong mit phang:
Function Khoang Cach(P,Q: Point Chung ) : Real ;

Begin

Khoang Cach:=Sqrt(Sqr(P.x-Q.x)+Sqr(P.y-Q.y));

End ;

b. Puodng thang (line):

Trong hinh hoc, chung ta c6 phuong trinh cia mot duong thang trong mit phang:
Ax+By+C =0. Chung ta coi A, B, C 1a biéu dién cho dudng thang d6. Néu mot
duong thang (d):

Ax +By+ C=0, di qua 2 diém A (x1,y1) va B(x2,y2) thi né co:

A=yl-y2;

B:=x2 -x1;

C:=-(Ax1+B.yl).

Chinh vi thé chung ta dung thu tuc xac dinh A, B, C ctia mot duong thang di qua 2
diém nhu sau:

Procedure Xac DinhABC(P, Q: Point, var A, B, C: Longint );



Begin

A =Py-Q.y;

B =Qx-Px;

C:=-(A*Px+B*P.y);

End ;

Va chung ta c6 thé coi dudng thang 1a mot kiéu:

Type

Lines = Record

a,b,c:Longint;

End ;

Chu y:

* "ines” chir khong phai 13 "Line”, vi trong Pascal c¢6 tha tuc Line dé v& duong
thang. Thong thuong chiing ta lam bai hinh hoc dé quan sét truc quan thi ching ta
thuong biéu dién 1én hinh v&. Chinh vi thé chung ta can phai tranh nhiing sai sot
khong dang co.

* S& di chiing ta phai khai bao A, B, C trong Longint vi néu chiing ta luu A, B, C
trong Longint thi lic chung ta tinh toan phwong trinh khong tran bd nhé sé hoc.

c. Poan thang:

Poan thang 1a mot phan cua duong thang, bi gidi han x, y. Chung ta xét doan thiang
thong thuong cho di qua 2 diém. Chinh vi thé toa do x, y bi gidi han trong khoang
do.

2. Phuong trinh twong quan gitra diém va duong thang, doan thang:

a. Tuong quan gitra diém va duong thang:

Cho duong thang (d) c6 phuong trinh: Ax +By + C = 0 va P(x,y).

Thi phuong trinh:

F(x,y) = A*P.x + B*P.y + C, 1a phuong trinh twong quan cua P voi (d). Dung vay:
* Néu F (x,y)=0 thi P thude (d). Nguoc lai néu F(x,y)<>0 thi P khong thudc (d).

* Néu Q (x1,yl) ma nam cung phia khong thudc (d) thi F (xLyl)*F(x,y)>0, va néu
khac phia thi F(x1,y1)*F(x,y)<0. Bay 1a mét trong nhimg diéu kién giup ich cho ta
rat nhiéu trong giai toan tin hinh hoc va ciing 1a mot phuong tién thiét ké chuwong
trinh trong hinh hoc dé dang hon.

Chuing ta xay dung ham Phuong_Trinh dé xac dinh mdi twong quan cia duong
thang v4i mot diém:

Function Phuong_trinh (L : Lines ; P : Point Chung ) : Real ;

Begin

Phuong Trinh:=L.a*P.x+L.b*P.y+L.c;

End ;

b. Tuong quan cta diém véi doan thang.

Chuing ta biét rang, doan thing 12 mot phan dudng thang. Nén mdi twong quan giita
diém P(x,y) voi doan thang AB, (A (x1,yl), B(x2,y2)) 1a:

- Néu P[AB] thi:



+ F(x,y)=0, trc 1a: a*x+b*y+c=0, vo1 a=y1-y2; b=x2-x1 va c=- (a*x1+b*yl).
+ (x-x1)*(x-x2)<=0 va (y-y1)*(y-y2)<=0.

- Néu P[AB] thi:

+ Néu F(x,y)=0 thi: (x-x1)*(x-x2)>0 hodc (y- y1)*(y-y2)>0.

+ Néu F(x,y)<>0 thi P khong thu¢c duong thang qua A, B.

Ta c6 thé xdy dung ham kiém tra 1 diém P c6 thudc doan AB nhu sau:
Function thuoc_doan ( P : Point_Chung ; A, B : Point ) : Boolean ;
Vara,b,c:longint;t: Real;

Begin

xac_dinhABC (A, B ,a,b,c) ;

thuoc_doan:=false ;

t:=a*Px+b*Py+c;

if t<>0 then exit ;

if ( (P.x-A.x)*(P.x-B.x)>0)

r((P.y-A.y) * (P.y-B.y)>0)

then

Exit ;

thuoc doan:=True;

End ;

3. Cit nhau:

a. Puong thang cit duong thang:

(1): Al*x+B1*y+C1=0 va (2): A2*x+B2*y+C2=0. Thi ta goi mdi twong quan giita
(1)va (2) duoc biéu dién qua hé phuong trinh sau:

Al*x+B1*y=-Cl

A2*x+B2*y=-C2

dat: D=A1*B2-A2*BlI;

Dx=B1*C2 - B2*Cl,;

Dy=C1*B2-A1*C2

* Hai duong thang cat nhau khi va chi khi: D#0. Toa d6 diém giao cua hai dudng
thang nay la: x=Dx/D, y= Dy/D

* Hai dudng thang song song v&i nhau khi va chi khi: D=0 va Dx # 0 hodc Dy # 0.
* Hai dudng thang tring nhau khi: D=Dx=Dy=0.

Chuing ta c6 thé xdy dung ham kiém tra cit nhau ctia hai dudng thang.
Ham Lines_Cut c6 gia tri:

1: Néu hai duong thang d6 cat nhau

2: Néu hai duong thiang d6 song song nhau

3: Néu hai dudng thang d6 tring nhau.

Function Lines cut (L1, L2 : Lines ) : Byte ;

var D, Dx,Dy : Longint ;

Begin

D :=Ll.a*L2.b-L2.a*L1.b;



Dx :=L1.b*L2.c-L1.c*L2.B ;
Dy:=L1.c*L2.b-L1.b*L2.c;

If D<>0 then Lines_cut:=1

else If D=0 then

Begin

If (Dx<>0)Or(Dy<>0)Then

Lines_cut:=2 ;

If (Dx=0)And(Dy=0)

ThenLines Cut:=3;

End ;

End ;

b. Pudng thang cit doan thang:

(1): A1*x+B1*y+C1=0 va doan AB, A (x1,yl), B(x2,y2).
bit A2:=yl-y2; B2:=x2-x1;

C2:=-(A2*x1+B2*y)

D=A1*B2-A2*B1; Dx=B1*C2 -B2*C1; Dy=C1*B2-A1*C2
Méi quan hé giita (1) va AB dugc thé hién:

* Néu D # 0 va diém P(Dx/D,Dy/D) nim trén doan AB thi (1) cit AB.
* Néu D # 0 va diém P(Dx/D,Dy/D) nim ngoai doan AB thi (1) cit dudng thing
chira AB nhung khong cit AB.

* Néu D=Dx=Dy=0 thi AB(1).

* Néu D=0, Dx/D0 hoic Dy/D0 thi AB song song véi (1).
Chung ta xay dung ham: Lines Cut_AB

Lines Cut AB bang:

1: Néu doan thang cit duong thang.

2: Néu doan thang song song voi dudng thing

3: Néu doan thang thugc duong thang.

4: Néu duong thang chtra doan thang cat dudng thang mot diém nam ngoai dudng
thang.

Function Lines_ Cut_AB (L1:Lines ; P,Q : Point ): Byte;
Var L2 : Lines;

Giao : Point Chung ;

D, Dx, Dy : Longint ;

Begin

With L2 do Xac DinhABC (P,Q,a,b,c);

D :=L1.a*L2.b-L2.a*L1.b;

Dx :=L1.b*L2.c-L1.c*L2.B ;

Dy:=L1.c*L2.b-L1.b*L2.c;

If D=0 Then

Begin If (Dx=0)And (Dy=0)Then Lines Cut AB:=3;

If ( Dx<>0)Or(Dy<>0)Then Lines Cut AB:=2;



End ;

If D<>0 Then
Begin

Giao.x :=Dx/D ;
Giao.y :=Dy/D ;

If Thuoc_Doan (Giao,P,Q) then

Lines Cut AB:=1

Else Lines Cut AB:=4;

End ;

End ;

c. Poan thang cit doan thang:

Xét hai doan thang AB va CD thi chiing cit nhau hay khong thi chung ta c6 thé xét
theo hai cach. Trong bai nay t6i xin dé nghi ca hai cach, mdi cach ¢ nhimng wu,
nhuoc diém khac nhau.

Céch 1:

Céach Theo Phuong Trinh Pudng Thang:
Function Cat_Nhaul (P,Q,M,N: Point) : Boolean ;
Var L : Lines ;

Begin

Cat_Nhaul:=False;

With L Do

Xac_DinhABC(P,Q,a,b,c);

If Lines Cut AB(L,M,N)<>1 then Exit;

With L Do

Xac_DinhABC(M,N,a,b,c);

If Lines Cut AB(L,P,Q)<>1 then Exit ;
Cat_Nhaul:=True ;

End ;

Céch 2:

(Tham khao sach CAm nang thut toan - tap 2)
Function ccw (PO, pl, p2 : Point ) : Integer ;
Var Dx1,Dx2,Dy1,Dy2: Integer ;

Begin

Dx1 :=P1.x-P0.x;

Dyl :=Pl.y-PO.y ;

Dx2 :=P2.x -P0.x;

y2 :=P2.y-PO.y ;

If Dx1*Dy2>Dy1*Dx2 then

ccw =1 ;

If Dx1*Dy2

cew =-1;



If Dx1*Dy2=Dx2*Dy1 then

Begin

If (Dx1*Dx2<0) Or (Dy1*Dy2<0)

Then ccw:=-1

Else If (Dx1*Dx1+Dyl1*Dy1) >= (Dx2*Dx2+Dy2*Dy?2) then

ccw:=0

else ccw:=1 ;

End ;

End ;

Function Cat_Nhau2(P,Q,M,N : Point) : Boolean ;

Begin

Cat_ Nhau2:=((ccw(P,Q,M)*ccw(P,Q,N))<=0)And
((cew(M,N,P)*ccw(M,N,Q))<=0)

End ;

4. Pa giac:

a. Tam giac:

Mot tam giac dugc dinh nghia 13 tip ba diém khong thang hang: A (x1,y1);
B(x2,y2); C(x3,y3).

Chuing ta c6 thé tinh dién tich tam giac theo cong thuc tinh dién tich da giac (cong
thirc hinh thang hodc cong thirc Pic ma t61 s€ ban sau). Hoac ching ta tinh theo cong
thirc Herong:

S:=Sqrt((p-a)*(p-b)*(p-c)*p);

Trong d6 a, b, c 1a d§ dai ba canh cua tam gidc. P=(a+b+c)/2;

b. Hinh chir nhat: (truong hop cho cach canh song song cac truc toa do).

Chung ta xét trong hé toa d0 mdt hinh chir nhat ABCD, A (x1,y1); B(x2,y2);
C(x3,y3); D (x4,y4).

Nhung c¢6 mot didu dic biét 1a chiing ta chi cin x4c dinh toa d6 dinh cta hai dinh d6i
nhau thi xac dinh dgc mdt hinh chit nhat duy nhat. Chinh vi thé thong thuong chiing
ta goi toa do cuia diém dudi trai va dinh trén phai 1a hai diém dic trung cho hinh chir
nhat do.

c. Hinh da giéc:

Mot da giac A1A2...An c6 toa do: Ai (x1,yi).

* Nguoi ta dinh nghia da giac d6 1a 16i khi moi diém con lai ctia da gidc ndm cing
phia véi nhau so voi mot canh nao do.

* Dién tich mét da giac dugc tinh theo cong thure hinh thang nhu sau:

S = |[(Xi-Xi+1)*(Yit+Yit+1)/2]|

d. Bao 10i:

(Chi gidi thiéu, phan chi tiét da dang & sb bao trudc).

Bao 16i cia mot tap diém 1a mot hinh da giac khep kin c6 cac dinh la mot trong cac
dinh cua tap diém do, va thoa mén da giac 16i. Thong thuong chung ta can phai tim
da giac bao véi chu vi nho nhat. Co nhiéu thuat toan dé giai quyét bai toan nay. Pac



biét phuong phap quét:

Phuong phap quét duong thang:

Chung ta di tir mot dinh chac chan thudc bao 16 (1a nhiing diém c6 tung ¢ hoanh
d6 16n nhét hodc nho nhét). Chung ta tim cac dinh tiép theo, dinh nao thoa man chira
toan bd cac dinh con lai mot bén mat phéng thi ta léy diém d6 cho dén khi 1ap lai
diém ban dau.

Thii tyc giai quyét nd nhu sau:

Procedure Scan;

Begin

Xéc dinh thuc da giac ;

Repeat

tim dinh tiép theo ma thoa man diéu kién 10i cta da giac ;

Until 13p lai dinh ban dau ;

End ;

Nhitng bai toan hinh hoc thi khong khé vé giai thut nhung lai rom ra vé chuong
trinh. Chinh vi thé chi cin mot sai sot nho thi chung ta s& khong thé ndo co thé sira
chuong trinh trong thoi gian cho phép, dac biét 1a khi ngdi trong phong thi tim trang
khong 6n dinh. Chinh vi thé hoc phan nay mot cach bai ban, nghiém tuc thi ching s&
han khong khé ddi v6i chung ta. Khong nén khinh thudng nhitng tht so dang nhu
trén. Néu cac ban mudn ¢ bo bai tap vé hinh hoc thi cir giri mail cho minh. Rt
mong nhan duogc thu cua cac ban

22. Reverse Polish Notation - Thuat toan tinh gia tri biéu thire

Tac gid: Ngo6 Minh Duc

Reverse Polish Notation (ky phap nghich dao Ba Lan) la mét loai ky phap toan hoc
dung dé biéu thi biéu thire dai sd, rat thuan loi trong giai thudt tinh gia tri biéu thuc,
c¢6 nghia 1 ban nhap vao mot chudi, chang han "(1+2)*3”, chuong trinh s& tinh ra
két qua bang 9.

Reverse Polish Notation (goi tit 14 RPN) ¢6 hai loai, tién té (preffix) va hau t6
(suffix), trong bai nay toi chi dé cap dén dang suffix.

Dé hiéu 16 hon va dé dang tiép can véi thuat toan ndy trudc tién chiing ta xét mot vi
du don gian sau day:

Ching han xét biéu thtrc sau:

(1+2) x 3 thi dang RPN - hau t6 - ctia biéu thirc trén 1a: 12 + 3 x

Chuong trinh c6 thé tinh toan rat dé dang véi biéu thirc dang RPN. Ban dé y trong
biéu thic RPN khong con diu ngodc nira, khi tinh toan chi can duyét céac toan tur tur
trai sang phai va thuc hién vi cc toan hang dig trudce no.

Day 1a m6 ta qua trinh tinh toan biéu thirc RPN trén:



Budc 1: Duyét dén du +, nging lai.

Budc 2: Cong hai toan hang dliing trude no: 1+2=3.

Budc 3: Xéa cac phan tir 1, 2, + thay bang s 3

Quay lai budc 1: Duyét dén dau x, ngimg lai

Quay lai bude 2: Nhan hai toan hang ding trude no: 3x3=9

Quay lai budc 3: Thay cac phén tir 3, 3, x boi s6 9. Chi con mot phﬁn t0r nén két
thtc.

Két qua chinh 13 phan ttr duy nhat con lai: D6 13 s6 9

Do d6 van dé chi con 1a chuyén biéu thirc tir dang thong thuong sang dang RPN. Sau
day t6i s& trinh bay giai thuat chuyén d6i dudi hai phan.

1. Phan co ban.

Giai thuat nay do cac ban trén TTVNOnline (www.ttvnol.com) va Dién Pan Tin
Hoc (www.diendantinhoc.com) cung cap.

Xin céc ban chii y mot diéu 1a: cac phan tir trong biéu thirc dugc chia ra lam hai loai:
toan hang (sb) va toan tir (bao gdm du va ham)

Trong cac loai toan tir, ching ta can luu ¥ dén toan tir cong trir mot ngdi (unary
plus/minus). Pay 1a mét loai toan tir chi tac dung 1én mot todn hang ding trudc no,
khac véi toan tir cong trir binh thuong tac dung 1€n hai toan hang ding trudce no

vi du: -2 + 5 thi "-" 12 toan tor mot ngdi, "+" 1a toan tir binh thuong

Dé x4c dinh "+, "-" 1a mot ngoi1 hay hai ngdi, khi duyét biéu thuc ta chi can xem
phan tir ding trude no6 1a s6 hay 1a mot toan tir khac

Murc uu tién cua cac toan tu (tr nho dén 16n): (, +, -, *, /, , + mOt ngoi, - mgt ngdi
Thuat toan:

Ta str dung hai stack (ngdn xép): rpnStack dung dé luu dang RPN, oprStack dung dé
tam luwu céc toan tir trong qaa trinh xtr Iy. Poc 1an luot tir dau dén cubi biéu thuc dé
xu 1y theo tung loai:

Dau mé ngodc: dua vao oprStack

Toén hang: dua vao rpnStack

Toan tu: Trong truong hop nay ta phai xét toan tu dang ¢ trén cung (dugc dua vao
cudi cung) trong oprStack néu muc uu tién cao hon toan tur dang xét thi chuyén toan
tir do sang rpnStack; tiép tuc lam nhu véy cho dén khi duoc toan tir c6 muc wu tién
nho hon hoac bang toan tur dang xet; cudi cung dua toan tu dang xet vao oprStack
Dau dong ngoac: lan luot chuyen cac toan tu duoc luu trong oprStack sang
rpnStack; cho dén khi gip ddu mé ngoic thi dimg lai va x6a ddu mo ngoidc d6 khoi
oprStack

Luu ¥: Khi viét chuong trinh chi duyét duoc ting ky tu, do d6 phai thém phan nhan
biét nhom ky tu hop thanh mot s (hodc mot tén bién)

Vi du: 564 + 4, khi bat dau duyét tir ky ty 5" s& nhan biét ludn s "564” va nhay
dén ky tu th tu.

Dy 1a nhitng budc co ban cua thuit toan, sau khi chuyén ddi xong, ban doc tir dau
dén cudi (tir dudi Ién trén) trong rpnStack s& thu dugc dang RPN.



Sau khi thu dugc dang RPN, cach tinh todn nhu sau:

Tim toan tir du tién trong rpnStack va ap dung tinh véi cac toan hang ding trude
n6. Sau d6, x6a toan tir va cic toan hang da tinh, thay bang két qua tinh duoc.

Tiép tuc cho dén khi nao khong con toan tir dé tinh nita, két qua cta biéu thirc chinh
1a phan tir ddu tién cta rpnStack.

2. Phan mé rong.

Trén day chi la cac bude co ban, tuy theo su khéo 1éo cua ban ma c6 thé cai tién giai
thuat dé tinh duogc nhitng bleu thirc phure tap hon. Toi xin trinh bay mét s6 mé rong
vé giai thuat dé tinh phan s6, hdn s va tinh ham nhiéu tham s6 (ching han
max(1,2,3) =3)

* Tinh phan sd, hon s6.

Ta dit thém hai toan tir, goi 13 oprFraction (d4u phan sd, gia sir 1a
(d4u hdn sb)

oprMixed chi 1a mot toan tir "a0” dugc thém vao cho thuén loi trong qua trinh xtr 1y.
b0 uu tién cua toan tu: (, +, -, *, /, ~, , + mdt ngdi, - mot ngoi).

Trudce khi dua toan tir phan s6 vao rpnStack ta can xét phan tir trén cung trong
rpnStack nhu sau:

Néu cung la toan tir phan s6: g0Op toan tir nay va toan tir phan sé dang xét thanh toan
tir hon so.

Néu 1a toan tir hdn sd: cho chwong trinh bao 15i

Trong truong hop con lai: dua toan tur phan sO vao rpnStack binh thuong.

Thém phan xtt Iy ddu phén s va ddu hdn s vao thu tuc tinh toan nhu sau:

Dau phan s6: goi ham khai tao fraction (goi chung cho phan s6/hdn s6) tir hai toan
hang dting trudec.

Dau hn sb: go1 ham khoi tao fraction tir ba toan hang dumg trudc.

Fraction co thé dugc quy dinh theo kiéu String (vd "1~3", "17~18","1~1~2"....).
Trong khi tinh toan voi fraction nén d6i hét ra phan s6 (chi gdm tir va mau), dén khi
xuat két qua méi d6i thanh hdn sé hodc giit nguyén tiry theo lua chon cia nguoi
dung.

Luc nay, khi thyc hién cac phép toan + - * /, ¢ thé 1am nhu sau (theo kiéu may tinh
Casio):

Ta xét hai toan hang cua phép tinh:

Néu gdm mot sb 1¢ thap phan: d6i hét ra sé thap phan (néu toan tir con lai 1a phan
s0) va tinh.

Néu chi gom sb nguyén va phan s6: tinh theo phan sd

Ban phai ty viét mot module dé xir Iy phan s6 (cong, trir, nhan, chia, khoi tao,...)
Pé xu 1y loai biéu thirc phuce tap hon (chang han (1~3)~2 = 1~6) thi can phai thém
mot s6 budc nira. Ban co thé lién hé vai t6i dé nhan dwoc ma ngudn.

* Ham nhiéu tham s6.

Phan nay trinh bay cach xt Iy cac ham nhiéu tham sd, chang han nhu max(1,2,3)
hay uscIn(5,6,12,30),v.v...

n_n

~") va oprMixed



Ta dat thém mot toan tur goi la oprComma (d4u phay), d6 uu tién chi dung trén dau
mo ngodc (ap chot). Trong khi chuyén doi cing xir Iy véi oprComma nhu nhiing
toan tur khac

Dé mo ta thuat giai, ta xet vi du sau: max(1,2,3).

Sau cong doan chuyén ddi ta co: 1 2 3, , max.

Khi gap dau ”,” ta gop hai toan hang dimg trudc né vao mot mang.

Nhu véy sau bu’oc 1 ta co: 1(2,3), max (ky hi€u (2,3) 1a chi mang).

Gap déu ”,” tiép theo ta gdp ludn phan tir du tién vao phan tir "mang” thir hai:

Nhu vay sau budc 2 ta ¢6 (1,2,3) max.

Do d6 ham "max” da trd nén duogc thue hién trén mot tham sb duy nhét, tham sb do6
lai 1a mot mang cac dbi sd. Pé tinh toan dugc ta phai xay dung cac ham xir Iy trén
mang d6i sb.

Luu y: Céch 1am nay chua hay va khong thich hop v&i nhiing trinh bién dich nhu
Turbo Pascal. Ban c6 thé lién hé véi t6i theo dia chi: attilathehunvn @yahoo.com dé
nhan duoc mi ngudn (bang VB va VB. NET). T6i mé ta giai thuat ndy trong mot
class, goi la "Evaluator”, bao gém mot thu tuc chinh 1a Eval(). Ban c6 thé goi thu tuc
nay tir bat ky module ndo, chang han Eval(”1~3+2") s& cho két qua 1a "2~1~3".
Class nay duoc ap dung trong chuong trinh Quick Calculator 1.0 cta tac gia. Rét
mong duoc cac ban giup d& dé hoan thién thém giai thuat..

Ng6 Minh Bt

23 .Mét phwong phap lap bang sé nguyén td

Tac gia: Ngo Minh Dtic

Trong bai viét nay toi xin gidi thiéu mot phuong phap 14p bang s6 nguyén tb khac,
ngoai phuong phép sang Eratosthenes da qua quen thudc véi céc ban.

Xin nhic lai vé sang Eratosthenes (mang tén nha toan hoc Hy Lap, 275 - 194 TCN):
-Ta sép xép cac s6 tu nhién tur 2 dén N vao mot bang theo thu tu 2,3,4,5,... N.

- Luu lai $6 2, 1an lugt x6a di cac bdi s6 cua 2.

- Sau s6 2, s6 khong bi x6a dau tién 1a s6 3, 1an lugt xda di cac boi sb cua 3

- Sau s6 3, s6 khong bi x6a dau tién 1a sd 5, 1an luot x6a di cac boi sd cua 5,...

- Lap lai dén khi khong thé x6a duoc nira thi thoi

Nhu vay céac sb khong bi xo6a lap thanh bang cac sb nguyen t6 nho hon hodc bang N.
Trong bo sach "Cau Chuyén Toan Hoc” (mot b sach rat hay gom 6 tap cua cac thay
Nguyén Ba Bo, 6 Manh Hung va Nguyen Van Tuc), tap 3 c6 gidi thi¢u mot
phuong phap 1ap bang sb nguyén t6 khac. Toi xin trinh bay lai ¢ ddy:

Hoc sinh Sundaram nguodi an B da dua ra phuong phép nay nam 1934.



Trudc tién Sundaram li¢t ké mot bang cac s6 nhu sau:

471013161922...

7121722273237...

101724 313845 52... (1)

1322314048 58 67...

16273849 60 71 82...

Bang so nay co tinh d6i xung (s6 & hang m cot n bang sb hang n cot m)

Céc s nay dugc chon bang cach 1an luot thyc hién cic budc sau day:

1. Viét s6 4 vao goc bén trai

2. Cac s tiép theo ciia hang 1 1an lugt 1a s6 lién trude cong thém 3 (cac so trén hang
1 1ap thanh cip sd cong voi cong sai 1a 3)

3. Cac sb tiép theo ctia hang 2 1an luot 14 s lién trude cong thém 5 (cac sb trén hang
5 1ap thanh cap sb cong véi cong sai 1a 5)

D@ dang tim dugc cong thirc dé tinh gia tri s6 thir m hang thi n:
Smn=(2mt+)n+m=2mn+m+n

Sundaram chi ra rang: Néu N co trong bang (1) thi 2N+1 Ia hop s6. Néu N khong co
trong bang (1) thi 2N+1 1a s6 nguyén tb.

Pé khang dinh diéu d6, ta chirng minh ménh dé tuong duong sau: 2N+1 1a hop s6
khi va chi khi N thudc bang (1)

Chung minh:

(2N+1=2(2mn+m+n)+1=2m+1)(2n+1)

Do d6 2N+1 1a hop sd

(=>) Néu 2N+1 13 hop s6, ta co: 2N+1=xy (x,y 1¢)

bat x=2m+1, y=2n+1

=>2N+1=2m+1)(2n+1)=2(2mn+m+n)+1

=> N=2mn+m+n

Suy ra N 13 sb thr m cta hang n trong bang

Bay gio ta thur xay dung hai phuong phéap trén thanh chuong trinh.

Chuong trinh:

Vi Pascal khong xdy dung duoc cac mang kich thudce 10n (c¢& vai chuc triéu phan
tir), toi xin chon VB 6.0 dé thé hién thuat toan.

Ban tao mot Project va m& Module méi (luu ¥ chon Project Properties — Startup
Object — Sub Main()) dé chay chuong trinh.

Ta str dung mang Mark() kiéu Byte dé danh dau, luu y d6i véi mdi phuong phap
mang nay c6 y nghia khac doi chut:

- Sang Eratosthenes: Mark(I)=0 néu I 14 sd nguyén t6, =1 néul la hop s6

- Phuong phap cua Sundaram: Mark(I)=0 néu 2*I+1 la sd nguyén tb, =1 néu 2*I+1
1a hop s6

Khai b4o nhu sau:



Option Explicit

Dim Mark() As Byte

Dim N As Long

Trong d6 bién N xac dinh cin tim cac sd nguyén t6 tir 2 dén N.

Sang Eratosthenes

bay la thu tuc thé hién sang Eratosthenes, vi da qua quen thudc nén c6 1€ khong can
giai thich nhiéu véi cac ban. Luu y mot chut 1a ta chi can xét cac so tir 2 dén sqrt(N):
Private Sub Eratosthenes()

' Thu tuc: Eratosthenes()
" Lap bang s6 nguyén to bang sang Eratosthenes

Dim I As Long
Dim K As Long
ReDim Mark(N) ’ dinh lai dung lugng cho mang
Mark(O) = 1: Mark(1) =1"'0 va 1 khong phai s6 nguyén t6
' sr dung sang Eratosthenes
For I =2 To Int(Sqr(N))
If Mark(I) = 0 Then ' néu i 14 s6 nguyén t6
K=1%*2"gach cac bdi s6 cua i
Do While K >N/2 thi dung lai
Xét hang 2, tat nhién xét tir 6 (2,2) dé bo qua gia tri trung lap, cho dén s6 hang > N/2
thi dung lai...
Cho dén hang n ma gié tri caa 6 (n,n)>N/2 thi ding lai.
& mdi s6 hang K tim thay, ta déu danh ddu Mark(K)=1 dé chi 2*K+1 13 hop sd
Toan b¢ qua trinh trén la dé xéac dinh trong pham vi 2->N/2, s6 nao co trong bang,
so nao khong co trong bang. Nho' d6 ma xac dinh duoc tir 2->N, s6 ndo 1a s6 nguyén
t6, sb nao 1a hop sd.
Thu tuc nhu sau:
Private Sub Sundaram()

' Thu tyc: Sundaram()
' Tao bang s6 nguyén to6 bang phuong phap cua Sundaram

Dim M As Long
Dim K As Long
Dim P As Long



' Luu ¥: Mark(0)=0 dé chi 2 1a sb nguyén td

ReDim Mark(N 2) ' dinh lai dung lugng cho mang

M=0

DoM=M+1

P=2*M+ 1'céc sb trén hang M 1ap thanh cap sb cong co cong sai 2¥*M+1
K =M * (P +1) 'K 12 s6 nam trén dudng chéo ctia hang M

Do While K> N/2 ' cho dén khi s6 trén dudng chéo ctia hang M+1 > N/2 thi dimng.
End Sub

Ban c6 thé so sanh tdc do hai thu tuc trén cung mot gia tri N nhu sau:

Dim t As Double

N = 10000000

So sanh gitra gia tri hién ra trong hdp thong bao cua doan ma:

t = Timer()

Call Sundaram

MsgBox Timer() — t

Va:

t = Timer()

Call Erastosthenes

MsgBox Timer() — t

Ngoai ra néu thich ban c6 thé trinh bay bang s nguyén t6 ra file vin ban bang thu
tuc sau:

Private Sub PrintPrimes(ByVal FileName As String, ByVal Kind As Boolean)

" Thu tuc: PrintPrimes

' In bang sb nguyén t6 di tao duoc ra text file
' M6 ta: FileName= tén File can xudt

' Kind=True néu sir dung sang Eratosthenes,

' = False néu str dung sang ctia Sundaram

Dim I As Long

Dim J As Long

Dim K As Long

Dim P As Long

Open FileName For Output As #1

' tiéu dé

Print #1, Space(20) & 'Bang cac so nguyen to tu 2 den' & N
K = 6 ' viét mot hang 6 sd

[=0

Do



If Mark(I) = 0 Then

If Kind Then ' sang Eratosthenes

P =1 ' Mark(I)=0 thi s6 nguyén t6 can viét 1a I

Else ' sang cua Sundaram

P=IIf(I=0,2,2 * 1+ 1)' quy udc sd nguyén t6 can viét = 2 néu I=0,...

End If

I[f K= 6 Then

Print #1, ' xudng dong

K=1

Else K=K+ 1

End If

Print #1, Space(11 - Len(CStr(P))) + CStr(P); ' cin 1& phai sao cho mbi sé duoc 12
ki tu

End If

[=1+1

Loop Until ((I >N/ 2) And (Not Kind)) Or (I > N) ' chi duyét dén N/2 véi phuong
phéap ctia Sundaram

Close #1

End Sub

Vi du dé sir dung thu tuc:

Sub Main()

N=10000000

Call Sundaram

PrintPrimes("D:Sundaram.txt” False)

End Sub

Ban nén xem file vin ban bang font Courier New (néu xem trén Windows), vi font
nay c6 bé rong cac chir bang nhau (fixed-width font) nén céc s s& duogc sap thang
cot

T6i di chay thtr thu tuc Sundaram() véi N=100 000 000- s6 nguyén té 16n nhat tim
dugc 12 99 999 989, mét khoang 88 gidy (trén may Celeron 700 Mhz, 128 MB Ram,
Windows 98 — chuong trinh chay truc tiép, chua bién dich ra file.EXE), riéng file
van ban chiém 60 MB dung lugng. Trong khi d6 thu tuc Eratosthenes() mat toi 144
gidy (that khong ngo !!)

C6 thé trong cac truong hop trén, cach viét mi ciling nhu thuat toan chua dat duoc
hiéu qua cao nhat, dan dén viéc so sanh khong hop ly. Vi thé rat mong nhan dugc sy
gop ¥ clia cac ban, moi trao doi xin guri vé dia chi: attilathehunvn@yahoo.com.
Thén!

24. Toi wu cac bai toan vé sO nguyén to

Tac gia: Dinh Hiru Cong



Trong s 11-2001 tac gia Nguyén Vin Truong da gidi thi¢u cac thudt toan vé 0
nguyén t6. Nhung mot sd thuat toan nay con bi han ché vé thoi gian va bo nhé véin
16n. Tuy vao ting bai todn cu thé ta c6 thé toi wu hoa nhing thuat toan nay dua vao
nhitng nhan xét va chirng minh toan hoc.

Bai to4n 1: Cho sd ty nhién n. Hay phan tich s6 n thanh tich cac thira s nguyén t6
Input: file Phantich.inp véi s6 n duy nhat (n < 231)

Ouput: file Phantich.out. Dong 1 la k, 5O thura s6 nguyén t6 khac nhau trong phén
tich. K dong tiép theo dong thtr i gdm 1 cip sb (p,q) cach nhau 1 déu tring trong do
p 13 thira s6 nguyén t6 vaqla sd mil twong (mg ctia nd trong phan tich (q > 0).

Thuat toan cua bai nay rat don gian:

+ Cho bién chay Temp=0,

+ Lap: Churng nao temp=<n thi lam

- Temp:=sb nguyén t6 lién sau Temp;

- While (n mod Temp=0) do

Begin

n:=n div Temp;

Tang s6 mii cua Temp;

End;

Hiéu qua cua cai dit chii yéu phy thudc vao cong doan tim s nguyén td lién sau
Temp. Cach nhanh nhat 1a ding 1 mang dé luru trir cac s6 nguyén té tir 1 dén n. Véi
n=1 ty ta phai luu [1(109) = 50.847.534 s nguyén t6 nén ta khong thé c6 du bd nhé
dé thuc hién diéu nay. Mot cach khac la ta tuan tu ting bién Temp va kiém tra Temp
c¢6 nguyén t6 khong, cach nay khong ton bd nh¢ nhung khong kha thi vi thoi gian
thuc hién qué lau. Mot cach ty nhién, ta mudn dung hoa ca hai phuong phap trén. Vi
véy ta s€ tim cach giam khéi luong luu trir va so lan kiém tra nguyén to:

Budc 1: Klem tra n. Néu n nguyén t6 hodc n=1thi van dé trd nén qua don gian. Néu
n 12 hop s6 thi chuyén sang budc 2.

Budc 2: Vin 1 hop sd nén ta phai c6 n=a*b (1<a < b) suy ra a < sqrt(n) <215,5< 1.
Viy ta chi can luu cac s6 nguyén t6 nho hon 6341

Vi n< 231 nén sé thira s6 nguyén t6 nho hon 10 (2*3*5%..31 > 231), do d6 ta chi
phai kiém tra nguyén t6 khoang 10 lan

Chuong trinh ctia bai nay nhu sau:

{$A+ B-,D+,E+,F-,G- I+ L+ N-,0-,P- Q+,R+ S+ T- V+ X+}

{$M 65500,0,655360}

{Phan tich so n<2”31 thanh thua so nguyen to}

uses crt;

const maxPrime=46341; {max Prime = @}

Fin="phantich.inp’;

Fou="phantich.out’;

var p:array[1..10] of longint;

q:array[1..10] of integer; { S6 thira s nguyén t6 16n nhat 1a 10? }



Prime:array[0..maxPrime+1] of boolean;
n:longint;

count:integer;

temp:word,

f,g:text;

procedure Eratosten;

var i,j:word,

begin
Fillchar(Prime,sizeof(Prime),true);
Prime[0]:=false;

Prime[ 1]:=false;

for 1:=2 to trunc(sqrt(maxPrime)) do
if Prime[i] then

for j:=2 to (maxPrime div i) do
Prime[1*j]:=false;

end;

function isPrime(n:longint):boolean;
var 1i,step:word;

begin

1sPrime:=false;

if (n

begin

if Prime[n] then isPrime:=true;

exit;

end;

if ((n mod 2=0) or (n mod 3=0)) then Exit;
1:=5;

step:=2;

while (i<sqrt(n)) do
begin

if (n mod i=0) then
exit;

1:=1+step;
step:=6-step;

end;
1sPrime:=true;
end;

procedure Solve;
begin
Assign(f,Fin);

Reset(f);



ReadIn(f,n);

Close(f);
Assign(g,Fou);
Rewrite(g);

1f n<2 then

begin

writeln(g,0);

Close(g);

Halt;

end;

temp:=2;

count:=0;
Fillchar(p,sizeof(p),0);
Fillchar(q,sizeof(q),0);
while (n<>1) do

begin

if isPrime(n) then
begin

Inc(count);
p[count]:=n;
g[count]:=1;

exit;

end

else

begin

while ((n mod temp<>0) and (temp
begin

Inc(temp);

while not Prime[temp] do
Inc(temp);

end;

Inc(count);
p[count]:=temp;

while (n mod temp=0) do
begin

Inc(g[count));

n:=n div temp;

end;

end;

end;

end;



procedure Result;

var i:integer;

begin

Writeln(g,count);

for i:=1 to count do

Writeln(g,p[i],' ,q[i]);

Close(g);

end;

BEGIN

Eratosten;

Solve;

Result;

END.

Sau khi 1am bai toan 1 ta s& dé& dang lam duoc bai toan s6 2 trong dé khéi 10 cudce
thi Olympic 30-4 lan VIIL.

Dé bai nhu sau:

Cho sb nguyén duong n (1 <n < 231). Tim sd nguyén duong a nhé nhét sao cho a a
chia hét cho n.

Input: file Chiahet.inp chtra 1 s6 duy nhét n

Output: file Chiahet.out chira sb a

Bai toan 2: Tim s6 mii ciia s6 nguyén t6 p trong cach phan tich ctia n! ra thira sd
nguyén to (n < 231)

Ciing nhu bai toan 1, viéc duyét cac sd nguyén 1a bdi ctia p tir 1 dén n dé chia cho p
tim s6 mii roi lay tong cac s6 mii nay 1a khong thé thyc hién duoc.

Vi du:

Néu n=231 con p = 2 thi ta phai duyét qua (n div p) sd, dai lugng nay bang 230
=1.073.741.824 tirc 1a hon 1 ty s6 can phai duyét. Noi chi viéc cho bién i chay qua
230 s6 nay ma chua lam gi ca ciing da mat khoang 10 gidy roi (néu khong tin ban
hay viét chuong trinh chi gdm 1 1énh cho i chay tir 1 dén 1 ti khong lam gi ca va viét
ham dém thoi gian xem).

Nhu vay ta can phai tim 1 cach khac dé tinh s6 mii cia p. Goi si 14 s6 s6 chia hét cho
pi trong khoang 1..n. S nay bang téng cua sb cac sb chia hét cho p, p2, p3... trong
khoang 1..n. D& thiy s6 mil cta p 1a s1+s2+...+sk véi k 16n nhat sao cho pk <n

Vi du: n=29 va p =3 thi k=3, s1 =9, s2 =3,s3 =1 — SO mii cua 3 1a s1+s2+s3 =13

Mit khac cac sb chia hét cho pi trong khoang 1..n 1a: 1* pi, 2* pi, 3* pi, . [ L

p1 — ¢o [ ]so bay chinh la néi dung cua dinh ly Logiangdro: S6 mil cua sb
nguyén t6 p trong phan tich n! thanh céc thira s6 nguyén t6 1a:



L)
)

Dé y ring L 1(S6 s6 chia hét cho pit1 trong khoang 1..n bang s6 s chia
hét cho pi trong khoang 1..(n div p)). ap dung diéu nay voi i=1 ta c6 dugc chuong
trinh ham tinh s6 mii ctia p trong phan tich ra thira s6 nguyén té cua n!

function SoMu(p:longint;n:longint):integer;

var count:integer;

™ |

begin

count:=0;

while n<>0 do
begin

n:=n div p;
Count:=count + n;
end;
SoMu:=count;
end;

k

Vi k du 16n ta co [p ]hay n < pk. Vi vdy ham SoMu chi phai vao vong l3p k 1an
v6i k 12 s6 nguyén nho nhét sao cho n < pk

=k=lg,n

Cu thé trong bai nay trudng hop 16n nhat lan =231; p =2 thi

k =10g2231 =31 so v6i 230 (nho hon 34 tri¢u lan) !

Bai toan 3: Tim sd chit so 0 tan cung va chir sO tan cung khac 0 cuan! (n <231). Dt
liéu nhap tir ban phim s6 n va in két qua s chir s 0 tan cing va chir sb tan cing
khéc 0 cia n! ra man hinh

Co sé thuat toan: Ta thdy n! khi phan tich ra thira sb nguyén t6 thi c6 dang

n! =2SoMu(2,n) * 5SoMu(5,n) *...

Trong cong thirc Logiangdro néu p1< p2 thi SoMu(p1,n) > SoMu(p2,n) nén sb chir
s6 0 tan cung cta n! chinh 13 SoMu(5,n).

Pit m = SoMu(2,n) - SoMu(5,n). Bo di céc chir s6 0 tan cung thi ta co: Chit s6 tan
cung khac 0 cua n! = [(2m mod 10) * TanCung(n)] mod 10 v6i TanCung(n) la chir
s0 tan cung cua n! da bo di hét s6 mil cta 2 va 5. D& thidy 2m mod 10 chi phu thudc
vao (m mod 4), néum mod 4 =0, 1, 2, 3 thi 2m mod 10 =6, 2, 4, 8 (trir truong hop
m = 0). Cong viéc con lai 13 tim ham TanCung(n) (Néu bay gid chi néi tan cung thi
ta hiéu 1a s6 d6 da duogc chia cho 2 va 5 dén du).



Vi’ du: Tan cfm,g cualOlal, cﬁaq 141a7 e 9

Néu n twong d61 nho thi ta 6 thé duyét bang 1 vong for dé tim tan cung cta n!.
Nhung n c6 thé 1én t61 2 ty nén ta xay dung ham TanCung(n) nhu sau (voi vi dun =
27):

Néu n < 10 thi duyét binh thudng. Xét n >10, ta tinh tan ctng cua tich (n mod 10) s6

lién tip tir [m] *10+ 1 dén n
(temp=21*22%23*24*25%26%27=21*11*23*3*1*]13*27=1*1*3*3*]*3*7=0)
temp:=1;

for i:=n+1-n mod 10 to n do

begin

tg:=i;

while not od(tg) do

tg:=tg shr 1;

while (tg mod 5=0) do

tg:=tg div 5;

temp:=temp*(tg mod 10) mod 10;

end;

temp:=temp mod 10;

n:=n-n mod 10;

Vay TanCung(n) = [temp*TanCung(n — n mod 10)] mod 10.

Gan lai n:=n —n mod 10(n = 20). Ta phan hoach cac s6 tir 1 dén n thanh 3 phan:

- Céc s6 khong chia hét cho 2 va 5: Cacsonaycotancunglal,3,7,9(1,3,7,9,
11, 13, 17, 19 ) mdi loai ¢6 (n div 10) s nén tan cing cua tich cac so nay bang tan
cung cta (1*¥3*7*%9)n div 10 = 9n div 10. Néu (n div 10) chin thi sb nay bang 1, 1¢
thi bang 9 (n=20, s nay 1a 1)

if od(n div 10) then temp:=temp*9; {else temp:=temp*1 }

(n=20 — temp=1%9=9)

- Cac sb 12 boi cna 2 ¢6 dang 2, 2%2, 2*3, ..., 2*(n div 2) (2, 4, 6, 8, 10, 12, 14, 16,
18, 20) Téan cung cua tich nay cling chinh la tdn cung cua 1*2*3*.. *(n div 2)
=TanCung(n div 2) (Vi d loai di tat ca cac thira s6 2)

(n=20 ta c6 1*2*3* .. *10 = TanCung(10))

- Cac sb 12 boi cna 5 nhung 16 (khong 14 boi ctia 2) ¢6 dang 5, 5%3, 5%5...5%t (t 1
sao cho 5*t <n) (n=20 — t=3; gdm 2 sd: 5, 15). Tan cung ciia tich nay bang tan
cung cua tich cac s6 16 1#¥3*5%7*__ *t (n=20 1a 1*3) (vi d3 loai di tit ca cac thira s6
5). Ta tinh n6 bang ham TanCungLe(n) (Tan cung cua cac sb 1¢ khong qua n)
Theo cach phan hoach ta ¢6 (cac sb n sau 1a dd gan lai n=n — n mod 10):
TanCung(n):=temp*TanCung(n div 2)*TanCungLe(n div 5) mod 10
TanCung(27)=9*TanCung(10)*TanCungLe(4) mod 10

Céch xdy dyng ham TanCungLe(n) cling twong tuy nhu trén: n <10 duyét binh
thuong. Xét n >10, tinh tan cing cua céc so 1é trong khoang (n-n mod 10)..n luu vao



bién temp. Gan lai n:=n — n mod 10. Ta phan hoach céc s6 1¢ tir 1..n thanh 2 phan:
- Cac sb khong chia hét cho 5 ¢6 tan cing la 1, 3, 7, 9 mdi loai ¢6 (n div 10) s6 tinh
nhu phan trén

if od(n div 10) then temp:=temp*9; {else temp:=temp*1}

- Cac s6 1a boi cia 5 ¢o dang 5, 5*3, 5*5,...5%t (t 1é sao cho 5*t <n)
Tan cung tich t s6 nay chinh 1a TanCungLe(n div 5).

Ta c6 TanCunglLe(n)=temp * TanCungLe((n- n mod 10) div 5) mod 10;
Chuong trinh bai nay cai dat nhu sau:

{Tim chu so cuoi cung khac khong cua n!}

{$A+,B-,D+ E+F- G-,I+,L+N-0-P-,Q+R+S+T- V+,X+}
{$M 65500,0,655360}

program Chu so tan cung khac 0 cua n giai thua;

uses crt;

var n,m,tc:longint;

function TanCungLe(n:longint):integer;

var temp,tg,i:longint;

begin

1f n<=10 then

begin

temp:=1;

fori:=1 tondo

if (od(i) and (i<>5)) then

temp:=temp*i;

TanCungLe:=temp mod 10;

Exit;

end;

if not od(n) then n:=n-1;

if od(n div 10) then

temp:=9

else temp:=1;

for i:=n+1-n mod 10 to n do

if od(i) then

begin

tg:=i;

while (tg mod 5=0) do

tg:=tg div 5;

temp:=temp*(tg mod 10) mod 10;

end;

temp:=temp mod 10;

n:=n-n mod 10;

TanCunglLe:=temp*TanCungLe(n div 5) mod 10;



end;
function TanCung(n:longint):integer;
var temp,tg,i:longint;

begin

1f n<=10 then

begin

temp:=1;

fori:=1 tondo
begin

tg:=i;

while not od(tg) do
tg:=tg shr 1;

if (tg mod 5 =0) then
tg:=tg div 5;
temp:=(temp*tg);
end;
TanCung:=temp mod 10;
Exit;

end;

if od(n div 10) then temp:=9
else temp:=1;

tg:=i;

while not od(tg) do

tg:=tg shr 1;

while (tg mod 5=0) do

tg:=tg div 5;

temp:=temp*(tg mod 10) mod 10;

end;

temp:=temp mod 10;

n:=n-n mod 10;
TanCung:=temp*TanCung(n div 2)*TanCungLe(n div 5) mod 10;
end;

function SoMu(p:longintr;n:longint):longint;
var count:longint;

begin

count:=0;

while n<>0 do

begin

n:=n div p;



Count:=count+n;

end;

SoMu:=count;

end;

procedure Solve;

begin

Write('N=");ReadIn(n);

m:=SoMu(2,n)-SoMu(5,n);

if m=0 then tc:=1

else

case (m mod 4) of

0: tc:=6;

1:tc:=2;

2 :tc:=4;

3 :tc:=8§;

end;

te:=(tc*TanCung(n)) mod 10;

Writeln('"Chu so tan cung khac 0 cua n! la : ',tc);

end;

BEGIN

Clrscr;

Solve;

Readln;

END.

Véin <231 bat ki thi thoi gian tinh todn khong qua 1 gidy. Néu 1am binh thuong
bang cach duyét nhu véin < 10 & cai dit trén thi chay n = 10 triéu mat khoang 73
gidy (Gép nhau dén hang trim 1an). Nhu di thay, v6i cing mot bai toan van dé
nhung thuat toan va cach cai dat khac nhau thi hi€u qua cua chuong trinh cai dat co
thé s& khac biét nhau rat rd rang. Vi vy nhitng kién thirc toan hoc dé ching minh
thuat todn va chuong trinh la rat can thiét khi ta mudn t6i vu hod mot thuat toan nao
d6. Lan sau toi s& xin trinh by véi cac ban vé nhitng kién thirc s6 hoc duoc tng
dung trong gii cac bai toan tin.

25 .Spigot - Thuéat toan tinh s6 11

Tac gia: Nguyén Hong Vil

Nhitng diéu trinh bay dudi ddy c6 thé khéng méi vi nd da duoc phat hién ra tir hon
10 ndm trudc, tuy nhién, chac chan chiing van cé rat nhiéu gia tri hiru ich cho cac
ban yéu thich thuat todn va lap trinh.



Moi su tinh co véi mot trang Web 'Computing decimals of PI in Java', trén d6 miéu
ta cach tinh hang ngan chir s6 ctia m chi véi vai tram ky tu, viét bang C:

int a=10000,b,c=8400,d,e,f[8401],g;

main()

{ for(;b-c;)f[b++]=a/5;

for(;d=0,g=c*2;c-=14,printf( %.4d ,e+d/a),e=d%a)
for(b=c;d+=f[b]*a,f[b]=d%--g,d/=g--,--b;d*=b); }

Kém theo doan ma trén 1a mot 10 giai thich qua ngan gon: 'Chwong trinh tinh 1000
7 thong qua thuat toan spigot bang cach lan luot tinh 4 chir s6 ciia 7. Nhiém vu
chinh cta chwong trinh 13 chuyén dbi tir cach biéu dién © trong hé dém hdn hop vé
hé dém 10000. Dé tinh dugc 4%k sb 7, can 14*k phan tir mang f. '

Pay qua 13 diéu hét sirc thi vi. Chuong trinh di tinh truc tiép cac chit s6 cua , s6
sau khong can dua theo cac s6 trudc (nhung van phai tinh cac sb truéc). Phat hién
nay dugc Stanley Rabinowitz va Stan Wagon dang thanh bai 'A Spigot Algorithm
for the Digits of Pi' trén tap chi "American Mathematical Monthly', s6 102 (1995).
'Spigot' 14 tén goi mdt ho cac thudt toan cho phép tinh truc tiép cac chit s6 ctia s6 vo
ty. Pay chi 13 tén goi chung néu 1én tu tudong thuat toan. Viéce cai dat ddi véi timg
truong hop cu thé s& khac nhau tuy cach tiép can véan dé.

Trudce khi di sau vao thuat toan, ta chuyén d6i chuong trinh C trén thanh dang
Pascal quen thudc:

var
a,b,c,d,e,g, kq:longint;
f:array[0..8400]of longint;
begin

a:=10000; b:=0; c¢:=8400; e:=0;
for b:=0 to ¢ do f[b]:=a div 5;
while(c>0)do

begin

d:=0;

g:=c*2;

b:=c;

while(b>0) do

begin

d:=d+{[b]*a

g=g-1;

f[b]:=d mod g;

d:=d div g;

g:=g-1;

b:=b-1;



if(b>0)then d:=d*b;
end;

c:=c-14;

kq:=e+d div a;

1f kg>999 then
write(kq)

else if kg>99 then
write('0’,kq)

else if kg>9 then
write('00’,kq)

else
write('000',kq);
e:=d mod a;

end;

end.

1. M6 rong khéi niém hé dém.

Khi lam quen véi may tinh, chic chin trong chung ta ai cling biét ¢én hé dém va
thuat toan chuyén doi giira cac hé dém. Tuy nhién, chung ta cling chi quan tdm dén
cac hé dém nguyén nhu 2,3,10,16...Bay gio, chiung ta 1am quen véi mot dang hé dém
khéc, tam goi 1a h¢ dém hdn hop (mixed-radix).

5 =[1 111 ]
, 8= @y @iy ... , , S b e
Ta noi so o trong h¢ dém co so B e , ky hiéu
(90:1:02.65.@0 )15 4 durge bidu dién nh sau:
1 1 1 1
e +§ .:z1+§ iy +E . +§|:cz4 +:|
Néu 0<ai <i, voi i>1, biéu dién do goti la chinh quy (regular).
Nguoi ta da chirng minh dugc rang:
1
‘ . I:D;U,':],...U,I:Ii,ﬂm,...)a < _I [D;ﬂlsﬂzs---)a <1 .
Dinh Iy 1: Néu i>1, *va thi phan nguyén

[ S R P \ 0
5 0= M]3 M5, g \ \ A A A \ dEdy eda ...
cua ( ) 1a a0 con phan thap phan la (Ba1,45,..),

Nhu vy, dé tinh dugc cac chir sb cta s, trude hét 14y ra phan nguyén ao, tiép theo
nhan phan thap phan véi 10 dé€ lay ra phan nguyén va tiép tuc 1ap di lap lai nhu the.

1 1 1 1 1
=% — ha =1+ |1+ 1+=] 1+ =1+
o g 1[ 2[ 3[ 3 )]]]
Vi du véi so e, ta co:

Thuc hién cic phép bién ddi sau day:



1 2 3
-
e=L 2[I+T+l I:I+l I:I+1 1+1 I]+l>-<EI
10 1 2 3 4 5
e=2+L 7"+l III+l IZI+l 1+l III+1>-<EI
10 1 2 3 q 5

Viy chit s6 thr nhit ctia e 13 2. Phan thap phan cua e 1a

T"+1 III+l III+l 1+l D+lxlil hay (7,0,0,1,0,0%,
1 2 3 4 5

ap dung lap lai phép bién d6i nhu trén voi phan thap phan, ta s& thu dugc lan luot
cac chir s tiép theo cua e. Hay thir viét bang Pascal:

var
a,b,c,d,g:longint;

f:array[1..6]of longint;

begin

a:=10;c:=6;g:=5;d:=0;
f[1]:=1;1]2]:=1:1]3]:=1;f[4]:=1;f[5]:=1;{[6]:=1;
for b:=c downto 2 do

begin

d:=d+f[b]*a;

f[b]:=d mod g;

d:=d div g;

g=g-1;

end;

d:=d+]1]*a;



f[1]:=d mod a;

writeln(d div a);

end.

D@ dang nhén thay doan chwong trinh nay tuong tir véi vong lap bén trong cua thuat
toan tinh 7 va chuong trinh s& in ra 2, cac gia tri tiép theo ctia mang f1a
(7,0,0,1,0,0).

Do e 14 s6 thap phan vo han, so chir s6 tinh duoc ctia e phai phu thudc vao chiéu dai
mang f.

Dinh ly 2:Pé tinh duoc n chit s6 cua e theo hé dém co sb 10, s& can mang f co chiéu
dai t4i thiéu n+2 néu n< 28 hoic n néu n>28 (cha y: 28 =101y

Nhu vay ban chét ctia thuat toan tinh e hay 7 1 viéc chuyén di tir hé dém co s6 hon
hop vé hé dém co sb 10. Mdi 1an 1ap cho ta mot chix s0.

2. Thuat toan danh cho &

C6ng thire dfmg cho tinh toan vé&i 7 1a chudi:

)

Trong do k!! la ky hi¢u cua tich k s0 1¢ lién tiép nhau tir 1 dén k: k!!=1.3.5. k. Chiing
ta bo qua vé ngudn gdc cua chudi. o o
Tir cong thirc ndy c6 thé thdy n duoc biéu dién dudi dang co s6 hdn hop 1a:

(22,2,2.) v@ic=[l,3,§,___]
‘ Sa

Céc tinh chét cta hé dém ¢ khong hoan toan tuwong tu nhu ddi véi hé dém b.

. L2468
Dmhl}'/3:S(3I: 8.8,
I:U;c;t,b,c,...:l

v tdi da cac chir sd biéu dién sb 2, do d9, sb
“ theo dang chinh quy s€ roi vao trong khoang 0 va 2.

. ;A I A n ) i S SR PO
DPinh 1y trén cho thay rang phan nguyén cua (0,030 :Ic

tuy theo III:]’cxl’az’ﬂ3"”j¢rori vao khoang [0.1) ey [12)
nguyén tic ctia e cho m can c6 mot vai thay doi:
Trude khi in ra mot chit sb vira tim duoc, can phai gitr lai dé kiém tra xem chir sd
thir tiép theo roi vao khoang nao. Néu cén thiét chit s6 d6 phai dugc diéu chinh roi
moi in ra. Vé thuc té, chir 50 tim duoc tiép theo c6 thé 16n hon 10, trong truong hop
nay, phai cong thém 1 vao s6 vira tim duoc trude. Tuy nhién, diéu gi s& xay ra néu
80 trude do dé la 9?7 RO rang phai cong don lén trude nira 1 don vi va thay 9 thanh 0.
Céc tac gia dé xuat phuong an luu chir 5O tim dugc trong mot bién goi la predigit,
dong thot st dung mot blen dém céac chir s6 9 lién tiép nhau. Khi xuét hién tinh
huéng chit s6 tim duoc tiép theo 16n hon 10, tién hanh blen doi predigit va cac s6 9
dung trude. Xin luu ¥ thém, khac véi hé dém b, cac phan s trong hé dém ¢ c6 tir s6
16n hon 1, do d6 phép bién dbi cling hoi khac mot chit. Sau ddy 1a thuat toan tinh n

co thé 1a ao hoac aol

. Vi vay, khi &p dung céac



chir s6 cua m:

St dung bién predigit dé luu chir s6 tim dugc. nines dé dém sb cac s6 9 lién tiép.
Khéi tao bang f voi cac phan tir ¢6 gia tri 13 2. Lap lai n 1an: Nhan mdi phan tir cta
bang fvoi 10. Bit dau tir bén phai, chia f[i] cho 2*i-1, nhan dugc phan nguyen q va
phan du r. Gan r cho f[i], cong don q*(i- 1) vao f[i- 1] Lay phan ttr trai nhét cua f
chia 10, gitra lai phan du trong f, dugc phan nguyeén . Néu g9 va q#10, in ra chwr
s6 dang c6 trong predigit va luu q vao  predigit. Tiép theo in nines s6 9 va gan nines
bang 0. Néu q =9, ting nines 1én 1. Néu q = =10: Tang predigit hién tai 1én 1 va in gia
tri ra. Gan predigit thanh 0. In ra nines cac 50 0. Gan nines bang 0. Poan chuong
trinh sau bang Pascal miéu ta thuat toan vira roi:

const n =1000;

len=10*n div 3;

var 1, j, k, g, X, nines, predigit: integer;
a: array[1..len] of longint;
begin

for j:=1 to len do a[j]:=2;
nines:=0; predigit:=0;

for j:=1 ton do

begin

for i:=len downto 1 do

begin

x:=10*a[1]+q*1;

a[i]:=x mod (2*i-1);

q:=x div (2*i-1);

end;

a[1]:=q mod 10; q:=q div 10;
if =9 then

nines:=nines+1

else

if g=10 then

begin

write(predigit+1);

for k:=1 to nines do write('0’);
predigit:=0; nines:=0;

end

else

begin

write(predigit); predigit:=q;
for k:=1 to nines do write('9");
nines:=0;



end
end;
writeln(predigit);
end.

Dinh Iy 4:Dé tinh dugc n chit s6 cta n theo thudt toan trén can mang f co L1053

phan tir.
Neéu chuong trinh trén dugc thi hanh, dén vong lap thir 32, mot tinh hudng can xur Iy
predigit s€ xuat hién:

1 12 |3 3003132 | 33|34
3001341 24 | 49| 102 | 28 | &7
T Ll 9 15 |0 2 |3

Co thé cai tién thém tdc d6 tinh toan bang cach thay vi mdi vong 13p tim mot chit sb,
hay tim nhiéu chit s6 hon. Viéc nay rat don gian, chi can dbi sang h¢ dém Iy thira
ctia 10 nhu 10.000 chang han. Tuy nhién, dé c6 thém 3 chir sb nira, ta tinh 1000 p.
Mit khac, néu biét trudc rang trong qua trinh tinh toan khong bao gio¢ xut hién sd
c6 mot phan 14 000 thi hoan toan c6 thé bo qua doan xu ly predigit.

Dén day, chuong trinh C ban dau da tro nén dé hiéu:

Vong lap thu nhat khoi tao cdc gia tri cua mang f thanh 2000 (do tinh 10007). a la
bién cho biét hé dém can chuyen vé.b, g 1a bién chi ra tir s6, mau s6 ctia cac phan sb
trong hé dém hdn hop. Piéu bian khoan cudi cling c6 1& 1a con s6 14. Nhu da trinh
bay & trén, nguoi ta chimg minh rang;

Dé c6 thé tinh chinh xéc p chit s6 ctia 7, voi p di 16n, can st dung n chit s6 cia ©
trong hé dém hdn hop sao cho 2n >10 p hay n/p >In10/In2. Trong truong hop cu thé
nay, vi tinh v6i hé dém 10.000 nén n can théa man: n/p>In10000/In2 x4p xi bang 14
hay n>14p

3. No6i thém

Mac du thuét toan trén khong co tinh canh tranh so v6i cac thuat toan tinh n dang
duoc sir dung rong rai nhung no rat don gian va c6 thé dé dang cai dit trén cac may
tinh ca nhan. Tu tudng cia thuat toan nay ciing ¢ thé dugc ap dung dbi véi nhiéu

.z 2 ) ) :
loai s0 v ty khac nita nhu ~ ., In2 ...M0t cau héi cling dat ra 1a 1iéu c6 thé tim duoc
mot cach bicu dién 7 trong h¢ d€m d nao do6 sao cho ao ludn la phan nguyén cua

[ SO R R , 2, . ~ N N \ b o
GRS )“f? Hay c6 thé xac dinh dugc trong nhitng truong hop nao thi phai xtr

Iy predigit va khi nao thi c6 thé bo qua...?

Hién nay nguoi ta di c6 rat nhiéu cach dé tinh truc tiép ting chit s6 cua 7, tham chi
khéng can tinh cac sd trudc d6, véi dd phire tap twong ddi thap. Ngoai hé dém 10
hay liiy thira 10, 7 con c6 thé duoc tinh cho cac hé dém khac nhu 2, 16.... T4t nhién
vo1 cach nay thi s€ phai mat thém mot cong doan chuyén doi tiép vé hé dém thap
phan.

Phén dudi day xin duoc gidi thiéu tiép mot sé doan chuong trinh rat ngan tinh




nhirng s6 vo ty khac. M3 ngudn dugc sao chép tir Internet va chua c6 diéu kién dé
kiém tra, dua ra v6i muc dich tham khao.

Chuong trinh tinh T véi 142 ky tu

main() {int a=1e4,c=3e3,b=c,d=0,e=0,{]3000],g=1,h=0;
for(;b;!--b?printf( %04d ,e+d/a),e=d%a,h=b=c-=15:1[b]=
(d=d/g*b+a*(h?1][b]:2e3))%(g=b*2-1));}

Chuong trinh tinh e

main() {int N=9009,n=N,a[9009],x;while(--n)a[n]=1+1/n;
for(;N>9;printf( %d ,x))
for(n=N--;--n;a[n]=x%n,x=10*a[n-1]+x/n);}

Chuong trinh tinh log10

main() {int a=1000,b=0,c=2658,d=75,{]2659],n=800,k;
for(;b

for(;n--;d+=*f*a,printf( %.3d ,d/a),*f=d%a)
for(d=0,k=c;--k;d/=b,d*=k)f[k]=(d+=fTk]*a)%(b=8*k+4);}

Chuong trinh tinh

main() {int a=1000,b=0,c=1413,d,f{1414],n=800.k;

for(;b

for(;n--;d+=*f*a,printf( %.3d ,d/a),*f=d%a)
for(d=0,k=c;--k;d/=b,d*=2*k-1)f[k]=(d+={[k]*a)%(b=100*k);}

Bai viét ndy duoc xdy dung tir mot loat cac tai liéu va lién quan rat nhiéu dén toan
hoc. Cac dinh ly trong bai chung ta tam cong nhan ma bo qua phan chirng minh.
Néu c6 phan nao ngudi viét hiéu sai vin dé hay ngd nhan thi rat mong dugc thong
cam. Xin tham khao thém phan tai liéu st dung dudi day dé co nhiéu théng tin hon.
Stanley Rabinowitz, Stan Wagon: 'A Spigot Algorithm for the Digits of Pi' —
'American Mathematical Monthly', 102 (1995)

Erik Bruchez: Computing decimals of PI in Java: www.bruchez.org/erik

Céc tai liéu sau 13y tir: numbers.computation.free.fr/Constants

Xavier Gourdon: Computation of the n-th decimal digit of © with low memory
Xavier Gourdon and Pascal Sebah: N-th digit computation W. Hereman: Various
Methods to Compute the Number &t

26 .I'J’ng dung Ly thuvét d(‘ﬁng duw trong Tin hoc

Tac gia: Dinh Dirc Hung

Nhu cac ban da b1et trong thyc té c6 nhiéu khi chung can quan tam khong chi cac sO
nguyén ma ca s6 du cua s6 nguyen do trong phep chia cho mét sO nguyén duong.
Ching han ta mudn biét sau 50 gio nira s€ 1a may gio thi chi can tinh s6 du cta 50
cho 24 va cong thém gio hién thoi ri chia cho 24!



Ly thuyét dong du 12 mot phan quan trong trong toan phd théng. Trong bai viét ( nay,
chung t6i chi dé cap dén hai tmg dung nho ciia dong du: Bai toan tao cac sd ngau
nhién bang may vi tinh va Bai toAn ma hoa thu tir.

Mot sO kién thure vé dong du ¢ lién quan
Trudce hét chung ta cung xem lai mot s6 kién thirc vé dong du:

Dinh nghia 1: Cho a la mét sd nguyén, ‘m la mot so nguyén duong. Khi do, r duoc
go1 la 86 du trong phep chia a cho m néu t6n tai s6 nguyén q, r sao cho: a = mq-+r,
,0<r.Trong lap trinh Pascal dé 14y sb du r chiing ta str dung phép toan mod: r:==a
mod m;

Vi du: 3 mod 2=1; 4 mod 2=0; 5 mod 3=2.

Dinh nghia 2: Cho a, b 1a hai sO nguyén, m la mot s6 nguyén duong. Lic do, a dugc
goi 1a dong du véi b theo médun m néu sé du trong phép chia a cho m bang sb du
trong phép chia b cho m. Ki hiéu: a=b (mod m)

Ttr dinh nghia nay ta ¢6: a =b (mod m)[] a-b chia hét cho m;
Vi du: 5=2 (mod 3)[J 5-2 chia hét cho 3; 11=7 (mod 4)[111-7 chia hét cho 4;

Dinhly 1: Chom la s6 nguyén duong a dong du vai b theo modun m khi chi khi ton
tai sO nguyén k sao cho a=b+km.

Dinh Iy 2: Néu a=b (mod m); ¢c=d (mod m) thi a+c=b+d (mod m) va ac=bd (mod m).
Bai toan 1: Tao cac s6 ngiu nhién bang may vi tinh

Thong thuong, ching ta dung thuat ngir ngau nhién khi néi dén mot sy tuy ¥ nao do.
Thi dy khi ban yéu cau cho mét sO ngau nhién nghia la cho mot 5O nao cting duoc
tuy y. Nhung trong toan hoc, s6 ngau nhién dugc dinh nghia 1a mét s6 déu c6 kha
nang xuat hién twong duong nhau

Trong lap trinh Pascal cac ban van ding ham Random d¢é sinh céc s6 ngau nhién
trong mot mién nao d6. Nhung d3 bao gio cac ban dat ra cau hoi nguoi ta sinh ra cac
80 ngau nhién do bang cach nao Co nhiéu phuong phéap dé tao ra cac s0 ¢o tinh chat
gan gidng véi tinh chat ciia s6 ngiu nhién boi vi vi€e tao ra cac sO ngau nhién la
dicu khong thé. Mot chwong trinh do chung ta viét thi chac chan 14 cac s6 duoc tao
ra c6 thé suy luan duge. Vi vay, cac sd do ching ta tao ra chi c6 thé goi 14 gia ngau



nhién. Tuy vy, chung ta hily bang 1ong véi viéc str dung nhitng s6 gia ngau nhién
dé nhu nhitng s6 ngau nhién.

Mot phuong phap pho bién dugc dua ra boi D.Lehner nam 1951 dé tao ra céc so gia
ngau nhién la phuong phap dong du tuyén tinh.

Tu tuong cua phuong phap nay co thé trinh bay ngan gon nhu sau: Ta chon 4 s6
nguyén 1a modun m, nhan tir a, s gia ¢ va sb hat giéng x0 , v6i diéu kién 2 ciia m, 0
<c<mva(0<x0<m.

Chung ta sé tao ra cac ddy sd ngdu nhién {xn}, 0 <xn<m

bang cach sir dung lién tiép cac phép s du: xn+1 = axn+c) mod m.

Vidu: Vi m=9, a=7, c=4, x0 = 3 thi diy sb gia ngiu nhién duoc tao ra nhu sau:
x1=(7x0+4)mod9=(73+4)mod 9=25mod 9 =7.
x2=(7x1+4)mod 9= (7.7 +4) mod 9 =53 mod 9 =8.

x3 =(7x2+4)mod 9 = (7.8 + 4) mod 9 = 60 mod 9 = 6.

x4 =(7x3+4)mod 9= (7.6 +4) mod 9 =46 mod 9 = 1.
x5=(7x4+4)mod 9= (7.1+4)mod 9 =11 mod 9 =2.
x6=(7x5+4)mod 9= (7.2+4)mod 9= 18 mod 9 =0.

x7=(7x6 +4)mod 9 = (7.0 + 4) mod 9 =4 mod 9 = 4.

x8 =(7x7+4)mod 9= (7.4 +4) mod 9 =32 mod 9 =5.

x9=(7x8 +4)mod 9= (7.5 +4) mod 9 =39 mod 9 = 3.
x10=(7x9+4)mod9=(7.3+4)mod 9=25mod 9=717.

Diy trén chira 9 phan tir khac nhau trudce khi lip lai

Thuec té 14 khi chl:ln% ta qhQn cc s6 m, a, ¢, X0 mot céch,tu}‘l y khong theo mot quy
luat nao thi c6 thé dan dén truong hop tao ra dugc day so6 ¢ chu ki qua nho so voi

mién x4c dinh cta nd (rr}odun rrl). Mot thi du trong truong hop ta chon m= 381,
a=19, c=1, x0 = 0 day so gia ngau nhién dugc tao ra la: 0, 1, 20, 0, 1, 20,... R0 rang,



day la day c6 chu ky 3, khong ngau nhién trong mién 0...381. Nhu vay, lam thé nao
dé tao ra mot day s6 gia ngau nhién tét D.E.Knuth da dua ra va phat trién quy luat
chon m, a, ¢, X0 nhu sau:

+ Modun m c6 thé 16n dén gia tri tdi da cia mot Word (thuong 13 luy thira cua 10
hoac 2);

+ Nhan tir a khong qua 16n hay qua nho (t6t hon hét 13 it hon m mot chit s6; a nén 1a
mot hang so tuy y khong theo mot mau riéng nao ca va nén két thiac bdi x21 voi x 1a
mot sO chan.

+ Gia tri hat giéng x0 c6 thé lay bat ky;

Nguoi ta thiy rang: voi cach chon d6 diy sb tao ra tuong dbi tot theo nghia da noi
Cai dat: Ta c6 thé dung mang hodc diung mot bién cap nhat lién tuc cac phan tir ciia

day sb gia ngau nhién. Nhung trong ca hai trudng hop d6 dé chuong trinh ¢ thé
chay t6t ngay khi a va x0 twong do61 16n chiing ta can giai quyét van dé tran.

Sau ddy chung ta ldy mot vi du sé thdy ngay diéu d6: Gia sir mdy tinh cta ching ta
c6 Word 32 bit nhung ta chon nhu sau: m=100000000, a=31415821, x0 = 1234567,
c=1 déu la nhitng gi4 tri nho hon gi4 tri t5i da cia Word. Thé nhung ngay gia tri clia
phép tinh dau tién a.x 0 = 38784935884507 da vuot qua gia trj gidi han cia Word
(ma ¢ day chung ta chi quan tim dén gié tri (a.x0 + 1) mod m nho hon gia tri Word).

Giai phap: Gia sir P.Q vuot ra ngoai pham vi m ¢ trén ching ta s€ lam nhu sau: Ta
biéu dien: P=104.P1+P0; Q=104.Q1+Q0; Bay git P.Q=(104.P1 + P0)(104.Q1 + QO)
=108.P1.Q1 + 104(P1.Q0 + P0.Q1) + P0.QO. Trong tong ndy chung ta chi quan tim
dén 4 s6 cudi cua sb hang 104(P1.Q0+P0.Q1) vata c6: P.Q mod m = q
((P1.Q0+P0.Q1) mod 104).104 + P0.Q0) mod m. Cac ban hoan toan c6 thé ching
minh dugc diéu nay

Sau ddy 1a mot cach cai dat ham surplus(p,q) dé 13y s6 du cua p.q cho 108:

Function Surplus(p,q:longint):longint;

Const m=100000000;

m1=10000;

Var q1,q0,p1,p0:longint;



Begin

Ql:=q div ml; q0:=q mod ml;

P1:=p div m1; q0:=q mod m1;

Surplus:=(((P1.Q0+P0.Q1) mod m1).m1 + P0.Q0) mod m;
End;

Cudi cung ta c6 doan chuwong trinh tao n s6 ngau nhién
For i:=1 to n do write((surplus(a,x0)+1) mod m);

Chuong trinh trén s& khong bi tran véi m < 1/ 2 gi6i han tdi da cia s6 nguyén. Mudn
tao cac s6 ngau nhién nam trong khoang (0,1) ta chi viéc chia day da tao duogc ¢ trén
cho modun m. Moi cac ban hay thur xem!

Bai toan 2: Bai toan mat ma

Trong nhiéu linh vuc truyén thong thi viée giit bi mat thong tin gitra ngudi giri va
nguoi nhan luén duoc dat ra Chéng han nhiing burc dién tin, thu tin trong quén su.
Mit ma hoc 1a mot nganh khoa hoc chuyén nghién ctru céc thu tir bi mat. Mgt trong
nhimng ngudi sit dung mat ma duoc biét dén sém nhét 1a Julius Caesar (Xé-da). Cach
lam ctia Caesar nhu sau: 6ng dich mdi chit cai & birc thur gbc di ba chit vé phia sau A
>D,B->E,...X>AY->B,Z->C.

Chung ta s& xem x¢et qua trinh ma hoa cua Caesar mot cach toan hoc: Trudc tién ta
thay céc chir cai bang cacsdptr0dén25: A->0,B->1,...,Z->25. Démihoa
btrc thu ta thay p bang gia tri f(p) thude {0,1, 2...., 23, 24, 25} dugc xac dinh nhu
sau: f(p) = (p+3) mod 26 va dich nguogc tré lai czic ki tu.

Vi du: Ta phai ma hoa buc thu sau: "I LOVE YOU MORE THAN I CAN SAY™"
bang mat ma Caesar ta tién hanh nhu sau:

- Chuyén céc chir thanh cac s6: 8 11 1421424 14201214174197013820 13
18024

- Thay p bé1 f(p) taduge:11 141724 1711723 151720722103 161153 16 21
31



- Thay nguoc trd lai cac chir cai ta dugc bire thu bi mat nhu sau: L ORYH BRX
PRUH WKDQ LXQ VDB

Ngudi nhan birc thu nay phai tién hanh gidi ma birc thy Thyc chat clia viée gidi ma
buc thu duge ma hoa bang mat ma Caesar 1a su dung ham ngugc: f-1(p) = (p-3) mod
26. Noi cach khac 1a ta tién veé dau 3 chir cai

Chuing ta c6 thé tong quat hoa phuong phap cua Caesar bang cach thay vi dich 3 chi
cai ta dich di k chit, luc do: f(p) = (ptk) mod 26 va f -1(p) =(p-k) mod 26. Cac loai
mat ma nay duoc goi la mat ma dich. B§ an toan cia né khong cao

Mot phuong phap nang cao d an toan 1a stir dung ham f(p)=(ap+b) mod 26. Trong
do a,b dugc chon sao cho f1a song anh. Chang han ta c6 thé dung ham f(p)=(7.p+3)
mod 26. Luc d6, A -> D, B ->K,....Y ->P, Z ->W. Trong truong hop nay dé giéj ma
buc thu s€ khong don gian nhu trén. That vay, mudn giai ma bire thu ta phai tién
hanh nhu sau: gia st f(p) la sd biéu dién chir cai trong buc thu duge mé hoa ta xét
cac kha nang s6 nguyén k =0, 1, 2,..., 6. Néu ton tai k sao cho (26.k-3 +f(p)) chia hét
cho 7 thi chir s6 biéu dién chir cai trong birc thu gbe 1a: p = (26.k-3 + f(p)) div 7. Sau
day la chuong trinh mét ma.

Program chuong_trinh MAT MA;

Var chon: integer;

Procedure Mahoa;

Var ch kt:char;f,ma:text;i,ii:integer;s,ss:string;

Begin

writeln('cho ten buc thu can ma hoa:');readln(s);

writeln('thanh buc thu:");readln(ss);

assign(f,s);reset(f);

assign(ma,ss);rewrite(ma);

while not(eof(f)) do

begin



read(f,ch);

if ch<>'' then

begin

1:=ord(upcase(ch))-65;

11:=(7*1+3) mod 26;
kt:=chr(ii+65);

write(ma,kt);

end

else write(ma,ch);

end;

close(f);close(ma);

end;

Procedure giaimathu;

Var f,gma:text;ch,kt:char;
s,ss:string;i,ii,k:integer;ok:boolean;
Begin

writeln('hay cho ten cua buc thu can giai ma:');
readln(s);

writeln('tro thanh buc thu:');
readln(ss);

assign(f,s);



reset(f);

assign(gma,ss);
rewrite(gma);

while not(eof(f)) do

begin

read(f,ch);

if ch<>'' then

begin

i1:=ord(ch)-65;
k:=0;0k:=false;

while (k<7) and (not ok) do
begin

if (26*k+11-3) mod 7 =0 then
begin

i:= (26%k+ii-3) div 7,
kt:=chr(i+65);
write(gma,kt);

ok:=true;

end

else k:=k+1;

end;



end

else write(gma,ch);

end;

close(f);close(gma);

end;

R CHUONG TRINH CHINH
begin

Writeln("Moi ngai chon chuc nang can lam: ');
Writeln('l: Ma hoa thu);
Writeln('2: Giai ma tht);
Writeln('0: exit');
Write('Chon: ');
ReadIn(chon);

Case chon of

1: Mahoa;

2: giaimathu;

0:halt;

else writeln('moi chon lai);
end;

end.

27 Xir Iy biéu thirc sé hoc




L€ Van Chuong

Biéu thtic s6 hoc dugc dinh nghia rat don gian va ngan gon nhu sau: Biéu thirc s6
hoc 12 mot chudi ky tu bao gom:

- Mot s0 nguyén khong dau hodc c¢6 dau, hodc mot tén bién dat theo chuan cua
Pascal.

- Hai biéu thtc sé hoc ndi véi nhau bdi mot ddu phép tinh (+, -, *, hodc /). C6 thé
dat trong cdp dau ngodc don

Khi cho mét biéu thirc thi thong thuong ta phai kiém tra xem biéu thirc di cho c6 la
mot biéu thirc dung khong. Pé kiém tra mot biéu thirc xem no c6 dung khong ta can
kiém tra xem céc sb ctia n6 c¢6 dung khong?, cac bién trong d6 c6 duoc dit tén theo
chuan ctia pascal khong? cac phép tinh c6 hop logic toan hoc khong? cac ddu ngoic
don co6 dung khong?

Trong céac diéu kién trén thi kiém tra sb, tén bién, cac diu ching ta khong dé cip dén
vi chung qua dé, mot nguoi moi bat dau hoc ciing c6 thé xur 1y dugc. Chung ta chi
quan tdm dén xur 1y cac dau phép tinh va ngodc don, déc bit 1a dau ngoac don boi vi
n6 phirc tap va kho xir Iy nhat.

Bay gio, chung ta s& xem xét mot bai toan dugc goi 1a don gian nhat trong xir 1y
biéu thirc s6 hoc. Noi dung ctia bai toan nhu sau:

Bai toan 1: Lap trinh chuong trinh nhap vao mot xau ky tu chi gdm cac dau mo
ngoac va dong ngodc don, sau do kién tra tinh ding dan cua cach dat dau ngodc.
Mot xau ky tu dung 1a xau théa man:

- S6 1an mo ngodc dung bang so lan déng ngoic.

- D4u mé ngodc phai dimg trude (& phia bén trai) ddu dong ngodc twong ting.

Bai toan xur Iy khong khé nhung nd 1a nen tang dé chiing ta ap dung vao cac bai toan
c6 muc dg cao hon. Voi bai nay ta chi can doc dong dit liéu va tinh s6 lan mo ngoac
c6 bang s6 1an déng ngodc khong? néu khong thi d6 1a biéu thirc sai, néu co thi kiém
tra tiép ddu m& ngodc c6 dung trude diu dong ngodc twong ting khong. Sau day 1a
doan chuong trinh chinh.

For i:=1 to length(s) do

Begin



Ifs[i]in[ (,) ] then

Begin

If s[i]= ( then inc(mn) else dec(mn);

If mn<0 then begin Writeln( Bieu thuc sai );Halt;End;
End;

If mn<>0 then begin Writeln( Bieu thuc sai );Halt;End;
Writeln( Bieu thuc dung );

End;

Chung ta c6 thé nang cap chung trinh trén dé kiém tra mot biéu thirc day dii nhap
vao c6 dung khong, day chinh 1a nd1 dung ctia bai toan 2.

Bai to4n 2 : Cho mot xdu ky tu hiy kiém tra xem xau ky tu d6 c¢6 1a mot biéu thirc s6
hoc dung hay khong, bi€u thirc dugc xem la dung néu no6 thdéa man cac di€u kién
sau:

- Mét s6 nguyén, hodc mot tén bién dat theo chuan cua pascal.

- Hai biéu thtrc s6 hoc ndi véi nhau béi mot ddu phép tinh (+, -, *, hodc /), ¢6 thé dat
trong mot cap dau ngoac don.

Vi bai toan nay, chiing ta khong chi kiém tra dau ngodc don nhu bai trudc ma con
kiém tra tinh ding dan cua cac phép tinh, cac so0, cac bién, ki€m tra cac dau phép

tinh c6 phu hgp khong?

Thuat todn: Sir dung bién dem dé kiém tra cac dau ngodc don c6 ding khong va bién
dau dé kiém tra tinh ding dan cua dau. Cach ki€m tra nhu sau:

Khéi tao dem:=0 va dau:=1;
Goi i la ky tu dang xét cua xau s:

- Néu i1a dau '(' va bién dau c6 gia tri bang 0 thi dat bién ting bién dem 1én 1;



- Néu il1a dau ") va trude i 1a mot dau phép tinh thi chic chin ddy 1a mot biéu thirc
sai, nguoc lai giam bién dem di 1 dé bao cho chuong trinh biét di c¢6 1 cap dau mo
ngoic ding; néu dem<O0 thi' s la' mo”.t bie"?u thu+'c sai bo+?i vi' so™ ky' tu+.
ddo'ng ngoa(.c nhie”" u ho+n so™' ky' tu+. mo+? ngoa(.c.

- Néu i 1a mot ddu phép tinh(+, -, * ,/) va dau=1, c6 nghia la c6 2 dau lién tiép nhau
=> déy 14 biéu thirc sai, nguoc la1 néu i 1a mot dau pheép tinh va trude do6 chua co
dau nao (dau = 0) thi dit dau:=1 dé bao 1a dang xtr Iy biéu thirc c6 dau;

- Néu i 1a cac chir cai A.. Z va a.. z thi day chinh 14 bat ddu cua 1 tén bién, ta phai
x€t 1 ¢ vi tri cudi cung cua tén bién nay ro1 xu 1y ti€p:

- Néu dau=0: S 1a bicu thtrc sai, bi vi: ta khoi tao dau=1 nén véi bién dau tién
chuong trinh s€ cho n6 dung va gan lai dau=0 r61 xu 1y ti€p, dén khi gap mdt dau
phép tinh khac thi mé1 khéi tao dau=1 nén trong truong hop nay S 1a biéu thire sai.

- Néu dau=1: Gan lai dau=0 va xir 1y tiép cac ky tu sau tén bién do.

Neéu 1 1a céc chir s6, ta phai xét vi tri mdi ciia i 1a vi tri cudi cung cua sO nguyén do
(nhiéu s0):

- Néu dau=0: twong ty trén, day la biéu thirc sai

- Néu dau=1: gan lai dau=0 va xir 1y cac ky tu sau sb vira doc

Dudi ddy 14 thi tuc kiém tra mot xau c6 1a biéu thirc s6 hoc hay khong:
Function test(s: String): boolean;

Var 1,dem,dau: integer;

Begin

test:=false;

dem:=0;

dau:=1;

1.=1;

While (i<=length(s)) do



begin

Case s[i] of

'(" : begin If dau=0 then exit; inc(dem); end;
")' : begin

If dau=1 then exit;

Dec(dem);

If dem<0 then exit;

end;

'+ If dau=1 then exit Else dau:=1;
'A'..'Z''4..'7": begin

If dau=0 then exit;

dau:=0;

While (i

['a..'z')'A"..'"Z','0"..'9"]) do inc(i);

end;

'0'..'9" : begin

If dau=0 then exit;

dau:=0;

While (i

['0"..'9']) do inc(i);

end;



End;

Inc(i);

end;

If (dem=0)and(dau=0) then test:=true;

End;

Dé kiém tra mot xau s co 1a biéu thirc s6 hoc hay khéng ta chi can goi:

If test(s) then Writeln( La bieu thuc so hoc ) else Writeln( Bieu thuc sai );

Thong thudng sau khi kiém tra tinh dung dén ca biéu thirc thi nguoi ra dé & yéu
cau tinh bi€u thirc d6 voi cac gia tri bién cho trude. Co nhiéu cach dé tinh gia tri
biéu thirc s6 hoc, sau day to1 s€ gidi thi¢u cho cac ban phuong phap Ky phap nghich

dao Balan.

Ky phap nghich dao Balan 1a mot cach biéu dién biéu thic toan hoc thong thuong
theo mdt dang khac, kha thuén 1¢1 cho vi¢c tinh toan mdt bi€u thuc trong may tinh

Mot biéu thic toan hoc thong thudng ¢ thé duge l}ién d6i thanh diy gdm céc toan
tr va toan hang, trong d6 mdt toan tir duoc dung dé tinh toan véi 1 hoac 2 todn hang
dimg trude nod trong day do.

Vidu : (T+R)*A bién d6i thanh TR+A*

T+E*A bién d6i thanh TEA*+

Cé hai dang ky phap nghich ddo Balan, preffix va suffix. Dang trén 1a suffix.

Thuét toan dé bién ddi biéu thirc toan hoc thanh dang ky phap nghich dao Balan nhu
sau :

Ta str dung hai stack. Mot dung dé luu dang Balan (néi tit cho gon), goi 1a BtBalan,
mot dung dé luu cac toan tir ding trong qua trinh chuyén biéu thirc thanh dang
Balan, goi 12 pheptinh. Két qua dugc dua vao BtBalan. Chi viéc doc 1an luot tir dau
dén cudi ciia BtBalan thi s& duoc dang ky phap nghich ddo Balan ctia biéu thirc da
cho.

Ta sé& doc 1an lugt tir ddu dén cudi biéu thire d3 cho dé xu ly:



- Néu gip ddu mo ngoic thi Push no vao stack pheptinh.

- Néu gap mot toan hang thi Push né vao stack BtBalan.

- Néu gip mot toan tir thi:

+ Néu cac toan tir duoc luu cudi cing trong pheptinh ¢6 mirc vu tién cao hon thi lan
lugt Pop cac toan tir do ra khoi pheptinh, Push n6 vao BtBalan. Lam vay cho dén khi
gdp phai toan tr c6 murc uu tién bang hoac thap hon no thi dung.

+ Push toan tor dang xét vao pheptinh.

+ Murc uu tién cua cac toan tir dugc quy dinh nhu sau: + -, *, / Dau mé ngodc duoc
coi la c6 muc uvu tién thap nhat.

- Néu gap dau dong ngodc thi Pop toan b cac toan tir dugc luu trong pheptinh, Push
vao BtBalan, cho dén khi gap dau mo ngodc (dugc luu trong pheptinh). Sau dé Pop
luén dau mo ngodc doé ra, vt di.

Sau khi d3 thu dugc dang kpnd Balan rdi, tinh toan nhu sau: tim trong BtBalan mot
phep toan dung lién sau mot toan hang. Dung phép toan do ap dung trén 1 hodc 2
toan hang lién trude no. Thay mét toan hang bang két qua tim dugc, x04 phan tir
chtra toan hang con lai(néu 1a 2 toan hang) va phan tir chtra toan tir ra khoi BtBalan.
Tinh dén khi khong tim dugc toan tir nao nira thi thoi.

Ta c6 bai toan tong quat nhu sau: Cho xau S 1a biéu dién ciia mot biéu thirc s6 hoc
(v61 cac dinh nghia bi€u thire s6 hoc nhu trén). Hay kiém tra xem biéu thuc da cho
c6 hop 1y khong? Néu hop ly thi tinh gia tr1 bi€u thic da cho

Dt li¢u vao quy udc nhu sau:

- dong dau 1a biéu thirc can tinh toan

- Cac dong tiép theo ghi gia tri cac bién ¢ trong biéu thirc can tinh (néu c6) theo cu
tric: =

Dit liéu ra: tép bieuthuc.out gdm 1 dong ghi biéu thirc va gia tri ctia biéu thic d6 sau
khi tinh duoc.

Vi du:

((me*1984)+(tra*1983))/us



me=24
tra=29
us=04

Duéi day 1a chuong trinh ddy du va chinh xac vé kiém tra biéu thtrc s6 hoc va tinh
gia tri bi€u thue do:

{$A+,B- D+ E+F-,G-I+,L+N-,0-P-,Q+,R+,S+T- V+ X+}
{$M 16384,0,655360}

Program Bieuthucsohoc;

Uses Crt;

Const

MN = 200;

fi = 'bieuthuc.inp’;

fo = 'bieuthuc.out’;

Type

mangst = array [1..MN] of string[9];
manglg = array [1..MN] of longint;
mangit = array [1..MN] of integer;
Var

tenbien,ten : mangst;

Value,tri,stack : manglg;

p : mangit;

s,Hangso,Bienso : string;



s0,sb,st,ip,sst,Sobien: longint;
sym : char;

f,g : text;

Procedure Docbien;

Var

sl: string;

1: integer;

Begin

Sobien:=0;

While not Eof(f) do

begin

Readln(f,s1);

1:=1; Inc(Sobien);
Tenbien[Sobien]:=";

While s1[i]<>'='do

begin

If s1[i]<>'' then Tenbien[Sobien]:=Tenbien[Sobien]+UpCase(s1[i]);
Inc(1);

end;

Value[Sobien]:=0;

While i<=length(s1) do



begin

If s1[i] in ['0"..'9"] then
Value[Sobien]:=Value[Sobien]*10+ord(s1[i])-ord('0");
Inc(1);

end;

end;

For i:=1 to Sobien do

While length(tenbien[i1])<8 do tenbien[i]:=tenbien[i]+";
End;

Procedure Loi;

Begin

Writeln("LOI: Khong hop 1Y);

End;

Procedure Init;

Var

1: integer;

Begin

Assign(f,fi); Reset(f);

ReadlIn(f,s);

Docbien;

Close(f);



For 1:=1 to length(s) do s[i]:=UpCase(s[i]);
sb:=1; st:=0; ip:=0; sst:=0;

End;

Procedure Cach;

Begin

While s[sb]=""' do Inc(sb);

End;

Function Doiso: longint;

Begin

s0:=0;

While s[sb] in ['0"..'9'] do

begin
s0:=s0*10+(ord(s[sb])-ord('0"));
Inc(sb);

end;

End;

Procedure Nhanbien;

Begin

Bienso:=";

While s[sb] in ['A"..'"Z",'0".."9'] do

begin



Bienso:=Biensos[sb]; Inc(sb);

end;

While length(Bienso)<8 do Bienso:=Bienso+'';
End;

Procedure Pheptinh;

Begin

Cach;

Case s[sb] of

'(" : begin sym:=s[sb]; Inc(sb); end;

")' : begin sym:=s[sb]; Inc(sb); end;

'+': begin sym:=s[sb]; Inc(sb); end;

"' : begin sym:=s[sb]; Inc(sb); end;

"' begin sym:=s[sb]; Inc(sb); end;

'/' : begin sym:=s[sb]; Inc(sb); end;

%' : begin sym:=s[sb]; Inc(sb); end;
'0'.."9": begin sym:='0"; Doiso; end;
'A'..'Z": begin sym:='A'"; Nhanbien; end;
Else sym:=#0);

End;

End;

Function Timso: integer;



Var

1: integer;

Begin

For i:=1 to st do

If ten[i]="" then

If tri[i]=so then

begin

Timso:=i;

exit;

end;

Inc(st); ten[st]:='";
tri[st]:=so;

Timso:=st;

End;

Function Timbien: integer;
Var

1: integer;

Begin

For i:=1 to st do

If pos(Bienso,ten[1])>0 then

begin



Timbien:=i;

exit;

end;

Inc(st); ten[st]:="?"+Bienso;
Timbien:=st;

End;

Function Timdau(c: char): integer;
Begin

Case c of

'+":Timdau :=-1;

'.": Timdau:=-2;

"' Timdau:=-3;

'/': Timdau:=-4;

'%": Timdau:=-5;

'#': Timdau:=-6;

End;

End;

Procedure Bieuthuc;

Var

1: integer; daubt: char;

Procedure Hangtu;



Var

1: integer;

Procedure Nhantu;

Var

1: integer;

Begin

While sym in ['0','A",'('] do

begin

Case sym of

'0": begin 1:=Timso; Inc(ip); p[ip]:=i; end;
'A': begin 1:=Timbien; Inc(ip); p[ip]:=i; end;
'(": begin

Pheptinh; Bieuthuc;

If sym<>')' then Loi;

end;

End;

Pheptinh;

end;

End;

Begin

Nhantu;



While sym in [*','/",'%"] do

begin

1:=Timdau(sym);

Pheptinh;

Nhantu; Inc(ip); p[ip]:=i;

end;

End;

Begin

If sym in ['+','-'] then begin daubt:=sym; Pheptinh end
Else daubt:="+';

Hangtu;

If daubt="-' then begin i:=Timdau('#'); inc(ip); p[ip]:=i; end;
While sym in ['+','-'] do

begin

daubt:=sym;

Pheptinh;

Hangtu;

1:=Timdau(daubt); Inc(ip); p[ip]:=i;

end;

End;

Procedure Tinh(i: integer);



Begin

Case p[i] of

-1: begin stack[sst-1]:=stack[sst-1]+stack[sst]; Dec(sst); end;
-2: begin stack[sst-1]:=stack[sst-1]-stack[sst]; Dec(sst); end;

-3: begin stack[sst-1]:=stack[sst-1]*stack[sst]; Dec(sst); end;
-4: begin stack[sst-1]:=stack[sst-1] div stack[sst]; Dec(sst); end;
-5: begin stack[sst-1]:=stack[sst-1] mod stack[sst]; Dec(sst); end;
-6: stack[sst]:=-stack[sst];

End;

End;

Procedure Napso(i: integer);

Begin

Inc(sst);

stack[sst]:=tri[p[i]];

End;

Procedure Hoiso(i: integer);

Var

J: integer;

Begin

Delete(ten[p[i]],1,1);

tri[p[i]]:=0;



For j:=1 to Sobien do

If tenbien[j]=ten[p[i]] then
begin

tri[p[i]]:=Value[j];

break;

end;

Insert('&',ten[p[i]],1);

End;

Procedure Tinhtoan;

Var

1: integer;

Begin

For i:=1 to ip do

begin

If p[i]<0 then Tinh(i)

Else

Case ten[p[i],1] of

"' Napso(i);

'?": begin Hoiso(1); Napso(1); end;
'&'": Napso(i);

End;



end;

End;

Procedure Main;

Begin

Pheptinh;

Bieuthuc;

Tinhtoan,;

End;

Procedure Done;

Var

1: integer;

Begin

Assign(g,fo); Rewrite(g);
Writeln(g,s,' = ',stack[1]);
Close(g);

End;

BEGIN

Clrscr;

Init;

Main;

Done;



END.

Chuong trinh trén chua hoan chinh, bdi vi n6 chua tinh dugc cac gia tri ham lugng
giac, ham logarit, v..v.. Néu muon c6 chuong trinh 4D (day du, ding dan!) cac ban
hay lién h¢ vai tac gia theo dia chi email: chuong@bonbon.net hodc theo dudng buu
dién.

28 .Cac phép toan trén Bit

Tac gia: Nguyén Chi Thirc

Trong may tinh, tat ca cac kleu dir liéu déu duoc biéu dién dudi dang céc bit. & day
ta chi xét dén cach biéu dién s6 nguyén trén may tinh. Trong Pascal, c6 cac kiéu 50
nguyén: byte (8 bit), integer va word (16 bit) va longint (32 bit). Ta thir xét kiéu sd
nguyén 16 bit(integer va word).

Céc bit dugc danh sb th ty tir 0 dén 15. Bit 15 con dugc goi 1a bit thuong vi, bit 0
1 bit ha vi.

514131211109 28 7 6 5 4 3 2 10
Bt thusng vl Eit hawi

Vi 16 bit, ta biéu dién dugce 216 = 65536 s6 khac nhau. Néu ding 16 bit dé bicu
dién s6 tu nhién (kiéu word), ta biéu dién duge tir 0 dén 65536. Con ddi véi kiéu sb
nguyén (bao gom ca nguyén am va nguyén duong- kiéu integer), ta dung bit thuong
vi dé dién ta du cua dir liéu. Khi bit s6 15 mang gia tri 0, quy dinh dir 1i¢ nay la s6
dqong va nguoc lai. Nhu vay 16 bit biéu dién duoc cac sb tir -32768 dén 32767, cu
thé:

0 QOO0 Q000 0000 0o
1 QOC0 0000 0000 0001
2 Q000 0000 0000 0010

32767 | 0111 1111 1111 1111
-32768 | 1000 0000 Q000 0oco
-32767 | 1000 0000 Q000 0001

-2 110§ T e
-1 T iR Sa o GG




Dé biéu dién sé Am, ngudi ta ding phuong phap bd sb cap 2.

B6 s cap 1 cua s6 N(2) 1a sd nhi phén nhén dugc bang cach dao cac bit cﬁaqsé)’N:’O
thanh 1, 1 thanh 0. Vi du xét s6 7 trong h¢ co s6 2: 0000 0000 0000 0111, bo so6 cap
lcuandla: 1111 1111 1111 1000.

B sb cap 2 ctia N(2) 14 s6 nhi phan nhan dugc khi 1y bo s cap 1 cia N cong thém
1.Bosbcap2cia7la: 1111 1111 1111 1001.

B6 s6 cap 2 cua N dung dé chi s6 -N. Khi thuc hién phép cong N véi bd sb cip 2 cia
N ta dugc két qua 1a 0. Vi du:

7 , 0000 0000 0000 0111
BdsScap2cia7: 11111111 1111 1000
0000 0000 0000 0000

Nhu vay phép trir duoc tién hanh bang phép cong véi bd sb cap 2 ciia so trir.
Cac phép tinh trén don vi bit trong Pascal

- Céc phép luan li co ban trén don vi bit: And, Or, Not, Xor dugc dinh nghia qua
bang sau:

Bita |Bita |[Not |aXarb alrb |aAndb

=[]
=D
) Rl ol N
ol L L]
[l = ]
O =[O D

Vi du: xét hai s6 5 (0000 0000 0000 0101) va 7 (0000 0000 0000 0111):
Not5=1111111111111010=-6
Not7=111111111111 1000 = -8
5 Or 7=0000 0000 0000 0010 =7

5 Xor 7 =0000 0000 0000 0010 =2



5 And 7 = 0000 0000 0000 0101 =5

- Céc phép xé dich dir liéu: (ta chi xét phép xé dich ddi v6i s6 nguyén duong)
Trong Pascal c6 hai phép x€ dich: dich trai va dich phai.

+ Phép dich trai (shl - shift left):

Cu phap: n shl 1 - dich céc bit cua n sang trai 1 vi tri, nhitng bit tréng duoc dién gia
tr1 0. Phép dich trai dugc mo ta qua hinh sau:

4 bit chigre bo di
N o (1110111 ]ofofof1]

........

4 bir doe thém

Nhu véy n shl 4 = n*24 tong quét ta co: n shl i = n*2i
+ Phép dich phai ( shr - shift right ):

C phéap: n shr i - dich céc bit ctia n sang phai i vi tri, nhirng bit trong dugc dién gia
tr1 0. Phép dich phai dugc mo ta qua hinh sau:

4 bit duor bS dr
a [0]Joloflolol1l1f1lo]1]1]1 FENEENEEEIN

B 5 (oo o o1 i [i]o i]1]1]
4 bir dioe thém

Ta co:nshri=ndiv 21

Sau day 1a mot sb bai toan co lién quan dén cac phép toan trén bit:

Bai 1: Cho mét sb tu nhién n( kiéu word), in ra man hinh sé n viét trong hé nhi phan.
Giai: Véi cac phép toan trén bit, ta cod rit nhiéu cach dé giai bai toan nay, vi du:

Céch 1:



Procedure cachl;

Begin

for 1:= 15 downto 0 do if n and ( 1 shl 1)= 0 then write('0") else write('1');
End;

Procedure cach2;

Begin

for 1:=0 to 15 do if ( n shl 1) and 32768= 0 then write('0') else write('1");
End;

Cach3:

Procedure cach3;

Var k: word;

Begin

for 1:=0to 15 do

begin

k:=n; n:=nshl 1;

if n>= k then write(' 0') else write(' 1');

end;

End;

Bai 2: Cho s6 tir nhién n (kiéu word), tim s ty nhién m 16n nhat sao cho 2m< n.

Giai:



Var n: word;

m: byte;

Begin

write(' Vao n: "); readIn( n);

for m:=15 downto 0 do

if 1 shl m>n then continue

else

begin

writeln(' m=', m);

writeln(' 2, m, ' <, n, '<, ' 2", m+1);

exit;

end;

End.

Bai 3: S6 chinh

Cho file van ban main. inp goém n dong chira n s tu nhién (kiéu’word), mSi,sé trén
mot dong (n 6 the rat 1on). Mot s6 goi la s6 chinh néu s6 d6 xuat hién it nhat n div
2+ 1 lan trong file do. Lap chuong trinh kiém tra xem trong file main.inp c6 s6
chinh khong, néu cd, in ra s6 chinh do.

Giai:

Tao hai mang d0, d1: [0..15] of longint, ¢ d6 dO[i] la sO céc s6 ¢6 bit thir i 14 0; dI[i]
1a s6 cac s6 co bit thirilal.

Khi d6 néu ton tai s6 chinh m thi bit thir i ciia m phai = max {dO[i], d1[i]} (do m xuét
hién > n div 2 lan). Dya Vz‘}o ‘hai méng do, dl, ta xac dinh dugc m. Sau d6 duyét lai
file van ban va duy¢ét lai s0 lan xuat hién cia m.



Chuong trinh:

Const fi="main.inp';

Var

a, m, i: word;

n, ¢: longint;

dO, d1: array[ 0..15] of longint;

f: text;

mask: array[ 0..15] of word,

{ tinh truéc mang mask dé tang toc trong vong lap}
Begin

n:=0; m:=0; c:=0;

for 1:= 0 to 15 do mask[i]:=1 shl 1;

fillchar( d0, Sizeof( d0), 0);

fillchar( d1, Sizeof( d1), 0);

assign( f, fi>); reset( f);

while not eof(f) do

begin

inc( n); readIn( f, a);

for 1:=0 to 15 do if a and mask[i]= 0 then inc( dO[i]) else inc( d1[1]);
end;

close(f);



for 1:= 0 to 15 do if d1>[i]> d0[i] then m:= n or mask][i];

assign( f, f1); reset( f);

while not eof( ) do

begin

readln( f, a);

if a= m then inc(c)

end;

close( f);

if ¢>n div 2 then writeln( 'co so chinh: ', m) else writeln( 'khong co!")

End.

V6i viée str dung phép toan trén bit, chuong trinh trén cho phép chay voin rat 16n ,
va toc d nhanh (chua dén hai gidy voi 100.000 s6 va chi hon 10 gidy voi 1 triéu s6
khi test trén may cua t61). Ban c¢6 thé dung ham random d¢ tao file input gom t s6 va
viét thém t+1 s gidng nhau vao cudi file dé co két qua so chinh.

Bai 4: Sip xép bang co sb

C6 mot thuat toan sap xép rat hiéu qua trén s nguyén bang cac phép toan trén bit
nhu sau:

Dau tién, chia diy thanh hai phan: mot phan ¢ bit thuong vi (trong chuong trinh
duoi day la bit thir 15- ki€u word) bang 0, mot phan c6 bit thugng vi bang 1. Sau do,
chia t1ep mdi phan thanh hai phan mot phan c6 bit thir 14 bang 0, mot phan co bit

thur 14 bang 1... ¢t nhu vay dén bit ha vi (bit 0) ta dwgc mot diy sé sap xép theo thir
tur tang dan.

const
fi="sort. inp';

fO="sort. out';



Var

a: array[ 1..30000] of word;
mask: array[ 0..15] of word,;
n, t: word; f: text;

Procedure init;

Begin

n:=0;

for t:=0 to 15 do mask|[t]:=1 shl t;
assign( f, fi); reset( f);

while not eof( f) do

begin

inc( n);

readln( f, a[ n]);

end;

close( f);

End;

Procedure sort( 1, h, b: word);
Var

1, j: word,

Begin



repeat

while (i<j) and ( a[i] and mask[b]= 0) do inc(i);
while (i<j) and ( a[j] and mask[b]<> 0) do dec(j);
t:=a[i]; ali]:=a[j]; a[j]:= t;

until i=j

if a[j] and mask[b]= 0 then inc(j);

if b> 0 then

begin

if 1<j-1 then sort ( L, j-1, b-1)

if j<h then sort( j, h, b-1)

end;

End;

BEGIN

1nit;

sort( 1, n, 15);

assign( f, f0); rewrite( f);

for t:= 1 to n do writeln( f, a[t]);

close(f);

END.

Chuong trinh trén chay vt tdc d6 tuyét voi. Khi test vdi may cua to1, véi 30000
phan tir kiéu word chi chay hét 0.77 giay.

Két luan



Co rat nhiéu bai toan néu sir dung linh hoat, hop 1y céc phép toan trén bit, ta s& co
chuong trinh gon va dac biét 1a toc dd rat nhanh, vi vy cac ban hay tim hiéu thém
nhiéu nira nhé!

29 .Bai toan cai tui

Tac gia: Vo Khic Huan

Bai toan : Cho mot tip hitu han U = {ui; i= 1..n}= mdi phﬁn trui €U co6 kich co
S(ui) va so tu nhién B.

Liéu c6 mot tp con U' € U sao cho ES(ui)Z B. Trong d6: ui =U".

D¢ minh hoa cho bai toan, ching ta 1ay vi du sau: gia sir tdp u ¢6 4 phan tir {ul, u2,
u3, ud}, kich ¢ lan lugt la S(ul) = 1, S(u2) = 5, S(u3) =2, S(u4 ) =3 va B=3. Ban
dé dang thay rang c6 hai phuong an:

+ Ul'= {ul, u3d} vi S(ul)+ S(u3) =3

+U2'={ud} viS (ud)=3

Doi khi, tip U' duge biéu dién nhu 1a diy c6 tht tu cac s6 nhi phan, phan tir1a 1 -
néu n6 thudc U', hoac 0 - néu nguoc lai 1a khong thudc. Nhu vi du trén ta co:

+U1'= {ul, u3} (1,0, 1, 0)
+U2' = {ud} +(0,0,0, 1)

Knapsack thudc 16p bai toan NPC (khong da thirc). Nghia la, noi chung khong c6
thudt toan hiru hiéu nao dé giai n6 cho truong hop bat ky. Piéu nay khong co nghia
1a tat ca cac truong hop déu co cung do phirc tap. Chung ta phat biéu lai bai toan
dué6i dang c6 thé giai duoc bang thuit toan co thoi gian tuyén tinh. Va goi né 1a bai
toan Knapsack dé.

Bai toan EKN: Cho n dd vat, co khoi luong lan lwot 1a S1, S2,..., Sn sao cho:

S, 23

va mot cai ba 16 co6 stc chira B.



Cau hoi ‘dét ra 1a liéu c6 cach nao dé ]:)6 vao ba 16 mot sd vat dé téng khdi luong cua
chiung bang B? Chung ta minh hoa bang hai phuong phap sau:

Chon=6,B=45

Va
i
S,=2 5= 8
s=4 PR o
s,=a PR IR S
.= 18 SR A4 N4 S+ S,
ms= 52 BB 4R AR A EA4E;

Bay gio, chung ta tim mot phuong an V=(V1, V2 ..., V6 ). Trong d6 Vi=1 néu
vat thir 1 dugc bd vao ba 16, Vi = 0 nguoc lai vat bi dé ngoai.

Chuing ta thay:

V6=1,B-S6=45-32=13

Kétiép V5=0(viS5=16>13)
V4=1,B-S6-S5=45-32-8=5.
V3=1,B-S6-S5-S3=45-32-8-4=1
V2=0,(viS2=2>1).
VI=1,B-S6-5S4-S3-S1=45-32-8-4-1=0
Do do, ta dugc: V=(1,0,1, 1,0, 1).

Phan tich phuong an trén chung ta c6 thudt toan giai bai toan EKN nhu sau:
Input : S1, S2,..., Sn va B;

Output : V=(V1,V2 ..., Vn);

Actions :

for 1:= n downto 1 do



begin
if B< Sithen Vi=0

else

end;

Sau day la chuong trinh giai EKN véi cac khdi luong cho duoc béi vecto (1, 2, 4, 8,
16, 32, 64, 128).

Program EASYKNAPSACK;
Uses crt;

Constn=28;

Type mang = array[1..n] of integer;
Var V, S: mang;

B, i: integer;

Begin

clrscr;

write(' Nhap B="); readIn(B);
S[1]:==1;

for 1:= 2 to n do S[i]:= S[i -1]* 2;

fori;:=1ton-1do



begin

if B< S[n-i] then V[n-i]:= 0

else

begin

V[n-i] :=1;

B := B- S[n-i];

end;

end;

if B= 0 then

For i:= 1 to n do writeln(' V', 1, '=', V[i])
else writeln(' Khong co giai phap! ");
readln;

End.

Linh hoat tir bai toan Knapsack ching ta s& c6 nhiéu bai toan dang nay. Moi cac ban
thir bai todn sau:

Bai todn: Cho mét cai cAn hai dia va n qua cin véi khéi luong twong tmg d1 , d2 ...,
dn. Ta nodi trong luong y c¢6 thé can dugc tir cac qua can di , i = 1..n, néu Zxidi= Y,
voixi={-1,0, 1};

xi = -1, khi qua can dat cung dia vo1 vat can;

xi =0, khi qué can khong duoc sir dung;

xi =1, khi qua céan di khong dat cung dia véi vat can.

Ban hdy lap chuong trinh in ra moi khdi lwong c6 thé can dugc tir nhiing qua can
do?



30 .Ban luan thém vé Cip shép

Téc gia: Nguyén Tuan Diing

'Ghép cip' cac dbi tuong theo mot quan hé nao d6 1a mot bai toan mang tinh hét sirc
ti nhién va c6 nhiéu y nghia trong tng dung thyc tién. Chang han, cac sinh vién
nganh su pham do duoc nha nudc dio tao mién phi nén khi ra truong ho dugce phan
cong vé day hoc & cac truong mién nai. Nhung nhitng sinh vién d6 duoc dua ra
danh sach nhitng truong ma minh mudn cong tac véi do wu tién khac nhau. Mot bai
toan dit ra 1a phai bd tri cac sinh vién nay sao cho phit hop nhét (c6 thé dugc) véi so
thich ciia mdi ngudi, tuy nhién ¢ ddy, sinh vién nao cé két qua hoc tap tot hon s&
duoc uu tién hon. Hay ta c6 thé gip van dé ghép cip trong cac bai toan quen thudc
khac nhu: bai toan phan cong cong viéc, bai toan hon nhan bén viing, bai toan xép
thoi khod biéu...

Trong s6 26 (11/2001), tac gia Lé Van Chuong di gi6i thiéu véi chung ta thuat todn
Kuhn-Munkres giai bai toan tim cip ghép c6 tong trong so 16n nhat. & day, khong di
vao thuat toan tim cdp ghép co tong trong s6 10n nhét nita vi didu d6 khé rd rang
trong sd bao trude. Tuy nhién, chung ta s& xem xét thém mot chat dé gitp cac ban
phan nao tiép can gan bai toan hon va d& nham 13n trong lc cai dit chuong trinh.
Dé tién theo ddi, ta tom tit lai bai toan:

Cho G = (X U'Y, E) 1a do thj hai phia day du, trong d6: X, Y 1 hai tap hiru han gdm
n phér} tu, E 1a tap cac canh‘cﬁa do thi Vé} vO1 moi cg}nh duqq gan véi mot trong s
Cij. Can tim tap cap ghép day da M co6 tong trong s6 16n nhat.

Doi v6i bai toan nay c6 thé str dung bai toan ludng cuc dai dé giai bang cach thém
vao G hai dinh gia S va T, n6i vai cac dinh xi thudc X va ndé1 T véi cac dinh yj thudc
Y bang cac canh co trong s6 1a 0. Tuy nhién, bai toan cap ghép cuc dai la truong hop



riéng ctia bai toan ludng nén né cd nhitng dic diém riéng va do d6 dan dén viéc giai
quyét no thi cling c6 nhiing thuat toan dic thu, ma ti€u biu la thuat todn gén nhan,
trong do6 ta cé the di theo hai hudng chinh:

Huéng thir nhat, xuat phat tir mot cip ghép M day du bat ky cua G, ta xay dung mot
nhan F tuong g v&1 M, néu F chap nhan dugc thi M 1a nghiém can tim, nguoc lai
nhan F 1a khong chap nhan dugec thi ta tiép tuc di€u chinh.

Hudng thir hai, xay dung mot nhén F chap nhan duoc, sau d6 tim M tuong tng voi
F bang cach: khoi tao M la tap rong, chimg nao ma M chua day du thi ta con tiép tuc
diéu chinh (tang cdp ghép).

Thuat toan Kunh-Munkres trinh l?éy tyén s6 bao 26 1a cach giai thr hai, dugc trinh
bay kha r0 rang. Tuy nhién c6 diém can chu y trong budc 5 (stra nhan), lugng stra
nhan khong phai:

d:= min {F(xi) + F (yj) - Cij, xi thudc S, yj thudc T} (c6 thé do 15i khi in 4n) ma la:
d:=min {F(x1) + F(yj) - Cij, xi thudc S, yj thudéc T } (*)

Béi vi, trong budc 3 khi khong tim dugce duong tang cap ghép ta méi phai stra nhan
sao cho:

- Nhian Fméi van chép nhan duoc.

- Fméi van twong Gmg véi M dang c6, dé cho so canh cua G (F, M) khong bi giam
di.

- Tang thém s6 canh trong db thi can bang tuong tng G (F, M)

Mubn tang s6 canh trong G(F, M) thi ta phai c6 thém cap xi', yj' khéac, cu thé (xi', yj")
thudc G(F, M), sao cho: F(xi') + F(yj') = C'1j. Dong thoi d€ cho sau khi thém canh
vao G(F, M) ta c6 thé tim duong tang cap ghep thi canh can thém do duge chon la

canh noi gitra mdt dinh x1 da dugc di dén trong qua trinh tim duong & budce 3 véi
mot dinh yj' chua dugc di dén trong qua trinh do.

Néu lugng sira nhan 1a d:=min {F(xi) + F (yj) - Cij, xi thudc S, yj thudc T} thi s& dan
dén nhirng sai sot khién chuwong trinh khong cho ra két qua. That vy, ta cho ra cong
thirc stra nhan:

F(xi1) := F(x1) - d v&i xi thudc S



F(yj) :=F(yj) + d v6i yj thudée T

Xét mot vi du don gian, sau khi stra nhan voi lugng stra nhan d nhu trén, ddi véi
nhirng dinh xithudc S va yj thudc T, ta co6:

F(xi) moi ;= F(xi) cli- d

F(yj)moi = F(yj)cti

Suy ra:

A = F(xi)méi + F(yj)méi - Cij = F(xi)cli + F(yj)cti - Cij - d

Nhén thay A c6 thé duong, bang khong, hay am tuy thudc vao cac xi, yj gan nhan
Fciividchila plin {F(xi)cti + F(yj)cti - Cij } d61 v6i nhiing dinh xi thude S, yj thude
T. Do do6 c6 thé xay ra F(xi)mdi + F(yj)moi < Cij voi mot vai cdp canh (x1,yj) nao
do ma xi thudce S, yj thudc T. Noi cach khac, nhan Fmai sé€ la khong chap nhan

duoc, it nhat 1a d6i voi nhitng dinh yj thudce T.

Trong khi do, theo nhur dudi day ta s€ thdy viéc gan nhin cong thirc (*) 12 hoan toan
ding dan. That vay:

Ta c6 cong thure stra nhan:

F(xi) := F(xi) - d véi xi thudc S

F(yj) := F(yj) + d v6i yj thude T

Nhén thy, do tinh chét ddc biét cua G(F, M), chi ¢6 thé di tir yj sang xi khi va chi
khi (x1, yj) thuoc M nén tap S (tap cac dinh dén dugc trong budc 3 tim duong tang
cap ghep) s€ la tap cac dinh cua X da dugc ghép cap (tru x0). Dong thoi, khi khong
c6 duong tang cap ghép nghia 1a trong khi tim dudng di, ta chi dén duoc cac yj da bi
ghép cap. Do @6 tap T ciing 1a tap cac dinh ciia Y da ghép cap (vdi cac dinh thudc S)
Bay gio ta s€ xem xét cac truong hop:

1. Béi véi nhitng xi thude S: F(xi)méi = F(xi)cii - D

- Xét cac dinh yj thudc T: F(yj)mdi := F(yj)ct

Suy ra: F(xi)méi + F(yj)méi - Cij = F(xi)cli + F(yj)cti - Cij - D>=0



(vi D=min {F(xi)cti + F (yj)cti - Cij } vo1 xi thudc S, yj thugc T)

do d6: F(xi)moi + F(yj)méi >= Cij , xi thude S, yj thude T (1)

Viy nhén F van chip nhan dugc ddi v6i nhitng xi thude S va yj thude T.

Ngoai ra ta con c6 thém dang thire F(xi) + F(yj) = Cjj trong d6 xithudc S, yj thuoe T
tuong tng véi viée xdy ra ddu '=' trong bat dang thirc lugng stra nhin (ludn ludn xay
ra). Do d6 dan téi viéc 1am tang thém s6 canh ciia G(F, M).

- Xét yj thuoc T: F(yj)méi := F(yj)cii + D

Do do6: F(xi)mdi + F(yj)moi = F(xi)cti - D + F(yj)cti + D = F(xi)cti + F(yj)cti = Cij
2)

boi vi voi xi thude S va yj thude T trong bude 3 thi (xi, yj) 1a mét canh cua d6 thi
can bang tuong ung G(F, Mci)

Nhur vay, nhan Fméi van tuong tmg tap cip ghép Mcil ngay ca voi nhitng dinh bi
stra nhan. D61 vo1 nhing dinh con lai cna Mcti khong bi stra nhan thi ciing van
tuong g vo1 Fmaéi vi Fmoi 1a gitr nguyén gia tri cua Fcii do1 voi nhitng dinh nay.
2. Béi véi xi thude S: F(xi)méi = F(xi)cii

ma: F(yj)méi = F(yj)cti voi yj thuoe T

F(yj)méi = F(yj)ct + D véi yj thuoc T

thi: F(xi)moi + F(yj)moi >= F(xi)cli + F(yj)ct >= Cij (3)

(vi nhin Fcii 1a chap nhan duoc)

Tom lai, tir (1) (2) (3) ta két luan sau khi stra nhan, nhin Fméi van chip nhan dugc
va tuong ung voi Mci dang co, ddng thoi thém duge canh trong G(F, M). Do do,
quay lai bude 3 ta van c6 thé tim dugce duong ting cip ghép va tiép tuc cac bude
tiép theo ciia thuat toan.

Trén day da ban luan mét s6 chi tiét trong cac budc thuc hién thuat t‘oén Kuhn:
Munkres. Ti€p theo, van dé dat ra 1a do1 vdi bai todn tim cdp ghép day du co tong

trong s6 nho nhét thi sao?

Cip ghép day du c6 téng trong sd nho nhét



Néu ban xem xét k¥ ludng mot chut vé thuat toan Kuhn-Munkres thi c6 thé thdy
ngay bai todn nay hoan toan tuong ty voi bai toan tim cap ghép co tong trong so6 16n
nhat. Chi can stra lai mot chat nhu sau:

+ Thi nhat, nhin F duoc goi 1 chip nhan dugc néu F(xi) + F(yj) <= Cij

Nhu vy, ¢ thé khoi tao: F(xi) := 0

F(yj) := min {Cjj, xi thuc X }, yj thuoc Y

+ Thtr hai, lugng stra nhan: d:= max {F(x1) + F(yj) - Cij, xi thudc S, yj thuoc T }
vo1 nhan xét: d <=0

Hoac: d:=min {Cijj - F(x1) - F(yj), xi thu¢c S, yj thuoc T }

thi d >= 0 va khi d6, cong thirc stra nhan sé 1a: F(x1) := F(x1) +d

F(yj) :==F(yj) -d

Cach khac, don gian hon, ching ta c6 thé thay de tim M ¢ tong trong s6 nho nhat
chi can d6i ddu cac phan tir cuiia ma tran trong s6 roi tim cdp ghép co tong trong sO
l6n nhat V01 ma tran trong s6 méi nay. Cap ghép do s€ chinh la cap ghép co tong
trong s6 nho nhat can tim d6i voi ma tran trong sb ban dau.

Nhu ching ta di biét bai toan cip ghép duoc xem xét theo hai khia canh. Truong
hop thr nhat, nguoi ta quan tim dén viéc ghép cip day du va thoa mén tinh tdi vu
nhu bai toan Kuhn-Munkres ¢ trén. Nhung trong truong hop khac, nguoi ta lai
khong quan tam den viéc ghép cap day da vai tong trong sd 16n nhat ma can tim mot
tap cap ghép c6 sb lugng cip ghép 1a cuc dai (khong quan tdm dén trong s trén cac
canh cua cdp ghép). Khi d6 chung ta s€ c6 mot bai toan khac dudi day:

Cap ghép cuc dai

DPé minh hoa, ta xét mot bai toan cu thé, bai toan Phan cong tho-viéc: Co N ngudi
thg va M cong viéc, mdi cong viéc, mdi mot ngudi tho chi biét lam mot sd cong viéc
nhat dinh. Can phan céng mdi tho chi 1am mét viéc va mdi viée chi duoc 1am boi
mét thg sao cho ¢6 nhiéu cong viéc duoc lam nhét. Kha nang lam viéc cua cac thg
dugc cho trong ma tran Cij voi Cij = 1 thi tho i biét 1am viéc j, Cij =0 thi tho i khong
biét 1am viéc j.



Ta nhén thay hoan toan c6 thé giai bai toan nay bang thuat toan Kunh-Munkres. Tuy
nhién, van dé ¢ day la bai todn cua chung ta don gian hon nhiéu va tat nhién, c6 thé
giai quyéet n6 bang mot cach riéng kha dé dang.

Nhic lai bai toan phan céng The - Viée: C6 N ngudi tho va M cong viée, mdi
cong viée, mdi mot ngudi tho chi biét lam mot s6 cong viéc nhét dinh. Can phan
cong mdi tho chi 1am mdt viéc va mdi viée chi duge 1am boi mét tho sao cho cod
nhiéu cong viéc duoc lam nhét. Kha nang lam viéc cua cac tho dugc cho trong ma
tran Cij v6i Cij = 1 thi tho i biét lam viéc j, Cij =0 thi tho i khong biét 1am viéc j.

Ta nhén thay hoan toan c6 thé giai bai toan nay bang thuat toan Kunh-Munkres. Tuy
nhién, van dé ¢ day la bai todn ctia chung ta don gian hon nhiéu va tat nhién, c6 thé
giai quyet n6 bang mot cach riéng kha dé dang.

Véi cac khai niém va dinh nghia nhu trong bai toan Kunh-Munkres (tuy nhién, dd
thi hai phia G ¢ day khong nhat thiét day du), ta st dung dinh 1y sau dé c6 dugc
thuat toan:

Tap cip ghép M (c6 thé khong day du) 1a cuc dai khi va chi khi khong tim duoc
duong di bat dau tir mot dinh ty do thude X va két thic tai mot dinh ty do thude Y
trén d6 thi G'= (X U Y, E'). Puong di d6 goi la dudng ting cap ghep, va G'nhan
duoc tir G bang cach dinh hudng lai cac canh cta G theo quy tic:

- Nhitng canh (x, y) thudc M trong dd thi G duge dinh hudng nguoc lai tr¢ thanh
cung (y, x) trong do thi G'".

- Nhirng canh (x, y) khong thufc M trong d6 thi G dugc dinh hudng tro thanh cung
(x, y) trong do thi G'.

o o

o S—

16 thi G'(M)
M ¢ ¢ p cde cung nguec



Nhu vay, ta c6 nhan xét sau: gia sur da xay dung dugc mot tap cap ghép M nhung
van c6 duong tang cdp ghép tir dinh tu do x0 thudc X dén dinh ty do y0 thudc Y:

x0 -->yl -->x1 -->y2 -->_ -->xt -->y(

trong d6 cac canh ddm la cac canh thugc tap cap ghep da co. Dé thay vi duong tang
cap ghép xuét phat tir dinh tr do x0 thugc X dén dinh ty do y0 thudc Y nén s6 canh
nhat trén duong di s€ 16n hon s6 canh dam. Khi d6 néu ddi chd cac canh nhat thanh
canh dam, cac canh dam thanh canh nhat thi ta dugc tap cap ghép maoi M' c6 luc
lugng 16n hon M.

Tém lai, so d6 thuét toan nhu sau:

Buéc 1 : Khdi tao tip cip ghép M 1a rong.

Budc 2 : Tim duong cap ghép tir mot dinh x0 ty do thude X dén mot dinh y0 tu do
thudc Y:

+ Néu c6 thi chuyén sang budc 3.
+Néu khong c6 thi tap cap ghép hi¢én thoi 1a cuc dai va két thuc thuat toan.
Budc 3 : tang cap ghép:

Thuc hién viéc d6i canh nhat thanh dém yél canh démvtha‘mh nhat. Tuy nhién trong
khi cai dat khong phai xay dung cu thé d6 thi G' va d61 mau canh.

Quay vé budc 2.

Chuong trinh bai Phan cong Tho viéce :
Program Capghepcucdai;

Uses Crt;

Const

Inf = 'Matching.inp';

Outf = 'Matching.out';

MaxN = 200;



MaxM = 200;

Var

A : array[0..MaxN,0..MaxM]of 0..1;
Tho: array[1..MaxN]of byte;
Viec : array[1..MaxM]of byte;
Pred : array[1..MaxN]of byte;
N,M : byte;

X0, YO : byte;
PathFound:boolean;
Procedure Readlnp;

var fitext; 1,x:byte;

begin

fillchar(A, sizeof (A),0);
assign(f,inf); reset(f);
readIn(f,N,M);

fori:=1 tondo

begin

while not (seekeoln(f)) do
begin

read(f,x);

AlL,x]:=1;



end;

readln(f);

end;

close(f);

end;

Procedure WriteOut;

var fitext; i, socv:byte;
begin

socv:=0;

fori:=1 tondo

if viec[1]>0 then inc(socv);
assign(f,outf); rewrite(f);
writeln(f,socv);

fori:=1 tondo

if viec[1]>0 then writeln(f, {'Tho, }1:3,{' - viec',} viec[1]:3);
close(f);

end;

Procedure FindPath(x:byte);
var y:byte;

begin

for y:=1 to m do



begin

if (Pred[y]=0)and (A[x,y]=1) then
begin

Pred[y]:=x;

if Tho[y]=0 then

begin

Y0:=y;
PathFound:=true;

Exit;

end

else

begin
FindPath(Tho[y]);

end;

end;

if PathFound then Exit;
end;

end;

Procedure IncM;

var x,y,y l:byte;

begin



y:=y0;

while pred[y]<>x0 do
begin

x:=pred[y];

tho[y]:=x;

yl:=viec[x];

viec[x]:=y;

y=yl;

end;

viec[X0]:=y; tho[y]:=XO0;
end;

Procedure Matching;

var Stop: boolean; x:byte;
begin

fillchar(Tho, sizeof(Tho),0);
fillchar(Viec, sizeof(Viec),0);
Stop:=false;

While not(Stop) do

begin

PathFound:=false;

fillchar(pred, sizeof(pred),0);



for x:=1 ton do

if viec[x]=0 then

begin

X0:=x;

FindPath(x);

if PathFound then Break;

end;

if PathFound then IncM {TangCG} else Stop:=true;

end;

end;

BEGIN

clrscr;

Readlnp;

Matching;

WriteOut;

END.

Co rat nhiu bai toan duogc giai quyét bang viéc ghép cap sao cho s6 cp ghép 1a cyuc
dai. Chang han nhu bai Xép cac con xe trén ban co qudc té: Trén ban cd qudc té
kich thuéc N x N (N <251), nguto+'i ta ddanh da™'u mo”.t 0" ba('ng ca'ch ghi
tre"n ddo' so™' 1, ca'c o co'n la.i ghi so™' 0. Ha~y ti'm ca'ch dda(.t nhie"'u nha™'t ca'c
con xe va'o ca'c 0" ddu+o+.c dda'nh da™u sao cho kho”ng co' hai con xe na'o a(n
ddu+o+.c nhau (tu+'c la’ kho”ng co' hai con na’o xe"'p tre"n cu'ng mo”.t ha'ng hay
cu' ng mo”.t co™.t).

Tuy nhién, c6 mot dang bai toan khac kha hay va thuc té ma ciing dugc giai bang
thudt toan ghép cap cuc dai. Do 1a bai todn ta sé trinh bay dudi day:



H¢ dai dién phan bi¢t
Dinh nghia : Cho mot ho tap con S1, S2,..., Sm thudc X.

Mot bo sép tha tu gém m phén tu (al, a2,..., am) vdi al thudce S1, a2 thude S2,..., am
thudc Sm, trong do: ai khac aj véiikhéacj (i,j =1, 2,..., m) dugc goi 1a mot h¢ dai
dién phan bi¢t cia ho S1, S2...., Sm.

Bai toan dit ra la can phai xay dung mét hé dai dién phan biét cia mdt ho cho trude.

Vi dy, nha truong t6 chirc mot budi hop cén bd cua truong, dé nghi moi t6 chure ctr
mot nguoi di hop va moi nguoi chi dugce dai dién cho mot t6 chirc. Tuy nhién, mot
ngudi ¢ thé gitr nhiéu chirc vu trong cac to chirc khac nhau. Chang han, mot bi thu
lién chi c6 thé vira 1a mot 16p trudng, mot pho bi thu cia 16p cling c6 thé 14 hoi
treong hoi sinh vién cta khoa... Can lap chuong trinh sip xép moi ngudi di hop sao
cho thich hop.

Quay lai bai toan, trudc hét, goi tap Y =S1 U S2 U S3 U... U Sm 14 hop ctia tit ca
cac Si (chinh 1a tap cac phan tir khac nhau cua hg S). Chung ta c6 nhan xét sau vé

diéu kién dé ton tai mot hé dai dién phan biét 1a:

+ Néu luc lugng (sé phan tir) ctia Y 13 n thi n t6i thiéu phai bing m. Nghia 1a n >=
m.

D¢ giai bai ton h¢ dai dién phan biét, ta xAy dyng do thj hai phia biéu dién méi
quan h¢ gitra c4c tap Si thudc X va cac phan tr yj thuéc Y cuaho (j =1, 2,..., n)
bang ma tran Cij dugc dinh nghia nhu sau:
Cij = 1 twong duong véi phan tir yj thudc tap Si
Cij = 0 trong dwong véi phan tir yj khong thudc Si
) om0
S 0

b

¥s

¥u



Tu day ta thay bai toan dd duoc dua vé viée tim mot tap cip ghép cuc dai M (c6 luc
luong 16n nhat) ctia d6 thi G. Néu luc luong cua M tim duoc bang dung m thi ta da
tim dugc mot hé dai dién phan biét. Con néu khong thi két luan 1a khong ton tai mot
hé dai dién phan biét nao cua ho S.

Trén day chi 1a vai van dé bd sung thém cho bai toan cip ghép ma toi xin dugc gidi
thiéu dé cac ban tham khao va xem xét. Con vo sé bai toan khéc lién quan dén viéc
'shép cip' trong 1y thuyét dd thi cling nhu trong thuc té phirc tap. Mong duoc ban
doc gop y thém.

31 .Ma Phuong
Téc gia: Nguyén Truong Durc Tri

Dan toc Shang chia thé gigi lam chin phan. Chinh giira 1a vuong qudc cta ho.
Nhing ph?m khac 13 nui, sa mac va nhimng ving dat con nguoi chwa biét dén. Néu vi
hoang dé giir cho phan dat ctia minh ludn hoa binh va thinh vugng, thuong dé s& lam
cho nhirg phan dat con lai phai cing 1am viéc dé xdy dung mot thé gidi hoan thién.

Sau nay, nguoi Trung Quéc sir dung sang kién nay dé xay dyng nén ma phuong so
Neu mo1 6 vuodng dung dung vi tri cua no, thi cac hang ngang, doc, chéo déu co tong
gidng nhau. Pay 1a dau hiéu ctia mot thé gisi hoan thién. Chung ta khong biét mdi
sO phai ding & dau. Nhung néu mot phan cua thé gidi dung sai vi tri thi ca thé giéi
s€ bi 1o0n x0n.

Nhiém vu cta ching ta la sép xép cac sb theo trat tu ctia né dé tao thanh mot thé
gi61 hoan thién.

Céc khai niém vé ma phuong

Trude khi bat dau céng viée ciia minh, ching ta phai ndm mot s6 khai niém:

- Ma phuong sO cap n 12 mot hinh vudng gom n2 sé nguyén khac nhau duoc sap xép
sao cho tong cac sd theo hang ngang, cot doc, hodc theo dudng chéo la bang nhau,
va bang mot hang sé goi 1 hang s6 ma cua hinh vudng.

Ma phuong goi 1a chuan khi n2 s6 1a n2 s6 nguyén duong dau tién.

Ngudi ta ching minh duoc rang hing s ma ctia ma phuong chuan cp n 1a
wla® +1
2



Trong giéi han cua bai viét ndy, t6i chi xin trinh bay nhing hiéu biét cia minh vé
cach xay dyng mot ma phwong chuan cip n.

Thuét toan va cach giai ma phuong bac n

Chac céac ban ai ciing bi€t cac gidi ma phuong bac ba, nam, bay cac so 1¢ theo toan
hoc. Ching ta s€ v€ thém céc thap vao 4 canh cua hinh vuéng nhu sau:

1
6 2
11 7 3
16 12 8 1
21 17 13 9 3
2 18 14 10
23 19 15
24 20
25

Vi du vé ma phicong bac 5

Sau do dién céc so trén cac thap vao hinh vuong. Cach giai nay chac ai cling biét nén

t61 xin khong nhéc lai.

Thé nhung dé mo phong cach giai nay trén may vi tinh thi ta phai mé rong ma tran
ctia minh va nhu thé rat ton bo nhé. Ta s& phai lam gi v6i nhitng 6 khong chira s6
Qua 1a mot luong bd nhd qua 16n sé khong dugce str dung mot cach dang gia phai
khong nao Toi xin trinh bay cach giai ma phuwong 1é nay ma khong can mé rong

mang:

Bit du s6 1 s& dimg ¢ hang dau tién, cot chinh giita. Ban s& phai di nhu di mot quan
c0. Thuat toan cua ching ta la di 1én, qua phai, néu dung no6c thi xudng dudi, dung
tuong phai thi qua tuong trai. Con néu ban di phai vao mot 6 da c6 so roi thi xin moi



ban 1ui lai chd cii va xuéng mot 6. Xong mot qua trinh nhu vay ban s& c6 mdt 6
dirng chan, hay dién s6 tlep theo vao 6 d6. Thuét toan trén co the giip giai bai toan
ma phuong béc 1é trd nén rat dé dang hon rat nhiéu ma khong can mé rong mang.
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Hink vé mo phong cho thudrs rodn mén

(Tru(mg hop s6 5, 16én qua phai, nhung do 6 d6 da co s6 1 nén phai tré vé vi tri cua
s0 4 va xudng 1 0)

Ct nhu Vé}{ cho dén khi ban di di duoc hét mang. Néu lam ma phuong bac 3 ban sé&
thu duogc két qua sau

& 1 5
3 5 7
4 9 2

T61 nghi viéc lam mot chuong trinh dé giai ma phuong bac 1¢ 13 mot viéc khong kho
do1 voi chung ta phai khong nao

Procedure MaPhuongLe;
var dem:integer;
luui,luuyj:integer;

begin

fillchar(a,sizeof(a),0);



dem:=1; 1:=1; j:=n div 2+1;
repeat

a[i,j]:=dem;

inc(dem);

luui:=i; luyy:=j; 1:=1-1; ji=+1;
1f i<1 then 1:=n;

if j7>n then j:=1;

if a[1,]]<>0 then

begin

t:=luui+1; j:=luuyj;

end;

until dem>n*n;

end;

R rang, chiing ta khong thé ap dung thuat toan trén cho ma phuong bac chin.

Vi bac chia hét cho 4 thi ching ta cin danh dau mot s6 6 tam goi 1 6 d6i ximg tAm
(ki hiéu trong bai viét 13 chit x) vi nhimng s6 khi gip 6 nay s& di qua 6 ddi xtng tim
v6i nd. Chia ma trin cua ta ra lam bén phén. S6 1an xuét hién ki hiéu x trén cung
mot dong, mot ct trong mat phén déu khong vuot qua n/4. Chéng han v&1 n=4 thi
mdi hang, ciia mang nhé 2x2 chi duoc ¢6 1 déu x. Sau d6 1ay déi xtng céac ki hi¢u

qua tam. (Xem so d0)



Bat dau tir sO6 1 & hang va ¢t dau tién, dién cac s tur trai sang phai, tr trén xudng
dudi, cac 6 nao c6 danh dau x hoac c6 s6 dién o1 thi chuyén s6 do qua 6 do1 xting

X X X X X
X XX XX
XX
X X
Chia ma trin Sau khi liy cde
thinh 4 hinh & ddl xifng qua
vudng bing tim ta dudc ma
nhau trin ddu
Hinh 1

tam vai no.
X X | [Toms mon dan 16| 2 | 3|13
X| X dién 83 vio de 53111010 8
X | X dugc ma phutong 9 6 | 12
X x| ¥ 4 [14]15] 1
Hinh 2
Vi du vé ma phuong béc 8
X | X X | X gd (63 3| 4 5 & | 58 | 57
X | X X | X M}Tﬂﬂ Q|55 (541201351 50| 18
X | X|1X | X dalu 17| 12146 (45 144 | 43| 23| 24
X XIX X 40 | 26 |27 1537136 | 30| 31| 33
X X1X X 2 34|35 (2925 38| 39| 25
¥ XIX | X 41142 |22 121120 19| 47| 45
|
X[ X XX Pﬁmgm 4915145253 11] 10]58
X X X | X 2| T |539|a0)6l |62 2 1

Hinh 3

Con ¢ ma phuong bac chin khong chia hét cho 4, ngoai viéc danh dau cac 6 ddi

xtng qua tam, chiing ta con phai danh diu cac 6 d6i xtmg qua 2 truc (truc dimg va




tryc ngang). Qui tic danh dau cac 6 di xang tim van gidng nhu ¢ trén nhung do n
khong chia hét cho 4 nén chi 1y phan nguyén trong phép chia n cho 4. Con céac 6
d6i xtng qua céc truc (ki hiéu | : d6i xing qua truc dimg; _: d6i xtng qua truc
ngang). Qui tic danh diu cic 6 dbi xing truc: Mdi hang, mbi cot trong mdi hinh
vudng nho déu dung 1 ki hiéu mdi loai. Vi du véi n=6, mdi hang, mdi cot chi dugc
co 1 dau X, 1 diu|va 1 dau . Sau d6 liy ddi xing qua truc dimg, truc ngang cac
dau | va .

X|I|_ X || _ | | X
_ X Lay doi xing _ | X || | | X
| X qua tirn, qua J\\ | x| x |
= true divng wd =
truc ngang dd V/ _ | X1 X
hodn tat. o | G X
X _ X

Sau d6 dién giong nhu cach da noi & trén, nhung nhé rang ¢ day con c6 cac s6 doi
xung theo truc ngang va truc dung day nhé. V41 ma tran dau & trén chung ta s€ hoan
tat dugc ma phuong 6 mot cach dé dang:

5 |33 4] 2|51

25 (29110 9 |26 12

15 |20 | 22121 17| 13

19114161 15|23|24

T11 (2728 8 | 30

6 |32 3134|351

Chuong trinh con dé tao ma tran dau:
procedure DanhDau;

var n2,n3,k,x:integer;

begin

n2:=n div 2;

n3:=n2 div 2;



1:=0;
fillchar(dau,sizeof(dau)," ");
for i:=1 to n2 do
begin

for k:=1 ton3 do
begin

x:=(+k-1) mod n2 +1;
dau[i,x]:='x";
dau[i,n-x+1]:='x";
dau[n-i+1,x]:='x";
dau[n-i+1,n-x+1]:='x";
end;

inc(j);

end;

if n mod 4 <>0 then
begin

J:=n3; k:=n3+1;

for i:=1 to n2 do
begin

J:=ymod n2 +1;

dau[i,j]:="";



dau[i,n-j+1]:="";

k:=k mod n2 +1;
dau[i,k]:="-";
dau[n-i+1,k]:='-";

end;

end;

end;

Chuong trinh con dé dién cac sb vao ma tran sd dé duoc mot ma phuong.
procedure DienSo;

var dem:integer;

begin

dem:=1;

fori:=1 tondo

for j:=1 ton do

begin

case dau[i,j] of

'x": a[n-1+1,n-j+1]:=dem;
' a[i,n-j+1]:=dem;

'-": a[n-1+1,j]:=dem;

"' a[1,j]:=dem;

end;



inc(dem);
end;
end;

Luu ¥: Thuat toan trén c6 thé ap dung cho mét diy s ting dan déu bat ky. VD: diy
cac so chan, cac so 1¢ Ban thur xem!

Phén con lai viét mot chuong trinh chinh dé xtr Iy cac chuong trinh con & trén xin
danh cho céac ban. Chao tam biét va chic thanh cong.

32 .Hé dém nhi phan trong may tinh nhirng bai toan hay vé xir Iy bit

Téc gia: Nguyén Phi Hung

Con nguoi thudng xir Iy nhitng bai toan bang hé dém thap phan, nhung c6 1€ h¢ dém
nhi phan lai 1a h¢ dém duogc wa thich hon vé6i nhitng chiéc may tinh. Trong PC cta
ban, cac con sd dugc thé hién bang cac bit dudi dang nhi phén (0,1). Khi chiing ta
nhap cac con s6 dudi dang thap phan, may sé x& xir Iy va dua vé hé nhi phan dudi
dang cac bit ma chung ta c6 thé tam hiéu 13 0 va 1. Va chi toi khi xuét dir liéu ra
(man hinh hoac tép van ban), cac $6 m&i duoc thé hién lai ¢ dang thap phan. Moi tép
trong mdy thuc chat 12 dong cac byte, trong d6 c6 nhitng byte giit vi tri dic biét ding
d¢ diéu khién viéc hién thi.

Mot s6 ngudi co thé da hiéu it nhiéu vé bit va cac bai toan xtr Iy bit, mot s6 nguoi thi
khong. Nhung diéu do khong phai la quan trong, khi ma diéu quan trong 13 chung ta
s& dé cap den mot van dé tudng ching nhu rit phirc tap (ddi véi nhirng nguoi chua
biét nhidu vé né), nhung that ra lai that 1a don gian ma hiéu qua lai rat cao trong khi

xUr Iy nhitng bai toan hay va khé. Sau ddy 1a nhiing théng tin so luoc vé bit trong
PC.

- Trong PC, mdi ) nguyén déu duoc biéu dién & hé nhi phan bdi mot day céc bit 0
val.

- Céc bit duge ma sd v6i nhitng s6 hiéu tir phai sang trai.
76543210
- 1byte=8bit

- lword=16bit



- Ham sizeof (x) = s6 byte cta sd nguyén x.
- Cac phép toan xur ly bit:
+ NOT x : phép dao bit, ddi cac gia tri trong mdi bit ciia x tir 0->1,1->0.

+ x OR y : Phép cOng logic trén cac bit. Thuc hién trén ting cap bit tuong ing cua
cac toan hang theo bang sau.

a b |aCRb
0|0 ¥
0 1 1
110 1
i 1 1

+ x AND y : Phép nhén logic trén céc bit. Thuc hién trén tung cdp bit tuong ing cua
cac toan hang theo bang sau.

a b |a AND b
0|0 0
0 1 8]
1|0 0
1 1 1

+ x XOR y : Phép cong logic trén cac bit. Thuc hi¢n trén tirng cdp bit twong tng cua
cac toan hang theo bang sau.

a b |[aXORb
0|0 0
W] 1 1
1|0 1
1 1 8]

+x SHR i : Phép dich phai, cho gia tri ¢6 dugc tir s6 nguyén x sau khi dich sang
phai i bit.

+x SHL i : Phép dich trai, cho gié tri ¢6 duoc tir s6 nguyén x sau khi dich sang trai i
bit.

Trén day 1a mot s6 phép toan 1am viée trén cac bit ma ta hay dung, trén co s do, ta
xay dung dugc mot s6 ham, tha tuc hay dung sau.



- Ham lay bit.

Function LayBit(x:word; i:byte):byte;

Begin

LayBit:=(x SHR 1) and 1

End;

Ham tra vé gia tri 1a bit thtr i caa s nguyén x.

- Thu tuc bat bit.

Procedure BatBit(Var x:word; i:byte);

Begin

X:=x OR (1 SHL 1)

End;

Thit tuc gan tri 1 cho bit thir i trong s6 nguyén x.
- Thi tuc tit bit.

Procedure TatBit(Var x:word; i:byte);

Begin

X:=x AND (NOT(1 SHL 1))

End;

Thu tuc gan trj 0 cho bit thit i trong sd nguyén x.
- Ham LAy sd.

Function LaySo(x:word;j,i:byte):byte;

Var



K:byte;

Begin

K:= (8*sizeof(x) -j - 1);
LaySo := (x SHL k) SHR (i+k)
End;

Ham tra vé gia tri 1a so tao boi cac bit tur trdi sang phai, tir j -> 1 ctia s6 x véi dicu
kién 8*sizeof(x)>j>1> 0.

Tiép dén, chung ta s& giai quyét mot sd bai toan khé hay vé xtr 1y bit.
Bai toan: Sap xép day.

Cho t¢p Data.dat gdm cac sd nguyén khong 4m nhé hon 500 000 d6i mot khac nhau.
Hay xap tép theo thur tu tang dan va dua ra t&p Result.dat.

Bai toan trén khién ta cam thay kho chiu vé gi6i han di liéu cua no, néu ta nghi dén
viéc dung mang dé luu trix va xap xép thuan tuy thi qua la ngd ngan boi vi bd nhd
64K chang thdm thap vao dau va riéng viéc xap xép da chiém muc thoi gian ki luc
r0i. Ta cling c6 thé dung phwong phap xip xép ngoai Merge Sort (dung file dé sip
xép), tuy nhién, day khong phai la giai phap htru hiéu vi van dé thoi gian. Tuy nhién,
phuong phap sap xép danh dau bang mot vai thu thuat dung bit tho so lai cho ta mét
két qua kha 1a mi man. Ta chi can ding mot mang A kiéu byte véi khoang 63000
phan ttr 13 thira da dé xtr Iy bai toan ndy. Ta tudng twong mang A 13 mot doan tau, va
mdi toa tau 1a mot phan tir co 8 chd ngdi, chd ngdi dugc danh dau 1a 1 néu c6 nguoi
ngdi, 1a 0 néu nguoc lai. Ban ddu doan tau khong c6 ngudi ngdi, ta gan mang bang
0. Va v6i mdi phan tir doc tir file ra, ta danh dau bit tuong ng trong méang cho t6i
khi hét file bang thi tuc batbit. Dé 1iy két qua ghi ra file, ta dung function laybit.
Sau déy 14 chuong trinh thé hién thuat toan:

{$A+,B-,D+,E+,F-,G-,I+,L+,N-,O',P',Q+,R+, S+aT_3V+sX+}
PROGRAM XAP_XEP DAY VOI DU LIEU LON;
Const

Datin = 'Data.dat’;



Datout = 'Result.dat’;

Bt=8;

MAX=63000;

Var

a:array[0..MAX] of byte;

fitext;

Procedure Finish;

Var

1,j:longint;

Function LayBit(x,j:longint):byte;
Begin

LayBit:=(x shrj) and 1;

End;

Begin
Assign(f,DATOUT);rewrite(f);
For 1:=0 to max do

For j:=0 to bt-1 do

If LayBit(a[i],j)=1 then Write(f,(i*bt+j),' ");
Close(f)

End;

Procedure Start;



Var

1,tg:longint;

Procedure BatBit(x,y:longint);
Begin

A[x]:=a[x] or (1 shly)
End;

Begin

Fillchar(a, sizeof (a), 0);
Assign(f,DATIN);reset(f);
While not seekeof(f) do
Begin

Read(f,tg);

BatBit(tg div bt,tg mod bt)
End;

Close(f)

End;

BEGIN

Start;

Finish

END.

Mot s6 bai tip tuong tu.



Bai sd 1: Tron tép.

Cho 2 tép 'Inl.dat’ va 'In2.dat’ chira cac s6 nguyén khong &m c6 thé rat 16n (khong
16n hon 500 000). Hay tao t¢p 'Out.dat’ chira cac s6 c6 mat trong 2 tép trén, tuy
nhién, khong dugc trung nhau.

Bai s0 2: Tia xau.

Cho file vin ban Str.inp gdm nhiéu dong, m01 dong khong qua 30 ki tw, chi chtra hai
kity”*"va"". Hay loai bo bot cac dong gidng nhau rdi in két qua ra file "Str.out”
gdm cac dong khac nhau.

Cac ban thay chua, ki thuat xir 1y bit dau phai 14 qua kho, va sirc manh cta né ciing
dau dén noi1 to1 . St dung ki thuat xir 1y bit dé giai toan, ban s€ c6 dugc hai cai loi.

- Thtr nhét, v6i nhitng bai toan danh dau, ban sé& thira huong bo nhé 16n gap 8 lan
binh thuong, khong nhé dau!.

- Thir hai, tdc dd chuong trinh ctia ban s€ nhanh hon do lam viéc truc tiép v6i1 ngdn
nglr may, khong phai thong qua h¢ dém co so 10.

33 .Mét s6 bai toan va thuat toan lién quan t6i sO nsuyén to

Téc gia: Nguyén Vin Trudng

Trong cac d& thi Olimpic tin hoc va trong nhiéu bai toan tin chiing ta thuong gap
dang bai tap c6 lién quan tryc tiép hay gian tiép dén sb nguyén td. Cac dang bai tap
nay co the 1a tim s6 nguyen t6 thoa min mot dleu kién nao do hay kiém tra tinh
nguyén tb ciia mdt s6 cho trude. Bén canh do, van dé tim cac s0 nguyén t6 rat 1on
dang duoc rat nhiéu ngudi quan tim vi sy tng dung thuc té cua no; dac biét la trong
linh vyre ma hoa va an toan thong tin, viéc tim ra va st dung cac so nguyén td 1on
dam bao tinh an toan rit cao cho hé thong ma hoa cong khai ndi tiéng RSA. Bai viét
nay xin dugc gioi thiéu vdi ban doc mot sO bai tap va mot sd thuat toan hidu qua co
lién quan t6i s6 nguyén to. Trudc hét chung ta cting nghién ciru mot vai kién thirc
lam co s& toan hoc cho céc thuat toan s€ trinh bay

Dinh nghia: M6t s6 nguyén duong khéc 1 duoc goi 1a s nguyén t6 néu né chi c6 hai
udc s6 duong 1a 1 va chinh né. Mot s6 nguyén duwong khac 1 khong 1a sé nguyén t6
thi dugc goi 1a hop s0.

bBinh Iy I. Udce 80 duong bé nhit d khac 1 cia mot s6 nguyén duong a 16n hon 1 1a
mot sO nguyén t6.

Chtrng minh Ta ching minh bang phan chtng nhu sau:

Gia st d1ahop s6 =>d=qd', véi 1 <q, d' < d. Mit khac do a = dp theo gia thiét



nén a = qd'p =>a c6 mot udc s6 duong 13 d' v6i 1< d'< d. diéu nay 1a vo 1y vi vay d
1a s6 nguyén t6.

Bai 1. Hay phan tich mét s6 nguyén n, n > 1 thanh tich ciia cac thira s6 nguyén t6.
Vidu véin=15ta cd dang phan tich lan = 3.5

Theo dinh 1y 1, ta c6 thé d& dang dua ra thuat giai nhu sau:

B1.Tim uéc sé duong d nho nhat cua n, (d >1) va gan n = n div d;

B2. Lip lai B1 néu n>1, nguoc lai thi tap hop cac udc sb da tim duoc chinh 1a cac
thira s6 nguyén t6 cua n.

Dinh 1y 2. Udc sb duong bé nhat khac 1 caa mot hop sé a> 1 1a mot s6 nguyén td
khong vuot qua can bac hai cua a

Dinh Iy nay cho phép ta két luan: Mot s6 nguyén duong n 16n hon 1 13 s6 nguyén t6

néu n6 khong c6 wéc sé duong 16n hon 1 va nhé hon hoidc bang \/'f’_l
Chung minh Gia st p 1a udc s6 duong bé nhat khac 1 nhat ciia a =>p 1a s6 nguyén to

(Theo dinh 1y 1) va a = pd, v6i d> P => pd> p2 =>p2 <a =>p <\./'-'E

Dinh ly 3. (Dinh 1y co ban cua ) hoc) Moi s6 tu nhién 16n hon 1 déu phén tich duoc
thanh tich cua céc thtra so nguyén td va su phan tich nay 13 duy nhat néu khong ké
dén thir tu cia cac thira sb.

Chtrng minh Gia sir 1 <a£ N. Via> 1 nén a c6 udc nguyén t6 1a pl. Do d6 a =
plal, 1 <al <a.

Néual =1=>a=pl.

Néu al > 1 =>al c6 udc nguyén t 12 p2. Do d6 al =p2a2, 1<a2<a l.
Néua2=1=>al=p2=>a= plp2.

Néu a2 > 1 => a2 c6 udc nguyén tb 1 p3. Do d6 a2 = p3a3, 1< a3 < a2. Ctr tiép tuc
nhu vay thi qué trinh s€ phai dung lai vian=1 (via>al >a2 >..>an =1). Khi do6 a
=plp2p3...pn (n>0).

Phan chtig minh tinh duy nhit ctia ‘phan tich trén xin danh cho ban doc.

Dang phan tich chinh tic ciia méot s6 tu nhién a > 1.

Cho a 1a mdt sb ty nhién 16n hon 1, khi ta phan tich s6 a thanh tich céc thira sb
nguyén td thi c6 thé gap cung mot thira s6 nhiéu 1an. Néu pl, p2,....pn xuét hién theo
tho ty m1, m2,..., mn lan thi ta c6 thé viét a dudi dang:

a=prP™.. Pn™ya dang nay duoc goi la dang phén tich chinh tic hay dang phan
tich tiéu chuén cua a

Viduy 720 =24.32.5

Bai 2. Cho trudc s nguyén duong N, hiy tim dang phén tich chinh tic cua
N!=1.2.3..N. Dt liéu vao trong file van ban NUM.INP trong d6 chira s6 nguyen
duong N (2<N< 10 000). Dir liéu dua ra file NUM.OUT bao gom nhleu dong, moi
dong gom hai s6 ghi cach nhau mot dau cach: s6 thir nhat 13 thira s6 nguyén t6 cia N
va s0 thtr hai la s6 mii tuong tng.

Vi du:

NUM.INP



4

NUM.OUT

23

31

Sang Eratosten (Sieve of Eratosthenes). Str dung dinh ly 2 chung ta c6 thé tim tat ca
cac sO nguyén td nho hon hodc bang mét s6 nguyén duong n cho trudc. Phuong
phap nay duoc goi la sang Eratosten vi né dugc nha toan hoc ¢6 Hy Lap Eratosten
(276-194 T.C.N) phat minh ra Trudc hét ta thdy rang, moi hop sd nhé hon n s& c6

udc nguyén to khong vuot qua \/f’_l . Do d6 cac s6 nho hon hoac bang n, sau khi loai

bo di nhimg s6 14 boi cua cac sd nguyén td nho hon hay bang N'E , s& déu 1a cac sb
nguyen t6. Phuong phap nay duoc trinh bay cu thé nhu sau:

B1.Viét cac s6 tir 1 t&i n thanh mot day

B2.S6 1 bi xo4.

B3.Tim s6 dau tién m khong bi xoa trong day va klem tra s nay: neu m > N'/_ fithi
dung thuat toan va cac so6 khong bi xoa chinh la cac sd nguyén td can tim, nguoc lai
thi ta x04 cac sb 12 boi sb ciia m (ngoai trir m).

B4. Lap lai tir budce 3.

Bai 3. Cho trudc mét sd nguyén duong N, 1< N <10 000, hay viét chuong trinh tim
tat ca cac s6 nguyén to theo phuong phap sang Eratosten.

Chung ta da quen thudc vo1 mét bai toan kinh dién sau: Cho trudc mot sd nguyén
duong n, cho biét n c6 phai 1a s6 nguyén t6 hay khong? Vi bai toan nay, da s6
chung ta ding ngay mot thuat giai quen thudc 1a kiém tra tinh chia hét ctia n cho céc

so nguyén 16n hon 1 va nhé hon hay bang \/_ Tuy nhién cach lam nay rat ton kém
Ve thoi gian, va thuong chi ¢6 y nghia khi ta thao tac voi nhing sd n nho. Pé ting
tdc do cho thuat toan cho bai toan ndy, ta can c6 nhiing giai thuat hiéu qua hon.
Dudi day trinh bay 2 dinh ly quan trong gop phan cai tién thuat toan tim sb nguyén
t6 va kiém tra tinh nguyén t6 clia mot s6 nguyén duong cho trude.

Dinh 1y 4. Néu n 1a mot s6 nguyén td 16n hon 5 thi s6 du ctia n cho 6 phai 13 1 hozc
5.

Dinh 1y nay cho phép chiing ta tim cic s6 nguyén to theo budc tang khong phai la
donvimala2, 4,2,4..

Ching minh

Dé chirmg minh dinh 1y ta chi can ching t6 rang néu n chia cho 6 du 2, 3 hodc 4 thi n
phai 13 hop sb. That vay, gia st n chia cho 6 du 2 =>n=6q+2 =2(3q+1),qEZ +.
Do d6 n 14 hop s6. Néu n chia cho 6 du 3 hoic 4 thi ta ciing chimg minh dugc n 1a
hop sb.

Pinh Iy 5. M6t s6 nguyén duong n 1a s6 nguyén t6 néu nd khong chia hét cho bat ky

s6 ndo trong ddy cac sd nguyén t6 nho hon hodc bang \/rf’_l .
Ching minh Tur dinh ly 2 ta thay rang dé€ chi ra n 1a s6 nguyén t0 thi ta chi can



chtng t6 rang néu n khong chia hét bat ky s nao trong diy cac sb nguyén td nho
hon hoic bang N'/-E thi n ciing khong chia hét cho bat ky s6 nao trong diy céc so
nguyén nho hon hodc bang \/'f’_l . That vdy, gia st n chia hét cho mot hop sé6 m, m <

N'/_tu’c lan=mk, I<mk <n. Vim 12 hop s6 nén ton tai mot udc nguyén t6 d ctia m
sao cho m = qd, 1< q,d <m =>n = mk = qdk, hay m chia hét cho mét sd nguyén t6
d v6i d <m < n, diéu nay la mau thuan véi gia thlet

Su dung dinh ly nay ta thay rang dé kiém tra mot so nguyén n c6 phai la 5O nguyén
t6 hay khong ta chi can kiém tra n khong chia hét cho bét ky s nao trong day cac sb

nguyén t6 nho hon hay bang \/_ .
Tu hai dinh 1y trén ta xay dyng mot thuat toan tam chap nhan dugc dé kiém tra tinh
nguyén to cia mot s6 nguyén duong n thong qua mot ham nhu sau:

function isPrime(n:longint):boolean;

var i:longint;j:byte;

begin

isPrime:=true;

1f n<2 then begin isPrime:=false;exit end;

if (n=2)or(n=3)then begin isPrime:=true; exit end,
if n mod 2=0 then begin isPrime:=false;exit end,
if n mod 3=0 then begin isPrime:=false;exit end,
1:=5;]:=2;

while i<=trunc(sqrt(n))do

begin

if n mod 1 =0 then begin isPrime:=false; exit end;
1:=11]; j:=6-]

end;M

end;

Ta c6 thé cai tién thuat todn bang cach luu cac sd nguyén t6 ho hon hay bang \E vao
mot mang a trudc khi tién hanh kiém tra véi n. Thuét toan duge mé ta nhu sau:
function isPrime(n:longint):boolean;

var 1,j:longint;

begin

1sPrime:=true;

1:=1;j:=round(sqrt(n));

{mang a chua cac so nguyen to da sap xep tang dan}

while a[i]<=] do

begin

if n mod a[i] = 0 then

begin isPrime:=false;exit end;



1:=1+1;

end;

end;

Céch lam nay chi t6i wu khi bai toan lién quan den tim nhiéu s6 nguyén t6 (nho).
Tuy nhién cach 1am nay tén kém vé bd nhé vi ta can sir dung mang a dé luu cac s6

nguyén to nhoé hon hoic bang \/_
Pinh nghia S6 cac s6 nguyén t6 khong vuot qua n ky hi¢u 1a & (n).
Ta hady quan sat gid tri cia ham © véi mot vai gia tri dac biét cia n nhu bang sau:

N ()
107 168
109 1229
107 9597
10° 78493
107 664579
108 5761455
10° 50847534
100 455052512
100 4118054813
1012 37607912018
107 346065536230
10 3204941750802

Ta thtr u6c luong chi phi bo nhd dé luu tat ca cac sé nguyén t6 khong vuot qua
1014: sb cac sb nguyen t6 d6 1a 3 204 941 750 802 s, ta gia sir trung binh mdi s d6
dai 7 ky tu. Nhu vy can 3204941750802 x 7 byte bo nh¢ hay tuong duong voi
khoang 20 000 Gb, that la mot chi phi qua lon ! Vi vay, can nhan manh rang: tuy
thudc vao dau bai dé lya chon phuong phap nao t61 uu

Bai 5. Cho trude mot sé nguyén duong N, 1< N< 500 000 hay tim gi tri cia ham
n(n).

Bai 6. Cho trudc mot sé nguyén duong N, 1< N< 1018 hay tim mét s6 nguyén té6 M
nhé nhét va 16n hon N. Vi du véi N = 1000 thi M= 1009 véi N =
10000000000000000 thi M = 10000000000000061.

Phén tich va hudng dan giai: thuat todn dua ra rt don gian, tuy nhién cin tim ra
thuat toan hiéu qua dé chay trong thoi gian chdp nhan duoc. Giai phap dwa ra nhu



sau:

Xuét phat tir N, tim cach tang N theo budc ting 2, 4, 2, 4... MOi khi tang N, kiém tra
xem N ¢6 phai 14 s6 nguyén t6 khong bang cach duyét cac udc sé cia N ciing theo
budc tang 2, 4, 2, 4... va cac udc do khong vuot qua can bac hai cua N.

Vén d& 1 can cai dit cac pheép toan phu hop dé thoa man yéu cau dir liéu cua dau bai
14 N ¢6 thé 16n t6i 17 chir s6, M ¢6 thé 16n t6i 18 chir sd. Nhu vay, dé 1am duoc bai
nay ta can sir dung cau tric dir liéu 1a s6 thyc va xay dung tap hop mot vai phép toan
nhu DIV (phép chia 1y phan nguyén), MOD (phép chia 1y phan du)... va ta goi ciu
trac dir liéu do la sd gia nguyén. Khi co sO gia nguyén thi ta co thé thao tac véi cac
s6 nguyén 16n tdi 20-21 chir s6 (bang s6 chir s6 ¢ nghia cua kiéu dir liéu thyc).
Thuét toan dugc minh hoa qua chuong trinh sau:

{$N+,B-}

uses crt;

type bigInt=comp;

function DivB(a,b:bigint):bigint;
begin

DivB:=int(a/b);

{ham cho phan nguyen cua mot so thuc va
tra ve la kieu so thuc}

end;

function ModB(a,b:bigint):bigint;
begin

ModB:=a-b*int(a/b);

end;

function EvenBig(n:Bigint):boolean;
begin

EvenBig:=ModB(n,2)=0;

end;

function prime(n:biglnt):boolean;
var 1,j:longint;c:real;

begin

if (n<2) then

begin prime:=false;exit; end;

if (n=2) or (n=3) then

begin prime:=true;exit; end;

if EvenBig(n) or(ModB(n,3)=0) then
begin prime:=false;exit; end;
prime:=true;

c:=sqrt(n);

1:=5;5:=2;



while (i<=c) do

begin

if ModB(n,1)=0 then

begin prime:=false;exit; end;
1:=14;j:=6-];

end;

end;

function NextPrim(n:bigint):bigint;
var 1:bigint;j:byte;

begin

1f n<2 then

begin NextPrim:=2; exit; end;
if (n=2) or (n=4) then

begin Nextprim:=n+1;exit; end;
if (n=3) or (n=5) then

begin Nextprim:=n+2;exit; end;
1:=ModB(n,6);

if (1i=0)then

begin n:=n-1;j:=2 end

else if i=5 then j:=2

else begin n:=n-i+1;j:=4 end,
While true do

begin

n:=ntj;

if Prime(n) then

begin

nextPrim:=n;

exit;

end;

J=6-J;

End;

end;

procedure GenP;

var f:text;

n:bigint;

begin

assign(f,'Num.txt');

reset(f);

readIn(f,n);

close(f);

assign(f,'Primetxt");



rewrite(f);

writeln(f,Nextprim(N):0:0);

close(f);

end;

begin

genP

end.

Tuy nhién, cach lam nhu trén van c6 thé duoc cai tién dé tang toc do néu ta khai thac
triét dé cac ham vé sd hoc o sin cua Pascal dé khong ton thoi gian goi ham. Cu thé
ta c6 thé khong dung cac ham DIV va MOD nhu trong chuong trinh trén va cai tién
bang cach: dé kiém tra mot sé m c6 chia hét cho n hay khong tuong dwong véi kiém
tra ham frac(m/n) c6 bang 0 khong, va dé tim phén du ctia m/n ta lay két qua cua
phép tinh frac(m/n)*n (Ham frac c6 i s6 1a s thuc va cho két qua 13 phan phan
ctia ddi sb, vi du Frac(12.123) s& cho két qua la 0.123). Ban doc ¢co6 thé tu stra lai
chuong trinh trén va kiém nghiém su cai thién tdc d6 cua thuat toan (neu ¢6 nhu cau
cac ban co thé lién hé véi tac gia dé c6 chuong trinh ngudn).

Bai 7. S6 nguyén t6 86311 co dang déc biét la néu dem chia n6 cho 10000, 1000 va
100 thi ta dugc cac s6 du 83 11,311 va 1l déu 1a cac sd nguyén to Hay tim tat ca
cac sb6 nguyén t6 co N chir sO (N < 9) ¢6 dang trén (tirc 1a moi s6 du cua sé d6 cho
101, 1 <i<N déu 1a sb nguyén t6)

Hién nay, véi nhiing kién thirc cua toan hoc hién dai, nguoi ta da xay dung nhimg
thuat toan hiéu qua dé giai quyét bai toan voi cac so nguyén td 16n t6i hang tram chir
sO voi thoi gian tinh toan chi vai chyc gidy Phan tiép theo trinh bay mot sb thuat
toan dé cap tGi van dé trén.

Con nira

34. Mot s bai toan va thuit toan lién quan téi s nguvén té

Téc gia: Nguyén Vian Trudng

Dinh nghia (S6 nguyén t6 Mersen): Néu p 1 s6 nguyén t6 va Mp = 2p — 1 ciing 13 s6
nguyén to thi Mpgoi 13 s6 nguyén t6 Mersen.

Dinh 1y 6 . (The Luacas Lehmer Test) P 1a mot s6 nguyén, dit r1 =4 va véi moi k >
1, tk 12k — 1 — 2 (mod Mp ), khi d6 Mp 1a s6 nguyén t6 khi va chi khirp —1 =0
(mod Mp ).

Chu ¥: ky hiéu ' ="' & trén dé chi ky hiéu dong du, mot khai niém phd bién trong sb
hoc. Néu a va b chia cho m ¢6 cting s6 du thi ta goi 1a a dong du v6i b theo modun
m va ky hiéu a =b (mod m).

Dinh Iy ndy dung dé kiém tra Mp c6 14 s6 nguyén t6 hay khong voi do phuc tap
thuat toan 1a O(p3).

Vidu: cho M5=25—-1=31



Tacorl =4

12=42—-2=14 (mod 31)

r3=142 -2 =8 (mod 31)

12=82—-2=0(mod 31)

Do d6 M5 =31 1a s6 nguyén t6.

Bang cach nay c6 thé sinh ra cac s6 nguyén té 2p —1 véi p 1a cac s6 nguyén t: 3, 5,
7,13,17,19, ...

Thuat toan dugc mo ta nhu sau:

Input: S6 nguyén t6 p

Output: Mp = 2p —1 ¢6 phai 1a s6 nguyén t6 khong?

B1. Tinh Mp =2p —1

B2. r:=4;

B3.Fori:=2top—1do

R:=12 —2 mod Mp

B5. if r = 0 then {két luan Mp la sé nguyén to }

else {két luan Mp khong phai 14 sd nguyeén t6}.

Bang phuong phép nay, nguoi ta co thé tim ra cac sO nguyén t6 16n dén hang tram,
tham chi hang ngan chir s6. Bang duéi day tong két mot s6 két qua da dat duoc:

= 54 chitad thap phan i o
trong B,
2 I [ Tirthica dai
3 L | Tirthaica dai
5 2| Tirthin ca dai
7 3| Tirthdics dai
13 P Thé ky 15
17 & 1603
19 3 1603
3l 10 1772
E1 ] 1223
29 27 1911
107 33 1914
127 g I976
521 157 1952
216091 65050 1925
756239 227832 1992

Bai 8 . Hay 1ap trinh tim tét ca céc 0 nguyén t6 Mersen nho hon 1040. Két qua ghi
vao file text Mersen. txt gom nhiéu dong: mo1 dong gom hai s6 ghi cach nhau mot
dau cach, s thir nhat 13 s6 nguyén té p, sb thi hai 13 s6 nguyén té Mersen Mp.



Vi du mot s6 dong déu tién cua file Mersen.txt

23

37

531

1127

138191

17 131071

19 524287

312147485547

61 2305430092 13693951

g2 513700 19642690157449562111
107 1622592768292 135633915730 10288127

Thuat toan dé giai bai toan nay khong kho, cai kho la su dung ciu trac dur liéu nao
cho phu hgp. Mot phuong phap co thé chap nhan dugc 13 st dung cau trac dir lidu
kiéu mang hoic kiéu xau. Ban doc ¢ thé tham khao chwong trinh minh hoa cho
thuat toan dugc trinh bay nhu sau:

{$B-}

type big = array[0..100] of byte;

function isPrime(n:longint):boolean;

var 1,j:longint;

begin

isPrime:=true;

1fn<2 then begin isPrime:=false;exit end;

1f(n=2)or(n=3)then begin isPrime:=true; exit end;

ifn mod 2=0 then begin isPrime:=false;exit end;

ifn mod 3=0 then begin isPrime:=false;exit end;

1:=5;]:=2;

whilei<=trunc(sqrt(n))do

begin

if n mod 1 =0 then begin isPrime:=false; exit end;

1:=1t]; j:=6-]

end;

end;

function sodu(s1,s2:string):string;

var a,b:array[0..200] of byte;

1,la,lb,lc,i:byte;s:string;

function ss(d,k:byte):boolean;

var ok kt:boolean;i,j:byte;

begin

Ifk-d+1>Ib then ok:=true

elseif (k-d+11a) then ok:=false

else



begin
ok:=true;kt:=true;i:=d;j:=1;
while kt and(i<=k) do

if a[1] >b[j] then kt:=false

else

if a[i]

Begin kt:=false;ok:=false End
else

Begin i:=i+1;j:=j+1;end;

end; ss:=ok

end;

procedure tru(d,k:byte);

var tg,phu:byte;},i:byte;

begin

phu:=0;j:=Ib;

fori:=k downto d do

begin

if a[i]-b[j]- phu<0 then

begin

a[i]:=a[i]+10-b[j]-phu; phu:=1;
end

else

begin

a[i]:=a[i]-b[j]-phu; phu:=0;
end; j:=j-1;

end;

end;

procedure xu_ly;

var k,i:byte;

begin

lc:=0;1:=1:k:=lIb;

ifnot ss(Lk)and(k>=la) then exit;
ifnot ss(L,k) then k:=k+1;
k:=k-1;

repeat

k:=k+1;

while (a[l1]=0) and(1 while ss(1,k) do
begin

tru(l,k);

if (a[1]=0) and(I<=la) then 1:=1+1;
end;



untilnot ss(L,1a)or(k>1a);
while(l end;

procedure test;

var fitext;kk,x,h,i:byte;s:string;j:integer;
begin

la:=0;1b:=0;

for i:=1 to length(s1) do
begin

val(s1[i],x,));
la:=la+1;a[la]:=x;

end;

for 1:=1 to length(s2) do
begin

val(s2[i],x,));
Ib:=1b+1;b[lb]:=x;

end;

a[0]:=0;b[0]:=0;

xu_ly;

end;

begin

test;

ifI>la then Sodu:='0'
else

begin

s:=";

for 1:=1 to la do s:=s+chr(a[1]+48);
sodu:=s;

end;

end;

function mu2(p:longint):string;
var du,i,j,l:longint;m:array[1..300] of byte;s:string;
begin
m[300]:=1;1:=300;
forj:=1to p do

begin

du:=0;

fori:=300 downto 1 do
begin

du:=2*m|[i]+du;
m[i]:=du mod 10;
du:=du div 10;



end;

ifdu>0 then

begin

l:=1-1;

m[1]:=du;

end;

end;

s:=";

for 1:=I to 300 do s:=s+chr(ord(m[i])+48);
mu2:=s;

end;

procedure tru(var s:string;x:byte);
var t,i:byte; c:char;

begin

1:=length(s);t:=x;
while(i>0)and(t>0)do
iford(s[1])-48-t<0 then

begin
s[1]:=char(ord(s[1])+10-t);t:=1;1:=1-1;
end

else

begin

s[i]:=char(ord(s[1])-t);t:=0;

end;

end;

function square(s:string):string; {binh phuong}
var X,y:string; a:array[1..300] of byte;
1,1,j,p:integer;

begin

l:=length(s);

forj:=1 downto 1 do
a[j]:=ord(s[j])-48;

fori:=l downto 1 do

begin

x:=";p:=0;

for j:=1 downto 1 do
begin

p:=p-+a[i]*a[j];

x:=chr(p mod 10 +48)+x;
p:=p div 10;

end;



if p>0 then x:=chr(p+48)+x;
if i=1 then y:=x

else

begin

p:=0;

for j:==1 to I-1 do x:=x+'0";
forj:=length(y) to length(x)-1 do y:='0"+ty;
for j:=length(x) to length(y)-1 do x:='0"+x;
for j:=length(x) downto 1 do
begin
p:=ord(x[j])+ord(y[j])+p-96;
y[j]:=chr(p mod 10 +48);
p:=p div 10;

end;

if p>0 then y:=chr(p+48)+y;
end;

END;

square:=y;

end;

function TestPrim(p:byte; var m:string):boolean;
{m”p-2 co phai la so ng to}
var r:string;j:longint;

begin

ifp =2 then

begin m:="3"; testprim:=true; exit end;
m:=mu2(p);

tru(m,1);

r:='4";

forj:=2 to p-1 do

begin

r:=square(r);

Tru(r,2);

r:=sodu(r,m);

end;

testprim:=(r="0");

end;

procedure GenP;

var f:text;

n:longint;

m:string;

begin



assign(f,'Mersen.txt");

rewrite(f);

forn:=1 to 150 do

ifisprime(n) then

begin

if testPrim(n,m)then

writeln(f,n,' ', m);

end;

close(f);

end;

begin

genP

end.

Ngoai cac thuat todn pho bién nhu di dugctrinh bay & trén, hién nay ngudi ta da
phat trién nhiéu thuét toan khac voi mot vai uu diém. Tuy nhién trong pham vi bai
viét nay khong thé trinh bay qua chi tiét vé cac thuat toan d6. Néu ban doc nao quan
tam c6 thé tim hiéu trong cudn sach Elementary number theory andits applications,
cua tac gia Kenneth H. Rosen.

Bai 9 . (Bai 3 trong dé thi Tin hoc quéc té 1994)

Cho mét bang hinh vuéng gdm 5 x 5 hinh vuéng nho, trén mdi 6 vudéng ghi mot chir
sO thap phan nhu hinh vé.
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Cac chur sé) dugc ghi vao phai thoa mén cac diéu kién sau:

- 12 s6 gdom: 5 s6 nam chi s0 theo ting hang doc tu trai qua phai, 5 s6 nam chit s6
theo tung cot doc tur trén Xuong dudi, 2 s6 nam chir so theo hai duong chéo doc tur
trai sang phai deu 1a cac s6 nguyen t6 v6i nam chir s6 c6 nghia.

- Tong cac chir sd cua m01 moét trong muoi hai s6 déu bang mot sb cho trude. Trong
vi du trén tong céc chit s6 déu bang 11.

Dir liéu vao duoc cho bai file DS.INP trong d6 dong thir nhét ghi s6 1a tong cac chi
s6 cua cac s can xay dung, dong thit hai ghi chir sd & goc trai trén cua hinh vudng.
Két qua ghi ra file DS.OUT nhu sau: v61 moi cach dién cac chir sO vao cac 0 thoa
mén cac yéu cau, ghi ra 5 dong, mdi dong ghi ndm chir sd. Hai cach dién chir s6 xem



nhu 1 khac nhau néu ching c6 it nhat hai chit s6 & hai 6 twong tng 13 khac nhau.
Vi du:
DS.INP
11

1
DS.OUT
11351
14033
30323
53201
13313
11351
33203
30323
14033
33311
13313
13043
32303
50231
13331
Nguyénvin Truong

35 .Cip ghép tbi wu lre lwong khong bing nhau

Tac gia: Tran DBuc Thién

Cho G = (X vY, E) 14 d6 thi hai phia day du, trong do: X , Y 1a hai tap hitu han gom
n phan tir, E 13 tap cac canh cua do thi va vo1 moi canh du’oc gan vo1 mot trong s6 C
ij . Can tim tap cap ghép day du M c6 tong trong s6 16n nhat.

Vé mit thuat toan cac tac gia di trinh bay rat ki, nhung chuong trinh phan 16n con
chua duoc tdi vy, khé hiéu, kho cai dit. Béng kinh nghiém lap trinh t61 xin dua ra
chuong trinh cai dat thuét toan tim cap ghép t6i vu dat max. Trude khi theo doi
chuong trinh, xin cac ban hay chu ¥ nhitng diém sau:

+) Cac dinh thudc tdp Y dugc danh sb tir n+1 dén n+n (hay 2n ) dé dé quan 1i va cai
dat.

+) Ta van dung cac bién quen thudc voi ¥ nghia da dugc cac tac gia cua cac sd bao
trudc da trinh bay, néu khong hiéu cc ban xem lai cac s6 trude hodc 1ién hé véi 6.
+) Trong bai s6 11-2001 tac gia Lé Van Chuong dung 3 mang la: Tr (trudc), S, T
(theo dinh nghia). & day t61 chi can dung méang truoc (Trudc) 1a duoc, boi vi mang
S, T ciing chi 1a dé biét xem dinh u thudc X hay v thudc Y c6 di dén duoc hay khong



ma thoi. Trong chuong trinh cua t61 thi dinh u dugc loang toi (di toi dugc) néu
truoc[u] > 0 (cho ca tip X va Y ). Va con nhiéu mang nita khong can thiét duogc toi
bo di.

+)Trong thu tuc tim duong di khi lay dinh v ra khoi hang doi, néu v > n (v thudc Y)
thi tic gia phai quét tt ca cac dinh ctia X dé lay dinh két nap. Toi chi can két nap
ngay y[v-n] boi vi: Khi chung ta di dén v va (u,v) thudc tap cip ghép hién thoi thiu
chac chan chua di téi va B[v] + A[u] ludn bang C[u,v] (1a Fx[u] + Fy[v] = C[u,v]
trong chuong trinh cua t61). T61 dung mang y luu cap ghep ma khong dung mang
x(Cg) giong tac gia la vi li do nay.

+) Cac ban s& thay rang trong chuong trinh cta toi tong luong bd nhé duoc dung 13
rat it, ddc biét 1a cac bién duoc phan bd ca vao chuong trinh con, khién chuong trinh
chinh doi ra rat nhiéu.

(T6i khai integer 14 dé cho maxn = 180!)

+) T6i hoan toan dong ¥ voi tac gia Nguyen Tan Diing, chi can sira nhu tac gia noi
14 c6 thé duoc chuong trinh cap ghep t61 wu dat min, ¢ day toi dua ra chuong trinh
max dé cac ban dé so sanh v&i chuong trinh & s6 11-2001.

{Dtr liéu vao: T¢p CAPGHEP.INP chtra n va ma tran C ij }

{Dit liéu ra: Tép CAPGHEP.OUT chira tap cip ghép can tim (dang xi -yj )}
PROGRAM CHUONG_TRINH_TOI UU;

uses crt;

const finp = 'capghep.inp'; fout = 'capghep.out’;

maxn = 100;

var f :text;

c:array[1..maxn, 1..maxn] of integer; { Mangtrong s6 }

y:array[ 1..maxn] of integer{Byte};{ y[v]= u nghia 13 (u,v) dang thudc tap cap ghép
hién thoi}

fx,fy:array[1..maxn] of longint; {}

truoc:array[ 1..2*maxn] of integer; {Byte} { Luu trir dinh trudc trong dudng tang cap
ghep }

n,u,v:byte;

procedure nhap; { = ReadF }

var 1,j :byte;

begin

assign(f,finp); reset(f);

readIn(f,n);

fori:=1tondo

begin

for j:= 1 to n doread(f,c[i,j]);

readIn(f);

end; close(f);

end;



procedure khoitao; { Khoi tao tap cip ghép rong }

var 1,j :byte;

begin
fori:=1tondo
begin

y[il = 0; fy[i] = 0;
end;
fori:=1tondo
begin

tx[i]:= c[1,1];

for j:= 2 to n do if ¢[1,j] > fx[1] then fx[i]:= c[1,j];

end;

end;

procedure loang(u :byte); { = FindPath(u). Tim dudng tang cdp ghép tir dinh tw do u
thude X}

var 1,x,dq,cq :integer;

g:array[1..2*maxn] of integer;

begin
for 1:= 1 to 2*n do truoc[i]:= 0; { Khoi tao }
truoc[u]:=u;

dq:=1; cq:= 1; q[eq]:=u;

while dq <=cq do

begin

x:= q[dq]; inc(dq);

if x > n then begin inc(cq); q[cq]:= y[x-n]; truoc[y[x-n]]:= x; end
else

begin

for i:= n+1 to 2*n do if truoc[i] = 0 then
if £x[x] + fy[1-n] = ¢[x,i-n] then

begin

inc(cq); q[cq]:= 1; truoc[i]:= x;

if y[i-n] = 0 then begin v:= 1; exit; end;
end;

end;

end;

end;

procedure SuaNhan; { = Change }

var d :longint;

1,j:byte;

begin

d:= maxlongint;



for 1:= 1 to n do if truoc[i] > 0 then

for j:=1 to n do if truoc[j+n] = 0 then

if £x[1] + fy[j] - c[i,j] < d then d:= fx[i]+fy[j] - c[i,j];
for 1:= 1 to n do if truoc[i] > 0 then dec(fx[1],d);
for j:= 1 to n do if truoc[j+n] > 0 then inc(fy[j],d);
end;

procedure tangcapghep; { = IncCg. X aydung tap cdp ghép maoi tr dudong tang cap
ghép. Qué ngin phai khong ban }

begin

while v<>u do

begin

y[v-n]:= truoc[v];

v:= truoc[truoc[v]];

end;

end;

procedure ghep;

begin

foru:=1tondo

begin

v:=0;

loang(u);

while v = 0 do begin suanhan; loang(u); end;
tangcapghep;

end;

end;

procedure print;

var tong :longint;

i:byte;

x:array[ 1..maxn] of integer;
begin

tong :=0;

for 1:= 1 to n do begin x[y[1]]:= 1; inc(tong,c[y[i],1]); end;
assign(f,fout); rewrite(F);

writeln(f,tong);

for i:= 1 to n do writeln(f,i,' ',x[i]);

close(f);

end;

Begin

nhap;

khoitao;

ghep;



print;

End.

Mo rdng bai toan cap ghép:

Bai toan cdp ghép binh thuong (I X I=1 Y I= n) d duogc giai quyét triét dé. Nhung
néu by gio ta thay tip X gdm m dinh, Y gdm n dinh( m <n ), vin ma trin trong s6
laCijvoiit1t6im,jtr1téin, vacan ghép mdi dinh tap X v6i 1 dinh tap Y dé
duoc tap canh M c6 tong trong sd 16n nhat (mdi dinh tap Y ghép véi ti da 1 dinh
ctia tap X (c6 thé khong dugc ghép)). Khi d6 thuat toan cip ghép da néu khong thé
giai quyét dugc van dé nay. Ké ca khi ban ding dén ludng ciing phai b6 tay ma thoi.

Co6 thé 1ay vi du véi bai toan sau:

Bai toan: C6 m linh kién chirc ning giéng nhau va cén may. Nhung mdi linh kién
duoc san Xuét & mot cong ty khac nhau va c¢6 dac tinh khac nhau. Gidm dbe théng
ké dugc mot bang C c6 m dong, n cot voi y nghia: s6 & dong i, ¢t j 1a mirc d6 phu
hop cta linh kién i v6i may j. Biét ring ning suit ti 18 voi muc d6 phu hop sau khi
lép, ti I¢ cua cac may la nhu nhau. Nhiém vu cua ban l1a phan cong mdi linh kién vao
mot may dé tong mirc phu hop 1a 16n nhat (s6 linh kién c6 thé thiéu hodc thira).

Hay ¢ dang tong quat bai toan phat biéu nhu sau: Cho ma trin m*n cac sd nguyén
duong, tim trén mdi dong, mdi cot nhiéu nhat mot s6 sao cho téng cac so6 duoc chon
13 16n nhat c6 thé. Két qua dua ra vi tri cac 6 duge chon bao g@)m chi sb dong va chi
sb cOt ctia nod.

Céch thir nhit giai bai toan ndy 13 ta cho vao tap X thém (n-m) dinh méi va gan
trong s6 cac dinh nay vdi moi dinh thudc Y 1a mot sO t (t ¢ dinh chon bat ki) - pé
duoc ma tran trong sb 1a C[1..n,1..n]. Sau d6 tim cap ghép tdi wu dat max binh
thudng trén d6 thi méi va chi can stra lic xuat két qua ta chi 1ay nhimg cip chira cac
dinh ban du ctia X va tong trong sb phai trir di (n-m)*t.

*Chimg minh: Gia st ta tim duoc tip cip ghép toi wu M trén dd thi méi véi tong



trong s6 tim duoc 1a C.

Khi do tap cap ghep nay duge chia lam hai phan: Phan mét 14 tap M1 cac cap chira
cac dinh ban dau cua tdp X (ghép véi cac dinh cua tap Y ), tdp ndy cd tong trong s6
la C1 = C - (n-m)*t, tap con lai chira cac dinh mai cua tap X ghép voi cac dinh con
lai cta tp Y (c6 tong trong sb 1a (n-m)*t). Bay gid ta gia sir tim duoc tip M1’ gdm
m cdp chi chtra cac dinh ban dau cua tap X (va ghép véi cac dinh cta tap Y ) ma co
téng trong s6 C1’ > C1 thi trong d6 thi méi, tir M1’ ta luén tim dugc cach ghép cac
dinh mé&i thém Vao vO1 cac dmh con lai chua dugce ghép cuatap Y dé duoc tap cap
ghép méi M'cod tong trong sb la C"=Clt(n-m)*t> C. Tuc la ta tim dugc mot tap
cip ghép khac co tong trong 5O 16m hon tong trong sb 16n nhat ma thuat toan tim cap
ghép ban dau tim ra. Piéu ndy mau thuan, thuit toan dugc chimg minh.
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Mot s6 diém chu ¥:

+ Lac dau toi quan niém phai chon t rit nho (v4i bai toan tong trong s6 min thi
nguoc lai, chon s6 t rat 16m), nhung theo cach chung minh trén ta co thé chon t bat
ki, vi vay dé don gian ta chon t = 0.

+ Chuong trinh trén toi giai quyét ca truong hgp m > n. Tirc 13 ta chi in nhiing cip
chtracda x vay cil.

Tuy nhién cach trén van chua phai 1a cach t6i wu, c6 nhugc diém 1a lang phi bo nhé
(do phai thém dinh va cac canh tuong mg), lam giam toc do chay,lam cho viéc lap
trinh tr& 1€n phire tap, thém nhleu cong doan,...Ching ta dé y thay rang thuat toan
cip ghép cuc dai (hay cip ghép téi da) lam viée trén 6 thi c6 b dinh tap X khac sO
dinh tép Y. Vi vay y tuong dua ra la ta cai tién thuat toan cap ghep t6i uu theo
huéng giéng thuat toan cip ghép tbi da. Tuc la trong cac biéu thirc ta ldy sd dinh tap
X 1a m chir khong phai n. Chung ta chi can sira thuat toan chuin mot chit 13 ¢ thé
dugc chuong trinh cho thudt todn mai nay, nhung ban phai chay tdi1 nhap dir liéu va
in két qua, day 1a hai cong doan c6 thay d6i nhiéu nhét. Téi xin duoc dua ra chuong



trinh dé cac ban tham khao: (T6i khong giai quyét truong hop m >n, dé danh cho cac
ban)

Xle
\-}rl
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X4 ¥3
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PROGRAMCHUONG_TRINH HOAN CHINH_CAP_GHEP TOI UU DAT M
AX LUC LUONG KHAC NHAU;
uses crt;

const inp = 'capghep.inp'; out = 'capghep.out’;
maxmn = 100;

type index = 1..maxmn;

var f :text;

c:array[index,index] of integer;
y:array[index] of integer;
fx,fy:array[index] of longint;
truoc:array[ 1..2*maxmn] of integer;
m,n,u,v:byte;

procedure nhap;

var 1,j :byte;

begin

assign(f,inp); reset(f);

readln(f,m,n);

for i:= 1 tom do

begin

for j:=1 to n doread(f,c[1,j]);
readIn(F);

end;

close(f);

end;

procedure khoitao;

var 1,j :byte;



begin
fori:=1tondo

begin

y[i] :=0;

fy[i] := 0;

end;

for i:= 1 tom do
begin

tx[1]:=c[1,1];

for j:=2 to n do if c[i,j] > fx[i] then fx[i]:= c[i,j];
end;

end;

procedure loang(u :byte);

var 1,x,dq,cq :integer;

g:array[ 1..2*maxmn] of integer;

begin
for i:= 1 to m+n do truoc[i]:= 0;
truoc[u]:=u;

dq:=1; cq:= 1; q[cq]:= u;

while dq <= cq do

begin

x:= q[dq]; inc(dq);

if x > m then begin inc(cq); q[cq]:= y[x-m]; truoc[y[x-m]]:= x; end
else

begin

for i:= m+1 to m+n do if truoc[i] = 0 then
if £x[x] + fy[i-m] = ¢[x,i-m] then

begin

inc(cq); q[cq]:= 1; truoc[i]:= x;

if y[i-m] = 0 then begin v:= 1; exit; end;
end;

end;

end;

end;

procedure suanhan;

var d :longint;

1,j:byte;

begin

d:= maxlongint;

for 1:= 1 to m do if truoc[i] > 0 then

for j:= 1 to n do if truoc[m+j] = 0 then



if fx[i] + fy[j] - c[i,j] <d then d:= fx[i]+1fy[j] - c[ij];
for i:= 1 to m do if truoc[i] > 0 then dec(fx[i],d);
for j:= 1 to n do if truoc[m+j] > 0 then inc(fy[j],d);
end;

procedure tangcapghep;

begin

while v<>u do

begin

y[v-m]:= truoc[v];

v:= truoc[truoc[v]];

end;

end;

procedure ghep;

begin

foru:=1tomdo

begin

v:=0;

loang(u);

while v = 0 do begin suanhan;loang(u); end;
tangcapghep;

end;

end;

procedure print;

var tong :longint;

1:byte;

x:array[index] of integer;

begin

tong :=0;

for i:= 1 to n do if y[1i] <> 0 then { y[v] = 0 co nghia la dinh vkhong duoc ghep }
begin x[y[i]]:= 1; inc(tong,c[y[i],1]); end;
assign(f,out); rewrite(f);

writeln(f,tong);

for 1:= 1 to m do writeln(f,1," ',x[1]);

close(f);

end;

Begin

clrscr;

nhap;

khoitao;

ghep;

print;



End.

Téi xin goi y cho cac ban véi truong hop m >n thi ta dwa vé bai toan trén bang cach
+ Ghi nhan lai viéc m>n. Néu khong thi giai quyét binh thudng.

+Po6i mang C sao cho Ci,j méi = Cj,i cil.

+ Luc in két qua ta khong write(f,x[i],y[i]) nita ma viét nguoc lai: write(f,y[i], x[i]);
T6i chua cai tién cho chwong trinh diing véi ca m > n (hoan toan dugc) mong ban
suy nghi thém.

Co rat nhiéu bai toan dua vé bai toan phai ghép cap gitra hai tap dinh voi s6 dinh
khong bang nhau, ldy vi du don gian 12 ta stra d& bai ciia cac bai toan cip ghép di
mot chit ta s& gap bai toan khac, va ta ciing chang phai suy nghi nhiéu, chi can sta
chuong trinh cii ¢i mot chut thé 13 xong. Hi vong ban tich luy thém dugc mot chut gi
d6 vao cai kho "céac thuat toan kinh dién” ctia minh. Chao tam biét va chiic ban
thanh cong!

36 .Lich sir ra doi sé PI

Téc gia: Nguyén Lé Anh

Tinh 2000 chit sé sau ddu phay cta s6 IT
{Tinh dugc 2*n chit s6 Pi. C6 thé cho ting n=500}
uses crt;

const n=100;

¢s=10000;

type sl=array[0..n+2] of longint;

var a,b,c,x,y,z:sl;

Procedure cong(a,b:sl;var c:sl);

var i:longint;

d:longint;

Begin

d:=0;



for i:=n downto 0 do

begin

d:=d+a[i]+b][1];

c[i]:=d mod cs;d:=d div cs;
end;

End;

Procedure nhan(a,b:sl;var c:sl);
var 1,j:longint;

d,e:comp;

Begin

d:=0;

for 1:=n+1 downto 0 do

begin

for j:=0 to 1 do

if (j<=n) and (i-j<=n) then d:=d+a[i-j]*b[j];
e:=trunc(d/cs);
c[1]:=round(d-e*cs);d:=e;

end;

End;

Procedure nhan2(var a:sl);

var i:longint;



Begin

a[n+1]:=0;

for i:=n downto 0 do

begin

a[i]:=a[i+1] div cs+a[i]*2;
a[i+1]:=a[it+1] mod cs;

end;

End;

Procedure Dao(a:sl;var b:sl);
var 1,j,k,eps:longint;
h,1,r:longint;
c,v:array[0..n+2] of longint;
Begin
fillchar(v,sizeof(v),0);

for i:=0 to n do

begin

H:=cs;L:=0;c:=v;

Repeat

R:=(H+L) div 2;

for k:=n+2 downto 0 do

if k>=i then v[k]:=c[k]+R*a[k-1] else v[k]:=c[k];



for k:=n+2 downto 1 do

begin

v[k-1]:=v[k-1]+v[k] div cs;

v[k]:=v[k] mod cs;

end;

eps:=0;

for k:=n+2 downto 1 do if v[k]>0 then eps:=1;
if H-L<=1 then begin b[i]:=R;break;end;
if v[0]>1 then eps:=1;

if v[0]<1 then eps:=-1;

Case eps of

1: H:=R;

-1: L:=R;

0: begin b[i]:=R; break; end;

End;

Until 0=1;

end;

End;

Procedure Can(a:sl;var b:sl);

var 1,j,k,eps:longint;

h,1,r:longint;



c,v:array[0..n+2] of longint;
Begin
fillchar(v,sizeof(v),0);

for 1:=0 ton do

begin

H:=cs;L:=0;c:=v;

Repeat

b[i]:=(H+L) div 2;

for k:=n+2 downto 0 do

if k=2*i then v[k]:=b[1]*b[i]
else if (k<2*i)and(k>=i)then v[k]:=c[k]+2*b[i]*b[k-i]
else v[k]:=c[k];

for k:=n+2 downto 1 do
begin

v[k-1]:=v[k-1]+v[k] div cs;
v[k]:=v[k] mod cs;

end;

eps:=0;

for k:=n+2 downto 0 do

if v[k]>a[k]then eps:=1

else if v[k]



if H-L<=1 then break;

Case eps of

1: H:=b[i];

-1: L:=bJ[1];

0: break;

End;

Until 0=1;

end;

End;

var 1,j:longint;

t:string;

BEGIN

for 1:=0 to n+2 do a[1]:=0;a[0]:=4;

for 1:=0 to n+2 do b[i]:=0;b[0]:=2;
can(b,b);nhan2(b);

Repeat
Dao(a,x);Dao(b,y);cong(x,y,z);Dao(z,a);nhan2(a);
nhan(a,b,c);can(c,b);

gotoxy(1,5); write('3.");

for j:=1 to n do begin str(a[j],t);while length(t)<4 do t:='0"+t; write(t); end;

writeln;writeln; write('3.");



for j:=1 to n do begin str(b[j],t);while length(t)<4 do t:='0"+t;write(t); end;
Until 1=0;

END.

Bai tap.

St dung cong thirc gan dung

3 XS XT XEJ

arctan{x)=x- —+ —— —+ —— ...
3 5 7 9

va hang dang thtc

1 1
= 4. arctan{—) — arctani——
(5) (239)

bl
4
dé tinh nhanh gi4 tri s IL.
var s1,s2,x:real;
begin
x:=1/5;
S1:=X-X*X*X/3+XFX*XFX*¥X/5-XFX¥XFXFX*FXFK/THXFXFXFXFX*FXFX*X*X/9;
x:=1/239;
S2:=X-XFXHFX/3+X*F XX FXHFK/S-XFXHFXFXFXF XK/ THR*EXFXFX I X*FX*X*X/9;
writeln(16*s1-4*s2,' ',pi);

end.



Gia tri tinh duoc 3.1415926...

var s,x:real;

n:integer;

begin

x:=1/5;

s:=0; for n:=10 downto 1 do s:= 1/(2*n-1) -x*x*s;
sl:=x*s;

x:=1/239;

s:=0; for n:=10 downto 1 do s:=-x*x*s+1/(2*n-1);s2:=x*s;
writeln(16*s1-4*s2,' ' pi);

end.

Bai tap. Viét trinh tim cac sd nguyén t6 nho hon 1000 theo phuong phap
Eratosthenes.

Thuat toan:
xép céc 6 thanh ddy danh sb 2.. 1000. Gan tat ca 1. Bit dau tir 6 dau tién néu gia tri
khéc 0 chua bi x04 - 1a s0 nguyén t6. Xoa gan 0 vao dén hét cac 6 1a bdi cua nd va

tim 6 khac 0 tiép theo.

Trinh:



var aarray[2..1000] of byte;
nm:integer,

begin $\
for ni=2 to 1000 do a[n]:=1,
=2,

Repeat

while (<1000 and (a[n]=0% do ni=n+1, cic & gan 1
mi=n;
while m+n==1000 do begin m:=m+n;a[m]:=Cend,
ni=n+1,;
untl re>=1000; %04 & nay di
for ni=2 to 1000 do faln]<=0 then write(n,' 7,
end.

1 interger=2 byte

Ngay xuan ndi chuyén vé s0 gia nguyén va so6 nguyén t0 Mecxen

Mot sb tu nhién 16n hon 1 dugc goi 1a s6 nguyén t6 néu n6 khong chia hét cho bat
ky s6 ty nhién nao ngoai 1 va chinh ban than s d6. Nhimg s c6 dang 2n - 1 duoc
mang tén nha toan hoc Mecxen la nguoi dau tién nghién ciru ching. Néu 2n-1la 5O
nguyén t6 thi ching duoc g01 1a s6 nguyén t6 Mecxen. Trong thoi gian sudt hai thé
ky, cac nha toan hoc "ngd" rang sé6 m = 267 - 1 1a sb nguyén td Mecxen. Vi sb nay
qua 16n nén moi nguoi rat ngai khi phai noi dén nd. Nguoi dau tién cho biét m
khong phai 14 nguyén t6 1 nha toan hoc My Coun. Tai phién hop thang 10 nam
1903 ctia H61 Toan hoc My, Coun lang 1€ budc dén tAm bang den dit trén dai 18
duong. Ong 1y 67 s6 2 nhan vé6i nhau, sau d6 trir di 1. Van khong néi mot 1oi nao,
ong budc sang phan bang bén canh 1am phép tinh nhan hai s6: 193707721 x
761838257287. Két qua nay ding bang két qua ctia 267 - 1 !... Lan dau tién trong
lich str ctia Hoi Toan hoc My ngudi ta hoan hé 1au dén nhu vay. Coun, van khong hé
n6i mot 10i nao, thong tha tré vé chd ngdi. Biét Coun 1 nguoi it n6i nén khong ai
hoéi 6ng cau gi.

Sau d6 vai ndm, ngudi ban than ciia Coun hoi rang 6ng phai mat bao nhiu thoi gian
cho két qua do, Coun trd 101: "Tat ca cac ngay chu nhat trong vong ba nam".

Mt 144 ngay dé phan tich s6 267 - 1 ra thira s6 nguyén t6! Phai 1a mot nguoi kién
nhan phi thudong va tinh todn cuc nhanh thi méi lam ndi cong viéc chan ngat do.



Chung ta thir 13p trinh dé khao sat cac s6 Mecxenm =2n - 1 véin=2..59. Véin=2
ta co m = 3 13 s6 nguyén td. V&in = 59 ta c6 m = 576460752303423487. S6 ndy co
18 chir s6 do d6 nd vuot quéa gidi han cua cac sé nguyén co thé biéu dién trong moi
truong Turbo Pascal ctia ban. Chiing ta thir tim cach khac phuc bang cach sir dung
kiéu s thuc mo rong extended. Do 1a kiéu sd thue ¢6 dén 19-20 chit sb, str dung 10
byte cho biéu dién trong, do d6 c6 thé biéu dién cac sb tu nhién trong khoang ..
576460752303423488 = 259.

S6 gia nguyén

Do mudn st dung kiéu extended dé biéu dién cac sb tu nhién nén ching ta phai ty
viét mot sb thao tac trén kiéu sé gia nguyén nay. Trude hét ban can dit ché d6 dich
{$N+} dé bao cho chuong trinh dich xir 1y cac s6 10n theo ché do dong xir 1y clia cac
bo xur Iy 8087/80287. Sau d6 ban khai bao kiéu gia nguyén nhu sau:

Type GiaNguyen = extended;

Tiép dén ban trién khai ham Nguyen: 1ay phan nguyén cta s6 kiéu extended, thi du:

Neuyen(12345.79) = 12345,

Dé c6 ham nay ban luu ¥ dén hai thi tuc chuyén déi s6 sang x4u ky tur ¢ trong
Turbo Pascal la:

str(e:n:t,s) va val(s,e,c)

Thu tuc str(e:n:t,s) chuyen sd thuc e sang dang xau, trong do tham bién phu tro n
cho biét tong sd chir s6 can 14y, t cho biét s6 chir s6 can 1dy ¢ phan thip phan. Vi
thi du trén néu e = 12345.79 thi sau khi goi:

str(e:20:0,s) ta s€ thu dugc s ="12345".

Thu tyc val(s,e,c) d6i xtng vai thu tuc str(e, s), tuc la val chuyen s6 dang xau ky tu's
thanh s6 (kleu nguyén hoac thuc) e. Tham bién ¢ dung dé bat 13i: néu c=0 tuc la
phép chuyén thuc hién tdt, ¢ > 0 1a ¢6 18i. Tiép tuc voi thi du trén, néu s = "12345",
thi sau khi goi val(s,e,c) ta s€ thu dugc e=12345. Két hop hai tha tuc ndy ta s& 13y
duoc phan nguyén cua sb gia nguyén e nhu trong ham dudi day:

function Nguyen(e: GiaNguyen): GiaNguyen;

var s: string[30];



c: integer;
begin
str(e:20:0,s);
val(s,e,c);
Nguyen:=e;
end;

Dén ddy ban can viét thu tuc DivMod(a,b,t,d) tim thuong t va du d khi chia s6 gia
nguyén a cho so gid nguyén b nhu sau:

procedure DivMod(a,b:GiaNguyen;var t,d:GiaNguyen);

begin

t := Nguyen(a/b);

d ;= a-b*t;

end;

Tiép theo chung ta viét ham kiém tra s gia nguyén e c6 phai la ) nguyén t hay
khong. Dé tiang tdc cho chuong trinh chung ta coi e la bién tong thé. S e 12 nguyén
t6 khi va chi khi e khong chia het, cho céc s6 khong vuot quéa can bac hai c cuae. ’
Chi c¢6 duy nhat mét s6 nguyeén t6 chan 1a 2, do do d€ kiém tra tinh chia hét cua s6 1¢
e cho cac so trong khoang 1..c ta chi can xét cac so 1é tu 3 tro di.

function ELaNguyenTo: Boolean;

var d,r,t,du: GiaNguyen;

begin

ELaNguyenTo:=false;

r:=Nguyen(sqrt(e));

d:=3.0;



while d <=r do
begin
DivMod(e,d,t,du);

if du = 0.0 then exit;
d :=d+2.0;

end;
ELaNguyenTo:=true;
end;

Chi y: Vi kiéu gia nguyén vé ban chat 1a s0 thyc nén ban khong thé dung bién gia
nguyén lam bién di€u khién cho vong lap for.

Chuong trinh ctia chiing ta s& gdm hai thii tuc 16n. Thu tyc thtr nhétvkhe}o sat cac sO
Mecxen m = 2i - 1, voi1=2..31. Khi d6 c6 thé dung bién longint d€ bi€u dién m.
Véi cac sd Mecxen g v6i i = 32..59 chiing ta ding bién gia nguyen. Két qua khao
sat s& dugc ghi vao tép van ban c6 tén MECXEN.DAT. S6 nao 1a nguyén t6 sé dugc
danh dau *.

Cht y: néu da biét m=2i thi ta tinh duwoc 2i+1 =m+m.

(* MECXEN.PAS *)

(* xac dinh cac so nguyen to Mecxen dang 2”n - 1 *)

{$N+}

uses crt;

const fn = 'MECXEN.DAT';

se ="2147483647',

type GiaNguyen = extended,;

var p,q: longint;



n: longint;

f: text;

e: GiaNguyen;
procedure Init;

begin

assign(f,fn);
rewrite(f);

end;

procedure Finit;
begin

close(f);

end;

function PLaNguyenTo: Boolean;
var d,r: longint;

begin
PLaNguyenTo:=false;
r:=round(sqrt(p));
d:=3;

while d <=r do

begin

if p mod d = 0 then exit;



d:=d+2;

end;
PLaNguyenTo:=true;
end;

procedure SmallMecxen;
var 1i: byte;

begin

writeln(f,'Cac so Mecxen nho:');

p:=(pshl1l)orl;
inc(n); 1:=2;
writeln(f,i:3,' ,p," *);
fori:=3to31do
begin
p:=(pshl1l)orl;
write(f,i:3,'',p);

if od(i) then

if PLaNguyenTo then
begin

inc(n);

writeln(f,' *');



end

else writeln(f)

else writeln(f);

end;

writeln(f,'Tong cong: ',n,' so nguyen to Mecxen nho);
end;

function Nguyen(e: GiaNguyen): GiaNguyen;

var s: string[30];

c: integer;

begin

str(e:20:0,s);

val(s,e,c);

Nguyen:=e;

end;

procedure DivMod(a,b:GiaNguyen;var t,d:GiaNguyen);
begin

t := Nguyen(a/b);

d ;= a-b*t;

end;

function ELaNguyenTo: Boolean;

var d,r,t,du: GiaNguyen;



begin
ELaNguyenTo:=false;
r:=Nguyen(sqrt(e));
d:=3.0;

while d <=r do

begin
DivMod(e,d,t,du);

if du = 0.0 then exit;
d :=d+2;

end;
ELaNguyenTo:=true;
end;

procedure BigMecxen;
var 1i: byte;

c: integer;

m: GiaNguyen;

begin

writeln(f,'Cac so Mecxen tren ',se,":")

m :=2147483648.0;
n:=0;

fori:=32to 59 do

b



write(f,1:3,' ',e:20:0);
if od(i) then

if ELaNguyenTo then
begin

inc(n);

writeln(f,' *');

end

else writeln(f)

else writeln(f);

end;

writeln(f,'Tong cong: ',n,' so nguyen to Mecxen tren ',se);
end;

BEGIN

Clrscr;

Init;

SmallMecXen;
BigMecxen;

Finit;



END.

Chay churong trinh trén ban s& phat hién ra rang trong khoang 1.. 231 - 1 chi c6 8 s6
nguyén to Mecxen, con trong khoang 232.. 259 khong c6 s6 Mecxen nao.

Bai tap: Sb gia nguyén duong extended chi co thé dam bao 18 chit s6 c6 nghia. Ban
thir nghi cach biéu dién s m = 267 - 1 trong hé thap phan xem sao?.

37 .Thuat toan chia keo va wng dung giii lop bai toan chia nhom

Tac gia: La Thanh Cong
Xét mot bai toan chia nhom téng quéat nhu sau:
Chonsbal, a2,..., an (n'NI*) vam sd bl, b2, ..., bm (m <n,m " NI*).

Yéu cau: Hay chian s6 al, a2, ..., an thanh m nhomsao cho tong cac phan tir ciia
nhém 1 bang bi (i = 1,m).

Trudce khi dua ra phuong phép giai bai toan trén ta xét bai todn don gian nhung thu
vi do la bai "chia keo":

C6 n goi keo mdi goi coai cai keo (i= 1,n). Hay tim cach chia n géi keo thanh 2
nhom sao cho chénh léch gitta 2 nhom 1a it nhat.

Bai toan c6 thé giai theo thuat toan sau:

Ta di xdy dung cac tong c6 thé co duogc tir goi keo. Ta thay néu tong nao gém (n div
2) nhat thi do6 1a gia tri cia nhém 1. Phan con lai s€ thude vao nhom 2. Bé xay dung
duoc ta lam nhu sau:

Ta dung 3 mang lam cac cong viéc sau:

Mang A dung dé ghi lai cac gia tri cua tong

Mang B dung dé ghi lai cac phan tir cudi ciing cho vao dé dat gia tri ¢ A.

Mang C dung dé ghi lai cac vi tri cia tong ma khong c6 phan tr & B. Mang nay
dung d¢ 1an lai cac phan tir c6 dé dat gia tri ¢ A.

Thuc hién nhu sau:



A[0]:=0; Max :=0; B[0]:=0; C[0]:=0;
Fori:=1tondo

For j:= 0 to max do

Begin

D:= True; m:= max;

For k:= 0 to max do if (A[j] +ai) = A[Kk] then D:= false;
If D then

Begin

inc (m);

A[m] := A[j] + ai;

B[m] :=1;
Clm] :=J;
end;

Thuat giai trén da xay dung dugc cac téng co thé co tirn g61 keo. Khi chon duoc
A[1] gan v6i1 ( n div 2) nhat thi ta thyc hién thu tuc 1an ngugc nhu sau:

Fillchar (Logic, size of (logic), false);

While A[i] > 0 do

Begin

Logic [B[i]] := true; (cho phan tir B[i] vao nghiém)
1:=c[i];

End;



Khi d6 cac phan tirmang gia tri Logic 1a true s& tao thanh mét nhdm c6 tong A[i] ban
dau.

Xét tiép mot bai toan & muc do cao hon nhu sau:
Chonsbal, a2,..., an (n ' NI*).

Tim cach chia s6 trén thanh m nhom sao cho moi nhom déu c6 tong bang nhau va m
tim duoc 1a 16n nhat.

Cach giai : Bai toan trén ta co thé duyét moi m la udc séciaT=Xai. Ma 6 dd m
chay tur T vé 1.

Véi méi m 6 dugc ta c6 tong cac nhom s& 1a D = T/m. Vi mdi du tuyén (m,D):
Khi d6 ta s& dung thuat toan trén dé tim m nhém c6 tong 1a D.

+ Luu ¥ mot diéu do la:

Ta phai sap xép ai (i=1,n) theo thir ty giam dan dé khi duyét ta dugc két qua toi vu.
Ta s€ dung thuat toan trén tim 14n luot m nhém téng 1a D. Mdi lan tim dugc mot
nhom ta s€ nhac cac phan tir thuoc nhém do ra va thuc hién lai voi cac phan tir con
lai.

Khi tim dugc mot du tuyén (m,D) thoa man thidé sé& 13 toi wu cua 1oi giai.

Néu ta khong sip xép ai (i=1, n) theo thir tw giam dan thi ta s& thdy trudng hop sau
bi vudng mac:

VD: diynsdla:n=7
821391011

Ta thdy mmax khong sap xép thi 1an dau méy sé& cho (8,2,1) vao mot nhom va nhu
vay khong lam tiép duoc.

Qua 2 viduta da phﬁn nao hiéu dugc uvu thé cua thuat toan trén trong mot 16p céc
bai toan chia nhém, mot 16p bai todn ma néu khong c6 thuat todn va nam bat ban
chat ta s€ rat kho giai.



Tuy nhién c6 thé con nhiéu thudt toan khac hay hon ma toi chua biét. Tai hy vong
cac ban c6 thétim ra nhiéu nhiéu thuat toan hay hon.

bé luyén tap, t61 xin dua ra mgt bai toan sau (Thi chon doi tuyén quéc gia ndm
1995):

Mot quay tra tién co n loai tién voi ménh gia (gia tri tién ghi trén to tién) 1AA[1],
A[2],... A[n] (cac A[i] languyen duong va khac nhau tung do1). Gia thiét loai tién
meénh gia Afi] c6 B[i] to (i := 1, n). Co6 M khach (danh s6 hi¢u tir | -> m) can lay
tlen S6 t1en khach i can lay laK{[j], K[j] nguyén duong, 1 <=j <= mét. Quy dinh
rang v6i mdi khach hodc quiy tir chdi tra tién hodcphai tra ding s6 tién ma khach
can lay.

Dir liéu vao file INP.TXT dong dau ghi gia tri N (N <= 10), dong tiép theo ghi cac
gia tri A[1], A[2],..., A[n] dong tiép theo ghi cac gia tri B[1], B[2]...., B[n]. Sau d6 1a
dong ghi gia tri M va dong ghi cac gia tri K[1], K[2], K[3]..., K[M]. Tét ca déu
nguyén duong.

Yéu cau:

Tim cach tra sao cho tra dugc nhiéu khach nhat. Thong bao ra file OUL.TXT, trong
dong dau ghi s6 khach duogc tra ti€n, trong cac dong tiép theo moi dong ghi thong tin
vé mot khach, so tién phai tra va day cac s6 X[ 1], X[2]...., X[n] trong d6 X[i] 1a s0

t& ctia loai tién ménh gia A[i] (1 <=i <= n) duoc tra cho khach.

Tim céch tra sao cho tra dwoc nhiéu tién nhat. Thong bao ra file OU2.TXT sé tién
dong dau tiep theo 1a thong tin vé cac khach dugc tra tién theo quy ude giong cau 1.

Co thé léy chuong trinh cac vi du va bai tap theo dia chi cua to1:

La Thanh Cong
Lép 12A2 - chuyén tintruong PTTH chuyén Vinh Phuc

38 .Mo6 hinh cay va cac bai toan quéan ly

Tac gia: D Quang Tién

Trudc tién ta nhic lai so luoc nhitng khai niém vé mé hinh cay trong Iy thuyét 6
thi. Cay 1a mot dd thi lién thong khong ¢6 chu trinh, nhiéu cay hop lai thanh ring.
Néu gia sir G 1a mot cdy c6 n nat thi G ¢6 nhiing tinh chat sau:

1. G ¢6 n-1 canh, G khong c6 chu trinh va lién thong.

2. Mdi canh ctiia G déu 1a mot cau trong do cau 14 canh ma néu x04 no di dd thi



khong con lién thong.

3. Hai nut bat ky trong G duoc néi véi nhau boi ding mot dudng di don 1a dudng di
ma mdi dinh trén duong di duge di qua khong qua mot lan.

4. Néu thém vao G mot canh giita hai nut bat ky thi ta duoc dung mét chu trinh.
Nhu di biét, m6 hinh ciy 1d mot mé hinh kha co ban trong 1y thuyét d6 thi ma tng
dung ctia né rat rong rii, trong d6 dién hinh 14 cac ing dung cta bai toan cay khung
(ciy bao trim), cdy khung tdi tiéu (cdy bao trim c6 tong trong s6 nho nhét) quen
thudc.

Bén canh nhitng tmg dung d6, mé hinh cdy con dugc sir dung dé giai quyét cac bai
toan quan ly c6 dac trung nhu sau:

"Chung ta phai quan Iy mot tap cac dbi tuong la cac xau ki tu hodc cac chu01 sO
duoc sap x€p theo cac vu tién nao do. S thir tu cua dbi twong sau khi sip xép goi 1a
ma cua doi tuong. Nhu vay gitra d6i tuong va mi ctia n6 co quan h¢ tuong tng 1-1
va dé c6 thé str dung ddi tuong trong nhitng cong viéc cu thé nao d6 thi van dé dit ra
1a v&i mot ddi tuong phai biét duge ma cua no, nguoc lai, khi c6 mdt ma xac dinh
phai tim duoc d6i twong twong (mg."

Duong nhu nhiing bai toan c6 dac trung nhu vay thi cach giai quyet s€ khong kho
néu so luong cac dbi tuong can quan 1y khong 16n. Tuy nhién van dé s& phirc tap 1én
nhiéu néu tip cac ddi twong can quan Iy qua 16n (thuong tuan theo ham giai thura
hay ham luy thira) khong thé luu trix day du dudi bat ky mot hinh thirc nao. Vi vay
can tim mot phuong phéap hiéu qua dé giai quyét va cé mot cach thirc duge dé xuat
gidi nhitng bai toan co6 dac trung trén la sir dung moé hinh cay va phuong phap duy¢t
cay.

Hinh 1. Vi dy vé cay

Mo hinh cdy ma ta xét & ddy c6 nhitng dic diém sau:

- Cay duoc chia 1am N 16p danh s6 tir 1 dén N theo chiéu tir trén xubng.

- Nhitng nut & 16p thir nhat goi 1a gdc cua cay.

- Nhitng nut ma chi c6 canh ndi véi nut & 16p trén goi 1a 14.

Tir d6 ta dinh nghia phuong phap duyét ciy 1a phuong phap xuét phat tir gdc cta cay
di qua cac niit trén cdy mdi niit mot 1an cho dén 14.



Dé nam duoc va hiéu cach thic ndy, cach tt nhat 13 ta phai phan tich trén nhiing bai
toan cu thé. Trude tién xét mot bai toan kha quen thudc, bai toan quan 1y xau, cé dé
cu thé nhu sau:

Bai 1. V61 moi xau (chi gdm cac chit cai in thuong) co do dai N (N£10), nguoi ta
sap xép theo qui tac uu tién thtr ty bang chir cai, tuc la sap xep theo thir tur tur dién.
MJi xau c6 mot sd dic trung 1a s thir tw ciia xau sau khi sap xép, s6 ndy goi 1a ma
ctia xau. Sau day 1a mot s6 xau va ma cua no:

Mdim = 2
aa i
al 2
2y G575
22 G676
Wi =32
abh 28
azh 52
223 17551

Yéu cau dit ra danh cho ban nhu sau: nhdp gia tri N, néu cho mot xau, ban hay cho
biét ma ctia xau, nguoc lai néu cho mdt ma, ban hiy cho biét xau tuong tng vi ma
nhén dugc.

Ta thay tap doi tuong can quan 1y cua ta 12 tAp cac xau d6 dai N va khong kho khin
1am khi ching minh rang voi N xéac dinh thi c6 26N xau d¢ dai N tirc la 26N d6i
tugng can quan 1y, day qua 1a mot con s6 khong hé nho. Vay giai quyét bai toan nay
nhu thé nao?

Sau khi danh gia nhitng dac diém cta dbi tuong (14 cac xau), ta xdy dung mot mo
hinh cay ung véi gia tri cu thé N=3 nhu sau:

D) ) ujfii {E{HTEE) (Eﬂ.“fEJ

fl 2 26 21 2 52 651 652 G676 16901 16926 17551 17576

Hinh 2. M6 hinh cay cta bai quan ly xau

MJi nit trén ciy tng v6i mot chir cai, nit ¢ 16p cudi cia ciy duoc goi 1a 1a. S6 nut
con ctia mot nut ludn 13 26 va cac nat con nay dugc xép dat ting dan tir a dén z. Néu
xuét phat tur gbc (tir mot nut & 16p trén cung), di theo cac nhanh cia cay theo chiéu
tir trén xudng dudi cho den 14 va ghi nhan céc chit cai tai cac nit da di qua thi ta s€
duoc mot xau. D& thiy, mdi xau tao dugc theo cach trén 1a mot xau trong tip chung



ta can quan ly. Theo cach thuc hién nhu vay, mdi 14 ing véi mot xau, tong so 14
chinh 1a tong s6 xau. Pac bi¢t s6 ghi dudi 14 1a so thir tu ciia xau (cac s6 nay danh
tang dan tur trdi sang).

Bay gio ta dé xuat phuong phap tim kiém (duyét) trén cay: tr mot xau cho trudc,
xuat phét tir gbc va duyét qua cac niit ciia cdy theo chleu tir trén xudng sao cho thir
tur cac nit nay ng voi thu ty cac chir cai cua xau, cudi cung két thiic & mot 14, ghi
nhan sb tuong ng ¢ la nay, do chinh la sd thir ty clia xau.

Nguoc lai, néu biét sb thur tu cua xau thi ta biét dwoc vi tri cia 14 tu’(mg ung, sau do
lan nguoc tu 14 cho dén goc (ludn di tir dudi 1€n), ghi nhan chir cai tai cac nat da di
qua, cho dén gdc thi ta d3 duoc xau twong Gng véi sb thir tr da cho.

Trén day 14 ndi dung co ban ctia phuong phap duyét cdy ma chung ta sir dung dé
giai quyét cac bai toan quan 1y c6 dic trung di néu & trén. RS rang khong kho dé
chtrng minh tinh ding dan ctia phuong phap ndy, van dé & chd thé hién né. Vi vay
tiép theo day s& mo ta cach thic chuyén phuong phap duyét cdy trén thanh chuong
trinh tinh toan cu thé sao cho that don gian va hiéu qua.

Bit dau b?mg viéc tai mdi nut cia cdy ta danh mot s6 12 s6 14 ma tir nhit nay co thé di
tGi theo chiéu tir trén xudng dudi, s6 nay goi 1a s6 1a con cua nut. Nhu da biét, mdi
x4u (mg voi mot nhanh ctia mo hinh cdy, thé thi néu c6 thé dém dugc sd 14 bén trai
nhéanh 13 c6 thé biét duoc sb thtr tu cua xau va cach lam cua ta 1a dém s 14 nay. Co
mot dic diém cta mo hinh cay can dic biét chii y 13 tat ca cac nut trén cay trir & 16p
cudi déu c6 cung s6 nit con 13 26. Ngoai ra, con c6 thé thay s6 14 con cia mot nit
bat ky tai 16p thtr i (i=1..N-1) 1a 26N-i. Vi viy ta 1ap mang mot chiéu A, v6i Ai
(i=1..N-1) cho biét s6 14 con cia mdt nut tai 16p thir i. Va mang A duoc tinh nhu
sau:

A[N]:=0;

A[N-1]:=26;

For 1:=N-2 downto 1 do A[i]:=A[i+1]*26;

Khi ¢6 mot xau St d6 dai N, can phai dua ra ma s Stt cua xau. Thé thi dau tién khoi
tao Stt=0. Voi ky tu dau tién cua xau ta tim dugc mot géc tuong ung voi ky tu nay,
dem s6 1a con cua tat ca cac gbc khac xép bén trai gbe tim duoc cong vao Stt, sau d6
chuyén viéc xtr Iy t6i ky tu tiép theo ctia xau. Véi ky tu tht i cia xau di cho (i=1..N)
ta lai tim dugc mot nit trén cay ing voi ky tu nay (nt nay thoa mén theo cach thirc
duyét cay di trinh bay ¢ trén). Pem sd 14 con cia tat ca cac nit khac - xép bén trai,
c6 cung mdt nut cha vo1 nit vira xac dinh - cong vao Stt. Sau khi xét qua 1=N, ta
cong 1 thém vao Stt va day chinh 1a sb thi tu cua xau di cho.



Dua vao dic diém da nhan xét va da thé hién trong mang A, cac cau 1énh sau s€ tim
ra Stt tir xau St cho trudc:

Stt:=1;

For 1:=1 to length(St) do

For j:=1 to (ord(St[i])-ord(’a’)-1) do Stt:=Stt+A[i];

Nhu di thdy, chi can hai vong for don gian 13 c6 thé biét s6 tht tu ciia mot xau. Bay
gi0 sau khi thyc hién bai toan xuoi - tirc 1a cho mot xau tim s6 thir tyu - ta s& giai
quyét bai toan nguoc - néu nhu tir mot ma sé Stt cho trudce tim ra x4u St twong ng.
Trudce tién 1a tim ky tu dau tién cua xau bang viéc chon cac goc lién tiép tir goc trai
nhat sao cho tong 14 con cua cac goc nay la 16n nhat ma khong vuot qua Stt, gan Stt
bang Stt trir di tong nay, ky tu dau tién ctia xau can tim 1a ky tu tng véi gdc tiép
theo ngay bén phai cac goc da chon. De tim ky ty thir i (i=2..N) ta tim tap cac nut
lién tiép tir trai trong 16p thir i sao cho tong 14 con cla cac nut nay 1on nhat va khong
vuot qua Stt, gan Stt bang Stt trir di tong vira tim duogc roi ghi nhan ky tu tng véi
nut tiép theo ngay bén phai tap cac nat vira xac dinh lam ky tur thir i cua xau. Tiép
tuc su dung dac diém thé hién trong mang A ta c6 doan chuong trinh sau tim ra xau
St:

St:="";

For i:=1 to N do
Begin

Temp:=0;

j=0;

Repeat

j=itl
Temp:=Temp+A[i];
Until Temp>=Stt;
St:=St+char(j+ord(‘a’));
Stt:=Stt-Temp-A[i];
End;

Hay xét k¥ doan chwong trinh trén thi qua 1a tir mot s6 thir tu (ma ctia xau) Stt s&
cho ra xau can tim tuong ung chura trong St.

Nhu vay phuong phap duyét cay cua ching ta rat don gian khi mo ta cing nhu khi
thé hién bang chuong trinh va lai 6 hiéu qua kha r6 rét, khi nay van dé kich thudc
cta tap ddi twong can quan Iy khong con 13 mét trd ngai qua quan trong nia.

V41 bai toan cu thé vira néu ta hoan toan cé thé moé rong gidi han ctia N, N£52
chang han, ngoai ra cac xau khong chi chira chit cai in thuong ma con cé the chura



nhimng ky tu bat ki. Khi d6 chuong trinh chi thay d6i mot chat: cac phép tinh phai
thuc hién trén cac s rat 16n va viéc xu 1y tinh toan trén s6 16n khong kho néu ta luu
trit cac sO trén xau va thuc hi¢n cong, trur trén xau.

Va Bai toan quan 1y xau trén s€ dugc moé thanh bai toan sau véi yéu cau cao hon:

Bai la. Ta van quan 1y cac xau nhung 1an nay xét voi tat ca cac xau chira chir cai ca
in thuong 14n in hoa sao cho mot ky tur bt ky trong xau (trir ky tu dau tién) ludn co
ma ASCII 16n hon mé ASCII cua ki ty dimg trude no. Cac xau duge xét ¢o do dai
bat ky nhung khong vuot qua 52, tap cac xau nay cting dugc sap xép uu tién thir ty

tir dién (khong uu tién do dai), ma cua xau chinh 13 sb thir tw ctia x4u sau khi sip
xép.

Yéu cau: vdi mdt ma hay cho bi€t xau tuong trng va véi mot xau hay cho biét ma
cua no.

Ta tiép tuc phan tich cic tng dung cua mo hinh cay bang mot bai toan quen thudc
khac, bai toan quan 1y hoan vi caa N s6 ty nhién déu tién.

Bai 2. Gia sir ta ¢ tat ca hoan vi ciia N s6 tu nhién dau tién, N nhap tir ban phim
(tuy kha ning tinh toan c6 thé tu giéi han N £12 hodc N £50). Tt ca cac hoan vi ndy
duoc sép xép theo thir tu tir dién. Nhu vay mdi hoan vi dugc ing voi mot ma s6 1a
s6 thir tu ctia hoan vi trong ddy cac hoan vi da sip xép. Yéu cau dit ra 13: vdi mot
ma sb hay dua ra hoan vi tuong tng va nguoc lai, cho mgt hoan vi hay dua ra ma sb
cua hoan vi nay.

Phan tich cac dac trung cua bai todn, ta xay dung 1én mo hinh cay nhu hinh sau (ing
vo1 gia tri cu thé N=4):

/ i/
%3)\? @ 3?} .....
OB D @ -
2

1
Hinh 3. M6 hinh cdy cta bai quan Iy hoan vi

Hay xét k§ mo hinh cdy trén va d& thiy bai toan c6 thé giai dugc bang phuong phap
duyét cay da mo ta. Bay gio ta cung danh gia nhitng dac diém riéng ctia mo hinh cay



nay dé thé hién bang mot chuong trinh that hiéu qua:

- Cay dugc phan thanh N 16p theo thir tu tir trén Xuéng

- Nt tai 16p thir i tng v6i mot s6 13 s6 tha i trong mot hoan vi (i=1..N)

- S6 14 con ctia mot nut bat ki tai 16p thir i (i=1..N-1) 1a (N-i)!

- Cac nut con cua mdt nut duoc xép dat tang dan. Vata théy tap cac nat con cia mot
nuat bat ki v6i tap cac niit ¢ 16p trén ma tir cac nit con nay co thé 1an nguogc 1én hop
thanh mot hoan vi, vi vay co thé xac dinh dugc tdp nit con ctia mot nut.

Dua vio cac dic diém trén ta xdy dung mang mot chiéu Giai Thua, ma
Giai_Thua[k] = k!, k=1..N. Gia sir ta c6 mot hoan vi ctia N sb tur nhién dau tién chia
trong bang mot chiéu Hv[1..N], can tim s6 thir tu Stt ctia hoan vi ndy. Poan chuong
trinh sau cho cach tinh Stt:

Stt :=0;
fori:=1toNdo
begin

Temp = Hv[i];

forj:=1toido
if Hv[j] <= Hv[i] then dec(Temp);
Stt ;= Stt + Temp*Giai_Thua[N-i];

end;

Bién Temp cho biét s6 nit xép bén trai va ciing nut cha cta nut dang xét. Va khi cho
mot s6 thtr ty Stt ma 1an ra hoan vi dit vao mang Hv thi cling khong kho:
procedure Xac Dinh(k:byte);

var 1,),t:byte;

begin

for 1:=N downto 1 do

begin

t:=1-1;

for j:==1 to k-1 do

if Hv[j] <1 then dec(t);

if t*Giai_Thua[N-k]<=Stt then

begin

Stt:=Stt-t*Giai_Thua[N-k];

Hv[k]:=i;

exit;

end;

end;

end;



Procedure Tim Hoan Vi;

var k:byte;

begin

for k:=1 to N do Xac_Dinh(k);
end;

C6 mot bai 4p dung quan 1y hoén vi 1 bai Magic trong d¢ thi Tin hoc qudc té nam
1997, d& bai cu the da dugc TH&NT dang trong so6 thang 9. D@ thay rang trang thai
clia mot bang s6 ng v61i mdt hoan vi cua 8 so tyr nhién dau tién, nhu vay so trang
thai cua bang co t6i da 1a 8!. Vay ta cho mdi trang thai tuong tmg voi mot so tu
nhién va so ty nhi€n nay lai tuong trng vé1 mot dinh cua dd thi thi s& duoc dd thi cd
8! dinh. Sau d6 thuc hién loang tim kiém trén db thi 8! dinh nay cing véi mot sé ki
thuat xtr Iy khac ma dic biét 13 4p dung viéc quan 1y cac hoan vi ctia 8 s tyr nhién
dau tién ta hoan toan co thé giai duoc bai Magic.

Dé tiép tuc 1am 13 tmg dung cia mo hinh cdy chung ta xét thém mot bai toan quan Iy
khéc rat c6 y nghia trong thyc tién san xuat hang hoda. Bai toan quan 1y ma vach.

Con ntra

39. M6 hinh ciy va cac bai toan quan ly

Tac gia: D6 Quang Tién
(Tiép theo)

Bai 3: Pé quan 1y xuat xir, chat lugng, gia ca ciia hang hod ngudi ta sir dung hé
thong ma vach. Mot ma vach la mot day cac vach den trang xen k& nhau bat dau boi
vach den bén trai, moi vach c6 do rong dugc tinh bang mot s6 nguyén duong.

Tap ma vach Mv(n,k,m) la mot tap hop chira moi ma vach gém k vach trai trén n
don vi d6 rong va mdi vach c6 d6 rong khong qua m. Dé don gian, ngudi ta biéu
dién mbi ma vach bang mot diy nhi phan trong do s6 1 biéu thi mot don vi rong
mau den, s6 0 thé hién mot don vi rong mau trang.

Vi biéu dién nhi phan nhu vy, mdi tip Mv(n,k,m) s& 1a mot tap cac xau c6 do dai
n chi gém cac ky tw 0 va 1. Ta c6 thé liét ké tap d6 theo thir tu tir dién véi qui udce
ky tu 0 dimg trude ky tur 1. Tir 46 mdi ma vach twong tng vi mot sb hiéu chinh 1a
s6 thir tu cta xau nhi phan biéu dién no.



Xét tap Mv(7,4,3) gdm 16 ma vach duoc biéu dién boi 16 xau nhi phan do dai 7, sau
day 1a 1iét ké 16 xau theo thir tu tur di€n, so thir tu ctia xau la s6 hi¢u cua ma vach
tuong Uing:

01.1000100 09. 1100100
02.1000110 10.1100110
03.1001000 11.1101000
04.1001100 12.1101100
05.1001110 /13.1101110
06. 1011000 14.1110010
07.101100 |15.1110100
08.1100010 16.1110110

Vén dé dit ra (khi c6 ba sb n, k, m xac dinh) la:

a. Vi mot xau biéu dién mot ma vach, hiy chi sé hiéu cia ma vach do.

b. V&i mét sb hiéu, hay chi ra xau biéu dién mi vach tuong ung voi sb hiéu nay.
Dtr liéu vao: tur file van ban MAVACH.OUT:

- Dong dau tién ghi tong s6 ma vach trong tip Mv(n,k,m).

- Vi mdi cap dong cua file dir liéu, ghi ra két qua twong tmg trén hai dong cua file
két qua.

Vi du vé file két qua va file dit lidu:

MAVACH.IN MAVACH.OUT

743 16
1 1
1001110 5
2 2

16 1110110



2 2

1 1000100
1 1
1001100 4

Trudc tién ta thiét 1ap mo hih cay cho bai toan ma vach.

Nhic lai, mot tap Mv(n,k,m) 1a tdp ma vach c6 k vach trai trén n don vi rong, moi
vach khong réng qua m don vi.

D& dang nhén ra néu ham Mv(n,k,m) cho biét s6 phan tir ciia tip mi vach tuong Gmg
thi:

trong d6 Mv(0,0,m)=1, Mv(i,0,m)=0, i=1..n. Vay, viéc tinh s6 lwong ma vach d3 co
cong thure truy hoi trén.

Bay gio cho mgt ma vach, ta s€ tim s6 hiéu ctia mé vach do. Xét ma vach dang
(vl,v2,...,vk) v6i 1 <vi<m, i=1..k, vi la d0 rdng ctia vach thir i. Ta can tim F 1a s6
hiéu cua ma vach, khi d6 trudc tién khoi tao F=0 sau @6 voi moi t tir 1 dén k:

- Néu t 1¢é:

- Néu t chén:

Str dung cong thirc trén ta tim duoc sd hiéu twong ing ciia mot ma vach. Bay gid
nguoc lai, cho mét s6 hi€u ta s€ tim ma vach tuong ung voi s6 hi¢u do. Goi F 1a s
hiéu ciia ma vach c6 dang: (v1,v2,...,vk). V61 F xéc dinh ta phai tim (v1,v2,...,vk).
Va s€ lam nhu sau moi t tir 1 dén k, xét tim vt:

1. Néu t 1¢. Ta xach dinh v' sao cho tong:

14 16n nhat ma khong vuot qua F:

+ Gan F=F-S

+ Néu S=F thi Vt =v' nguoc lai Vt = v'+1

2. Néu t chin. Ta xéac dinh v' sao cho tong:



13 16n nhat khong vuot qua F:

+ Gan F=F-S

+ Néu S=F thi Vt=V' nguoc lai Vt=v'-1

Ban c6 thé tham khao toan van chuong trinh giai bai Ma vach:
{SN+}

Uses crt;

Const

inp="mavach.in’;

out="mavach.out’;

ktmax=50;

Var

f,g: text;

SoHieu: extended;

mavach: string[ktmax+1];

n,k,m: interger;

CanTren: interger;

V: array[1..ktmax] of interger;

{Ma Vach[i,j] = Mv(i,j,m)}

Ma Vach: array[0..ktmax, 0..ktmax] of extended;
Procedure XayDung Ma Vach;

var 1,J,t: interger;



s: extended;

begin

fillchar(Ma_Vach, sizeof(Ma Vach),0);
Ma Vach[0,0]:=1;

for i:=1 to k do begin

for j:=1 to n do begin
s:=0;

for t:=1 to CanTren do

if j-t>=0 then

s:=s+tMa_ Vach[j-t,i-1];
Ma Vach|[j,i]:=s;

end;

end;

Procedure Tim So Hieu;
var 1,j,t,s: interger;

begin
MaVach:=MaVach+'2";
fillchar(v,sizeof(v),0);
t:=1;

for 1:=1 to n do begin

inc(v[t]);



if MaVach[i] <> MaVach[i+1]
then inc(t); end;

{-}

SoHieu:=0; s:=0;

for i:=1 to k-1 do begin

if od(1) then begin

for j:==1to V[i] -1 do

if n-s-j>=0 then
SoHieu:=SoHieuMa Vach[n-s-j,k-1];
end;

s:=st+V[i]; end;
SoHieu:=SoHieul;
writeln(g,1);
writeln(g,SoHieu:0:0);

end;

Procedure Tim Ma Vach;

var 1,j,t,s: interger;

s2, temp: extended;

begin

fillchar(v,sizeof(v),0);

s:=0;



for 1:=1 to k-1 do

begin

if od(1) then begin
temp:=0; V[i]:=1;

for j:=1 to CanTren do

if n-s-j>=0 then begin
s2:=s2+Ma_Vach[n-s-j,k-1];
if s2<=SoHieu then begin
temp:=2;

if s2=SoHieu then V[i]:=j
else V[i]:=j+1

end

else break; end;

end else

begin

temp:=0; V[i]:=CanTren;
for i:=CanTren downto 0
do if n-s-j>=0 then

begin

s2:=s2+Ma_Vach[n-s-j,k-1];



if s2<=SoHieu then begin
temp:=s2;

if s2=SoHieu then V[i]:=j
else break;end;end;
s:=s+V[i];

SoHieu:=SoHieu-temp;

end;

{-}

V[k] : =n-s;
writeln(g,2);

fori:=1to k do

if od(i) then

for j:=1 to V[i] do
write(g,1)

else

for j:=1 to V[i] do
write(g,0); writeln(g);

end;

Procedure Nhap Xuly Inkq;
var 1i: interger;

begin



assign(f,inp); reset(f);
assign(g,out); rewrite(g);
readIn(f,n,k,m);

if n-k+1
CanTren:=n-k+1

else CanTren:=m;
XayDung Ma Vach;
while not eof(f) do begin
readIn(f,1);

if i=1 then begin
readIn(f,MaVach);
Tim_So_Hieu; end

else begin
readIn(f,SoHieu);
Tim Ma Vach; end;
end;

close(g); close(f);

end;

Begin

clrscr;

Nhap XuLy Inkq;



End.

Cubi cung xin dua ra mot bai toan kha hay va ciing kha khé néu khong ap dung mé
hinh cdy va kem theo 1a goi y nho nhé cho hai bai toan nay. Ban hdy ty phat hién
dac diém cta mo hinh cay dua vao cac dicu kién cua dé bai, sau do tim ra cach thuc
cu thé dé giai quyét bang chuong trinh.

Bai 4: Quan 1y xau ngoac

Xét cac xau co do dai N (N < 200) c6 tinh chit sau:

- Xau chi chtra cac ky tu '(' va ')’

- S6 ky tu '(" ludn bang s6 ky tu ')’

- Néu tinh tir trai qua phai thi s6 '(' bao gitro ciing 16n hon hodc bang s6 ")'.

Tat ca cac xau thod man tinh chat néu trén dugc sap xép theo thur ty tir dién va duogc
danh s6 thur tu, sO thur ty nay goi 1a ma cta xau. Tur gia tri N xé4c dinh, yéu cau hay:

a. Cho biét s6 luong cac xau thoa man 3 tinh chit néu trén.

b. Cho biét ma ctia médt xau cho trude.

c. Cho biét xau mg véi mot ma cho trude.

Dir liéu vao tur file van ban BRACKET.IN:

- Dong dau tién chtra s6 nguyén duong N

- Cac dong tiép theo cua file, moi dong hoic chira mot xau hoic chira mot ma $0.
Két qua ghi ra file BRACKET.OUT:

- Dong dau tién ghi s lugng cac xau do dai N thoa mén cac tinh chit cua dé bai.

- Twong tmg voi mdi dong cua file dir liéu hay tim két qua theo yéu cau va ghi ra
trén mot dong cua file két qua.

Goi ¥ cho bai Quan 1y xau ngodc. Nhan xét thiy s6 ky tu (' ludn béng s6 ky tur ')’
nén N chan va N/2 nguyén, vi vay ta lap mo hinh cay c6 N/2 16p va moi nat & 16p



thir i trén cdy tuong tng véi mot sb, sé nay 14 vi tri cua ddu (' tht i (i=1..N/2) tinh tir
trai sang.

Tom lai, bai viét ndy dé xuat thém mét ing dung cua 1y thuyét dd thi ndi chung va 1y
thuyét cay noi riéng. Xin nhic lai, nhitng bai toan c6 dic trung néu & phan dau bai
viét néu bang cach thiét 1ap mé hinh cay hop 1y thi hoan toan ¢ thé giai dugc bang
mot chuong trinh don gian, ngan gon, hiéu qua.

40 . Giai quyét bai toan QHTT bing bang tinh Excel

Tac gia: Trinh Thanh Hai

Bai viét cho muc Toan - Tin danh cho cac ban Sinh Vién:

Quy hoach tuyén tinh (QHTT) la mot bo phan cua Tbi wu hoa. N6 ¢6 rat nhiéu Gng
dung trong thyc tién. QHTT bat ngudn tir nhitng nghién ctru ctia Vién sy
Kantorovich L.V (Nga) tir nhitng ndm 1937.

Bai toan QHTT tong quat

Bai toan QHTT tong quat thudong duoc phat biéu nhu sau:
Jx)= €%y (N
:

Tim véc to x=(x1,x2...xn) sao cho ham:

Trong dé: I1atadp concuiaM va M
={1,2..m}

J1a tap con cia N va N ={1,2..n}

I=MI

3o bt e 1D
[



dat gié tri nho nhat véi cac rang budc:

520 (e @

Vi mdi bt phuong trinh trong rang budc bao gid ciing dua duge vé dang (2) va
f(x*) = max(f(x)) <=> -f(x*) = min(-f(x)).

Ham f (x) duoc goi 1a ham muc ti€u; cac diéu kién 2,3,4 dugc goi cac dicu kién rang
budc.

Ta goi mdi véc to x=(x1,x2...xn) thoa man diéu kién rang budc 2,3,4 1a mot phuong
an. Phuong an t61 uu (nghiém cua bai toan) 1a phuong an lam cho ham muyc tiéu £
dat gia tri nho nhat.

bicu kién can va du dé bai toan QHTT c6 phuong an to1 vu 1a tdp cadc phuong an
khac trong va ham muc ti€u f bi chdn dudi néu 1a bai toan cuc ti€u hoa va bi chan
trén néu la bai toan cuc dai hoa.

Phuong an x=(x1,x2...xn) goi la khong suy bién néu x c6 dang m thanh phan duong
(m 1a s6 phuong trinh trong hé rang budc)

Thuat toan giai bai toan QHTT tong quat

Hién nay c6 nhiéu phuong phap dé giai bai toan QHTT, mot trong cac phuong phap
do 1a Phuong phap don hinh cia G.Dantzig d€ xudng vao nam 1949 nhu sau:

* Budce 1: Bién doi dua hé thong cac dieu kién rang budce vé dang gidi ra doi voi mat
co sO xuat phat nao do.

* Budce 2: Biéu dien ham muc tiéu f qua cac an khong thudc co sd, goi hé so ctua an
xj trong biéu dién cuia fla D j

* Budce 3: Xét néu trong biéu dién cua f ma tit ca cac hé s6 Dj clia cac 4n khong
thudc co s déu khong duong (D j <0) thi phuong an twong tmg la phuong an t6i
vu. Két thuc thuat toan. Néu ton tai cac hé s6 biéu dién D j duong chuyén sang budc
4:



* Budc 4: Xét

+ Truong hop 1: Néu c6 mot trong cac hé sé duong: gia sir 1a hé sd cua xj 1a Dj > 0
ma cOt h¢ so cua xj trong bi€u dién h¢ rang budc (aij) déu am. Thi min ( f) =am vo
cung , bai toan khong c6 nghi¢m.

+ Trudng hop 2: v6i mdi hé s6 D j >0 déu ton tai it nhat mot hé sé aij >0 thi chuyén
sang budc 5.

* Budc 5: Tuwong ting véi cac hé s6 Dj >0, ta tinh min{bk/akj | aij>0}: bk 13 s6 hang
tu do twong Gmg véi dong biéu dién cua xk trong hé rang budc. Gia sir gia tri nho
nhit twong tng véi gia tri k=i. Phan tir aij goi 1a phan tir giai dugc, ta chuyén sang
budc 6.

* Budc 6 : Ta chuyén sang co s& mdi bang cach khur xi trong co so cili va dua xj vao
co s& moi. Quay veé budc 2.

Giai bai todn QHTT trén may tinh

Bai toan QHTT c6 d6 phirc tap va khoi lugng tinh toan rat 16n. Ngay tir nhitng nim
1952 nguoi ta da su dung MTDT dé giai quyét cac bai QHTT c& 1on. Ngay nay véi
cac ngon ngu: 1ap trinh cap cao nhu TURBO PASCAL, C... ta co thé 1ap cac chuong
trinh dé giai quyét bai toan tong quat. V&i mot bai toan cy thé, ta chi viéc nhap bd
dir liéu tuong tng (Trong gido trinh Tdi wu hoa [2] d3 trinh bay chuong trinh giai
bai toan QHTT bang phuong phap don hinh). Trong bai viét nay ching t6i xin gi6i
thiéu mot cach giai bai toan QHTT béng cach str dung bang tinh di¢n tr EXCEL - 1a
mot phan mém hau nhu khong mot méy tinh nao khong cai dat.

Xin mo ta cach lam qua mét vi du cu thé:
Giai bai toan QHTT:

Day 1a truong hop bai toan QHTT khong co se:lr} co s& don vi. Pé giai guyét bai toan
ta phai str dung phuong phap hai pha (str dung an gia - bai toan M). Néu su dung
bang tinh dién tu Excel thi cong viéc rat don gian.

K +2x, —x, 45, =2
-6x; +3x; +3x, =9
—KyF B X, =12
x,20,5=1234



f(x) = -3x1+x2+3x3-x4 -> Min

- Trudc tién ta can sir dung 4 6 dé chira cac gia tri ctia 4 4n xj.
Ta chon ving B3:B6 tuong g cac an x1, x2, x3, x4.

- Str dung mot 6 dé luu trir biéu thirc cua >f. Ta chon 6 D6.

Ta nhap vao 6 D6 cong thuc : <i>= -3*b3+b4+3*b5-b6=""></i>=> (f(x) = -
3x1+x2+3x3-x4)

- Vi hé rang budc c6 3 phuong trinh, nén ta st dung 3 6 D3,D4, D5 dé ghi 3 biéu
thirc rang budc thanh phan.

Tai 6 D3 ta nhap cong thirc: <i>=b3+2*b4-b5+b6></1>=b3+2*b4-b5+b6>(x1+2x2-
x3+x4)

Tai 6 D4 ta nhap cong thuc: <i>=2*b3-6*b4+3*b5+3*b6></i>=2%*b3-
6*b4+3*b5+3*b6>(2x1-6x2+3x3+3x4)

Tai 6 D5 ta nhap cong thuc:= B3-B4+B5-B6 (x1 - x2 +x3 - x4)

Giai bai toin QHTT bang bang tinh dién tir EXCEL

Cac an xi1 Hé diéu kién rang budc

an x1 6 B3 Phuong trinh thir nhat 6 D3 <i>=b3+2*b4-
b5+b6></i>=b3+2*b4-b5+b6>

an x2 6 B4 Phuong trinh ththai 6 D4 <i>=2%b3-
6*b4+3%b5+3*b6></i>=2*b3-
6*¥b4+3*b5+3*b6>

an x3 6B5 Phuongtrinhthtba 6 D5 = B3-B4+B5-B6

an x4 6B6 Ham muc tiéu : 6 D6 <i>=-3*b3+b4+3*b5-

b6></1>=-3*b3+b4+3*b5-b6>

- Thue hién 1énh Tool Solver->Tool ->Solver.. xuét hién hop thoai (hinh 1)



Solver Parameters

i

Set Target Cell: % Salve
Equal To: ¢ Max O Mn " Walue of: I':' Close |
By Changing Cells:

| =) Guess
~aubject to the Constraints: options

dd

Change

;I Delete

Reset Al

ik b
T

Help

Hinh 1
Ta khai b4o nhu sau:
- Nhap dia chi 6 chira ham muc tiéu f : $D$6 vao hop Set Target Cell.
- Vi bai toan yéu cau tin min( f ) nén ta bAm chon Min trong muc Equal to.

- Ta chon vung tir B3 dén B6 dé lua trit cac an xui nén tai hop By Changing Cells ta
nhap dia chi: $B$3:$B$6.

Change Constraint HE
Cell Reference:; Constraint:
e =% 8 CIAA R E 3

Ik I Cancel | add | Help I

Hinh 2

Tiép theo ta phai nhap cac diéu kién rang budc vao hop: Subject to the Constraints
bang cach: Bam vao nut Iénh Ad, xuat hi¢n hop thoai:



Tai hop Cell Reference (hinh 2): ta nhap dia chi $D$3 (dé con tro tai 6 nay sau d6
bam chudt vao 6 D3 trén bang tinh). Tai hop Constraint ta chon phép toan = (bam
chudt vao mili tén, sau d6 bAm vao dau =), tiép theo nhap s6 2 vao 6 ké tiép (h¢ s6 tu
do ctia phuong trinh thir nhat cua hé diéu kién).

Nhép song bam vao nat Iénh Ad.

Tuong tu ta nhap 2 rang budc con lai : $D$4=9 va $D$5=6.

Cudi cung ta nhap diéu kién cac 4n khong am: $B$3:$B$6 >0 (dé con tro tai 6 Cell
Reference, sau d6 dung chudt boi den vung B3:B6, sau d6 chon phép toan > va nhap
gid tri 0 tai 6 Constraint.

Két thuc khai bao, hop thoai Tool Solver c6 dang sau ( hinh 3):

Solver Parameters

Set Target Cells 10

i

Solve

Equal To: CMax Mo O Yalue of: I':'

Close

~Bw Changing Cells:
|$B43:4646

Guess

—Subject to the Constraints:

$B43:4646 ==10
$Dg3 =2
$D$4 =19
045 =6

Y
= Add

Zhange

Delete

FliE 8
i

[

Qpkions

Reset all

Help

Hinh 3

Két thuc cong viéc, ta bam chudt vao nuat 1énh Solve, hop thoai Solver Results hién
ra, ta chon muc Keep Solver Solution, sau dé6 chon OK. Két qua bai toan la:

Giai bai toan QHTT bang bang tinh dién tir EXCEL

Céc 4n xi
an x1
an x2
4n x3
an x4

Heé diéu kién rang budc
3 Phuong trinh thir nhat 2
2 Phuong trinh thur hai 9
5  Phuong trinh tht ba 6
0 Ham muc tiéu: 8



Phuong an tdi wu cia bai toan 1a: X(3,2,5,0) va min ( f) = 8. Néu can chi tiét, tai
hop thoai Solver Results, ta danh dau chon cac muc Answer, Sensitivity, Limits
trong muc Report, Excel s& cho ta bang béo co chi tiét. So véi lap trinh hodc tinh
bang bang don hinh thi that 1a don gian.

Trong pham vi mot bai bao khong dé cap mot cach chi tiét vé bai toan QHTT va
trinh bay chi tiét cac thao tac trén bang tinh. Rat mong cac ban c6 quan tam tiép tuc
khai thac chirc nang Tool Solver cua bang tinh dién tir Excel d¢ giai bai toan QHTT
va cac chtic nang tuyét voi khac ctia n6 ma bai bao khong co6 diéu kién dé cap dén.
/* Tai li€u tham khao:

[1]. Gido trinh QHTT - Phi Manh Ban - NXB Gido duc - 1999.

[2]. Gido trinh Téi Uu hod - Bui Thé Tam - Bui Minh Tri - NXB GTVT 1996 */

41 Mbt sb6 bai toan quy hoach dong

Tac gia: D6 Quang Tién

Khi gap mot bai toan tin c6 yéu cau tim két qua t6i wu vé mot hay nhiéu tinh chat
nao diy, han khong it nguoi nghi ngay dén sir dung giai thuat quy hoach dong dé
giai bai toan. Tai sao lai vay Boi vi quy hoach dong thuong c6 d6 phue tap tinh toan
khong cao nghia 1a chuong trinh s& chay cho ra két qua dung trong thoi gian ngan
cho phép. Tuy nhién, khéng phai bai toan voi yéu cau ti wu nao ciing co thé giai
bang quy hoach dong, miat khac ciing c6 khong it bai toan dung 1a c6 thé giai bang
quy hoach dong nhung viéc phat hién va ap dung phuong phap nay dé giai 1a khong
don gian.

Viéc phét hién ciing nhu 4p dung quy hoach dong dé giai bai toan phu thudc rat 16n
vao kha nang tu duy cua ban va déc bi¢t 1a nhitng kinh nghiém ma ban co.

Bai viét nay s& khong dé cap dén nhitng khai niém co ban cua quy hoach dong vi
nhing khai niém nay da qua quen thudc véi moi ngudi. Bai viét chi dimg ¢ muc
phan tich cu thé 161 giai ciia mot s6 bai toan kha hay, tir 46 hy vong it nhiéu giup ban
c6 thém mot chit kinh nghiém trong 1ap trinh giai quyét cac bai toan tin.

Trudc tién ta cung xét mdt bai todn da dugc st dung trong ky thi Olympic Tin hoc
sinh vién Thu d6 nam 1998.

Bai 1. Gia tri biéu thirc



Gia thiét X,Y la hai s6 nguyén duong. Kihi¢u Sx la tong cac chir sb trong dang biéu
dién co s6 10 cua X, Dmax_y la chir s6 16n nhat va Dmin_y 1a chit sé nho nhit trong
dang biéu dién co s6 10 ctia Y. Phép tinh hai ngéi # v6i cac toan hang nguyén duong
X,Y duogc dinh nghia nhu sau:

( X#Y ) = Sx*Dmax_y + Dmin_y

Vi du:

(30#9)=3*9+9 =136

(9#30)=9*3 + 0 =27

Véi X cho trude, mot s6 biéu thirc hop 16 1a:

(X#X)

(X#X)#X)

(XH#HXHX)HXHEX)HX)

Ky hiéu két qua biéu thire 1a K. Cho X va K (0 < X,K < 109-1) cn xac dinh s0 it
nhat m cac phep # de tur d6 c6 thé xay dung bicu thie thude dang dang xét voi X cho
két qua K va biéu dién cua bi€u thirc.

Dt li¢u vao tu file van ban BT.IN, dong thtr nhét chira X, dong thir hai chira K.

Két qua ra file vin ban BT.OUT, dong tht nhat chira m, dong thtr hai chira biéu
thtrc.

Vi du:

BT.IN BT.OUT

718 3

81 ((718 #(718 #718)) #718)
* % %

Thuc ra dé bai nay ciing dé hiéu khong phirc tap 1am, bay gid ta di vao phan tich tim
161 giai cho bai toan. Trudce ti€én nhan xét rang cho 0 < X, K < 109 nén:



1 <Sx<9%9

I <Dmax x<9

0<Dmin x<9

Tir d6 1 < X#X < 9%9*9+9 = 738, tirc 1a biéu thirc ¢ mot dau # ludn mang gia trj
trong doan [1,738]. Suy rong hon thi gia tri cia mot biéu thirc hop 1€ bat ky phai

nam trong doan [1,738], ddy chinh 13 ¢t 15i 16 giai cho bai toan.

R rang ta chi chp nhan céc gia tri K thoa man 1 <K < 738, néu K nim ngoai
khoang nay thi chac chan v6 nghiém.

Xét biéu thire X#X ¢6 1 dau #, d& thiy c6 3 cach md rong biéu thire 1 ddu # nay 1a:
- X#H(X#X)

- (X#X)HX

- (XEX)HXHEX)

Gia stir B 1a mot biéu thirc tao boi X va n dau # thé thi ¢6 3 cach mo rong biéu thuc
nay la:

- X#B (n+1 diu #)
- B#X (n+1 ddu #)
- B#B (2*n+1 dau #)

Ta lap mang mot chiéu L[1..738] trong do6 L[i] cho biét s6 pheép # it nhat dé tir X tao
ra két qua 14 1, i=1..738. D& thdy mang L mang tinh truy hdi, 1an ngugc va khi lam
cu thé ta thuc hién nhu sau:

1. Khéi tao mang A[1..738] := 0, mang A danh du cac gia tri di tao duoc tir biéu
thirc c6 X va #; khoi tao mang L nhén céc gié tri Maxint.

2. Tim T=X#X; A[T]:=1; L[T]:=1
3. Thyc hién budc 3 cho dén khi mang L khong con bi thay doi:

For 1:=1 to 738



Néu A[i]=1 thi

t:=X#;

Néu L[t]>L[i]+1 thi

L[t]:=L[i]+1; A[t]:=1;

t:=1#X;

Néu L[t]>L[i]+1 thi

L[t]:=L[1i]+1; A[t]:=1;

t:=i#i;

Néu L[t]>2*L[i]+] thi

L[t] :=2*L[i]+1; A[t]:=1;

L[K] cho s phép # tdi thiéu cua biéu thirc can tim.

D¢ hoan thién chwong trinh tat nhién phai thiét ké thém mang lru trit thé nao dé sau
nay khi in két qua c6 thé dua ra dugc ca vi tri cac dau # va cac dau ngodc cua bi€u
thire. Trong chuong trinh du6i déy, mang Pre va D ¢6 chire nang nay. Sau day 1a
toan van chuong trinh giai bai "Gia tri bi€u thuc":

{Gia Tri Bieu Thuc - Qui hoach dong DQT }

uses crt;

const

nmax=738;

inp="bt.in";

out='bt.out";

var

fitext;



x,k :longint;

stop :boolean;

a,d :array[1..nmax]of byte;
l,pre:array[ 1..nmax]of integer;
procedure Nhap;

begin

assign(f,inp);

reset(f);

readIn(f,x); readIn(fk);
close(f);

end;

function TinhGiaTri(x,y:longint):integer;
var 1,k,dmax,dmin,sx:byte;
st:string;

c:integer;

begin

str(y,st);

dmax:=0; dmin:=9;

for 1:=1 to length(st) do

begin

val(st[i].k,c);



if kthen dmin:=k;

if k>dmax then dmax:=k;
end;

str(x,st);

sx:=0;

for 1:=1 to length(st) do
begin

val(st[i].k,c);

sx:=sxtk;

end;
TinhGiaTri:=sx*dmax-+dmin;
end;

procedure TimBieuThuc;

var i,t,top:integer;

begin

fillchar(a,sizeof{(a),0);

for 1:=1 to 738 do L[i]:=maxint;
-}

t:=TinhGiaTri(x,x);

a[t]:=1; 1[t]:=1;

stop:=false;



while not stop do

begin

stop:=true;

for 1:=1 to nmax do

if a[i]=1 then

begin

t:=TinhGiaTri(x,1);

if I[t]>1[i]+1 then

begin

a[t]:==1; I[t]:=1[1]+1;

pre[t]:=1; d[t]:=1; stop:=false;
end;

-}

t:=TinhGiaTri(i,x);

if [[t]>1[i]+1 then

begin

a[t]:=1; 1[t]:=1[1]+1;

pre[t]:=i; d[t]:=2; stop:=false;
end;

-}

t:=TinhGiaTri(i,1);



if I[t]>2*1[i]+1 then
begin

a[t]:=1; 1[t]:=2*1[1]+1;
pre[t]:=1; d[t]:=3; stop:=false;
end;

end;

end;

procedure path(t:integer);
begin

if pre[t]<>0 then

begin

write(f,'(");

case d[t] of

1: begin

write(f,x,'#"); path(pre[t]);
end;

2: begin

path(pre[t]); write(f,'#',x);
end;

3: begin

path(pre[t]); write(f,'# '); path(pre[t]);



end;

end;

write(f,')");

end

else write(f,'(",.x,'#',x,")");
end;

procedure Xuly Inkq;
begin

assign(f,out);

rewrite(f);

if k>738 then writeln(f,'0")
else

begin

TimBieuThuc;

if a[k]=0 then writeln(f,'0")
else

begin

writeln(f,1[k]); path(k);
end;

end;

close(f);



end;
BEGIN
clrscr;
Nhap;
Xuly Inkq;
END.

Nhan thiy rang cai khod cta bai trén 13 gidi han ciia két qua biéu thirc tir d6 néu chiu
kho suy nghi thi tir cai khoa nay c6 thé mé ra, phat trién thanh rat nhiéu bai toan
tuong ty. Tiép theo ta phan tich mot bai toan khac ¢ cach giai, di nhién, van 13 qui
hoach d6ng nhung & mot hinh thirc biéu hién khac.

Bai 2 : Lich thu€ nhan cong

C6 mot du an kéo dai trong T thang va ngudi quan ly can phai 1ap lich sir dung cong
nhan trong du 4n, anh ta biét s6 cong nhan t6i thleu can trong moi thang. Moi khi
thué hay sa thai mot cong nhan thi déu phai mat mot chi phi xac dinh, mdi cong
nhan dugc thué s& van nhan duge lwong thang ngay ca khi khong sir dung anh ta 1am
viéc.

V&i mdi cong nhan, nguoi quan 1y biét chi phi thué, chi phi sa thai va tién luong
phai tra cho cong nhan d6 trong 1 thang. Va bai toan dit ra nhu sau: Can phai thué
hay sa thai bao nhiéu c6ng nhan mdi thang dé tong chi phi danh cho nhan cong cta
du 4n 12 nho nhét, tirc 13 giam ti da chi phi ctia du an.

Dit liéu vao tir file van ban EMPLOY.IN c¢6 ciu tric nhu sau:

- Dong dau ghi T 1a s6 thang dién ra du an (T=<100).

- Dong tht hai ghi 3 s6 1an lugt 1a chi phi thué, luong thang, chi phi sa thai mdi cong
nhan.

- Dong cudi cung 1a T sb nguyén duong, sb thir i cho biét s6 cong nhan ti thiéu can
cho thang thur 1, cac gié tri s0 khong qua 150.

Két qua ra file vin ban EMPLOY.OUT theo dinh dang:



- Dong thir nhat ghi tong chi phi nhé nhat tim duoc.

- Dong thtr hai ghi T s6, s6 thir i 1a s6 cong nhan hoat dong trong du 4n tai thang thir
1.

Vi duy vé file dit liéu vao va file két qua ra:

EMPLOY.IN EMPLOY.OUT

3 265
456 101011
10911

Pé bai nay hoi rac roi khé hiéu mot chit vi vay can phai doc ky, nam chic. RS
rang viéc thué thém hay sa thai cong nhan déu phai chiu phi ton nén thdy: dé dam
bao chi phi it nhit cho viéc thué nhin cong trong ca du an thi s céng nhin dang
thué trong mot thang khong nhat thiét phai 1a s6 cong nhén téi thiéu can cho thang
day. Vi dy, phi ton dé thué cling nhu sa thai cong nhan rat lon thi khong dai gi ta lai
thudng xuyén thué roi lai sa thai nguoi trong timg thang, tot nhat nén gitr ho va tra
luong (du ho khong lam gi). Nhiém vu ciia chiing ta trong moi thang phai quyet dinh
¢6 bao nhiu cong nhan trong bién ché thug, nghia la phai quyét dinh xem can thué
hay can sa thai bao nhiéu cong nhan trong bién ché cua thang trude. Néu goi T _max
1a s6 cong nhan cua thang can nhiéu ngudi nhat thi rd rang s6 cong nhén trong bién
ché thué cua mot thang bat ky trong du an khong bao gio vuot qua T _max. Xét mot
thang nao do, biét rang khong nén st dung qua T_max nguoi va ciing khong duoc
phép st dung it hon sb nguoi t6i thiéu can cho thang day, nhung phai chon gia tri
nao trong khoang gioi han nay Pén day néu cac gia tri cia T va T_max 1a nho thi c¢6
thé duyét tim ra két qua t6i wu nhung do cac gia tri nay lai c6 thé khé 16n nén budc
phai tim cach khac hiéu qua hon.

Lap mang Scn[1..T], Scn[i] cho biét s6 cong nhan tdi thiéu can cho thang thi i,
i=1..T (mang nay nhap vao tu file input). Lap thém mang C[T,T_max] trong do
C[i,j] cho biét chi phi tdi thiéu cua i thang dau tién cta du an néu tai thang thir i c6 j
cong nhén trong bién ché thué (i=1..T, j=1..T max). Thdy la gi4 tri C[i,j] c6 thé xac
dinh thong qua céc gia tri C tai thang i-1 (1a thang trudce):

C[i,j] = Min{ C[i-1,k] + chi phi dé tir k nguoi thanh j nguoi }



(1=1..T; j=Secn[1]..T max; k=Scn[i-1]..T max)

Bai toan da don gian hon nhiéu khi c6 dugc cong thire truy hoi va vi do phture tap
tinh toan khong 16n nén chéc chan chuong trinh s& ngan gon, cho két qua téi uu
trong thot gian rat ngan Két qua t61 wu cudi cung la:

Kq =Min{C[T,j] + chi phi sa thai j nguoi}
(=Scn[T]..T_max)

Dé c6 thé dua ra két qua ddy du (s6 cong nhan sir dung mdi thang) thi can thém
mang hai chiéu Pre, trong d6 Pre[i,j] :=k, v&i i=1..T; j=Scn[i]..T_max; k thoa man
téng (C[i-1,k] + chi phi dé tir k nguoi thanh j ngudi) nhé nhat. Viéc 1an nguoc tim
két qua trong mang Pre khong kho.

Néu ban ting 1am nhiéu bai Tin ding qui hoach dong d¢ gidi thi chac ban thy rang
qui hoach dong chi la mot phwong phap rat chung, khi 4p dung vao mdi bai mot
khac, khong bai nao gidng bai nao. De minh hoa diéu nay, moi cac ban don doc tiép
trong sb sau ta ciing xét thém mot sd bai toan tin kha hap dan nira.

Bai 4. Xoay 6
(Dé bai di dugc diang trén s6 bao trudc)

Thue ra ddy khong phai 1a mot bai dé dang ngay ca voi nhitng ngudi nhiéu kinh
nghiém giai toan tin. Khong it nguoi gap bai nay phai bo tay hay budc phai dung
duyét dé giai quyet cho du duyét t6t dén may ciing khong thé chay dugc véi nhirng
test co kich thudce t61 da. Thé nhung bai nay lai c6 thé dung qui hoach dong giai
quyét v6i d6 phirc tap tinh toan khong cao 1im c& O(2N*M). Va ta s& phan tich cu
thé cach giai bai nay bang qui hoach dong.

Dau tién phai cht ¥ dén mot dic diém bat thuong cta dé bai: gidi han sb 6 t6i da
trén mot dong la 8 trong khi 5O dong t6i dalai la 50, chac khong phai ngau nhién lai
c6 gioi han nay. Nhu dé bai cho biét, mdi 6 duoc chia lam 4 mién: trén, trai, duoi,
phai; m01 mién lai dugc t6 mot trong hai mau den hodc trang, to mau den ing voi
mot sO 1, t0 mau trang ung véi so 0. Gid st ta xét tai mot dong nao d6, mién trén
cua cac 0 trén dong nay theo thir ty tir trai sang phai tao 1én mot xau nhi phan; mién
dudi cua cac 6 trén dong nay cling vay, cling tao nén mot chudi nhi phan. Néu phai
thoa mén diéu kién cac mién chung canh 6 phai ciing mau thi d& thdy chudi nhi _phan
clia mién dudi cia mot dong chinh 1a chudi nhi phan ctia mién trén cua dong tlep
theo trong bang. Tir nhan xét ndy ta dang dan hinh dung ra cach giai. Nhic lai rang
s6 6 toi da trén mot dong 1a 8 tirc 1a chudi nhi phan cua mién trén hodc dudi ctia mot



dong c6 d6 dai khong qua 8. Hién nhién mdi chudi nhi phan nay co thé img véi mot
s0 trong hé¢ thdp phan va s6 nay nam trong khoang (0,2N), N =< 8.

Bay gio ta xét mot bai toan con: ta s€ danh gia cy the 1 dong cua bang nay va biét
rang cac mlen trén cua dong co thé Gmg véi mot s, mién dudi ctng ung dugc voi
mot s6; néu gia st cho hai s6 Mt, Md, phai tim cach xoay mot so it nhit cac 6 trén
dong sao cho dong thoa mén: cac mién trén cua dong phai twong trng tao nén Mt,
cac mién dudi twong Ung tao thanh Md, cac mién con lai néu chung canh 6 thi phai
cung mau, ngoai ra con can xéac dinh nhitng 6 nao dugc xoay nira. Thuc ra vai bai
toan con ¢o6 s6 lugng 6 trén mot dong khong qua 8 thi co thé dung duyét chay cling
kha hiéu qua. Nhung néu ta mo rong bai toan nay thanh mot bai khac, gia sir s6 6 xet
khong qua 200 chang han, thi chic chin phai tim cach khéc thoi. Va cach duoc dé
xudt cho bai mé rong nay lai la qui hoach dong. Tuy nhién né cing khong qua phirc
tap 1am, ban hay thir ty giai quyét xem.

Quay tré lai bai xoay 6 cua chung ta, véan dé trang thai cia mdt dong da dugc gidi
quyét gid 1a két hop trang thai cac dong dé dua ra 10 gidi chung. Bit dau bﬁng viéc
thiét lap mang hai chiéu D[1..M, 1. 2N], D[1,j] cho biét 800 t6i thiéu da xoay dé i
dong dau tién ctia mang thoa man yéu cau dé bai va mién dudi ctia dong thir i tao 1én
50 j (i=1..M, j=1..2N), thé thi d& thay:

DI[i,j] = Min { D[i-1,k] + Xikj }
i=1.M; j=1..2N; k=1..2N

Xikj 1a s6 tdi thiéu cac 6 trén dong i duoc xoay dé dong i c6 mién trén twong tng k,
mién dudi tuong tng 14 j.

Goi KqMin 1a két qua t6i wu nhat tirc 12 s6 t6i thiéu cac 6 phai xoay d6i véi ca bang
M dong thi:

KgMin = Min { D[M,k] , k=1..2N }

Nhu vay dung mang D la biét s6 6 tdi thicu cﬁn xoay sao cho thoa man diéu kién dat
ra ctia dé bai nhung chung ta con mot yéu cau nira chua thuc hién duoc 13 can cho

biét nhitng 6 nao dugc xoay. Yéu cau ndy thi mang D chiu, khong thé cho biét duoc,
vi vy ta thiét ké thém mot mang nita, mang hai chiéu Pre[1..M,1..2N]. Do biét:

DIi,j] = Min { D[i-1,k] + Xikj }



nén ta gan Pre[1,j]=k trong do6 k 1a gia tri ma D[i-1,k] + Xikj nho nhat. Khi V1et ra két
qua vao file output ta chi can lan ngugc trong mang Pre, ban hay tu giai quyét 1y,
n6 khong qué phuc tap dau.

Néu mubn, ban hiy tham khao toan bo chuong trinh giai bai Xoay 6 ¢ sau, vé co
bér} thi chu:ong trinh da tpé hién giuqc gidi thuat nhung cu thé ting budc cai dat chua
chac da to1 uu, ban co thé thay doi, chinh stra cho hop 1y.

{ Xoay Cac O - Qui hoach dong - DQT }

uses crt;

const

inp="xoay.in';

out="xoay.out';

mmax=50;

nmax==,;

tt :array[1..8]of byte=(1,3,7,15,31,63,127,255);

x :array[1..4]of byte=(0,1,1,1);

type

m_int=array[0..mmax,0..255]of word;

m_byt=array[0..mmax,0..255]of byte;

tto=array[ 1..4]of byte; {trang thai o}

var

fitext;

m,n,ttmax:byte; {trang thai Max}

a:array[ l..mmax,1..nmax]of tto; {trang thai dau nhap tu input}



pre:m_byt; {so ung voi cac mien tren tren 1 dong}
d:m_int;

{d[1,j] - so o xoay it nhat de dua dong 1 ve trang thai j}
{Danh cho tim cach xoay}

bt,bd :byte; {bit tren, bit duoi}

xmo :array[1..4]of tto; {xet 4 trang thai tai mot o}
trai,sbd,prex:array[ 1..nmax, 1..4]of word; {sbd - so bien doi}
procedure Nhap;

var 1,j,k:byte;

begin

assign(f,inp);

reset(f);

readIn(f,m,n);

for i:=1 tom do

begin

forj:=1tondo

for k:=1 to 4 do read(f,a[1,},k]);

readIn(f);

end;

close(f);

end;



procedure KhoiTao;

var i:byte;

begin

ttmax:=tt[n];

for 1:=0 to ttmax do

begin

d[0,1]:=0;

pre[0,1]:=0;

end;

end;

procedure GetBit(so,vt:byte;var bit:byte);
begin

bit:=(so shr vt) and 1;

end;

procedure xoay90(tto1:tto;var tto2:tto);
begin

tto2[1]:=tto1[2]; tto2[2]:=tto1[3];
tto2[3]:=tto1[4]; tto2[4]:=tto1[1];

end;

procedure xoay180(ttol:tto;var tto2:tto);

begin



tto2[1]:=tto1[3]; tto2[2]:=tto1[4];
tto2[3]:=tto1[1]; tto2[4]:=tto1[2];

end;

procedure xoay270(ttol:tto;var tto2:tto);

begin

tto2[1]:=tto1[4]; tto2[2]:=tto1[1];
tto2[3]:=tto1[2]; tto2[4]:=tto1[3];

end;

procedure tinh_xoay(i,st,sd:byte;var temp:integer;var ttc:byte);
var

k,t,s:byte;

begin

xmo[ 1]:=a[1,1]; xoay90(a[i,1],xmo[2]);
xo0ay180(a[1,1],xmo[3]); xoay270(a[i,1],xmo[4]);
getbit(st,0,bt); getbit(sd,0,bd);

for t:=1 to 4 do

if (xmo[t,1]=bt)and(xmo(t,3]=bd) then

begin

trai[ 1,t]:=xmo[t,4]; sbd[1,t]:=x][t];

end

else trai[1,t]:=2;



{}
for k:=2 to n do

begin

xmo[ 1]:=a[1,k]; x0ay90(xmo[1],xmo[2]);
x0ay90(xmo[2],xmo[3]); xoay90(xmo[3],xmo[4]);
getbit(st,k-1,bt); getbit(sd,k-1,bd);

for t:=1 to 4 do

begin

sbd[k,t]:=maxint;

for s:=1to 4 do

if (xmo[t,1]=bt)and(xmo[t,2]=trai[k-1,s])and(xmo[t,3]=bd)
and(sbd[k,t]>sbd[k-1,s]+x[t]) then

begin

sbd[k,t]:=sbd[k-1,s]+x][t];

trai[k,t]:=xmo[t,4];

prex[k,t]:=s;

end;

end;

end;

temp:=maxint;

for k:=1 to 4 do



if temp>sbd[n,k] then
begin

temp:=sbd[n,k];

tte:=k;

end;

end;

procedure Xuly;

var 1,],k,ttc:byte;
temp:integer;

begin

for i:=1 tom do

begin

for j:=0 to ttmax do
begin

d[i,j]:=maxint;

for k:=0 to ttmax do
begin
Tinh_xo0ay(i,k,j,temp,ttc);
if d[1,j]>d[i-1,k]+temp then
begin

d[i,j]:=d[1-1,k]+temp;



pre[i,j]:=k;

end;

end;

end;

end;

end;

procedure Sua_Mang_Ai,ttc:byte);
var k,t:byte;

begin

for k:=n downto 1 do
begin

case ttc of
2:x0ay90(a[i,k],a[1,k]);
3:x0ay180(a[i,k],a[i,k]);
4:x0ay270(a[i,k],a[i,k]);
end;

ttc:=prex[k,ttc];

end;

end;

procedure Inkgq;

var



min,temp:integer;
1,j,k,ttc,vt:byte;
begin

min:=maxint;

for 1:=0 to ttmax do
if d[m,i]

begin

min:=d[m,i];

vt:=1;

end;

-}

assign(f,out);
rewrite(f);

if min<>maxint then
begin

writeln(f,min);

for i:=m downto 1 do
begin
Tinh_Xoay(i,pre[1,vt],vt,temp,ttc);
Sua_mang_Ai,ttc);

vt:=pre[i,vt];



end;

for i:=1 to m do

begin

forj==1tondo

for k:=1 to 4 do write(f,a[1,j,k]:2);

writeln(f);

end;

end

else writeln(f,'No Solution.");

close(f);

end;

BEGIN

clrscr;

Nhap;

KhoiTao;

XuLy;

Inkq;

END.

Phai néi rang "Xoay 6" 1a mot bai qui hoach dong hay, dac biét no lai chira dung bén
trong mQt bai todn con khac ciing dung qui hoach dong dé gidi. Tuy nhién khi N=8

thi chwong trinh chay ciing hoi 1au, va c6 han ché 1a cach giai nay khong thé thyc thi
khi N >09.



Cac bai toan tin giai bang phuong phap qui hoach dong rat da dang, phong phu ca vé
n6i dung 1an vé moé hinh 16i giai. Hi vong rang bai viét co thé it nhiéu gitp cac ban
hiéu rd hon viéc danh gia, phan tich bai toan va dua nhiing danh gia phan tich nay
thanh 16 gidi cu thé.

42 .Cac bai toan co véu t6 nhan dang

Téc gia: Nguyén Xuan Huy

Mot s6 bai toan tin doi hoi su phan biét giita ddi tuong nay véi cac dbi twong khac.
Do 1a 16p cac bai toan nhan dang. Nhan dang mot doi tuong do1 hoi liét ké cac dac
trung cho ddi tuong do sao cho ta cé thé nhan biét duoc chung. Viéc liét ké nhu vay
goi 13 dic ta d6i twong. Cac dau hiéu liét ké trong dic ta phai di nho, dic trung va
cang dé& thyc hién cang tt. Birc tranh con kién va birc tranh con voi khac nhau
khéng phai & kich thude. Nguoi ta c6 thé v& mot con voi nhé nhu hat gao va mot
con kién to nhu cai thung, vy ma ngudi xem van nhan biét dau 1a kién dau 1a voi.
Chung ta thur tim cac dAu hiéu dic ta cho bai toan sau:

Bai toan 1: (TEFI) Hay dém s chit cai mdi loai trong s6 4 chit cai T, E, F va I. Cac
chif cai noi trén duge viét trong mot tép vin ban c6 tén TEFLINP theo cac quy tac
sau:

1. Céc chit déu thudc loai IN HOA khong chan.

2. Cac nét chit duoc viét bang cac dau hoa thi (*) va 1 cac nét don, tirc 13 c6 do day
12 mot dau *.

3. Chiéu dai ctia mdi nét t6i thiéu 1a 2 du *,

4. Cac chir khong dinh nhau: nét ciia chit nay cach nét ciia chir kia it nhat 1a mot dau
cach.

5. Cac nét ngang cua cung mot chit khong dinh nhau.

6. T¢p chi chura cac dau hoa thi va dau cach.

7. Chiéu dai t6i da cia mdi dong trong tép 1a 70 ky tur.

8. Tong s6 chir cai c6 trong tép c6 thé dat téi 60000.

Dit liéu ra ghi trong tép vin ban TEFL.OUT gdm 4 s6 dt, de, df va di duoc viét trén
mot dong cach nhau boi déu cach va biéu thi s6 lwong chit cai mdi loai theo thir tu
T,E,Fval

Thi du:



TEFI.INP TEFI.OUT
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Goi dt, de, df va di lan luot 1a cac bién dém sb luong cac chit cai T, E, F va I ¢co
trong van ban. Ta dé y rang chit T ¢ chira mot “ngd ba” doc dé phén biét véi chir E
va chit F ciing chtra mot “ngd ba” ngang. Chir I thi ¢6 “ddu nhon”. Vay ta co6 dic ta
dau tién sau day:



CHUCAI | NGABA | PAUNHON | GOC YUONG
DUG1

T tdoe khéng khénsz

E lngane | khéne cd

F tngang | khéne khéng

I kkéns ¢ kkéne

Tur do6 rat ra:

dt = s6 lwong cac "ngd ba" doc trong van ban

di=s6 lugng cac "dau nhon" trong van ban

EvaF déuco 1 ngd ba ngang do do tong so chit E va F chinh 13 tong sd ngi ba
ngang. Ta dung bién dEF dé dém tong nay. Ta co:

dEF = s6 luong cac "ngd ba" ngang = tong sb chit E va F.

Riéng chit E c6 thém goc vudng dudi nén

dE = s6 luong goc vuong dudi.

Khi d6 sd luong chit F s€ 1a hi¢u cua dEF va dE,

dF = dEF - dE.

Téng hop lai ta chi can quan 1y ba dong doc gan nhat 14 a, b va ¢ theo thir ty tir trén
xubng. Goi ss 1a hang chira ddu *, bl 13 hang chira ddu cach khi d6 v6i mdi vi tri i
trén cac dong ta co6 thé dic td mdi chit nhu sau:

ChuT := (a[i]=ss) and (b[i]=ss) and (a[i-1]=ss) and (a[i+1]=ss);

ChuEF := (a[i]=ss) and (b[i]=ss) and (c[i]=ss) and (b[i+1]=ss);

ChuE = (a[1]=ss) and (b[i1]=ss) and (c[i1]=bl) and (b[i+1]=ss);

Chul := (a[i]=bl) and (b[i]=ss) and (b[i-1]=bl) and (b[i+1]=bl);

Luc dau ta khoi tri cho 2 dong a va b toan dau cach. Mdi 1an ta doc mot dong cua tép
vao bién c. Sau khi xir Iy xong bd ba a, b, ¢ ta chuyén b vao a, ¢ vao b dé chuan bi
doc dong méi vao ¢ & bude ké tiép.

Ta can chu y rang sau khi doc xong va xtr Iy dong cudi cing cua tép ta con phai lam
mot cong viéc nho nita. D6 1a phat hién gbc vudng cudi cing cua chit E. Do d6 ta
phai gan tri mot dong ¢ chira toan diu cach dé xir Iy bo ba a, b, ¢ cudi cung nay voi
muc dich duy nhét 1a dém thém céc chit E cudi cung néu cé. Thu tuc co ban dugc
mo ta trong doan trinh dudi day:

procedure run;

var i: byte;

begin

clrscr;

1nit;

while not eof(f) do
begin

docdong(c);



for i:=1 to mn do

if chuT(1) then inc(dT)

else if chul(i) then inc(dI)
else if chuEF(i) then inc(dEF)
else if chuE(i) then inc(dE);
a:=b;

b:=c;

end;
fillchar(c,sizeof(c),BL);

for i:=1 to mn do

if chuE(1) then inc(dE);
finit;

end;

Chuong trinh thu dugc s€ nhu sau:
uses crt;

const

fn = "TEFI.IN4";
bl=""; { Dau cach }
mn = 70;

mnl =mn+1;

ss = "*';

type

mang = array[0..mn1] of char;
var f: text;

dt,de,di,def: longint;

a,b,c: mang;

s: string[ MN1];

procedure init;

begin

assign(f,fn);

reset(f);

dt:=0;

de:=0;

di:=0;

def:=0;
fillchar(a,sizeof(a),BL);
fillchar(b,sizeof(b),BL);
end;



procedure finit;

begin

close(f);
writeln(dt,BL,de,BL,def-de,BL,di);
end;

procedure docdong(var x: mang);
var 1i: byte;

begin

readIn(f,s);

for 1:=1 to length(s) do

x[i]=s[i];

for i:=length(s)+1 to mn1 do
x[1]:=bl;

end;

function ChuT(i: byte): Boolean;

begin

ChuT := (a[1]=ss) and (b[i]=ss) and (a[i-1]=ss) and (a[i+1]=ss);
end;

function ChuEF(i: byte): Boolean;

begin

ChuEF := (a[i]=ss) and (b[i]=ss) and (c[i]=ss) and (b[i+1]=ss);
end;

function ChuE(i: byte): Boolean;

begin

ChuE := (a[i]=ss) and (b[i]=ss) and (c[i]=bl) and (b[i+1]=ss);
end;

function Chul(i: byte): Boolean;
begin

Chul := (a[1]=bl) and (b[i]=ss) and (b[i-1]=bl) and (b[i+1]=bl);
end;

procedure run;

var i: byte;

begin

clrscr;

1nit;

while not eof(f) do

begin

docdong(c);



for i:=1 to mn do

if chuT(1) then inc(dT)

else if chul(i) then inc(dI)
else if chuEF(i) then inc(dEF)
else if chuE(i) then inc(dE);
a:=b;

b:=c;

end;

fillchar(c,sizeof(c),BL);

for i:=1 to mn do

if chuT(1) then inc(dT)

else if chul(i) then inc(dl)
else if chuEF(i) then inc(dEF)
else if chuE(i) then inc(dE);
finit;

end;

begin
run;
readln;
end.

Baii toan 2: (E xiéc) Hay dém sb chit E mdi loai dugc viét chan phuong hodc quay
di mdt goc 1a bdi cua 90 do. Cac quy tac viét duogc mo ta nhu trong bai toan 1.

Dt liéu vao dugc ghi trong t€p van ban EXIEC.INP. Dt liéu ra ghi trong t€p van
ban EXIEC.OUT gom 4 s6 ep (E phai), et (E trai), el (E Ién) va ex (E Xuong) dugc
viét trén mot dong cach nhau boi dau cach va biéu thi s6 luong chir cai mdi loai. Cac
tir ghép phai, trai, 1én va xudng duogc tinh theo hudng trd cua 3 nét ngang.



TEFL.INP TEFL.OUT
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43 Lap trinh giai mot s6 bai toan vé hinh hoc

Téc gia: Nguyén Vin Trudng

Kién thire sir dung trong bai viét dudi day thudc chuong trinh hinh hoc & phd thong.
Vi vay, nd1 dung 1a d€ hiéu doi vaoi hoc sinh tur 16p 10 trd 1€n va phuc vu cho cac doc
gid yéu thich mon tin hoc, hoc sinh, sinh vién, gido vién chuyén nganh tin trong qua
trinh hoc tap nang cao kién thuec.

Bai 1 . Tim giao diém (néu c6) cua hai duong thang trong mit phang toa do c6
phuong trinh 1an luot 1a alx + bly =cl va a2x + b2y = c2.

Bai toan nay co thé dé dang giai duoc bang viéc st dung phuong phap da biét & phd
thong. Cu thé:

D:=al*b2 - a2*bl; Dx : =cl*b2 - c2*bl; Dy: = al*c2 - a2*cl;

If D <> 0 then Writeln ('x =", Dx/D : 4:2,'y ="', Dy/D: 4:2)

else If (Dx = 0) and (Dy = 0) then Writeln (' H ai duong thang tring nhat)
else Writeln (' Hai duong thang song song);

Bai 2 . Kiém tra xem 2 doan thang AB va CD c6 cét nhau hay khong.



bé giai bai toan nay ta nh¢ lai mot kién thirc da duoc hoc & pho thong: 'Trong mit
phang toa do cho duong thang d: ax + by + ¢ = 0. Khi 4y, mot trong hai nira mat
phang bo d, ngoai trir d, gdm cac diém co toa do thoa mén bat phuong trinh: ax + by
+ ¢ > 0. Ntra mit phang kia gdm céc diém c6 toa d6 thoa man bat phuong trinh: ax +
by +c<0'.

Tir d6 ta d& dang chirng minh duoc két qua sau: 'Piéu kién can va di dé hai doan
thang AB va CD cit nhau 1a: A, B ndm khac phia so véi doan CD va C, D nam khéc
phia so v&i doan AB'.

Ngoai ra, cting khong dugc quén mot trong nhimg kién thirc co ban 1a: phuong trinh
duong thang di qua hai diém phan biét Ax1 , yl), B(x2, y2) c6 dang:

f(x,y) = (x-x1)(y2 - y1) - (y - yD(x2 - x1) = 0.

Vay néu xét hai diém M(x3, y3), N (x4, y4) thi diéu kién can va du ¢ M, N nim
cung phia (khac phia) so v&i duong thang c6 phuong trinh f(x,y) = 0 la:

f(x3,y3)f(x4 , y4) >= 0 (<=0).

Dua trén co s¢ d6 chuong trinh gidi bai toan trén dugc cai dat nhu sau:
Type Diem = Record

X.,y: Real;

End;

Var A,B,C,D: Diem,;

Function F(A,B,M: Diem): Real;

{ Tinh gi4 tri ham F tai diém M véi F 1a ham @ng véi phuong trinh
duong thing di qua AB }

Begin

F:=(Mx-Ax)*(B.y-Ay)-(My-Ay)* (B.x-AXx);

End;



Function KhacPhia (A,B,C,D:Diem):Boolean;

{ Kiém tra xem C,D c6 nam khac phia so véi duong thang di qua A, B hay khong? }
Begin

If F(A,B,C) * F(A,B,D) <=0 then KhacPhia: = True

else khacphia: = False;

End;

BEGIN

ReadIn(A .x,A.y,B.x,B.y,C.x,C.y,D.x,D.y);

If Khacphia (A,B,C,D) and Khacphia (C,D,A,B) then
Writeln ('Hai doan thang cat nhat);

else Writeln ('Khong cat nhat);

Readln;

END.

o

A

Bai 3_. Kiém tra diém M c6 nam trén doan thang AB hay khong?

e
v



Piém M nam trén doan théng AB <=> 2 diéu kién sau déu thoa man:

1. Biém M nam trén duong thang AB <=> F (A,B,M) = 0;

2. M nam giira Ava B <=> (xm - xa). (xm - xb) <= 0 va (ym - ya). (ym -yb) <= 0.
Bai 4 . Kiém tra diém M c6 thudc tia AB hay khong?

DPiém M thudc tia AB <=> 2 diéu kién sau déu thoa man:

1. M,A,B thing hang <=> F(A,B,M) = 0.

2. A khong nam giita B,M <=> (xm - xa). (xb - xa) >= 0 va (ym - ya). (yb - ya) >= 0.
Bai 5. Kiém tra tia AB c6 cat doan CD khong?

C6 thé dua ra 2 cach giai nhu sau:

Cach 1 : Trudc tién tim giao giiém M (néu c0) cua 2 duong thang AB va CD, khi d6
tia AB cat doan CD <=> 2 di€u kién sau déu thoa man:

1. M nam giita C, D <=> (xm - xc). (xm - xd) <= 0 va (ym - yc). (ym - yd) <= 0.

2. A khong nam giira B, M <=> (xm - xa). (xb - xa) >= 0 va (ym - ya). (yb - ya) >=
0.

Céach 2 : Tia AB cit doan CD <=> 2 diéu kién sau thoa man:

1. C, D nam khac phia so v6i AB <=> Khacphia (A,B,C,D) = True.

2. A, M nam khac phia so véi CD <=> Khacphia (C,D,A,M) = True. Trong d6 M
(x,y) la diém thudc tia AB va thoa man dicu kién:



| xm| > Max (| xc |,jxd [) hodc [ym [ > Max (Jyc |,lyd |);

Co thé cai dat chuong trinh nhu sau:

Procedure Tim M;

Var 1: integer;

Xmax,Ymax: Real;

Begin

1=1; Xmax := Max (abs(C. x), abs (D. x));

Ymax : = Max (abs(C. y), abs (D. y)); { Gid st ham Max da xay dung }

While (abs (A. x +1* (B.x - A.x)) <= Xmax) and (Abs (A.y+i1*(B.y-A.y)) <=
Ymax) do inc(i);

Mx:=A.x+i*(Bx-AX);
M.y:=A.y+i*B.y-Aly);
End;

Procedure Ket qua;

Begin
If Khacphia (A,B,C,D) then
begin
AS
A7 M’
Al

HAuF



Tim M;

If Khacphia (C,D,A,M) then Writeln ('Tia AB cit doan CD')
else Writeln ('Khong cat ")

end

else Writeln ('Khong cat ');

BEGIN

<Nha"*.p A,B,C,D >;

Ket qua;

Readln

END.

Bai 6 . Kiém tra vi tri cia mot di€ém M so véi mot da giac (da giac c6 thé 161 hodc
10m).

Dé giai bai toan nay, trudce hét ta tim M' (x,y) sao cho x > max { xi : xi 12 hoanh d%
mot dinh 1 ciia da giac i=1,2... } . Cony c6 gia tri sao cho doan MM' khong chira
dinh nao cua da giac, y c6 the tim bang phuong phap duyét trung diém cua cac canh
hay lya chon ngiu nhién. Tiép d6 ta dém s6 giao diém ciia doan MM' so vdi tat ca
cac canh cua da giac (str dung bai 2).

+ Neéu so giao diém la 1¢ thi M nam trong da giac.
+ Néu s0 giao diém la chan thi M nam ngoai da giac.

Chuy: Néu M thudc mot canh hay mdgt dinh nao do cua da giac thi ta can xur Iy
riéng.

Bai 7. Tinh dién tich da giac (161 hodc 16m va khong tur cit ) gdbm n dinh A [1],
A[2].... A[n].

Ta c6 thé giai bai toan nay béng céch chia da gidc thanh n-2 tam giac roi tinh tong
dién tich cua cac tam giac ay. Tuy nhién phuong phap nay dai dong, ta lam cach
khac nhu sau: chia da giac thanh cac hinh thang bang cach chiéu cic canh xudng



truc hoanh (hinh v&). Hinh thang dugc xac 1ap bdi canh A [i] A[i+1] c6 dién tich 1a
Abs (S) voi :

$= 24 (A]*x-A[i+1]*x)* (4[] % + A[+1]*y)

Sau khi gan dinh A[n+1]:=A[1] ta tinh dién tich toan phan cua da giac nhu sau:
S:=0;
Fori:=1to N do
8= 8 +( Al x - Ali 1] x)*(AD] > + A[i 1] 5).
S:=(1/2) * Abs(S);
Chuy:

1. Hoan toan twong tu ta ¢ thé tim dién tich cia da giac bang cach chiéu cac canh
xuong truc tung.

2. Néu thay budc gan S: = (1/2) * abs (S) boi S: = S/2 thi dau cta S 1a duwong hay 4m
s& cho ta biét chiéu danh sb cua cac dinh theo tha ty tir 1, 2,.... N 1a nguoc hay xudi
chiéu kim dong ho.



0 T 4

Bai 8 . (Bai toan tim bao 10i): Trong mit phing toa do cho tdp gdm N diém. Hay ‘
chonra M diém Al, ...., Am ( 3<= M<= N) sao cho chtng tao thanh m¢t da giac 161
chtta N - M di€ém con lai ctua tap N diém ban dau.

C6 nhiéu thuat toan giai bai todn nay. Sau day 1a mot vi du.

Buéc 1: Chon Al la dinh hoanh do nho nhét.

> Budc 2 : Trong sb cac dinh chua chon, ta chon ra mot dinh Ai thoa mén diéu kién:
moi dinh con lai déu phai nam vé cung mot phia ctia canh tao boi 2 dinh 1a A1 va
dinh duoc chon ngay trude Ai (1a dinh Ai-1).

Lap lai bude 2 cho téi khi khong chon duge dinh nao nira.

DA thay cac dinh (theo thtr tyr) duoc chon sé& tao ra da giac thoa man diéu kién dau
bai.

Chu ¥ : Can xir Iy khéo 1éo khi c6 mot sé diém thang hang.

Thong qua nhitng bai toan co ban & trén, chiing ta thiy rang cac bai toan co lién
quan dén kién thure hinh hoc kha phong phti va hap dan, ban doc c6 thé tu suy ra
nhitng bai toan twong ty hodc phuc tap hon.

Moi céac ban thir strc vd1 mét vai bai toan dudi day:

1. Kiém tra hai tia c6 giao nhau hay khong?

2. Tim tAm va ti s6 vi tu bién dudng tron nay thanh duong tron kia khi biét toa do
hai tam cua hai dudng tron va ban kinh cta chung.



3. (Dé thi Hoc sinh gioéi qudc gia 2000): Trong mit phang toa do cho mot da giac 16
goém N dinh. Hay chia da giac d6 thanh hai da giac boi mét doan thang n6i hai dinh
sao cho dién tich cua chung chénh I¢ch nhau it nhat (goi y st dung bai 7).

4. Cho trude toa do cac dinh ctia n tam giac. Hiy tim phan dién tich cia mit phiang
bi bao pht boi cac tam gidc do (luu ¥y 1a cac tam giac co6 thé giao nhau).

5. Kiém tra mot da giac c6 phai 1a da giac 16i hay khong.

6. (Dé thi olympic Sinh vién 99): Hay chon ra 4 diém theo thir tu tao thanh cac dinh
cua mdt tr giac ¢d dién tich 16n nhat trong s6 N di€ém cho trudc.

Trong khudn kho bai bao ¢ han, rat mong ban doc thong cam, trao d6i va gop thém
nhiéu y kién vé chuyén dé€ nay dé moi ching ta ngay cang yéu thich mon tin hoc lap

trinh nd1 chung, cling nhu céc bai toan tin vé hinh hoc noi riéng.

44 Nhan va chia hai da thirc

Tac gia: Lé Manh Diing

Nhan dip khai gidang nam hoc maé1 2001-2002, Tap chi Tin hoc & Nha truong va tac
gia giri tang cac em hoc sinh PTCS hai chuong trinh tin hoc dugc viét bang Turbo
Pascal : nhan va chia 2 da thirc ma cac em sé& hoc ¢ 16p 8 pho thong bang kién thirc
1ap trinh Pascal thong thuong, cac em déu c6 thé tu viét cho minh giai cac bai toan
bang ngdn ngtr 1ap trinh Pascal. Riéng voi hai chuong trinh nhan va chia hai da thuc
mot 4n nay, giup cac em kiém tra lai cac két qua tinh toan ctia minh, 1am thém bai
tap, chir khong phai 1a 'phao cap cirll, cang khong thé thay thé cho tu duy hoc toan
ctia minh! Hai chuong trinh hitu ich nay con c6 thé gitp cic em kiém tra viéc phan
tich mdt da thirc thanh cac nhan tir chung. Con céc chuong trinh cdng, trir da thirc
xin gianh cho cac em, xem nhu bai tap. Céac thay c6 gido c6 thé ra thém bai tap, bai
kiém tra dya vao két qua cic chuong trinh chay trén mdy tinh. Sau day 13 2 chuong
trinh:

Program Nhan hai da thuc;
type ma=array[0..50] of real;
var a,b,c : ma;

n,m : integer;

Procedure TieuDe;



Begin

writeln((CHUONG TRINH NHAN 2 DA THUC");
writeln('Dang ax)=an*x"n+...+al*x+a0'");

writeln(' b(x)=bm*x m+...+b1*x+b0");

writeln('Da thuc tich co dang ¢(x)=ax)*b(x)');
writeln('Tim da thuc c(x) ');

End;

Procedure Nhan(s1,s2 : ma;h1,h2 : integer;var s :ma);
var 1,j,k : integer;

Begin

write('Vao so bac cua da thuc ax) ,n =");readIn(hl);
writeln('Vao cac so hang :');

for i:=h1 downto 0 do

begin write(‘a[',1,']= ");readIn(s1[1]); end;

write('Vao so bac cua da thuc b(x) ,m=");readIn(h2);
writeln('"Vao cac so hang :');

for 1:=h2 downto 0 do

begin write('b[',1,']=");readln(s2[i]); end;

for 1:=h1+h2 downto 0 do s[1]:=0;

for 1:=h1 downto 0 do

for j:=h2 downto 0 do



for k:=h1+h2 downto 0 do

if k=i1j then s[k]:=s[k]+s1[i]*s2[j];

writeln;

writeln('KET QUA cac so hang cua c(x) la :');

for i:=h1+h2 downto 0 do begin writeln('c[',1,']=",s[1]:3:2);end;
End;

BEGIN

TieuDe;

Nhan(a,b,n,m,c);

readln

END.

Program Chia_hai da thuc;

const p='DA THUC c(x) co cac he so tim duoc la :';
q='DA THUC du tim duoc :';

var a,b,c : array[0..50] of real ;

1,J,k,n,m : integer;

BEGIN

writeln('CHUONG TRINH CHIA 2 DA THUC");
writeln('Dang ax)=an.x"n+...+alx+a0");

writeln(' b(x)=bm.x"m+...+b1x+b0");

writeln('Ket qua co dang ax)=b(x)*c(x)+d(x)');



writeln('Tim da thuc thuong c(x) va da thuc du d(x)");
writeln(' Mo tep C:Ketqua.out de xem ket qua [);
write('Vao so bac cua da thuc ax) ,n = ");readIn(n);
write('Vao so bac cua da thuc b(x) ,m = ");readln(m);
writeln("Vao cac he so cua da thuc ax) :');

for i:=n downto 0 do

begin write('a[',1,']= ");readln(a[i]); end;

writeln("Vao cac he so cua da thuc b(x) :');

for i:=m downto 0 do

begin write('b[',1,']= ");readln(b[i]); end;

writeln;

assign(Output,'C:Dulieu.inp);

rewrite(Output);

writeln('Vao cac he so cua da thuc ax) :');

for i:=n downto 0 do

begin writeln('a[',1,']=",(a[1]):3:2); end;

writeln('Vao cac he so cua da thuc b(x) :');

for i:=m downto 0 do

begin writeln('b[',1,']=",(b[1]):3:2); end;
close(Output);

assign(Output,'C:Ketqua.out');



rewrite(Output);

writeln(p);

if (n>=m) then

begin

while (n>=m) do

begin

c[n-m]:=a[n]/b[m] ;

writeln('c[',n-m,']= ',c[n-m]:3:2);

for 1:=m downto 0 do

begin a[n-(m-1)]:=a[n-(m-1)]-c[n-m]*b[i]; end;
n:=n-1;

end;

for i:=n-m downto 0 do writeln('c[',1,'] ="',c[1]:3:2);
writeln(q);

for i:=m-1 downto 0 do writeln('d[',i,"] = ",a[1]:3:2);
end

else

begin

writeln(p);

writeln('c[1]=",0);

writeln(q);



for 1:=m downto 0 do writeln('d[',1,'] = ',b[1]:3:2);
end;

close(Output);

readln

END.

45 Mot cach khac dé khai trién da thirc

Tac gia: Truong Van Thuan

Ngoai cac cach khai trién hé sb cta da thire (x+y)n ma cac ban dé biét. T6i mubn
trinh bay vé6i cac ban mét cach khac, xong xem c6 dé nhd, dé hoc khong thi do ban
nhan dinh. Cach khai trién trinh bay nhu sau: ta can khai trién (x+y)n véi (n >= 0,
nguyén) thanh da thirc aOxn + al*xn-1*y +... + an-1*x*yn-1+ anyn lu6n cho ta n+1
hé s6, 16 rang ta da biét cach khai trién tam giac Pascal hay ding cach khai trién
Newton

(x+}’]'":ic ey

i=1

ta ngai dong cham dén Cni=n!/ 1!*(n-1)!, mot cach khac dé ta x4c dinh céc ai thong
qua ai-1 v&i 0<=1 <= n nhu sau:

a0=an=1

ai i-1*(n-i+1)/1 (i chay tir 1 dén n-1)

Vi du cu thé : (x+y)44 + 4*x3*y + 6¥x2%y2 + 4¥x1*y3 + y4

Thuat toan trén ching qua la thay vi tinh giai thira dé tim timg hé s6 ta chuyén sang t
hé sb di sau bang hé s6 trude d6 nhan voi s6 mil cua x (cua hé 56 0 trudc do) va chia
cho s6 mil cua y (cua hé s6 0 trude do) cong 1. Luu y rang: sO mii ciia y ctia hé s6

trudc do cong 1 bang s6 mil cua y dang tim, s6 mii cua x thi nguoc lai. Pay 1 cach
tinh rat don gian.

Mo phong cai dat chuong trinh tinh hé sé da thirc nhu cach trén:

Procedure tinh_hso;



Var A:array[1..n] of integer;
l:integer;

Begin

A[0]:=1;

Aln]:=1;

1:=1;

While (i<=n) do

begin

Ali]:==A[i-1 *(n-i+ 1)/i;
1:=1t+1;

end;

End.

Mot cach twong tu ban co thé khai trién (x-y)n.

46 Phép dbi xirng swong va cac thao tac

Tac gia: Nguyén Xuan Huy

Bai toan: Nguoi ta dung N khéi bé tong co kich thudce bing nhau dé 1at mot dudng
bang cho may bay. Sau khi dit xong, ngudi ta méi phat hién ra rang cac khoi da dat
khong ding nhu ban thiét ké. K khoi dau tién phai dugc chuyén vé cudi dudong bing.
Dé dat lai, nguoi ta dung mot cém truc c6 strc nang 1 tim bé tong mdi lan va mot gia
d& phu trén mat dat de dat tam tam bé tong gd ra khoi du:ong bang. Hay xac dinh
mdt phuong an giai quyet dd t6n kém véi luu v rang vi tri ciia dudng bang sau khi
sira khong dugc thay doi.

Pé hiéu rd yéu cau cta bai toan xét mot vi du véi N=9 va k=4. Trong hinh 1, (a) 13
phuong an dat sai, (b) la phuong an dung theo ban thiét ké. Theo phuong an (b), dau
tién phai dat 1an luot cac tim bé tong 5,6,7.8 va 9, sau d6 dit tiép cac tim 1,2,3 va 4.
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(a) Ban thiét ké: Phuong an dung

Hinh 1. Gia thiét va két luan cua bai toan.

Vi chi c6 mdt gia & phu va phai ton trong yéu cau khong lam thay d6i vi tri cau
duong bang nén 101 gidi ty nhién cho bai toan nhu sau.

Thuc hién k 1an, mdi 1an s& chuyén 1 khoi bé tong tir dau dudng bang vé cubi duong
bang theo 3 budc sau day (xem hinh 2):

Budc 1: Truc khdi bé tong tir ddu duong bang ra gia da.

Budc 2: Dich chuyén cac khoi bé tong vé phia dau dudng bang: mdi khoi dich 1én 1
vi tri va dat ding vao vi tri cia khoi da chuyén trudec.

Budc 3: Truc khdi bé tong tir gia d& vao vi tri cudi dudng bing
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2 |3 [+ [5 s

EE

| g




¢) Sau khi dich chuyén cac khéi bé tong trén dudng bing sang trai 1 vi tri (Bude 2):
(N-1) thao tac

(d) Sau khi chuyén khdi bé tong thir nhat tir gia d& vao vi tri cudi dudng bang (Budc
3): 1 thao tac.

Hinh 2: Lan thuc hién thi nhét cua giai thuat tu nhién.

Dé so sanh voi phuong 4n cai tién s& trinh bay sau day ching ta hdy tinh xem giai
thuat tu nhién doi hoi bao nhiéu thao tac. Ta hiéu mdi 1an truc mot khdi bé tong tur vi
tri nay dén vi tri khac 1a mot thao tac. Dé thay budc 1 va 3 can 1 thao tac cho mdi
budec. Bude 2 doi hoi (N-1) thao tac dé dich chuyén sb bé tong con lai trén duong
bang. Vay giai thuat tu nhién can 1+ (N-1)+1=N+1 thao tac cho mdi lan chuyén mot
khdi bé tong ttr dau  duong bang vé cudi duong bang. Tét ca ¢ K khdi bé tong can
chuyen viy tong so thao tac s€ 1a K(N+1). Theo vi du trén v&1 N=9, K=4 ta tinh
duoc s thao tac can thiét 1a K(N+1) = 4.10=40.

Khi K>N/2, thay vi chuyen K khéi tir dau vé cudi dudng bing ta co thé chuyen
nguoc N-K tir cudi vé dau dudng bang. Thi du véi N=9 va K=6, sO thao tac can thiét
s& 1a (N-K)(N+1)=(9-6)10=30. Trudc khi tim mot phuwong an tot hon ta hdy nhéc lai
dinh nghia va liét ké vai tinh chat quan trong ctia phép ddi ximg guong.

Déi xtmg guong ctiia mot diy cac phan tir:

Cho day m phan tr A=(al,a2,......am). Phép dbi ximg guong cta diy A cho ta diy
cac phan tur cua A theo thur ty ddo. Ky hi¢u A’ 1a “anh soi trong guong ctia A” ta c6:

A’=(am,am-1,....a2,al).
Thi du vé1 A=(1,2,3,4) ta c6 A’=(4,3,2,1)
Phép dbi ximg guong c6 hai tinh chat quan trong sau day:

1. A”=A. Sau hai phép dbi ximg guong lién tiép ta thu lai dugc ddi tuong ban dau.



2. (AB)"=B”A”. Pbi ximg guong cua mot day ghép ndi tir hai A va B 1a mot day
duoc ghép ndi tir hai day doi xirng guong cua B va A.

Thi du, néu A =(1,2,3,4), B=(5,6,7.,8.,9) thi
AB=(1,2,3,4)(5,6,7,8,9)=(1,2,3,4,5,6,7,8,9) va do do.

(AB)'=(1,2,3,4,5,6,7,8,9)’U(9,8,7,6,5,4,3,2,1). Mit khac
B’A’U(5,6,7,8,9)°(1,2,3,4)'=(9,8,7,6,5)(4,3,2,1)=(AB)’

Tré lai bai toan stra dudng bing, ta ky hiéu doan gdm K khéi bé tong dau tién 13 A,
doan con lai cua doan bang 1a B. Bai toan dat ra khi d6 s€ dugc phat biéu gon nhu
sau: ABPBA, trong d6 AB 1a ciu hinh dat sai, con BA 13 phuong an thiét ké ciia
duong bang. Bay gio ta van dung hai tinh chat‘ ctia ddi xtng guong dé bién doi AB
thanh BA. Ta c6 (A’B’)=B”A”=BA. Bi mat nam ¢ day. Theo cong thurc nay ta sé

thuc hién phuong &n stra duong bang nhu sau:

- Bué6c 1: Thyc hién d6i xtrng guong cho doan gdm K khéi bé tong dau duong bing
ma ta ky hi¢u 1a [1..K].

- Bué6c 2: Thuc hién d6i xtmg guong cho doan gdm céc khdi bé tong con lai ma ta
ky hi¢u l1a [K+1..N]

- Bué6c 3: Thuc hién d6i xtng guong cho toan bd duong bang.

Hinh 3 mo ta cach lam (ma ta goi 14 giai thuat d6i xing guong) véi thi du da néu,
N=9, K=4
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(c) Péi xtmg guong doan [5..9]
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(d) Béi xtng guong trén toan bd duong bing

Hinh 3: Giai thuat d6i ximg guong

Dé thyc hién phép d6i xtmg trén guong doan gdm m phan tir véi mot gia dd ta doi
cho ting cdp phan tir thir nhat va phan tir thtr m, sau d6 doi cho phan tir x va y duoc
trg gitip cua gia do d dugc thyc hién thong qua 3 thao tac nhu sau: Trudc hét dua x

vao d, sau d6 dua y vao x, cuodi cung dua d vao y.

Dudi day 1a hai thi du thuc hién déi xtmg guong déi véi hai ddy (1,2,3,4) va
(1,2,3,4,5)

- C4u hinh ban dﬁu:(l ,2,3,4)

- D6i chd 1 va 4:(4,2,3,1)

- P6i chd 2 va 3: (4,3,2,1) can 3 thao tac

Tong cong: 6 thao tac

- C4u hinh ban dau: (1,2,3,4,5)

- P6i chd 1 va 5:(5,2,3,4,1)

- D6i chd 2 va 4: (5,4,3,2,1)

Téng cong: 6 thao tac

Ta dé § rang khi m 1& thi chi phai doi chd [m/2] cap, trong d6 [x] bicu thi phan
nguyén cua so duong x. Tom lai thyc hi¢n déi ximg guong ddy m phan tir doi hoi
3[m/2] thao tac.

Bay gio chung ta tinh téng so thao tac cua phép dich chuyén ABPBA. PBé ¥ rang A
chtra K phan tir va B chira (N - K) phan ttr, ta c6 vi (A’B’)’=BA.

Thyc hién A’ doi hoi 3[K/2] thao tac.
Thyc hién B’ doi1 hoi 3[(N-K)/2] thao tac.

Thuce hién (...)" trén toan bd duong bang doi hoi 3[N/2] thao tac.



Tong cong ta can 3[K/2]+3[(N-K)/2] + 3[N/2]. Két qua khong phu thudc vao gia tri
K. Dé thay hi¢u qua cua phuong an cai tién ta gla str duong bang gdm N=1000 khdi
bé tong va can chuyén K=500 khdi tir ddu vé cubi dudng bang. Ngoai ra ta gia sir
rang mdi ngay cong truong co thé thyc hién duoc 100 thao tac truc cac khdi bé tong.
Khi d6 phuong an thir nhit can:

K(N+1)=500.1001/100=5001/ngay » 13 nam 8 thang va 20 ngay, va phuong an thur
hai can: 3N=3.1000/100=30 ngay.

Luyén tap: Hiy xay dung phuong an thuc hién phép chuyén ABCPCBA.

47 Mbt V twéng ngdng cudng

Téc gia: Nguyén Lé Anh

Cac em han da lam quen voi bai toan 06 sau day. Co mot bac nong dan nudi trau dé
kéo cdy. Sau mot ngay 1am viéc, t6i vé& nha bac cho ching dn co. Con nao khoe hon
thi an nhiéu hon con con nao yéu hon thi an it hon. Bac quan sat va nhan thdy c6 3
loai trau. Loai thir nhat 1a gdm nhiing con dimg 1a nhitng con con rat khoe. Loai thir
hai 1a cic nam chiing da thAm mét sau mot ngay lam viéc. Loai thir ba gom nhing
con di gia yéu. Bac nong dan nham tinh.

Tram con trau tram bo cé. Con Bung an 5 b6 Nam an 3. Ba con trau Gia chung nhau
1 bo. Hoi moi loai c6 may con?

Mot cau hoc trd nghéo nghe duoc va nham tinh. Cac em c6 biét cau hoc trd nghéo
ay tinh thé nao khong?

Céu bé hoc tro ngheo ay tinh thé nay nhé.

S trau gia khong thé nhiéu hon 100 con vi thé an hét nhiéu nhét 1a 100/3 bo ¢ tic
13 33 b6 c6. Nhu véy sb co trdu ding va trau nam an khong it hon 67 bo. Sé trau
dtng va so trau nam khong thé it hon 67/5 con tic 14 khong it hon 14 con. Nhu thé
s6 trau gia khong 16n hon 86 con va chung an nhiéu nhét 1a 28 bo.

Nghiém 1.

Néu céc con gia dn hét 28 b6 thi s trau gia 13 84 con. S6 trau dimg va sé trau nim 1a
16 con va an hét 72 bo co. Néu cho mdi con trau nam trong s6 16 con nay an thém 2
b6 nita thi ca 16 con nay an hét 80 bo, tic 1a can thém 8 bé nita. S6 nay chinh 14 s6
¢ can thém dé mdi con nam duoc an thém 2 bé. Nhu vay c6 4 con trau nam, 12 trau
ding, 84 con trau gia.



Nghié¢m 2:

Neéu cac con gia an hét 27 bo thi so trau gia 1a 81 con, s6 trau nam 1a 11 con, so trau
dimg 1a 8 con.

Nghiém 3:

Neéu céc con gia an hét 26 bo thi s6 trau gia 1a 78 con, s6 trau nam la 18, so trau
dtmg 1a 4 con.

Nghié¢m 4:

Neéu cac con gia an hét 25 bo thi so trau gia 1a 75 con, s0 trau nam 1a 25 con, so trau
dimg 1a 0 con.

Chi c6 cac truong hop chiing ta néu trén thoi vi: néu cac con trau gia dn hét 24 bo
hay it hon, thi c¢6 it hon 72 con. Nhu thé s lugng trau dimg va trau nam khong it
hon 28 con, va ching dn khong it hon 28x3=84 b cd. Nhu vy trén thuc té sé con
gia an khong qua 100-84=16 bo co. Va do d6 s6 con gia co it hon 16x3=54 con. Tirc
1a s6 lugng con dtng va sd con nam khéng it hon 46 con, va sb co tdi thiéu dé chung
an hét 1a 46x3=138 bo6. Diéu nay vo ly

Céch giai trén rat hay nhung tim ra 15i giai 4y thé ndo? Chung ta roi vao tuyét vong
ching. Céc bai toan thi co rat nhiéu, khong c6 1& cir mdi khi c6 mot bai toan thi
chung ta lai phai suy nghi dé tim ra 161 giai cho chung! Nao thir giai bai toan
sau?Mot cde nude soi dim trong chau nudc da dang tan hoi sau bao lau thi nhiét do
trong 10ng cdc nude 1a 30?C.? ... Qua don gian! Qua don gian! Hay cir 1ay mot coc
nudc s61 dim vao trong chau nudce da dang tan va do nhiét do cia n6. Khi nao nhiét
d6 trong long cdc nude 1a 30 ?C thi thong béo thoi gian. O-ric-ca ?Bai toan tu giai
roi thong bao ké qua?.

Vi bai toan?tram trau, tram cé?. Co6 100 con, vira trau ding, vua trau nam vira triu
gia. Cac con trau nay an theo khau phan con dtng an 5 b6 cd, con nam in 3 b, 3
con gia an mot bo co. Trau cua gia dinh nao an hét dung 100 b6 ¢o thi s6 trau moi
loai cua gia dinh 4y 13 mot loi giai cho bai toan. Nhu vay chi can c6 that nhiéu gia

dinh noi trau va c6 du sd quan sat vién dé kiém tra s6 lugng co tru in c6 dung bang
100 b6 khong?

Khong nhat thiét phai nudi trau that, ma c6 thé moé phong viéc nudi va cho trau in
bang may tinh.



Mobi may tinh thay mat cho mét h nudi trau. N6 nho s6 trau m01 loai: x s con
dung, y s6 con nam, z sb con gia, thi no s€ tinh ngay ra sO ¢o can 1a 5x+3y+z/3. Mdi
quan sat vién ciing dugc thay bang mot may tinh no kiém tra xem 5x+3y+z/3 ¢6
bang 100 hay khong. Néu bang thi thong bao két qua.

Nhu vay md hinh hod nhu sau:

Vi mdi truong hop (x,y,z) ma {0<= x<=100; 0<=y<= 100, 0<=z<= 100 va
x+y+z=100}

néu 5x+3y+z/3=100 thi thong bao két qua (x,y,z)

Chuong trinh.

for all 0<=x<=100; 0<=y<= 100, 0<=z<= 100 do {Moi kha nang nudi}

if x+y+z=100 then {100 con trau}

if 5x+3y+2/3=100 then print (x,y,z). {an hét 100 b co}

Nhu ching ta thay kho khin khong phai 1a tim ra 101 giai cho bai toan ma Ia tim cho
dugc du so gia dinh nudi trdu va quan sat vién. S6 ho nudi trau dong thoi nudi va
dong thoi cho trau an. Cac quan sat vién dong thoi xem va thong bao két qua. So do
y tuong nhu vay nguoi ta goi 1a lap trinh song song. Cong ngh¢ 1ap trinh song song
dua trén kha ning cta cong nghé c6 thé tao ra mot may cai c6 rat nhiéu may tinh
con chiing su ly song song va thong bao két qua. Hién nay cong nghé nay dang rat
phat trién.

* Cac ban hoc sinh cap 2 da lam quen véi hé phuong trinh thi 1y ludn nhu sau.

Gia st X, Y, Z tuong tng 1a sb trau dimg, nam, gia. Khi d6 ching ta c6 quan hé nhu
sau. X+ Y+ Z=100; 5X+ 3Y+ Z/3=100

Bién d6i X+ Y +Z=100; 15X + 9Y + Z =300 -> 14X+8Y=200 -> 7X+4Y=100.

X phai chia hét cho 4 va X<100/7. Nhu+ va’.y X< 15 va' chi? co' the"? nha™.n ca'c
gia'tri. 0, 4, §, 12.

Chung ta tim dugc 4 nghiém nhu sau (X, Y, Z) =(0, 25, 75) (X, Y, Z) =(4, 18, 78)
X,Y,Z2)=(8,11,81)(X,Y,Z)=(12, 4, 84)



*#* Ngay nay ngudi ta khong nhitng mé phong céc bai toan k¥ thuét, kinh té trén
may tinh nhu du bao thoi tiét, hay du bao cb phiéu gia thi truong ching khoan, ma
ngay ca thir cac loai vii khi cling thir trén may tinh. Cho mé thir bom nguyén tir
trong mdy tinh 13 buéc mé man cho mét cudc chay dua vii trang khong tiéng dong.

48 Tan man vé suy luan lap trinh

Téc gia: Nguyén Lé Anh

Nguyén 1y tudn ty

Céac may tinh ma ching ta hién dang sy dung tai cac gia dinh lai dya vao mot
nguyén ly ma nguoi ta goi la nguyén 1y tuan tu. C6 thé hinh dung nhu sau. Chi can
mot hd nudi trau théi. Nhung hg ay nudi 1an luot hét 1tra trau nay dén ltra trau khac.
Moi Itra ¢6 dang 100 con vira trau dig, vira trau gia, vua trau nam. Va chi can 1
quan sat vién ma thoi.

Thuat toan

Liét ké 1an luot cac truong hop. Mdi truong hop duoc kiém tra xem c6 thoa méan
diéu kién hay khong. Néu c6 thi thong bao két qua.

Moi str Iy déu gom 2 phan.
Phan A. Liét ké cac trudng hop.
Phan B. Xir 1y cho mdi trudng hop.

Liét ké cac kha nang x+y+z=100 vdi x>=0, y>=0, z>=0 co thé thuc hién theo trinh
tu nhu sau nhu sau.

Chon x tang dan tir O‘dén 100. Néu da chon x réj thi kha nang cua y 1a tir 0 té1 100-
x. Néu da chon x, y roi thi z=100-(x+y). Nhu thé bai toan liét ké dugc I¢nh hoa nhu
sau.

for x=0 to 100 do

for y=0 to 100-x do

begin

7z=100-x-y;



{moi kha ning c6 thé x+y+z=100 ma x>=0;y>=0;z>=0}
end;

Phan liét ké cho bai toan (1100 trau 100 c6[) nhu vay 13 rd rang. Phan kiém tra mdi
treong hop dugce thuc hién nhu sau.

Ctr mdi truong hop (x,y,z) chung ta kiém tra dang thirc
5x+3y+(100-x-y)/3=100. Néu thoa man chung ta thong bao két qua.

Nhu vay ching ta cé doan trinh sau.

Var x,y,z:integer; {Bao cho may tinh cac bién can sir dung}

begin

for x:=0 to 100 do for y:=0 to 100-x do {Liét ké 1an lwgt moi truong hop}
if 5*x+3*y+(100-x-y)/3=100 then {Kiém tra xem c6 théa man diéu kién}
writeln(x,y,z); {Néu c6 thi in két qua}

end.

Thoi gian tinh

Tré lai bai toan [Jtram trau, trdam cOl]. C6 hai cach liét ké thé hién bﬁng hai khic
trinh sau day.

Thuat giai 1:

Var x,y,z:integer; {Bao cho may tinh cac bién can sir dung}

begin

for x:=0 to 100 do for y:=0 to 100-x do {Liét ké 1an lwgt moi truong hop}
if 5*x+3*y+(100-x-y)/3=100 then {Kiém tra xem c6 théa man diéu kién}

writeln(x,y,z); {Néu c6 thi in két qua}



end.
Thuat giai 2:
Var x,y,z:integer; {Bao cho may tinh cac bién can sir dung}
Begin style='mso-tab-count:5"> {Liét ké lan luot moi trudng hop}
for x:=0 to 100 do for y:=0 to 100 do for z:=0 to 100 do
{Kiém tra xem c6 thoa mén diéu kién}
if (x+y+z=100) and (5*x+3*y+(100-x-y)/3=100) then
writeln(x,y,z); {Néu c6 thi in két qua}
end.
Hai thuat giai trén khac nhau thé nio.
Ca hai thuat giai déu cung tim ra két qua nhu nhau, nhung thoi gian tinh cao khac
nhau. Thuat giai thL'r’nhét nhanh hon. That yéy. Theo nhu thuat gidi [ can phéi liét ké
5000 truong hop. D61 vai thuat giai 11 thi can téi 1000000 truong hop. Néu bai toan
[Jtram trdu, trdim c6[] ma d6i thanh [nghin trau, nghin coll thi cac em c6 du kién

nhan cho thuét giai 11 in ra két qua khong? (xin hiy cam iy bua! ).

Nhu vay diéu quan trong dé giai mot bai toan khong phai 13 101 giai, ma 13 tim ra
mot thudt giai ¢6 thé thuc hién dugc trong mot thoi gian khong lau lam.

Lam thé nao dé tim dugc mot thuat giai nhanh. Ching ta s& dé cap toi trong cac sb
bao ti€p theo.

Bai tap v€ nha

1. Tim tat ca cic tam gidc vudng co cac canh 13 cac sd nguyén va téng clia ching
nam trong khoang ttr 1000 dén 1500.

2. Trong s cac tam gidc c¢6 cac canh 13 cac s6 nguyén v6i chu vi 100 thi nhitng tam
giac nao cé dién tich 16n hon 450.

3. Cho biét vong tron tim & gdc toa do va di qua diém nguyén (77,33). Tim tit ca
cac diém nguyeén khac ma n6 di qua.



49 S6 nguyén t6 16n nhat

Téc gia: Bui Viét Ha

Céc ban c6 thdy ngac nhién khong? Co day Ngay tur nhiing nam hoc phé thong cap
2, chic cac ban ai ciing biét rang sb cac s nguyén t 1 vo han. Euler la nguoi dau
tién da ching minh dugc dinh 1y dep tuyét voi do. Nhu vay voi moi sO ty nhién N s&
phai t6n tai sO nguyén t6 16n hon N. Thé thi "Sé nguyén t6 16n nhat" o day la gi?
Chang nhé lai ¢6 su nham 14n nao chang, hay tic gia cua bai viét nay khong biét gi
vé dinh 1y Euler d6?

Khong dau. Cac ban hiy cha ¥ nhé: Dinh 1y Euler vé su ton tai vo han cac s nguyén
t chi ching minh su ton tai cla cac sO nguyén t6 "1on" nay nhung khong hé chi ra
cu thé vay thi cac sb nguyén t6 nay 1a nhing s6 nao? Do vay cau hoi dat ra ¢ bai viét
nay hoan toan c6 y nghia: S6 nguyén té 16n nhat ma con nguoi co thé viét ra duoc
trén gidy (hay con goi 13 hai nam ré mudi) 1a sé nao vay? Piéu ma chung ta can 1a
chi ra bang xuong bang thit, ttrc 13 bang phép toan s6 hoc va bang cac 86 0, 1,.., 9 dé
chi rd s6 nguyén to d6, chir khong phai bang nhing ky hiéu "méap mo" nhu n, k, i, j,
p, q nao do.

Nhu vay da tu lau, con nguoi ludn c6 mong mudn tim va chi ra cac s6 nguyén t6 16n
va bai toan ghi lai ky luc vé s6 nguyen t6 16n nhat da theo dudi con ngudi hang tram
nim nay. Vi sao cac sd nguyén t6 16n lai mang lai mem say mé nhu vay d6i voi con
nguo1? Bén canh ban nang cua tinh "to mo", cac sO nguyén t6 16n trén thuc té dong
vai tro rat quan trong trong nhiéu nganh khoa hoc, dac biét 1a tin hoc. Chung t6i
mong rang sé& co dip quay trd lai voi cac ban tré vé dé tai day hdp dan nay trong cac
s0 sap tdi cua Tin hoc & Nha truong.

Mersenne

Con bay gio chung ta quay tr¢ lai voi nhing s6 nguyén to 16n. C6 18 nguoi khoi dau
cho sy tim kiém day chong gai va hip dan nay 1a Marin Mersenne (1588- 1648).
Mersenne la mdt nha toan hoc ngudi Phép, 6ng 1a nguoi dau tién dua ra cac sd Mp =
2p -1 ma sau ndy ngudi ta goi né 1a cac s6 Mersenne. Nam 1644, trong mot quyén
sach ong d3 phat biéu hai diéu gay chn dong gi6i toan hoc duong thoi:

- Thi nhat, ong khang dinh rang cac s6 Mp véip = 2,3,5,7,13,17,19, 31, 67, 127,
257 la cac s6 nguyén t6 va voi p <=257 chi c6 cac s6 Mp véi p nhu trén 14 s6
nguyén t6.



- Thtr hai, 6ng khang dinh "Véi céc s6 tu nhién c6 15 hay 20 chit s6, c6 thé mét ca
mot do1 nguo1 ma van khong thé kiém tra dugce xem s6 do c6 1a s6 nguyén to hay
khong".

Nhitng khing dinh trén cia Mersenne di lam dau dau bao nhiéu thé hé cac nha toan
hoc. Khéng dinh dau tién vé cac s nguyén té Mersenne da duoc coi 14 bi an trong
suot gan 300 nam. Con vé khang dinh thi hai, qua thit né s& con dung... vinh vién...
néu nhu con ngudi khong phat minh ra may tinh dién tir dé thuc hién cic phép thir
nhu Mersenne da noi.

V& gia thuyét thir nhat ciia Mersenne

Vao thoi gian ciia Mersenne, nguoi ta da biét duogc cac s6 Mp = 2p -1 1a nguyén t6
vo1 p=2, 3, 5,7, 13 va 19. Con cac so6 ti€p theo nhu Mersenne da khang dinh?

Mii dén nam 1772, Euler ching minh dugc M31 =231-1 =2147483647 (s6 chic6 10
chir sd!) 1a s6 nguyén to.

Gan 100 nim sau nira, nam 1876, Lucas da chimg minh rang M127 1a s6 nguyén t6
(bo qua 67). Bén luc nay nguoi ta da nghi rang Mersenne hoan toan dung.

Nam 1883, Pervushin da chimg minh rﬁqg M61 1a sb nguyén t6! Luc nay do qua tin
vao Mersenne, c6 nguoi da khang dinh rang xua kia, Mersenne da ghi nham 61
thanh 67!

Thé nhung moi sy da dién ra khong nhu mong doi.

Nam 1911, R.E. Powers chirng minh duoc rang M 8 1a so nguyén to. Ba nim sau
cing Powers phat hién thém M 107 la 5O nguyen t. Hai s6 nay hoan toan khong
nam trong gia thuyét cia Mersenne. Va cudi cing nam 1924, M. Kraitchik ching
minh duoc M 257 1a mot hop s6, khong phai 13 s6 nguyén té. Maic du chirng minh
ctia Kraitchik co sai sot, nhung sau nay véi su gitip d& ctia may tinh, khing dinh cta
Kraitchik da dugc chirng minh 1a dung.

Nhu vay vé cai goi 1a "gia thuyét Mersenne" sau gan 300 d3 duoc 1am sang t6 hoan
toan.

Céc sb nguyén td 16n do con nguoi tinh tay
S6 M17 =217-1= 131071 do Pietro Cataldi tim ra nam 1588.

S6 M19 =219-1 = 524287 ciing do Pietro Cataldi tim ra nim 1588.



S6 M31 =231 -1=2147483647 do Euler tim ra nam 1772.

S6 (259-1)/179951 = 3203431780337 do Landry tim ra nam 1867.

S6 M127 = 2127 -1=170141183460469231731687303715884105727 do Lucas tim
ranam 1876. SO Lucas nay da dugc ghi vao ky luc s6 nguyén to 16n nhat trong sudt
75 nam.

Nam 1951, Ferrier tim ra dugc mot ky luc méi 1a sb nguyén td c6 44 chir sb:

(2148 +1) /17 = 20988936657440586486151264256610222593863921

Ky luc vé sd nguyén t6 16n do con ngudi ding tay tim ra duoc c6 18 toi day két thic.
Nam 1945, chiéc may tinh dién tir diu tién ra doi... va thé gioi da thay doi. Voi su
giiip d& cua may tinh, con nguoi da lién tuc dot pha ky luc vé cac s6 nguyén to lon.
Danh sach cac s0 ky luc nay ngay mot dai ra.

Vi su gitp do cua may tinh

Miller va Wheeler c6 I€ 1a nhirng nguoi dau tién str dung may tinh tin cong vao burc
tuong ky luc veé cac sﬁ nguyén t’6. Nam 1951, hai 6ng nay da dung may tiqh kiém tra
va tim ra hang loat s6 nguyén t6 dang kM127 + 1. Hai 6ng dé tim ra cac s6 nguyén
t6 tir day nay voi k = 114, 124, 388, 408, 696, 738, 744, 780, 934, 978. Ciing ndm

d6 hai ong d3 dat mot ky luc xuét sic khi tim ra dugc sb nguyén té c6 79 chir s6 1a
180(M127)2 + 1.

Trong nam sau d6 1952, Robinson da v’iét mot chuong trinh ngoan muc va da lién
tuc tim ra tiép 5 ky luc nira, d6 1a cac s6 M521, M607, M1279, M2203, 2281.

Danh sach cac sd nguyén t6 16n do mdy tinh tim ra ctr ngdy mot 16n 1én va dai ra
mai. Ching ta hdy cung nhin vao danh sach ky luc do.

Céc ky luc do may tinh tim ra



Nam

S0 nguyén td | Sb chif so MR May tinh TAc gia
IBI:I(ME?)EH 79 1951 EDSACL Miller & \Wheslar
M, 157 1952 |Swac Robinson (30-1)
Megr 153 1952 |Sweac Robinson (30-1)
- 385 1952 | Swac Rebinson (25-6)
M.s 664 1052 [awac Robinsan (7-10)
Mg 687 1952 |SWAC Robinson (3-10)
M, 95a 1957 |BESK Riesel
M5 1332 1961 [N 7020 Huritz
Mygag 2917 1963 |Lacz  |ailles
Magay 2593 1953 |uacz  |Gillies
W 3376 1963 |Lecz  |Gillies
M 4427 G002 1971 IBM360/91 | Tuckerman
M 1201 6533 1978 |Cyber 174 [holl & Nickel
Myzaia 6937 197 [oyber 174 ol
M yeaq7 13293 1979 Jirayl Nelson & Slowingki
Myesan 25362 1982 Jcrayl Slowwinski
M 122049 38731 1922 Y Cray X-MP | Slowinski
M seaat 5150 1985 JCrayx-MP JSlowinski
391581 *2216133 1 | 65087 1988 |&mdahl 1200 | 4mdshl Six
Mogesng 227832 1992 Jcray-2 Slowinski & Gace
Macquny 253715 19 Y Cray 090 Slowinski & Gace
L 373632 1956 |Cray T94 Slorwinski & Gace
M a0t 420021 | 1998 ﬁ;}“m G0 | srmengaud, woltman, ..
Mssgeos 595932 1997 m;t::“m 100 | Spence, woltman, ...
M 909526 1oog | PEEUM O o, woltman, Kurowski, ..

3021377

Mhz)




Cé rat nhi€u giai thoai hap dan va ly ky vé danh sach nay va vé€ cac may tinh va tac
gia cia chung nira.

C6 I Robinson da sung suong phat dién 1én mat vi trong mot ngay 30-1-1951 da
tim ra duoc 2 ky luc, do6 la cac s6 M521 va M607.

Con Hurwitz str dung may tinh IBM7090 sau khi d biét chic chin rang s M4253
13 s6 nguyén t6. Pang chuin bi chd doi may in ra két qua cudi cung thi may lai
thong bao két qua ciia s6 M4423 trude ding 1 gidy! Hoa ra phan bo nh¢ in két qua
ctia s6 M4253 di bi truc tric nén in két qua cham. Nhu vay ky luc vé s M4253 da
bi x6a ngay trudc khi dugc cong b trén toan thé gidi.

Nhu cac em nhin thay tlr bang trén, s6 nguyén t6 16n nhat M3021377 c6 tat ca
909526 chit sd. Nhu vay chung ta da ¢ gan ngudng ctra cua viée tim ra sd nguyén tb
c6 1 triéu chit s6 dau tién. Qui Dién tir Cép tién (FFF - Electronic Frontier
Foundation) d4 dwa ra giai thuong 50000$ cho ai tim ra s6 nguyén t6 dau tién co 1
triéu chir sd. Theo cac dy doan cua nhiéu chuyén gia, ky luc méi nay sé duoc tim ra
vao thang giéng nam 1999. Chung ta hay cho xem.

S6 nguyén t6 16n nhat

Bay gio chic cac ban da sbt rudt. Vay thi sé nguyén t6 16n nhat hién nay 13 s6 nao.
Xin thong bao ngay day:

Ngay | thang 6 nam 1999, Nayan Hajratwala cung v6i nhom nghién ctru GIMS da
tim ra s0 nguyén t6 16n nhat thé gidi ma con nguoi biét dén, d6 1 s6 M6972593 =2
6972593 -1. S6 nay c6 2098960 ( hai triéu chin muoi tdm ngan chin trim sau muoi)
chir s6. Nhu vay ky luc vé sé nguyén t6 c¢6 1 triéu chit s6 da bi pha v&. Va day ciing
1a s6 nguyén t6 Mersenne thtr 38 ma con ngudi biét dén. Nayan Hajratwala da str
dung may tinh Pentium II, 350 MHz chay trong 111 ngay (hay tuong duong lién tuc
trong 3 tuan 1&) dé tim ra dugc sb nguyen t6 nay. Tuy nhién, Nayan Hajratwala tham
gia trong dé an GIMS da suir dung két qua trung gian cua rat nhiéu cac may tinh khac
nam rai rac trén toan cau thong qua mang Internet. Hy vong chung to1 sé dugc trinh
bay k¥ véi cac ban vé dé an GIMS thi vi ndy trong s6 bao sau.

Va trong tuong lai

Danh sach ky luc s6 nguyén t6 da va dang 16i cudn hang ngan nha Toan hoc va Tin
hoc tham gia vao qua trinh tim kiém day hap dan nay. Céc ban tré Viét nam ciing
khong nén ding ngoai cude. Cac ban hoan toan c6 the tham gia, nghién ctru, tim
hiéu céc thuat toan, cac chuong trinh dé tim ra cac so nguyén to ky luc. Hién tai qui
FFF di trao giai thuong 100000$ cho nguoi tim ra sé nguyén té dau tién c6 10 tridu



chir sd. Liéu ky luc méi nay khi nao s& bi pha? Nam 2001 hay 2000? Tét ca con
dang ¢ phia trude va phu thudc rat nhiéu vao chinh cac ban tré, trong do cé nguoi
Vi¢t nam chiing ta. Chuc cac ban c6 nhiéu hoai bdo 16n, nhiéu mong udc 1én trong
viéc hoc tap, tim hiéu va nghién ctru khoa hoc cua minh.

50 .FRACTAL la gi?

1. Thé gidi Fractal

tﬁﬁw'

Céc ban hay nhin vao "hinh v&" dudi day, hdy quan
sat that ky, chic chin ban s& théy nhiéu diéu ky la
va thua vi. Do chinh Ia cac hinh Fractal do nha bac
hoc nguoi My 13 benoit Mandelbrot phat hién ra lan
dau tién vao nam 1980. Sy ky la va nhiing tinh chat
dac biét cia hinh nay da thu hat sy quan tam cta rat
nhiéu céc nha Toan hoc duong thoi. Cac ing dung
thuc su cua Fractal da di lién ngay sau do. Fractal 1a
hinh 4nh mo phong cua rat nhidu hién tugng thién
nhién, moi truong, xa hdi. Khoa hoc vé cac Fractal va cac hé dong da phat trién
nhanh chong, tr¢ thanh mot trong nhitng khoa hoc miii nhon cua cac nganh Toan
hoc, Co hoc, Vat 1y hoc va Tin hoc hién nay. Chung ta hay hinh dung cac bo bién,
cac duong phan hoach mién sinh thai, duong di ctia cac con bio, gié xody, cac vanh
dai dong dat,... Tat ca ching déu c6 hinh dang cua nhiing Fractal (!). Hom nay toi
mudn mdi cac ban ciing tim hiéu sdu hon mot vai dic tinh co ban cua cai goi 13 hinh
hoc Fractal, cdc tinh chat don gian va thuat toan sinh ra chiung.

2. Hé théng "Chaos"

Ta hiy xét mot vi du dau tién cua Fractal tir mot "Chaos game" (trd choi hdn loan).
Trén mat phéng cho 3 dinh ciia mdt tam giac déu A, B, C va mot diém PO. Xuét phat
ttr PO, ta chon ngau nhién mot trong 3 dinh A, B, C va goi P1 1a trung diém cua PO
va dinh da dugc chon do6. Bay gio léy P1 lam vi tri xuét phat, chon ngﬁu nhién mot
trong 3 dinh A, B, C va ta thu duoc diém thi hai P2. Qua trinh trén duogc 1ap lai lién
tiép va ta thu dugc day diém PO, P1, P2,... Viéc tao ra day nay, con dugc goi l1a qua
trinh 13p lién tuc (Iteration Process), 1a mdt trong nhitng mo hinh chinh cho viéc
nghién ctru cac hé hinh hoc Fractal. Day diém PO, P1, P2,... duoc goi la qui dao 1ap
ctia diém P0. Mot diéu vo cung ky la 13 ciia hinh dang cua qui dao nay trén mit
phang s& khong phu thudc vao cach chon diém ban dau P0. Hinh duéi ddy mé phong



hinh duoc tao boi qui dao trén khi s6 budc 1ap du lon. B6 chinh 1a mot hinh Fractal
day bi an ma ching ta c6 dip xem xét hom nay.

Céc qua trinh "Chaos Games" tuong tu s& déu tao ra cac hinh anh Fractal gan giong
nhu trén.

Néu cac ban quan sat k¥ cac hinh
anh Fractal ching ta s€ phat hién ra
nhimng dic diém quan trong sau vé
cac hinh Fractal:

AALA _,,!,__ .,r!r.. 1. Tinh tuong tr, Tinh tuong ty dugc
thé hién & cho néu ta phdng to mot

phan nho cta hinh ta s& thu duoc chinh hinh 4nh ctia hinh ban dau. That vay ching
ta hay quan sat k¥ gdc phia trén cua tam giac trong hinh trén. Néu phong to ra ta thu
duoc chinh hinh anh ban dau cda hinh.

2. Khai niém vé do "rong" cua cac hinh fractal. Mot trong nhitng dac thu ky la nhét
ctia hinh hoc Fractal chinh 1a khai niém vé chiéu, hay "d6 rong" cua chiung. Néu nhur
v6i cac duong thang, duong cong tir nhién ta co thé nodi ngay d6 1a cac hinh 1 chiéu
vi trén cac dudng ndy chi c6 1 chiéu dé di lai, hay n6i cach khac ching c6 do rong
béng 0, cac hinh phéng nhu hinh chit nhat, hinh tron, hinh ellips 1a hinh 2 chiéu. Con
dbi v6i cac hinh Fractal, vi du nhu hinh vé trén thi chung c6 s6 chiéu 13 bao nhiéu.
Cau hoi dit ra 13 ty nhién. Mot diéu c6 thé hinh dung ngay 1a cac hinh nay phai co
"dd rong" rat dic biét. Chting ta s¢€ théy ngay sau day ré‘mg qua that khai niém vé
chiéu cua cac hinh Fractal 1a rat dic biét va vo cung thu vi.

3. Thé nao 1a Fractal

Vay thé nao 1a mot hinh Fractal. Tir cac nhan xét trén chung ta c6 thé dua ra & day
mot dinh nghia cho hinh hoc Fractal.

Dinh nghia: Mot hinh dugc goi 1a Fractal néu né c6 tinh chét twong tu va c¢6 sb chiéu
fractal 16n hon s6 chiéu topo ctia minh.

Hinh c6 tinh chat twong ty 13 hinh c6 tinh chét khi phong to mot phan khong gian
cuia minh s€ thu duoc chinh ban than hinh d6.



S chiéu topo 14 khai niém chiéu quen thudc ctia hinh hoc ma ching ta d3 quen.
S6 chiéu Fractal duogc do boi logarit cia ty 18 phong to da duoc néu ¢ trén.
4. Cacvidu

D¢ hiéu r6 hon dinh nghia Fractal da néu trén, ta xét trong muc nay mot vai vi du
cua cac Fractal dién hinh.

Vidu 1: Tap hop Cantor
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Tép hop Cantor theo dinh nghia la tap hop thu dugce tu doan thang [0,1] sau khi lién
tiép bd di cac khoang 1/3 nam gitra cac doan thang con lai cia tdp nay. Hinh sau mo
ta qua trinh lugc bo khoang 1/3 va thu dugc tap Cantor.

Goi C la tap Cantor. D& thay C duoc chia 1am 2 phan: phan nam trong doan [0, 1/3]
va phan nam trong doan [2/3, 1]. Néu chiing ta 4p dung phep bién d6i L(x) = 3x Ién
doan [0,1/3] thi d& dang chitng minh duoc L s& anh xa phan tap C trén [0, 1/3] 1én
toan by C. That vay khi do L s€ anh xa phan [1/9,2/9] 1én [1/3, 2/3], [1/27, 2/27] 1én
[1/9, 2/9],... Do d6 L s& anh xa mdi khoang tréng nam trong phan [0, 1/3] Ién
khoang trong cua C. Tuong ty ta c6 anh xa L(x) = 3x -2 s& anh xa phan [2/3, 1] 1én
toan bo C. Bang cach xét tuong tu ta co thé thay c6 thé sir dung cac anh xa tuyen
tinh dé "phéng to" mot mién nhoé tuy ¥ ctia C 1én toan bd C. D6 chinh 13 tinh chit
twong tu cua tap Cantor, mot trong hai tinh chét quan trong nhét cua hinh hoc
Fractal.
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Chuy ré“mg tai thoi diém xét anh xa tuyén tinh nhu trén, néu tap Cantor dugc chia
thanh 2n phan nho thi anh xa tuyén tinh s€ c6 hé s6 phong dai 1a 3n.

Vi du 2: Tam giac Sierpinski

Tam gidc Sierpinski da dugc mo ta trong muc "Chaos games". Tuy nhién tam giac
Sierpinski c6 mot cach khac mo ta nhu sau: Bt dau tir mot tam gic déu ching ta
1an luot khoét bo di mot tam giac con nam chinh giita ¢ kich thudc dung bang mot
ntra tam giac ban dau. Qua trinh khoét bé trén kéo dai dén vo tan va hinh thu duoc
con lai chinh 1a tam giac Sierpinski. Hinh v& sau mo ta cac budc ban dau khi xay
dung tam giac Sierpinski.

Suy luan hoan toan tuong
tu nhu trong truong hop tap

Cantor, tam giac Sierpinski
cling c6 tinh chat tuong tu
& “& : nhu tdp Cantor: To6n tai anh
A

xa tuyén tinh phong to mot
AA A A 1Ay Lo,
. . AA A m A phan nho bat ky cua tam
A Ad giac Sierpinski 1én toan bd
tam gidc nay. D61 vai tam giac Sierpinski d€ thay tai thoi diém dang xét néu tam
giac Sierpinski dugc chia thanh 3n tdp con bang nhau thi hé s6 phong to s€ 1a 2n.

Vi du 3: Bong tuyét Koch



Nguoc lai so voi tap Cantor va tam giac Sierpinski, bong tuyét Koch duogc xay dung
bang cach bd sung 1an luot cac hinh. Xuét phat tir cac canh ciia mot tam giac déu,
chung ta chia moi canh lam 3 phan bang nhau, lay mdi phan nay lam mot canh
chung ta xay dyng ra "phia ngoai" cac tam giac déu. Qua trinh b sung nhu vy s¢
lap lai dén v0 tan. Hinh v& dudi day mo phong 4 bude cua qua trinh bd sung dé tao
ra bong tuyét Koch. Puong bao quanh hinh con duoc goi 1a duong cong Koch.

Tinh tuong ty cua bong
— tuyét Koch o6 thé d¢ dang
kiém chimg. Hinh v€ dudi

day 1a mdt goi y tot cho

cac ban tu thiét lap léy cac
‘Lﬁ anh xa phong to cho tinh
tuong tu cua hinh nay.

Nhén xét rang tai thoi diém
dang xét bong tuyét duoc
chia thanh 4 phan nho, mdi
phan c6 thé dugc phong to

v6i hé s6 3 dé trung khit véi hinh ban dau.

Ta s& ching minh ¢ ddy mdt tinh chét dic biét la lung cua bong tuyét Koch: Bong
tuyét Koch c6 dién tich hitru han nhung c6 chu vi v6 han.

Thét vy tinh hitu han ctia bong tuyét Koch 1a hién nhién vi ta lu6n nhin thy toan
b chung trong tAm mat. Bay gio ta hdy tinh thir chu vi cia n6 xem sao. Gia st CO0,
Cl, ... 1a s6 cac canh cua bong tuyét trong qua trinh xay dung nhu da néu trén. D&
thay:



Co0=3

Cl1=43
C2=4.12=4223
Cn=4Cn-1=4n-1.3

Goi L}( la do dai mét canh cua b613g tl}yét Koch tai thoi diém 1ap k. Gia sir tam giac
ban dau co6 canh bang 1. Khi dé dé thay Lk =L k-1/3=1/3 k.

Do do6 chu vi cua duong cong Koch la gidi han ctia day sau:
Pk=Ck.Lk=4k.3.13k=(4/3)k .3

RO rang 1a 6 dai s€ tién dén vo han.

5. Co s6 toan hoc cua Fractal

Trong phan nay chung ta s& c6 dugc nhimng dinh nghia chinh xac hon cua céc hinh
Fractal. Ching to1 s€ c0 gang trinh bay ching mgt cach don gian nhat dé tat ca cac
ban déu c6 thé hiéu chung.

Khai ni¢m chiéu Topo

Khi nhéc dén s6 chiéu topo (hay sb chiéu tu nhién) cua mot duong thang hodc
duong cong, ta khang dinh ngay ching 13 1 chiéu. Cac hinh phang nhu hinh chi
nhat, tron s& c6 s6 chiéu 13 2, cac hinh khéi nhu hop, khéi tron sé& 1a cac vat thé 3
chiéu. Bé c6 thé xac dinh chinh x4c ta c6 dinh nghia chiéu topo nhu sau:

Tap hop S duoc goi 13 c6 chiéu topo 0 néu véi moi dlem ctia S ton tai mot 1an can du
nho cta diém nay sao cho S khong co giao dlem v6i vién (khung) cua lan can nay.
Ta hiéu lan can ¢ day theo nghia néu S la mién trén mat phang thi 1an c4n cta diém
12 mot hinh tron 1dy diém nay lam tdm, néu S 12 mién trong khong gian thi 1an can
ctia mot diém 1a hinh cau ldy diém nay lam tam, khai niém d nho hiéu 1a cac lan
can ndy c6 thé chon véi ban kinh nho tuy ¥.

Tap hop S dugc goi 1a ¢6 chiéu topo k néu moi diém cua S déu c6 lan can da nhé va
giao cua S voi vién (khung) cta lan can nay co6 chiéu topo k-1.
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Hinh c6 chiéu topo 0 Hinh c6 chiéu topo 1 biét:

- Tap hop Cantor, d& thdy c6 chiéu topo 0. That vay néu x 1a mot diém trén tap
Cantor, khi d6 véi moi n du 16, tir cach dung ta c6 ngay x s& phai nim trong mot
doan co dang [k/3n, (k+1)/3n] va ké v6i hai khoang rong do dai 1/3n xung quanh.
Do d6 1an can ban kinh 1/3n cila x s& ¢6 vién khong giao véi tap Cantor. Do d6 theo
dinh nghia tap Cantor c6 chiéu topo 0.

- Tam giac Seirpinski co chiéu topo 1. That vy moi lan can ctia moi diém cua hinh
nay ¢ vién giao voi chinh no chi tai hiru han diém (ban hiy chimg minh nhan xét

nay).

- Bong tuyét Koch c6 chiéu topo 1. Piéu ndy dé dang chimg minh boi thue chat
bong tuyét Koch 1a mot duong cong lién tuc khép kin trén mat phang.

Khai niém Tuong tu (Self Similarity)

Trong céc phan trén cta bai viét ching ta da nhic dén khai niém twong tu ctia cic
hinh Fractal. Bay gio ching ta s€ xét cac dinh nghia ndy mot cach chinh xac hon.

Xét tap cac diém trén mat phang dang [ ]0 day (x,y) la toa d6 mat phang cua
diém p. Mot anh xa tuyén tinh (hay con goi bién dbi affine) 1a mot phép bién doi A
trén mat phang c6 dang sau:

(=) 6)

Hﬁng s& B duoc goi 1a H¢ sb tuong tu cua phép bién ddi trén.



Dinh nghia: Tap S dugc goi la twong ty affine (hay don gian la twong tu) néu S co
thé chia thanh k tdp con, mdi tip con co thé bién do6i tuyén tinh véi cing mot hé sb
tuong tu T dé thu dugc toan bo S.

D@ thay rang cac hinh don gian nhu doan thang, hinh vudng, chit nhat, hinh tron,...
déu la nhirng hinh c6 tinh chét tuong tu. Chéng han véi doan théng, doan nay co thé
chia thanh N phan va véi phép bién doi tuyén tinh v6i hé sb tuong tu N. Hinh vudng
duoc chia thanh N2 phan nho voi hé s6 bién d6i N.

Céc hinh Fractal duoc md ta & trén déu 1a cac tap twong tu theo dinh nghia trén.

Khai niém chiéu Fractal (chiéu tuwong tu)

Bay gio ta dinh nghia mot khai niém quan trong nhét 13 s chiéu fractal.

Dinh nghia: Gia st S 1a tap twong tu dugc chia thanh k phan vé6i hé s6 bién doi
tuong ty T. Khi do s6 chiéu fractal cia S dugc dinh nghia béi cong thire:

D-ﬂ- h;(ﬁ:ﬂ.ﬂ)
bog(l) log(hd =5 nucng b

Ta hay tinh chiéu fractal ciia mot vai hinh quen thudc:

- Poan théng: $6 phén chia 1a N, hé sb phong to 1a N, do do sb chiéu fractal cua doan
| e
thang s¢€ 1a k()

- oV _
r \ r D 1
- Hinh vudng: sb phan chia 1a N2, hé s§ phéng to 1a N, dodo o)

- Tap Cantor, s6 phan chia & mdi giai doan 14 2n, h¢ s6 phong to cho mdi phan 1a 3n.
‘ . p-imZ _abe? kel _,su00r5%...
do d6 chiéu fractal cua hinh nay s& bang bg¥ xlog3 log3

- Tam gi4c Sierpinski, s6 phan chia 1a 3, hé s6 phong to 1a 2, do d6 chiéu fractal cua

p-28% 183, sameas0n..
hinh nay sé la bg2® log2
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- Twong tu trén, chiéu fractal ciia bong tuyét Koch s& 1a
Céc ban dang duoc ching kién nhimng diéu hét sitc méi mé la ling cua khai niém
fractal: sO chi€u cua ching khong phai 1a s6 nguyén, chiing 1a nhirng s6 thap phan,
80 vO ti thue sy. Quay tro lai voi dinh nghia cua fractal ta thay chi ¢6 tdp Cantor,

tam giac Sierpinski va bong tuyét Koch 1a cac hinh fractal: chiing c6 s chiéu fractal
16n hon s6 chiéu topo clia minh.

6. H¢ théng ham 13ap va thuat toan

Trong phan nay chung t6i s& mo ta mot vai thuat toan ding dé tao ra cac hinh fractal
bi an. Cac ban co6 thé sur dung ching dé tao ra cho riéng minh cac hinh anh ky la nay.

Xét mot phép bién ddi tuyén tinh dang sau:

=i

hay c6 thé duéi dang rat gon sau:

AP)= A (P-P0O) + PO, ¢ day 8 1a mot hang s6 thoa man 0 < B <1va PO 1a mot
diém cho trude trén mit phing.

Véi mbi diém P trén mat phang ta xét qui dao cua P dinh nghia bai day vo han cac
diém sau la diém 1ap ctua anh xa A:

P, A (P), A2(P)=A (A (P)), ..., AK(P) = A (A (....A (P)...)....

Dinh nghia: Gia st 0 <® <1 va' P1, P2,..., Pn la n diém bt ky trén mit phing. Gia
stt Al, A2,..., An 1a cac phép bién ddi tuyén tinh dang A (P) =# (P-Pi) + Pi, v6ii=
1,2,...n. Hé (A1, A2,..., An) duoc goi la hé thong ham 13p twong img v6i hé s B va
hé cac diém P1, P2,..., Pn.

Chu ¥: cac ham tuyén tinh c6 thé thay thé bang céac bién dbi

G o))

voi #1a goc quay cua bién doi A.



Thuat toan sinh fractal: Gia sur (Al A2, ..., An) 1a mot hé ham lap bat ky. Tur mot
diém bat ky trén mat phang xét "qui dao" cua diém nay bang cach ap dung ngau
nhién mot trong cac phép bién doi Ai. Hinh anh cua qui dao nay khi s6 budc lip tién
ra vo cung chinh la mgt hinh fractal hoan chinh.

Ta thé hién thuat toan nay nhu sau:

P = Gi4 tri ban dau ngiu nhién

Repeat

1 =random(n)

P = Ai(P)

until false

Véi chuong trinh rat don gian trén, cac ban c6 thé tao cho minh rat nhiéu cac hinh
anh 1y thu cua fractal.

51 .Phan hoach tip hop hiru han phan tiv

Tac gia: Ngoc Pién

binh nghia ‘ N

Cho tap hop A. Mot ho {Al, A2,..., An} gom cac tap con khac rong cua A dugc goi
la mot phan hoach cua tap A néu nd thod man:

)AL [ Aj=[voii#]

i) ] Al = A

i=1

Nhu vay cho tip A hitu han phan tir, ta c6 ngay hai phan hoach tam thuong:

- Ho chi gf)m mot tap tit ca cac phan tir ciia A.

- Ho gom tat ca cac tap mot phan tur cua A.

Cho tap hop n phén tir, ta biét ring s cac tip con cta né 1a

et -

k=0

Vén d& chung ta quan tim & day 1a voi tip hop nhu vy , ta ¢6 bao nhiéu phan hoach
va cu thé mdi phan hoach d6 nhu thé nao?



Sb phan hoach ctia mot tap hop

Ta c6 thé thiy ngay rang:

- Néu B 1a tap con ctia A thi mot phan hoach cia tap hop (AB) clng vdi tap B s& 1a
mot phan hoach cua tap A.

- Ta hoan toan xay dung duogc cac phan hoach cua tdp gdm n phan tir tir cic phan
hoach cuia tdp gdm (n-1) phan tir biang cach thém vao mdi phan hoach nay mot phan
tlr, sau do lai tiép tuc phan hoach cac tap con méi.

Goi T(n) 12 s6 phan hoach cua tap hop gdm n phan tir. Ta qui uc T(0)=1.

Véi nhitng nhan xét nhu trén, cac ban s€ chirng minh dugc ré'mg s6 cac phan hoach
ctia tap hop n phan tir dugc tinh theo cong thirc:

To)=> &5 To-k)

R4 rang ta c6: T(1)=1; T(2)=2.

Trong truong hop n=3 ta co:

Cu thé, vai A={a,b,c}, ta co6 cac phan hoach sau:
{a}, {b}, {c}

{a,b}, {c}

{a}, {b,c}

{b}, {c.a}

{a,b,c}

Cac phan hoach ctia mot tap hop:

Dé liét ké dugce toan bo cac dbi tuong cua mot tap hop, nguoi ta thuong su dung mot
cach nao d6 dé co thé tir mot ddi tugng cia tap hop ta suy dugc tat ca cac dbi tuong
khac. Vi du dé liét ké cac day nhi phan c6 do dai bang 2, ngudi ta ¢6 thé lam nhu
sau:

- Bit dau tir day 00.

- Cong theo hé nhi phan (c6 nhé) voi 1.

- Thue hién lai bude 2 dén khi duoc day 11 thi dung lai.

Cubi cung ta s& thu dugc két qua nhu sau:

0 0

0 1
1 C
1 1

Dé thyc hién dugc phuong phap nay, tap cac dbi twong trén phai thoa man hai yéu
cau sau:

- Trén tap doi tuong ma ta can liét k&, co mot quan h¢ tht tu. Ta xac dinh duoc doi
tugng dau tién va ddi trong cudi cung theo quan hé thir tir do.



- Tai mdi thoi diém ma chua phai 1a két thiic cua qué trinh 1iét ké, ta c6 thé suy dugc
dbi tuong tiép theo.

Thuat toan thuc hién y tudng nay goi l1a thudt toan sinh tap hop.

Bang cach ndy, ta co thé liét ké duoc tit ca cac tdp con k phan tir ctia tip gdbm n phan
tir. That vy, khong mét tinh tong quat, ta gia st A={1, 2,..., n}.

Tap a={al, a2...., ak} v6i 1 <al <a2 <..<ak <nlatip con gom k (v6i 1<k <n)
phan tir ctia tap A.

Trén tip hop tat ca cac tAp con gom k phan tir ta xac dinh mot quan hé tht ty nhu
sau: Véi 4={4l, a2...., ak} ciing 13 tap con gdm k phan tir ciia A, Ta coi a

+) ai = 4i néu i=1, 2,.., j-1.

+)aj<a'j.

Ta c6 thé thiy tap cac dbi twong (chinh 13 cac tAp con gém k phan tir cta tap A) c6
dbi twong dau tién 1a {1, 2,..., k}, dbi twong cudi cung 1a {n-k+1, n-k+2,..., n}.

RO rang néu ta co tap a={al, a2,..., ak }, ta hoan toan chi ra dugc tap con ké tiép
bang cach sau:

- Tim tir phai sang phan tr ai # n-k-+.

- Thay ai bang ai+1.

- Thay aj bang ai + j-1, voi j=i+1, i+2,..., k.

Ta lay vi du:

Tap A={1, 2, 3, 4} c6 4 tap con gdm 3 phan tir. Cac tip con d6 1a:

{1,2,3}

{1,2,4}

{1, 3,4}

{2, 3,4}

Dé co thé liét ké dugc hét cac tap con cua A, ta s¢ 1an luot liét ké cac tap con g6m k
phan tir v6i (k=1, 2,..., n).

Goi A1, vo11=1, 2,..., 2n-1 1a céc tap con khac réng cua A (tap A c6 mot tap con la
tap [1). Ta liét ké cac phan hoach cua A theo cach sau:

Goi [J 1a mdt phan hoach.

1- Cho [1 = Aivoii=l, 2,...,, 2n-1. 2- V61 j=1, 2,..., 2n-1 ma [J [1 Aj =[] thi P:=[J
+Aj.

3- Néu [ chua c6 trude d6 thi P 1a phan hoach moi.

Cac ban hay theo doi vi du sau:

Cho A={1, 2, 3, 4}, s6 phan hoach:

Ta co:

+ Céc tap con 1 phan tir: {1}, {2}, {3}, {4}

+ Céc tap con 2 phan tir: {1,2}, {1,3}, {1.4}, {2.3}, {2.4}, {3.4}
+ Céc tap con 3 phan tu: {1,2,3}, {1,2,4}, {1,3.4}, {2,3,4}

+ Céc tap con 4 phan ti: {1,2,3,4}



Cudi cung ta duoc cac phan hoach nhu sau:
{1}, {2}, {3}, {4}

{13, {2}, {3, 4}

{1},12,3,4}

{1}, 12,3}, {4}

{2}, {1,3,4}

{2}, {1, 3}, {4}

{2}, 3}, {1, 4;

{3}, {2, 1}, {4}

{33, {1}, {2, 4}

10. {3}, {1, 2, 4}

11. {4}, {1, 2, 3}

12. {1, 2}, {3, 4}

13. {1, 4}, {2, 3}

14. {1, 3}, {2, 4}

15. {1,2,3, 4}

Céc ban hay cung giai cac bai tap sau:

WX R W=

Bai 1. Trong mét hop c6 5 to tién loai 500 dong, 1000 dong, 2000 dong, 5000 dong,
10000 dong Ban c6 thé 1dy mot s6. Hay cho biét ban c6 thé c¢6 bao nhiéu tién va cu
thé s6 tién d6?

Bai 2. Véi 5 loai tién nhu trén sb lugng tuy v, c6 thé ¢6 bao nhiéu cach chon dé
dugce s6 tién 1a 20000 dong?

52 .Phwong phap hop giai

Logic ménh dé, chirng minh dinh Iy bang phwong phéap hop giai
Trudce hét ta can phai nim virng mot s6 khai niém:

1.Logic ménh d¢

Ménh dé

Ménh dé 13 mot phat biéu chi c6 thé dung hodc sai. Trong thuc té chung ta gap rat
nhiéu ménh de¢, vi du:

-2 cOng 2 bang 4.
-Toén hoc va tin hoc c6 méi quan hé véi nhau..

Mot ménh dé thuong duoc ky hi¢u boi cac chir La tinh: a,b,c,..



Nguoi ta qui wdc rang: Ménh dé dung c6 gia tri 13 1 va ménh d¢é sai c6 gia tri 1a 0 goi
1a gié tri chan 1y cia ménh d¢ (truth value). Trong logic ménh d¢, khi xét mot ménh
dé, diéu ta quan tam 13 gid tri cia ménh dé.

Céc phép két ndi logic

Nguoi ta xay dung cac biéu thirc trong logic ménh dé trén co s¢ cac ménh de va cac
phép két ndi logic. Gia tri chan ly cua mot biéu thirc s& dugc tinh dua theo ciu tric
ctia cac phép két ndi co trong biéu thirc va gia tri ciia cac ménh dé c6 trong biéu
thire. Vi mdi gia tri xac dinh ctia ménh dé (hoic 13 0, hodc 1a 1), cac phép két nbi
c6 trong biéu thirc cho ta mot gia tri hoan toan xac dinh cua biéu thire. Khi do, thay
ddi gia tri cua cac ménh dé trong biéu thirc va tinh gia tri cta biéu thic theo cac
phép két ndi trong d6 ta c6 mot bang goi 1a bang chan 1y (truth table). Mot biéu thirc
hay mét cau tric két ndi sé& duoc xac dinh khi ta viét bang chan 1y ctia nd. Cac phép
két n6i ménh dé duoc dinh nghia dudi day:

Phép hoi (conjunction): Hoi cia hai ménh dé a va b cho ta mét biéu thuc, ky hi€u ab,
nhan gid tr1 1a 1 khi a va b cung diing va nhan gié tr1 0 trong cac truong hop nguoc
lai.

Phép tuyén (dijunction): Tuyén cta hai ménh dé a va b cho ta mét biéu thirc, ky hiéu
avb, nhan gid tri 1a 0 khi a va b cung sai va nhan gia tri 1 trong cac truong hop
nguoc lai.

Phép phu dinh (negation): Phu dinh cia ménh dé a cho ta mét biéu thirc, ky hiéu 13
" a, nhan gia tri 1a 1 khi a ding va nhan gia tri 1a 0 trong truong hop nguoc lai.

Phép kéo theo (implication): Ménh dé a kéo theo ménh dé b, ky hi¢u a->b, 1a biéu
thirc nhan gia tri 0 chi khi a ding va b sai va nhén gia tri1 1 trong cac truong hop
nguoc lai.

Phep tuong duong (equivalence): Ménh dé a tuong duong v6i ménh dé b, ky hiéu
a<->b, 1a biéu thirc nhan gia tri 1 khi a va b déu ding hodc cing déu sai va nhan gia
tr1 0 trong cac trudong hop nguoc lai.

Bang chan 1y mo ta cac phép két ndi duoc cho dudi day.

-Bang chan 1y mo6 ta phép phu dinh:



1 0
-Bang chan 1y mo ta cac phép toan khac:

ab avb | a-=>b a<->b
0 0 1

—_—= OO

b
0 1
1 0 1 1 0
0 O 1 0 0
1 1 1 1 1

Cac ban co thé thay ngay cac phép két ndi trong logic ménh dé cé cu tric gidng
mot s6 phép toan trong cac ham roi rac. Tuy nhién, trong toan roi rac, s6 lwong cac
phép toan 16n hon. Néu s6 ménh dé trong biéu thirc 12 n thi ching ta s& c6 2n bo gia
tri cu thé cua cic ménh dé. Cac ban can chu ¥ liét ké hét cac bo gia tri nay (c6 thé st
dung thuat toan sinh tap hop dé thyuc hién diéu nay). Dé hiéu rd cac phép toan va
biéu thirc ménh dé, ta hay xét vi du sau:

Vi du: Xay dung bang gia tri cua biéu thirc (ab) ->c.

Biéu thtrc trén c6 ba m¢nh dé a,b,c. Nhu vay ta c6 8 b gia tri ctia cac ménh de nay.
Béang chan ly cua biéu thirc nhu sau:

a b c (ab) ->c
0 0 0 1
0 0 1 1
0 1 0 1
0 1 1 1
1 0 0 1
1 0 1 1
1 1 0 0
1 1 1 1

Chung ta lyu ¥ rang mot ménh dé ciing dugc coi 1a mot biéu thirc va trong biéu thirc
ménh dé néu khong c6 dau (.) thi thir tu wu tién cac phép nhu sau:

-Phép phu dinh.
-Phép kéo theo.

-Phép tuong duong.



-Phép hoi.

-Phép tuyén. (¥)

Ngoai ra, chiing ta c6 khai niém hai biéu thirc twong duong:

Biéu thirc A dugc goi 1a twong dwong véi biéu thire B, ta viét 1a A<->B, néu ching
c6 cung bang chan ly (nghia la voi moi b gia tri cy thé cua cac ménh dé cung co
trong A va B, bi€u thirc A va B cung nhan mot gié tri nhu nhau). (**)

Chung ta dé dang kiém tra dugc rang cac phép toan hoi va tuyén c6 cac tinh chat:
Giao hoan, ket hop, phan phdi va lay dang (tic la da<->a, ava<->a). Mot tinh chat
ma chung ta can quan tim 1a tinh chat d6i ngau:

)7 (avb)<-> (" a” b)

i) " (ab) <> (" av’ b)

Tinh chit nay dugc mé rong:

7 (al "a2™an) <> (" alv" a2vv ™ an).

7 (al va2vvan) <-> (" al A" a2 ™7 an).

Céc ban luu y rang trén day 1a cac phép két ndi co ban, trong thuc té ngudi ta dua ra
nhiéu cau tric két noi khac.

Ménh dé: Moi biéu thirc logqic ménh dé déu c6 biéu thuc tuong duong voi no, chi
chtra cac phép toan hoi, tuyén va phu dinh. Cac ban c6 thé chimg minh ménh dé nay
dua theo nhan xét sau:

*Ya->b<->" avbh.

*) a<->b <-> a->b"b->a.

2. Phuong phép hop giai.

Phuong phap hop giai (Resolution) la phuong phap chimg minh cac dinh Iy trong
logic ménh dé. Pay ciing 1a mot trong nhitng co s dé ngudi ta xay dung phuong

phap chirng minh nay la phuong phap chimg minh bang phan chirg ma chung ta
van st dung.



Chiing ta c6 mot s6 phép bién d6i so cap (cc ban hiy ty kiém tra), ching s& duoc
str dung nhiéu lan trong qua trinh bién d6i va d6 1a cac cong cu quan trong dé thuc
hién chtrng minh ménh dé bang phuong phap nay. V&i moi a, b, ¢ ta co:

- Phép nudt so cép: (ab) v a<->a.

- Phép dén: (ab) v (3™ b)<->a

- Phép dan khong day du: (ab) v(&® b) <->a v (Ab)v(a" b).

- Phép ddn mo rong: (ac) v (b ¢) <> (ac) v (b c¢) v (ab).

Mot trong nhitng co s& dé xay dung phuong phap Hop giai 12 nhan xét:

+) Véimoi a, b:” (a-=>b) <-> (" b™a).

+) Biéu thirc " AA) ludn c6 gia tri bang 0 va (" AvA) ludn c6 gia trj bang 1.

¥ tudng co ban cua phuong phdp nady va cling 1a muc dich cia chung ta la: Gia su ta
¢ A phai ching minh B nghia la chimg minh biéu thirc (A->B) c6 gia tri bang 1 khi
do ta s€ tim cach suy ra c6 gia tri bang 0. Bai toan tong quat ma chung ta can giai
quyét dugc phat biéu nhu sau:

Bai toan: Gia str ta ¢ cac gia thiét: G1, G2,Gm. Tir cac gia thiét nay ta hay suy ra
mot trong cac két luan: K1, K2, Kn. (Cac gia thiét va cac két luan & day déu 1a cac
ménh dé)

Thuc chit bai toan yéu cau ching ta chimg minh biéu thirc ménh dé:

(G1°G2 ~Gm) -> (K1 v K2 v Kn) ¢6 gia trj bang 1.

Van dung phuong phap Hop giai dé giai bai toan, ta chimg minh biéu thuc:

" (K1 v K2 v vKn)NG17G2 ~Gm) (1) c¢6 gia tri bang 0. Ta co:

" (K1 vK2vvKn)”" (Gl G2 Gm)= (" K1 K2*Kn) MG * G2 *Gm)

= KI"GDH*(" K1°Gm) (" K2 G1) (" K2* Gm) A" Kn*G1) (" ~Gm).
Ta nhén thay rang néu cip (7 Kp”Gq) va (" Ks"Gt) voi p,s thude {1,,n}, q,t thude

{1,,m} mau thuin v6i nhau thi biéu thic (1) c6 gia tri bang 0. Do vay dé giai bai
toan chung ta 14y phu dinh cua: K1, K2,,Kn , sau d6 két hop voi cac gia thiét



G1,G2,,Gm. Khi miu thuan xuét hién thi bai toan duoc giai xong. Cu thé bai toan
duoc giai quyét bang cach sau:

Budc 1:

Xay dung tap S gdm céc gia thiét duoc viét dudi dang biéu thire ch1 gdém cac phép

toan ~, v, va phu dinh cta két luan. Nhu vy ban dau tap S s& gdm cac dong nhur
sau:

1) GT1

2) GT2

m) GTm

m+1) ™ KL1.

m+2) " KL2.

m+n) " KLn.

1

Trong d6 GTi va KLi 1a cac biéu thirc chi chira cac phép toan cia ~, v, ™ ctia Gi va
Kj véiithude {1,,m}, j thude {1,n}.

Budc 2:

Thuc hién viéc hop cac gia thiét. bay la giai doan quan trong nhat ctia qua trinh hop
giai. M01 thao tac hop hai gia thiét cho ta mot biéu thirc, ta coi d6 13 gia thiét méi.
Viéc sap xép cac gia thiét moi. Viée sap xep cac gla thiét thanh cac dong cho pheép ta
ky hiéu Hop-giai (i.kt, j.kt) 1a thao tac két hop hai gia thiét. Trong d6 i va j 1a chi s6
cac dong duge két hop, kt 13 cac chir cai biéu dién thir ty ctia thanh phan két hop
trong dong thir ty nay la thir tw cua chir cai trong bang chir cai (vi du: A chi thanh
phan dau tién ctia dong, B chi thanh phan tht hai ctia dong, ). Cac ban luu ¥, ta phai
thue hién nhiéu thao tac lap di lap lai. Qua trinh két hop nay s& dimg lai khi xuét
hién mau thuin hoic tip S khong thay d6i.

Budc 3: Xuat hién mau thuin, ta két luan bai toan dugc chimg minh xong.
Mot trong nhitng han ché ciia phuong phap nay 14 trong qua trinh hop céac gia thiét,

s6 lwong cac biéu thire méi hinh thanh (d6 cling la cac gia thiét) tang nhanh, tirc 1
tap S ngay cang 16n do sy bung nd t6 hop.



Dé nam viing phuong phap nay hon, cac ban xét vi du cho duéi day.
Vi du: Gia str ta co

Bai toan dugc giai nhu sau:

Budc 1: Xay dung tap S:

1.” av™ bvc.

2.7 bv" cvd.

3. a.

4.b.

5.7 d

Budc 2:

Tién hanh viéc hop cac gia thiét. Cac két qua nhu sau:
6.” bvc, (Hop giai (1.A, 3.A)).

7.7 ave (Hop giai (1.A, 4.A)).

8.7 cvd, (Hopuu_giai (2.A,4.A)).

9.7 bve, (Hopu giai (2.C,5.A)).

10. ¢, (Hop giai (3.A,7.A)).

11.7 ¢, (Hop_giai (4.A, 9.A)).

Budc 3: Xuat hién mau thudn ¢ dong thir 10 (va dong tht 11), bai toan dugc ching
minh xong.

Luu ¥: Thao tac hop giai trén day thuc chat 1a thyc hién phép hoi cac biéu thirc
ménh dé. Khi thuc hién thao tac hop giai, vi du: Hop giai (1.A,3.A), ta dugc két qua

nhu sau:

(" av™ bve) Ma<->" da) v ((" "a) <-> (" bvc) "a.



Nhung vi chung ta d3 ¢ gia thiét (3.) nén ¢ dong th séu ta chi viét (" bvc). Cac
truong hop khéc tuong tu.

Trong thuc té, Tri tué nhan tao con rat nhidu van dé can giai quyét. Ngay van dé
trinh bay & trén, viéc biéu dién mot ménh dé va tir mot biéu thirc dién dat duge theo
nghia tu nhién 14 van dé rat nan giai ma bat ¢t ai quan tdm dén Tri tué nhan tao déu
khong thé bo qua. Trén day, ching ta da 1am quen mét s khai niém co ban cua
logic toan hoc. Phan ndo cac ban hinh dung dugc timg dung ciia nd trong viéc xay
dung va phat trién cac nganh khoa hoc khac dic biét 1a Cong nghé thong tin.

(*) Cac dau (.) trong céc biéu thirc trong bai doi khi dung dé nhan dang céc biéu
thure rd hon.

(**) C6 mot sb sach coi 1a ménh dé bang nhau, ky hiéu: =.
Ngoc Dién

53 .Phwong phap tinh Horner

Tac gia: Tran Quang Minh

Trong qua trinh hoc tap va nguyén clru c4c bai todn tin hoc, chiung ta thuong gap
mot dang bai toan nhu:

Mot bo xir i (processor) gdm cac phép bién ddi
-command 1

-command 2

-command N

Cho trude mot sb (goi 1a StartNumber),1a Input ctia b xir 1i va mot sb (goi 1a
DestinationNumber) 1a két qua Output cua bd x1r 1.

Hay chi ra trinh tyu cac 1énh (command) ma b xur 1i can thuc hién dé doi tir Inout
thanh output (nhi€u bai todn con doi hoi so phép bién doi 1a it nhat)

Trong bai viét ndy, xin trinh biy mot phuong phap rat hay, kha nang giai quyét mot
16p khé rong nay. Do 1a viéc st dung phuong phép tinh Horner.



Vay phuong trinh tinh Horner 1a gi?
P(x)= aNxN+aN-1xN-1+...+alx+a0

Thuc chét, do 1a phuong phap tinh nhanh gia tri cia mot da thire P(x) tai mot gia tri
k nao do. Bang cach viét P(x) dudi dang:

P(x)=x(aNxN-1+aN-1xN-2+...+a2x+al)+ a0
NxN-2+aN-1xN-3+...+a2)+al)+ a0

Nx+aN-1)+aN-2)+...)+ a0

thi phwong phép tinh Horner cho chiing ta mot cach tinh nhanh tri sb p(x)
P:=aN

For i:=n-1 Downto 0 Do p:=x*P+ai;

Dé hiéu cach tmg dung phuong phap tinh Horner va dang toan trén chung ta s& lan
luot xét cac vi du:

Vidu 1: Cho mot bd xur 1y tao hé“mg nguyén. Bo xtr 1y chi bao g6m 4 1énh:
-PLUSI Khdi tao hang +1

-MINUS Khéi tao hang -1

-INC Ting hang nhan duoc 1én 1

-DUP Nhan doi héng nhan duoc

Véi ha‘“ln’g nguyén cho trude ( trong pham vi Longlnt), hdy néu chuong trinh it cau
1énh nhat dé tao hang do.

Dit liéu: Nhap tir ban phim mét sé N (N thudc pham vi Longlnt).

Két qua: xuat ra man hinh trinh tu cac Iénh ma bo x1tr 1y can thuc hién dé dat dugc so
d6. Yéu cau la s6 phép bién doi 1a it nhat.

Bai toan trén s& dugc giai quyét trong hai trudng hop sau:



Truong hop N 14 sé nguyén duong

Day la truong hop ma phuong phap tinh Horner cua chin ta dugc ing dung dé giai
quye€t.

Vi b6 1énh cua b xtr Iy la: DUP (nhén d61) va INC( cong 1) goi cho chung ta nghi
dén cach biéu dién nhi phan cia N

Gia sir N duogc biéu dién dudi dang P(N)= aN2N+aN-12N-1+...+al2+a0
N2+aN-1)+aN-2)+...)+ a0

(trong do6 cac ai nhan gidi tri 0 va 1 va aN =1)

Pén day, chic cac ban c6 thé hinh dung con duon giai quyét cai toan nay.
Chuing ta d nhin thdy cdch ma bo xir 1i s& thuc hién:

Dau tién 1 khoi tao hang +1(PLUS1) {ung voi aN =1}

Sau d6 nhan 2(DUP) { tng véi 2*aN}

Cu tiép tuc nhu vay trinh ty Iénh ma bg xtr 1y thuc hién chinh l1a viéc tinh dan tir
trong ra ngoai cua da thuc theo phuong phap tinh Horner. Cha y & day thi:

Dau tién 1a thyc hién 1énh DUP {twong (mg 2*P}

Néu ai =1 thi thuc hién INC, con truong hop ai =0 thi khong thyc hién 1énh N ma
tiép tuc tinh ra vong ngoai.

Ta c6 chuong trinh thé hién day I¢nh ctia bo x1r 1y s€ thuc hi¢n don gidn nhu sau
PLUS1

For i:=N-1 Downto 0 Do

Begin

DUP

If ai =1 Then INC;



End;
Nhu vay y tudng chinh cua phuong phap nay la:

Ta dua trinh ty Iénh thyuc hién cua bd xr 1y v& trinh tu tinh gia tri cia mot da thuc
P(x) nao do6 tai gia tri a ma P(a)= DestinationNumber.

Truong hop N 14 s6 nguyén am

D@ thay rang:

1) Truong hop nay chiing ta khong thé 1am nhu trén duoc.

2) Lénh dau tién cua bd xu Iy phai 1a MINUS1

C6 nhiéu phuong phap dé giai quyét bai toan trong truong hop nay. Nhung phuong
phap don gian dé cai dit hon ca 1a chung ta s& str dung mot meo: Thay vi tim cach
bién (101 tur s0 ban dau dén N 1a 1am nguoc lai la lan ngugc tir N vé s0 ban dau dé
tim s6 trugce s6 i can tao trén duong xay dung s6 N 13 s6 bao!?. Cu thé, cach lam cia
toi ¢ day la:

Dung mdt mang B dé luu lai qua trinh 1an nguoc do.

B[1]:=N;

Chung nao N khéc dang -2K thi thyc hién:

Néu N chén thi N:=N Div 2 va nap N vao mang B.

Nguoc lai (N 1¢) thi N:=N-1 va nap N vao mang B.

Nhu ngly, dau tién bc} xu 1y su dupg k Iénh DUP gié tao s6 N=-2k trudc sau d6 nho va
bang lan nguoc B dé xay dung ti€p tuc tao cac so.

Vi du 1: Trinh ty xdy dung cudi vé dau cia -6 1a: -6<=-3<=-4 (dimg vi -4=-22)
Khi d6 mang B s¢ 1a B=(-6,3) va b0 xtr 1y s€ thyc hi¢n nhu sau:

Lénh Gia tri
-MINUS1 -1



-2 1énh DUP 4
_INC 3
_DUP 6

Khi qué trinh lan nguoc két thic. Ta d& dang viét duoc trinh tu 1énh thuc hién caa
bd xtr Iy nhu sau:

MINUSI1

For i:=1 to k Do DUP { k dugc tim nhu trén}
For i:=Spt(B) Downto 1 do {sb phan t B}
Begin

If B[1] mod 2=0 Then DUP

Else INC;

End;

Chung ta sét tiép vi du sau:

Vi du 2: Moy méy tinh xtr Iy cac s6 nguyén khong 4m. May tinh chi c¢6 3 6 nhé
A,X,Y va 5 1énh sau:

R1: Bién d6i mot cip sb (m,n) trong (X,Y) thanh cdp sb (m+n,m-n) va dit lai trong
(X,Y).

R2: Bién d6i cap s6 (m,n) trong (X,Y) thanh cip s6 (m*2, n div 2) va dit vao (X,Y).
R3: Poi chd 2 s6 trong (X,Y).

R4: Sao chép A vao X ( gia trj ¢6 trude cta X bi thay thé).

R5: Sao chép X vao A ( gié tri c6 trude cta A bi thay thé).

Chuong trinh ctia may 1a mot diy cac 1énh trong 5 bo 1énh ké trén.



Bai toan dit ra: Cho mét co sb x,y khong dong thdi bang 0 dit vao hai 6 nhé Xva'Y
va mot sO a xem nhu la dich can xay dung. Hay 1ap trinh sinh ra mot chuong trinh
cua may sao cho khi thyc hién chuong trinh d6 thi s6 a dugc tao trong 6 nhd A.

Input: file Prog.Inp gém 1 dong ghi 3 s x,y,a cach nhau boi ki ty trong.

Output: két qua tra 16i ghi thanh ban Debug gdm chuong trinh va ké d6 1a két qua
khi thyce hién cac phép toan trong file Prog.Out (gém thong tin vé gia tri trong cac 6
nhd A,X,Y). Néu trong A chua c6 gi tri thi thay vao d6 13 ddu #. Dong cubi cung 1a
tir END bao hiéu két thuc chuong trinh.

Bai toan nay tréng co vé phirc tap song néu nhin mot cach "phong khoang" né
khong khé hon bai todn ¢ vi du 1.

Tuong tu nhu vi du 1. Ta dua trinh tu 1€nh vé cach tinh Horner 1an luot trong 6 nho
A. Céc Iénh can thiét 1a: nhan do6i1 gia tri 6 nhd A, cong mdt vao 6 nhd A dé dang co
duoc nho vao 5 bd 1énh da cho.

Vi bai viét nay mong cac ban s€ ap dung sang tao chuong phuong phap trén vao
nhiéu bao toan. Chang han, tuy bo 1énh cta bo vi xur Iy ma ta d6i vé hé co sb cho
thich hop ( chir khong nhat thiét 1a co s6 2).

54 .Bai toan quay vecto voi mot cach 1am khac

Téc gia: Nguyén Xuan Tai
Néu ban khong thé tim théy s6 bao do, ban co thé xem dé ra nhu sau:
Bai toan (trén bao s 3-1999):

Cho mang nguyén a[1..N] (0 <N < 43212) va mdt sd ty nhién K (0 < K< N). Hay
chuyén K phan tir tir ddu mang vé cudi mang

Bai toan trén c6 thé néu & dang khac nhu sau (goi 12 bai toan quay vécto):

Cho vecto A ¢6 2 doan MN, héy quay vécto d6 thanh vécto NM. V61 doan M 1a K
phan tr dau cua vécto A"

Theo quy luat, bai todn hep hon bao gio cling ¢ cach hay hon. Nhung bai toan nay
thi sao? Biét dau lai chang c6 cach nao khac? Chungta thir tim hiéu xem.



Thuat toan (A'B')' 1a mot thuat toan tinh té va d& hiéu. Nhung ciing nhu biét bao bai
toan khéc, chung ta c6 quyén phan van "C6 cach giai nao nira chang?". Déi v6i bai
toan nay, c6 mot thuat toan ciing dé hiéu khong kém:

Khong mat tinh tong quat, ta gia st doan M khong 16n hon doan N (tire 1a K < N/2),
ta chia doan N ra lam 2 phﬁn. N1 va N2 sao cho N2=M. d6i chd hai doa.n M, N2
cho nhau, vay 1a M d3 vé dung vi tri. Bay gio vécto A 1a N2N1M va chung ta lai
phai ddi chd ciia N2 va N1.

Vay la da xong, do 1a mét thuat toan d¢ quy. Nhung bai toan nay dau co dé dén thé,
chung ta con mot Van dé nira can phai giai quyét d6 1a viét chuong trinh thé nao day.
Néu céc ban clr viét nhu binh thudng thi qua thuit toan trén ching c6 gi dang néi ca
vi n6 chay cham hon thuit toan (A'B")' nhiéu.

Trude khi vao viét chuong trinh cu thé, ching ta hiy cung tim hiéu thu tuc Move.
DPay 1a thu tuc "linh hon" cho chuong trinh ctia ching ta.

Cu phap:
Move (var Source, Destination; count:word);

Source, destination: 1a mang, bién hodc dic biét hon nita 1 phan tir dau ciia moét s
byte lién tiép trong mang.

Count: 14 s byte lién tiép ctia bién duoc chi rd trong Source va destination.

Ban c6 thé ty hoi vy thi ding move va dung phép gan c6 khac nhau khong? Chung
chénh nhau nhi€u vé thoi gian thuc hién. Néu ban khong tin ching ta cung lam thi
nghiém nho sau:

uses crt;

const

limit=1000;

var

a:array[1..1000] of byte;

b:array[1..1000] of byte;



time:longint;

1,j,k:longint;

begin

clrscr;

for k:=1 to 8 do

begin

writeln('Test 'k, '");

time:=meml[0:$46c];

for 1:=1 to limit do

move(b[1],a[1],1000);
writeln('MOVE:',((meml[0:$46¢]-time)/18.21):10:10);
time:=meml[0:$46¢];

for i:=1 to limit do

for j:=1 to 1000 do

b[j]:=a[jl;

writeln('Gan: ',((meml[0:$46¢]-time)/18.21):10:10);
end;

readln;

end.

Thé nao? Gid tri limit méi ¢6 1000 thdi day nhé. Néu 15 tay cho thém vai con s6 0
vao sau sO 1 cua hang limit nita thi ban nén di udng madt vai tach tra, sau khi quay lai

ban s& thdy trén man hinh mot con s6 tuong tu nhu 53.5969 (Tinh bang gidy déy!
Tro1 o1). Ngay cé toi cling khong doi ndi dén test thtr 2 va phai Ctrl+Break.



Nhiing klen thire trén that 1a so dang va chinh kién thirc so ddng 4y s& gitip chung ta
giai quyet bai toan mot cach gon dep. Bay gio ban da c6 du "vii khi dé ra chién
truong" roi, ching ta bat dau viét chuong trinh:

Khai béo:

A: Array[1..43212] of byte; {chuan bi cho nhitng Test 16n}
B: Array [1..21606] of byte; {mang phu}

N.,K : word;

Thu tuc sau day sé tién hanh moi cong vi¢e can thiét:
procedure change(il,j1,i2,j2:word);

begin

if (j1 then

begin

writeln(((meml[0:$46¢]-timesaved)/18.21):12:12);

exit;

end;

if j1-i1+1then

begin

d:=j1-i1+1; {D 1a bién toan cuc}

move (a[11],b[1],d);

move (a[j2-d+1],a[11],d);

change(il,j1,j1+1,j2-d);

end; {of if}



else

begin

d:=j2-12+1;

move(a[il],b[1],d);

move(a[i2],a[il],d);

move(b[1],a[12],d);

change(il+d,j1,i2,j2);

end;

end; {of procedure}

Dbi voi nhiing Test 16n, chuong trinh nay lam viéc hiéu qua hon nhiéu so véi
chuong trinh thep thuat toan (A‘,B‘)’. Hﬁu hét cac Test 16n tham chi ca Test co d(f)q
phtc tap cao nhét n6 cting chi ton mat 0.0000 gidy trén may 300 Mhz. Nhuoc diém
cua chuong trinh nay la n6 c6 thé gy ra 161 tran Stack. Ban ¢ thé giai bai toan nay
mot cach to1 uu bang cach phoi hop ca hai thudt toan, con cach phdi hop nhu thé nao
thi tuy vao sy sang tao cta riéng ban. Nhung dau tién hay kiém tra xem chuong trinh

nay c6 dat tiéu chuan khong nhé. Chuc ban thanh cong.

55 .Nhin lwéi 6 vudng dwéi con mit Tin hoc nhw thé nao?

Tac gia: Tran Minh Quang

Trong céc ky thi hoc Tin hoc, dang toan vé 1udi 6 vudng chiém ti 1¢ kha nhiéu. Cach
ra d& thuong 14t 1éo khién chiing ta mat phuwong hudng dan dén "mu tit" vé thuat
giai. Vi vay viéc tdp nhin nhan nhiing ludi 6 vudng nay that dang cho chung ta bo it
thoi gian dé nghién ciru.

C6 mot diéu chic chin rang, mbi mot chuyén gia & cac nganh nghé khac nhau s&
nhin ludi 6 vudng nay bang nhitng "con mat" khac nhau:

M&dt nha toan hoc ¢6 thé nhin né nhu mot mét phéng toa d6 Dé Cac trong khi nha
dia 1y lai xem n6 nhu mot phan trai thing ctia ban d6 ma cac dudng ngang doc 1a cac
vi tuyén va kinh tuyén...!!!. Con dudi con mét ching ta - nhitng " chuyén gia Tin
hoc", chiing ta thdy nhimng gi? Vang, mot do thi cling nén !!?

Ta s& diém qua mot sd cach nhin vé ching.

I. La mdt mang hai chiéu MxN.



RS rang day 13 cach nhin "toan hoc". Hau hét cac bai toan d& thuong str dung cach
nhin nay. Lay mdt vi du don gian sau:

Vi du: Tim kiém mau

Cho mot hinh chir nhat kich thuéc MxN duogc chia thanh cac 6 vudng nhu mo ta
trong hinh 1a dudi day. Moi1 6 vudong dugc danh s6 lién ti€p sao cho 6 & goc trén bén
trai dugc danh s6 1, 6 bén phai né dugc danh s6 2 va 6 & goc dudi phai duge danh
sO MxN.

] e ) B2
g7 |8 g
101112
13|14 |16 (16
17|18 |19 |20

Hink 13 Hink 1b Hink 1c

Hinh 1b cho théy ludi 6 vudng vai mot s6 6 dugc son den. Xét mot hinh chit nhat
con v4i O ¢ goc trén trai chinh 1a 6 goc trén trai cia hinh chit nhat da cho con goc
dudi phai c¢6 toa do (p,q). Chang han hinh chit nhat con xac dinh bai 6 dudi phai
(2,1) cta hinh chit nhat cho trong hinh 1b c6 dang cho trong hinh 1c. Hinh chit nhat
con nay xuat hién ¢ 4 vi tri khac nhau trong hinh chit nhét d cho trong hinh 1b
(xem cac hinh dudi day)

Ban can viét chuong trinh nhap thong tin v& hinh chit nhat di cho va mot hinh chit
nhat con ctia nd, sau d6 dua ra sb 1an xut hién cta hinh chit nhat con trong hinh chir
nhat da cho. Ban khong can tinh cac phép quay ctia hinh chit nhat con. Luu y ring
hinh chir nhat con ludén dugc chon & gbc trén trai ctia hinh chit nhat da cho.

Dir liéu: Tu file van ban RPART.INP

- Dong dau tién chit bén s6 nguyén M,N (1<M,N <20), p (1 <p <M) va q (1< q<N).



- Dong thir hai cho biét s6 lurong 6 duge boi den x, (0< x<M,N). Mdi mét trong s x
dong ti€p theo chtra vi tri ctia mot 6 dugc son den (cach danh s6 vi tri dugc mo ta
trong hinh 1a).

Két qua: Ghi ra file van ban RPART.OUT s6 1an xudt hién cua hinh chit nhat con
trong hinh chit nhat da cho (tinh ca vi tri ban dau & goc trén trai ctia no).

Vi du:
RPART.INP RPART.OUT RPART.INP RPART.OUT
o942 14 4 4521 2
7 2
3 2
5 5
10
11
14
18
19

Loi giai bai toan nay khong c6 gi hon la: Dung mét mang hai chiéu A[1. 20,1..20]
luu trang thai cua hinh chir nhat rdi tién hanh do tir trai qua phai, tir trén xudng dudi
dé dém sb lugng cac mau xuét hién. (Can chu y viéc ddi toa do cua 6 den vao bang)

II. La mdt mang mot chiéu MxN ph?m to

Thong thudng cach tiép can nay dung dé tranh lang phi bd nhé trong mot sb trudng
hop nhu: dit liéu dudi dang bang chi chira trong mot nira bang.

I1I. La mot db thi 2 phia
Day chinh 14 cach nhin rat Tin hoc va quan trong nhat. Chiing ta s& di siu vao cach

nhin ndy boi kinh nghiém cho thay cac bai toan kho gip trong thuc té thuong lién
quan dén cach nhin nay. Vai vi du sau day s¢ cho chung ta cach nhin cu thé hoa hon:



Vidu 1: Cho mot bang gom cac 6 vuong kich thuéec MxN (M,N <100), trong dé co
mot s6 6 den, con laila 6 trang. Hay to mau tat ca cic 6 trang bang hai mau Xanh va
D6 sao cho trén mdi dong ciing nhur trén mdi cdt cac 6 mau Xanh va DS 1éch nhau
khong qua 1.

Qua thuec, néu nhin nhén bai toan v6i mo hinh bang chir nhat thi khong c6 thuat toan
nao hay cho bai toan c4. Song néu ap dung cach nhin nhan dudi goe do 1y thuyét do
thi thi bai toan tré nén kha don gidn va co thé giai quyét khong may kho khan.

Ta xay dung mot d6 thi hai phia gon M+N dinh ma mdi dinh twong (mg v&i mdi
dong va mdi cot cua bang da cho. Cac dinh phia tréi 1, 2,..., M tuwong tng véi dong
tht nhét, tht hai,..., thit M. Cac dinh phia phai 1, 2,..., N tuong ung véi cot thur nhit,
thir hai,..., thtt N. Néu 6 (1)) 12 6 den ta c6 cung ndi dinh thir I thudc bén trai véi
dinh thtr J thudc bén phai.

Vi du ta c6 bang sau:

thi dd thi 2 phia tvong tng la:

Sy e LD e =
Ll ea =

Luc nay, bai toan cua chiing ta dugc phat biéu lai nhu sau:

Hay t6 mau cic cung ciia d6 thi bang hai mau Xanh va Do sao cho khi to hét tat ca
cac cung thi tai mo1 dinh cua do thi s6 cung Xanh va D6 hon kém nhau khong qua 1.

Véi cach nhin méi dudi dang d6 thi chiing ta c6 thuét toan tot dé giai quyét nho vao
hai nhan xét sau:



Nhan xét 1: Néu xuit phat tr mot dinh bac 1¢ va di mot cach bat ky theo cac cung
cua do6 thi, moi cung di qua moét 1an thi trang thai "tac duong" phai xay ra tai mot
dinh bac 1¢ khéc (can cha y: s6 dinh bac 1¢ (n€u co) trong do thi phai 1a mot s6
chan).

Nhén xét 2: Néu xuét phat tir mot dinh bac chin trong dd thi khong c6 dinh bac 1é va
di mot cach bat ky theo cac cung ctuia do thi, moi cung di qua chi mot 1an thi trang
thai "tac duong" phai xay ra chinh tai dinh xuat phat.

(Trang thai "tac duong" 1a trang thai ma tai dinh vira téi khong con cung nio chua di
qua).

V6i hai nhan xét mau chét trén ta co thuat toan dé giai quyét bai toan:
Truong hop 1: Khi d6 thi van con dinh bac 1é

Chon moét dinh bac 16 bat ky « dé xuét phat. Bang cach di bat ky qua cac cung cia d6
thi ma chua duogc t6 mau, mdi cung di qua ta to xen k& bang hai mau Xanh va Do
cho dén khi "tac duong". Trong trudng hop nay, tai dinh bac 1é két thic duong di
trén, khong con cung nao chira né chua duogc to, dong thoi tai dinh xuat phat s6 cung
con lai chua to6 (néu c0) la mot s6 chén, con tai cac dinh con lai trén duong di sb
cung dugc to bang mau Xanh va Do bang nhau.

Truong hop 2: Khi @6 thi chi con dinh bac chin

Trudng hop nay, tit ca cac cung ké véi cac dinh bac 1é (néu co) ciia do thi ban dau
déu di duogc t6. Chon mot dinh ndo d6 con cung chua to chira né 1a dinh xuat phat
va di mot cach bat ky theo cung chua dugc t6 cho dén khi dat dugc trang thai két
thiic (tai dinh xuét phat). Bang cach t6 mau cac cung xen k& trén duong da di qua.
Khi d6 sb lugng cac cung duge t6 mau Xanh va Do ké véi mdi dinh trén duong di 1a
bang nhau.

Cu thyc hién nhu trén cho dén khi moi cung déu duoc td6 mau ta duoc 101 giai cua
bai toan.

Nhu vay, chung ta vira méi tiép can mdt cach nhin ludi 6 vudng kha méi mé va tha
vi. Bay gio¢ ta s€ nhin nhan mdt bai toan khac vé ludi 6 vudng ma dé gidi n6 ngoai
viéc "nhin" no tot con phai phai nam viing thuat toan tim luéng cuc dai trong mang.

Vi du 2: Pé thi hoc sinh gi6i toan quc 1994-1995



Cho mdt bang chir nhat kich thuéec MxN (M,N <100) ca'c 0™ vuo”ng. Trong ddo' co'
mo”.t so™' o” tra('ng co'n la.i la” dden. Ha~y cho.n ra 2M 0" dden trong ba?ng sao
cho:

Mobi dong chon dung 2 6 den
- 86 6 den dugc chon trong cOt chon nhiéu 6 nhit 1a nhé nhit.

Theo kinh nghiém ctia bai trén, ching ta thanh 1ap mot mang gém M+N+2 dinh (2
dinh gid S va T dong vai tro dinh phat va dinh thu). M dinh phia trai tng véi M dong
déu duoc ndi voi dinh phat S va N dinh phia phai tmg véi N cot cta bang déu duoc
ndi véi dinh thu T.

Néu 6 (I,J) 1a 6 den thi ta ndi dinh I phia trai v&i dinh J phia phai. Do thong qua
duoc xac dinh nhu sau:

- Moi cung xuét phét tir dinh S c6 d6 thong qua bang 2.
- Moi cung nbi cip dinh phia trai véi phia phai c6 do thong qua bang 1

- Moi cung ndi véi dinh thu T c6 d6 thong qua déu bang k (k s& thay doi trong qua
trinh tinh toan). Ban dau k = 1; sau mdi budc tim ludng cyc dai néu gia tri luong
bang 2M thi két thic va in 10i giai con néu nho hon ta s& ting k 1én 1 don vi (chu y &
day c6 thé dung phép tim kiém nhi phan).

Thua céc ban ! Chung ta da biét thém duoc kha nhiéu di€u méi mé va bo ich phai
khong a? Tat nhién con rat nhiéu cach nhin khac dudi "con mat Tin hoc" cua chiing
ta do1 véi cac ludi 6 vuong ma moi cach nhin mai lai cho ta nhiing 101 giai méi, doc
dao hon.

T61 mong rang cac ban s€ phat hién nhi€u cai nhin méi hon trong cac 16p cac bai

toan - tin vé ludi 6 vudng. Thiét nghi, cach nhin nhdn mét van dé dudi nhiéu hinh
thirc khac nhau nhu vay au ciling 1a mét cach hoc tap tot.

bé luyén tap, cac ban hay thur strc vd1 mot bai toan "kha mém" sau:
Bai tap: Cho mot ma tran MxN (M,N < 100) va 2 day s6 nguyén al,a2...,.aN va
b1,b2,...bN thoa méan diéu kién >’ ai = > bi. Hay viét chuong trinh lap day ma trdn

bang céc s6 0 hodc 1 sao cho tong cac s cac sb trén hang i 13 ai, tong cac sb trén cot
jlab;.

Néu can chuong trinh gidi cac vi du trén hay lién hé vai to1 !



Trén day la mdt vai y kién nhé cua to1, rat vui long duoc cac ban gép y.
Xin chan thanh cam on.

56 .Tin hoc IY thuyét va toan hoc

Tac gia: GS. Jean Eric Pin

Tin hoc va Toédn hoc 1a hai bd mon khac bi¢t nhung khong doc 1ap vdi nhau. Ngay
nhing van dé don gian nhu cac phép tinh s6 hoc ciing dit ra nhiing bai toan rat kho,
tham chi khong giai dugc. Lai nira, giai thuat nhan nhanh hai s6 nguyén, dugc phat
minh boi Schonhage va Strassen vao nam 1971 1a dua trén y tuong dugc lay tir giai
tich Fourier. Dleu dang ngac nhién la, cho to1 nay van con chua biét s6 tbi thleu cac
phép nhan can thiét dé thuc hién phép nhan hai ma tran cip n. Chi biét duoc sé d6
c& nr, trong d6 gia trj cla r dd dugc 1am giam dan:

Vao nam 1969, r = 2,81.

nam 1978, r=2,79.

nam 1979, r=2,78.

nam 1981, r = 2,55 rdi 2,53.
nam 1982, r = 2,50.

nam 1987, r = 2,48 16i 2,38 v.v...

Mit khéc viéc xudt hién cac may tinh song song dé lam thay d6i cac dir kién cia bai
toan. Cac giai thuat c¢6 hiéu lyc trén kiéu may tinh nay khong nhat thiét 14 cac giai
thuat co6 hi¢u luc trén may tinh chi c6 mot bd xr 1.

Kinh nghiém d4 nhanh chéng ching té cho cac nha Tin hoc rang, mic du cac may
cua ho c6 cong suat 1on, van chua giai dugc mot s6 bai toan. Diéu d6 khién cho céc
nha nghién ctru phai cho mét dinh nghia hinh thire vé d6 khé clia mot bai toan. D6 1a
diém xuat phat cua ly thuyet do phirc tap. Mot trong nhirng thanh cong cua ly thuyét
nay la da chirmg minh rang nhiéu bai toan cu thé c6 ban chat rat khac nhau nhung lai
co6 cung cap do kho.

Bai toan ngudi ban hang rong va bai toan xép ba 16 (cho trudc mot tap cac vat co
trong lugng da biét, hoi xem co6 thé chon dugc mot tap con cac vat c6 tong trong
lugng ding bang trong lugng gidi han cho phép cia ba 16) 1a cac thi du. Khi gap céc



bai toan thuc sy qua kho dé c6 thé giai quyét dugc tron ven, ta ¢ thé tim 101 giai gan
dung. Mot giai phap khac la viée st dung cac thuat toan xac sudt co tham gia mot
hay nhiéu phép chon ngiu nhién. Loai giai thuat nay rat thong dung trong ly thuyét
mat mi. Ly thuyét do thi va Toan hoc roi rac tham gia vao nhiéu linh vuc cia Tin
hoc: trong khoa hoc gidi thuat (algorithmic) 1a duong nhién, ma con trong viéc mo
hinh hod cac mang, trong ly thuyét bién dich, trong viéc thiét ké cac mach, v..v...
Hon nita cAc giai thuat trén d6 thi 1am thanh mot chuong quan trong ctia mon giai
thuat hoc va co nguén géc ttr nhiéu bai toan thuc hanh.

Thoat dau, cac may tinh hau nhu chi thao tac véi cac chit cai va chir s6. Ngay nay
chung thao tac ca v6i nhitng ddi tuong ba chiéu va hoat hinh theo thoi gian thyc.
Tién trinh d6 d3 dan t6i viéc sang tao ra mot mon hoc mai 1a hinh hoc tinh toan (con
goi 1a hinh hoc giai thuat) ma cac ing dung dung cham toi tat ca cac khia canh hinh
hoc cua Tin hoc: thi gidc may tinh, thyc hién cac mach vadi do tich hop rat cao, khoa
hoc nguo1 may (robotics), v..v...

Mot trong cac hoat dong co ban cua cac nha Tin hoc 13 viét cac chuwong trinh. Dé
1am dugc diéu d6, ho stir dung ngdn ngit 1ap trinh hién di c6 véi mot sb luong rat
16m. Hang tram nha nghién ctru dang tap trung vao viéc xay dung cac ngdén ngir cho
tuong lai. Phan 16n cac cong viée d6 duge xdy dung trén co sd cta logic toan. Mot
trong nhitng muc tiéu dugc tuyén bd 12 nham 1am thuén tién viéc "chimg minh"
chuong trinh, c6 nghia kiém chimg, néu co6 thé, mot cach tu dong, xem chuong trinh
c6 thyc hién ding céi ma ta mong doi ¢ nd khong.

Phép tinh hinh thirc can phai rat khac v6i phép tinh s6. N6 thao tac trén cac dbi
tugng Toan hoc khong nhat thiét 1a cac s6. Mot hé tinh hinh thirc c6 kha ning phan
tich cac s nguyén, cac da thic, khai trién mot ham thanh chudi, tinh dao ham, giai
cac phuong trinh vi phéan, néi tom lai thyc hién loai bai tap vé toan ma ta thuong ra
cho sinh vién. Nhung viéc dung phép tinh hinh thirc khong chi dung lai & mac do
do6. Ta cling co thé thao tac cac khai niém Toan hoc triu tuong hon, hay tao ra nhiing
doi tuong ma mudn 1am viéc trén chung.

Ly thuyét Otomat ra doi vao nhitng nim 50 nhim: mot mat hinh thirc hoa cac ngon
ngir ty nhién, mat khac hinh thirc hoa cac no ron. Sau d6 1y thuyét Otomat da duoc
phat trién thanh mot mon ty tri va da thiét 1ap duoc nhitng co so 1y thuyét viing
chic, cho phép mo hinh hoa nhing tinh huéng cuc ki khac nhau. Nhiing ing dung
cta ly thuyét Otomat dugc trai rong tur Iy thuyet chuong trinh dich t&1 nglt nghia cua
cac ngdn ngit ddng b, rdi chuyén qua Iy thuyet ma hod, nén dir li¢u hay vi¢c thao
tac trén cac tai liéu. No cting duoc ap dung t6t cho viéc phan tich cac day chuyén
phan tir gdp trong sinh hoc giéng nhu viée xir li cac xau ki tur.



Nhu vay, cac nha Tin hoc déa sur dung Toan hoc rat nhiéu. Ho khong nhimg huong
nhiéu v€ nhiing bd mén cua Toan hoc da duge thiét lap tot nhu: dai s0, giai tich hay
xéc suat dé nghién ciru hinh hoc tinh toan, nhu 1y thuyét s6 dung cho 1y thuyét mat
ma, nhu 16gic toan dung cho nghién ctru ngir nghia cac ngdn ngtr, ma con hudng vé
cac bd mon hién dai hon cua Toan hoc nhu: Ly thuyét do thi ‘hay Toan hoc roi rac.
Va khi nhitng céi d6 con chua du, cac nha Tin hoc khong ngan ngai gi trong viéc
sang tao ra mot 1y thuyét theo kiéu "may do". Do 1a diéu da xay ra doi vdi 1y thuyét
d6 phuc tap va 1y thuyét Otomat.

Xem xét anh hudng nguoc lai cia Tin hoc 1én Toan hoc ciing 13 diéu Iy tha. Cac nha
16gic hop tac rat thuong xuyén véi cac phong thi nghiém Tin hoc (khi ma ban than
ho chua tré thanh nhitng nha Tin hoc). Cac nha Toan hoc 16i lac nhu S.Eilenberg va
J.H.Conway, mdi ngudi déu da viét sach vé Iy thuyét Otdmat va S.Smale da dé xuat
mot sy mé rong cua 1y thuyét do phuc tap.

Sau cung, tir nay vé€ sau, cir bon nam mat 1an, ngoai viéc trao nhirng huy chuong
Fields truyén thong cho cac nha Toédn hoc tré xuat sac, con trao mot giai thuong
Nevanlinna cho mot nha Toan hoc lam vi¢c trong linh vuc nhitng van dé co s¢ cua
Tin hoc.

HO Thuén lugc dich
GS. Jean Eric Pin
(Trung tam nghién ctru Khoa hoc qudc gia Phép)

57 .Tan man xung quanh bai toian mi di tuin

Tac gia: Trinh Thanh Hai

Déi v6i cac ban say mé mon Tin hoc thi bai toan phong theo quy luét di chuyén cta
con mé trén ban co qudc té rat quen thuc. Da co nhiéu thuét toan dé gidi bai toan
nay. Trong bai viét nay ching t6i mudn trinh bay thém mot s6 suy luan nham séng
t6 cAu hoi:?Tir mot vi tri bat ky trén ban ¢, liéu con mé c6 thé di dén tat ca cac vi tri
trén ban co dugc khong?.

Trudc tién ta xét bai toan:Néu dit con ma & mot vi tri bat ky trén ban co va chon
mot vi tri dich thi li¢u con ma c6 thé di dén dugc vi tri d6 khong? Néu di dugc thi s6
budc di to1 thiéu la bao nhiéu?



Pé minh hoa duong di ciia con ma ta 1ap mot hé toa do ma géc toa do O(0,0) 1a vi tri
ban dau cuia con ma, vi tri két thiic sau khi di chuyén ctia con ma 1a M(x,y).

Ta xét tirng truong hop

+ S6 bude di 1a 1: tir quy luat di chuyén ciia con ma trén ban cd ta thiy ngay con ma
s& c6 8 kha niang di chuyén khac nhau. Khi d6 toa d6 diém dich cia né sé 1a mot
trong cac truong hop sau: M1(2,1); M2(1,2); M3(-1,2); M4(-2,1); M5(-2,-1); M6(-
1,-2); M7(1,-2); M8(2,-1). Xet toa do x va y ta co: [x| + y| = 3. Mat khac khi di
chuyen mot budc, s6 6 theo bat ky hang hodc cot déu khong qua 2, so v6i vi tri xuét
phat s6 hang, cot chénh 1éch chi 1a 1 hodc 2: x| <2 va |y| < 2. Hon nira X,y khong
cung 1¢ hodc chan. Vay véi x, y khong cung chan hodc 1¢ thoa man {[x| <2, y| < 2;
x[+ly| = 3} thi con ma chi can di chuyén mét bude dé dén vi tri M(x,y).

Ya
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M6 M7
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+ S6 budc di 1a 2 Sau 2 bude di toa d6 x, y chi c6 mot trong hai kha ning: x, y cung
1¢ hoiic X, y cting chin va thoa man: {|x| <4 ; s lyl <4 [x[Hy| < 6}. Nguoc lai néu ta
cho trudc toa d6 diém dich ‘M(x,y) théa man diéu kién trén thi con ma chi can sau 2
bude 14 c6 thé dén dugc diém M (riéng dé di chuyén t6i vi tri M(2,2), N(-2,-2),
P(2,2), Q(2,-2) can 4 1an di chuyén.



+ S6 budc di 1a 3: Sau 3 bude di chuyén toa do x, y khong cung 1€ hodc cung chan
va thoa man: {[x[ < 6; |y| <6; 3 * |x|+|y| <9} va day ciing la diéu kién toa do x,y ctia
diém M dé con ma c6 thé dén dugc sau 3 bude di chuyén

Tiép tuc qua trinh xét twong ty, ching han sau 5 bude di chuyén ctia con mé ta c6 [x|
+|y| < 15 trong do6 x,y khong cung 1€ hodc cung chan... Ta c6 bang sau:

Bigu kign rang budc vdi toa db x, v cda difm dich MGy Sa burde it nhat 38 con ma
i tdi dich
el +]y| =3; %] =< 2; |v] == 2; ¥, y khéing cong 12 haodc chan 1
[#]+|y| =<6 |%] =< 4; |y] =< 4; %y cing chan hodc & =)
¥ [l +]y] == 9; x| ==<6; |y] =< 6; %y khdng cing chan hosc 18 3
B x|+ == 12; |x] =< 6; |v| =< 6; %,y cing chan ho3c 18 .
B x|+y| == 15; %] == 7; |¥] == 7; xy khong cing chan hoic 18 al
2= |x|+|y| =< 15; |x| == 7; |y| =< 7; %,y cing chan hodc 1& £
Ta minh hoa bang trén qua mot vai vi du cu thé:
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Hinh 2

Gia sir vi tri xuat phat cia con ma 1a goc dudi bén trai, nhu vy cac 6 dugc gin toa
do tr (0,0)... (7,7) (hinh 2)



+ Vi tri 6 dich 14 (3,3). Vi [3[+[3| = 6, hon nira ca hai toa d0 x, y déu 1¢ nén ta chi can
2 budc dé di chuyén tr (0,0) dén (3,3).

+ Vitri dich la 6 (1,6). Ta co [1] + |6] = 7, mat khac trong 2 sO X, y 6 mot sb 1&, mot
s6 chin. Vay con ma chi can 3 budc dé tir (0,0) dén (1,6)

+ Vitridich 1a 6 (2,6). Ta c6 [2[+]6] = 8, mat khac x, y cung chan. Vay dé di tir (0,0)
dén (2,6) can tdi thiéu 4 1an di chuyén.

+Vitri 6 dichla (7,6). Ta co [7] + [6] = 13, mat khac x, y mot s6 chin, mot s6 1¢. Can
clr vao bang trén ta c6 c¢d budc di chuyén tdi thiéu 1a 5

+ Vi tri 6 dich 14 (7,7). Vi 7|+ 7| = 14 va x, y cing 1a 56 1¢ nén c6 bude t6i thiéu dé
di tir (0,0) dén (7,7) 1a 6 budc.

Chu ¥ rang day 1a s budc di toi thiéu chir khong phai 1a cach di chuyén duy nhat.
C6 thé c6 nhiéu cach di voi s6 budce trén dé dén vi tri dich.

Vay 1a néu dit con ma vao mot vi tri bat ky trén ban co (ta coi 1a gbc toa dd) va chon
mot 6 bat ky (co6 toa dd (x,y) voi he toa do da xac dinh) 1am 6 dich thi ta xét thay x,y
chi c6 thé 1a mot trong cac kha nang da liét ké trong bang. Do d6 con ma hoan toan
c6 thé di chuyén tdi dich va so6 1an di chuyén 61 thiéu da dugc néu trong bang.

Can cu quy luat di chuyén ciia con ma sau mot budc, so vi vi tri xuit phat sb hang,
cOt chénh 1€ch chi 1a 1 hoac 2. Hon nira x, y khong cung 1€ hodc chan. [x|+|y|=3; |x]
E 2; ly| E 2 di€u nay tuong duong v&i diéu kién x2 + y2 = 5, nén ta c6 thuat todn tim
vi tri 6 ¢6 toa do (x[1],y[1]) cho budc di chuyén thir 1 (i>=1) cua con ma la:

for dong:=-2to 2 do

for cot:=-2 to 2 do

if (dong*dong-+cot*cot=5) then

begin

a:=x[1-1]+dong;

b:=y[i-1]+cot;

if (6( a,b) van thudc ban co) then



Begin

x[i]:=a;

yli]=b;

end;

end;

Cudi cung ta giai quyé'tqbéi toan:?Pat con ma vao mot vi tri bat ky trén ban c6. Tim
chu trinh ctia con ma dé ghé tham mot 1an duy nhat tat ca cac 6 con lai?. Két qua ta

tim duoc nhiéu chu trinh di khac nhau nhung s6 budc di déu 1a 63.

Dé don gian ta chon 6 gbc dudi bén tréi 1a géc toa do. Nhu vay céc cdt, cac dong
dugc gan so6 thir tu tir 0 dén 7 (hinh 2). Theo trén ta c6 thu tuc Try _ma nhu sau:

Procedure Try mai:integer);
var dong,cot:-2..2;

a,b:integer;

Begin

for dong:=-2 to 2 do

for cot:=-2 to 2 do

if (dong*dong+cot*cot=5) then
begin

a:=x[i-1]+dong;

b:=y[i-1]+cot;

if (0=<a)and(a<=7)and(0=<b)and(b<=7)and(bc[a,b]) then
begin

x[i]:=a;



yli]=b;

bc[a,b]:=false;

1f i< 63 then Try ma(i+1)

else xuat; {thi tuc Xuat viét chu trinh con ma ra man hinh}

bc[a,b]:=true

end;

end;

end;

Trong bai trén s dung bc 1a mang 2 chléu kiéu Boolean: be[x,y]:=true néu con ma
chua di qua 6 [x,y]. Trong thu tuc nay, s6 bude duyét cho mot 1an Iya chon 13 25, dé
giam bot s6 1an duyét ta co thé can cr vao quy luat di chuyén cua con ma sau mot
budc da phan tich o trén. Thiét 1ap mang C, D luu trit toa do tuong ung 8 kha ning
di chuyén cta con ma:

c[1]:=2;c[2]:=1;c[3]:=-1;c[4]:=-2;c[5]:=-2;c[6]:=-1;c[7]:= 1; c[8]:=2;
d[1]:=1;d[2]:=2; d[3]:=2;d[4]:= 1;d[5]:=-1;d[6]:=-2;d[ 7]:=-2; d[8]:=-1;

Mang 2 chiéu be[x,y] ghi nhan con ma di di dén vi tri (X,y) sau budc di chuyén thir
i. Khoi dau cac gia tri cua mang be[x,y]=0. Vi tri ban dau con ma (io,jo).

Procedure Try mai:byte);

begin

if 63 then xuat {thu tuc Xuat viét chu trinh con ma ra man hinh}
else

for j:==1to 8 do

begin

x:=10+c[j];



y=j0+d[jl;

then

begin

be[x,y]:=1;

10:=x;

j0:=y;

Try mai+l1);

10:=x-c[j];

J0=y-d[j];

be[x,y]:=0;

end;

end;

end;

Tir day ta dit ra cac bai toan khac, chang han:? Trén ban cdnxn 6 (n>3) ta dat con
ma vao mét vi tri (10,jo) bét ky trén ban co. Hoi trén ban cd d6 con sip duoc thém
bao nhiéu con ma dé khong con nao an dugc con nao?. Hodc cho trude vi tri Xudt
phat (i0,jo) va mot 6 dich can t61 (x,y) trén ban co. Liu co thé tinh trudc duoc s& 6

bao nhiéu duong di khac nhau véi cing mot sé bude téi thiéu?... Rt mong duoc
trao ddi v4i cac ban.
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